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Fluid/kinetic systems

Describe a dispersed phase moving within a continous one

f(t,x,v) : density function (kinetic equation)

u(t,x) and p(t,x) : velocity and pressure (fluid mechanics
equations)
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Zoology

First models by O'Rourke and Williams ('80) and then :

Fluid Aerosol Interaction
Incompressible Fragmentation Drag force
Viscous Coalescence Brinkman
Homogeneous Polydispersed
# Models > 1

« revelancy » vs. « mathematical challenge »
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The Vlasov-Navier-Stokes system

Aerosol : monodispersed and without internal interactions
Fluid : viscous, homogeneous, incompressible

Interaction : drag and Brinkman forces

8tu—|—u-Vu—Au+Vp:—/(u—v)fdv,

v

divu =0,
Otf +v-Vif +V, - (f(u—v))=0.
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@® Existence theory
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The energy-dissipation identity

Defining

() = 5 [P+ 5 [ FONE,

D(t) = [ IVu(®) + [ F(e)lu(e) ~ vl
X X,V
we have formally

d
aE(t)+ D(t) =0.
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Setting

t>0,xcT9 veR?, de{23};
Admissible initial data :
* 0< fhel®nLYTY x RY);

° / Iv[*fy < +o00;
TIxRY

® u € Lgiv(vd)'
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Global weak solutions

Théoreme (Boudin, Desvillettes, Grandmont, M. — 2009)

For d = 2,3 and admissible initial data, there exists a global weak
solution (u, f) to the VNS system that satisfies for almost all
0 < s < 't the energy-dissipation inequality

E(t) +/st D(r)dr <E(s). (%)

Leray solution for u, renormalized for f;
More realistic framework [Boudin, Grandmont, M. — 2017] ;

Here : large time behavior for solutions satisfying (*).
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Outline

© Large time behavior : concentration
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What to expect?

Consider the uncoupled Vlasov equation on T9 x RY
Otg +v-Vyg —Vy-((U—-v)g) =0.

If U =0 (linearizing around (u =0, f = 0)), concentration
in velocity :

g(t,x,v) — </[Rd go(x —v,v) dv) ® do.

t—+o0
Similar for t — U(t) € RY, concentration around v = U(t)

bgc Lt (T4 x RY)\ {0} stationary solution

loc
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What to expect?

Navier-Stokes on T : |[u(t) — (u(t))|2 — 0
Concentration is expected for the full VNS system
Attempts

® [Jabin — 2000] (Vlasov-Stokes)

® [Choi, Kwon — 2015] (if-theorem)
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How to quantify the concentration ...

.. without knowing the limiting profile ?

Conservative equation :
Oif +v-Vyf +V, - (Af)=0.

Define
jr(t,x) == /d f(t,x,v)vdv, pr(t,x) —/ f(t,x,v)dv,
R
If f = pr® dy, then je(t,x) =~ pr(t,x)U

Up to normalization, (js(t)) ~ U
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The modulated energy of Choi and Kwon

Recall :

=5 [R5 [ e

Choi and Kwon introduced

= / Ju(e)— (u(e) + PO (1))

TdxR

+H{ir(t)) — (u(e) .
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The modulated energy of Choi and Kwon

Transport distance :

WI(N7 I/) = inf 0 |w1 — w2| d’y(wl,w2).

veper Jax

W1 metrizes vague convergence of measures.
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The modulated energy of Choi and Kwon

Transport distance :

WI(N7 I/) = inf 0 \wl — wz‘ d’y(wl,wz).

veper Jax

W metrizes vague convergence of measures.
& captures concentration because of
W1(f(t)7pf(t) ® 4 =<jf(t)>) < &)Y

é(t) N 0 = concentration.
— 100
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If-theorem ?

The modulated energy satisfies

d
aéa(t) + D(t) =0.

Lemme (Choi, Kwon (2015))
If (u, f) is a solution of VNS such that

sup [|pr(t)ll3/2 < oo,
£>0

then &(t) < D(t) and thus (exponentially)

&(t) — 0.

t—+00
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The uniform bound
The estimation pf € L=(Ry; L3/?(T9)) is structurally hard to
achieve.

Energy estimate + interpolation gives
pr € Lige(Re: LP(T)),

for some p < oo.

A priori estimates are not sufficient here!
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Main result

Theorem (Han-Kwan, M., Moyano — 2020)
Consider an admissible initial data (ug, fy) such that
« fo \( 0 in v uniformly in x »;
£0) <« 1;
(d=3) [1woll /25

Any weak solution of the VNS system initiated with (ug, fy)
satisfies &(t) — 0, with exponential rate.

< 1.
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Main result

Theorem (Han-Kwan, M., Moyano — 2020)
Consider an admissible initial data (ug, fy) such that
« fo \( 0 in v uniformly in x »;
£(0) < 1;
(d=3) lluoll /2 gy < 1.

Any weak solution of the VNS system initiated with (ug, fy)
satisfies &(t) — 0, with exponential rate.

maintain—regularity-ef selutions consider a smooth solution;
produce a strong uniform (in time) bound :

sup [|o¢(£)]|oc < oc.
t>0
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Characteristics

For (s,x,v) € Ry x T9 x RY, define t — (XL, VE)(x,v), value at

time t of _
X=V.
V=u(t,X) -V,

with (X, V2)(x,v) = (x,v).
The solution of
Of +v-Vyf + V- (flu—v)) =0,

is then given by

F(t.%,v) = e fo(X{(x, v), V2 (x,v)).
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Tracking the uniform bound

In particular
pr(t,x) = /le e fy(X2(x, v), Vo(x,v)) dv.

[Bardos, Degond — 1985] (for Vlasov-Poisson) :
if Tex v VO(x,v) is €1-diffeomorphism

with [det Dyl x| > e, then w = I, (v)

(e S [ 150 w) oo dw < +oc.
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The straightening change of variable

It x satisfies the implicit equation
t
Mex(v) = VO(x,v) = e'v —/ e*u(s, Xi(x,v))ds,
0
which relates v — 7T, x(v) to the identity

Lemme

If®:RY — RY is such that |[V®||o < 1, then
©:=Ildps + P isa €*-diffeomorphism of RY -
infrs | det VO| > 0.
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Another estimate to track

Corollaire
There exists cq > 0 such that, if

¢
/ [IVu(s)||c ds < cq,
0

then T4 is a € -diffeomorphism with | det Dyl¢ x| > el

Again Vu € LY(R;;L>(T?)) not encoded in the energy estimate.

t
Defining t* = sup {t > 0, / [Vu(s)||oo ds < Cd} ,
0

the goal is now to prove t* := +00.
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Maximal regularity

Maximal regularity for the heat flow :
w(0,-) = 0= [[Awl| po 7.Lo(re)) S 10w — Aw|[ oo, 7,L9(T4))-
Here u solution of
Oru — Au=Pljr — pru— (u-V)u] :=F,
decomposed as u = e®ug + w, where w(0,-) = 0 and

Ow — Aw = F,

= ||D2u||LP(e,T;L‘7(Td)) S |IFlleqo, 75ea(rey) + lluoll2-
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The bootstrap argument

Combine the previous with

estimates that are valid on [0, t*) + Choi-Kwon Lemma;

Gagliardo-Nirenberg-Sobolev estimate

IVu(s)lleo < ID?u(s)lg]lu(s) — (u(s))llz~:
lu(s) = (u(s)ll2 < €(s)2:

t*
| 19u(3)]l 85 £ €0 (14 [Fllusgo ooy
< &0y
= t* = +o00.
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The regularity issue

Computations on Vlasov : renormalized solutions
Computations on NS and instantaneous regularization

® d =2 : true for all positive times (! of Leray solution)
® d =3:true for t > 0 as long as
1

t
ol + € [ 1 = @iy ds < -

Computations on the system (energy identities)

® d =2 : true for all positive times ([HKM? — 2017])
® d =3 : part of the assumption
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Outline

O .. ornot?

A. Moussa — Concentration (or not) in the VNS system 26 / 34



Avoiding the concentration scenario ?

RY? Damping to 0 for u ([Han-Kwan '21])
Common feature : absence of boundary

® Eternity of influence of uon f

® Escape of particles?

= existence issues, geometry is important

An elementary example can reveal this phenomenon.
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The domain : a 2D box
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The Poiseuille flow
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Upois(t, X) := (1 — (x,e2)2) ey is a stationnary solution of NS
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Entering phase space boundary

ru

/ Fr
€1

ré

rd

rfur“urfurd:{(x,v)eanW : v'n(x)<0}
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The whole system
For (t,x,v) € Ry x Q x R? we consider

8tu—|—u-Vu—Au+Vp:—/(u—v)fdv,
v

divu =0,
8tf—|—V'vxf+vV'(f(u—V)):0,

with initial conditions (ug, fy) and boundary conditions :

U = Upois on Ry x 09,
f =1 on I
f=0onTvurdurr.
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The exit geometric condition

T >0;
u a vector field ;

K a compact set of the phase space (x,v);

Definition
(u, K) satisfies the EGC in time T if any trajectory starting from
K has a lifetime < T inside Q (with transversal exit).

Reminiscent of [Bardos, Lebeau, Rauch — 1992]
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The exit geometric condition (EGC)

Kcrts
\
compact |\
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The exit geometric condition (EGC)

Kcrts
\
compact |\

EGC satisfied
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The exit geometric condition (EGC)

Kcrts

compact )K‘\
\

EGC not satisfied

A. Moussa — Concentration (or not) in the VNS system 31 /34



The exit geometric condition (EGC)

€

A
|
|
|
|

Kcrts
\
compact |\

EGC not satisfied

€e;
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Stability of the EGC

given u, not obvious to exhibit a compatible K
Upois : EGC & |xo + wo| # 1 for (x,v) € K

Lemma

If (u*, K) satisfies the EGC in time T, then for T* > T there
exists 6 > 0 such that

t+T*
sup [ [Ju(r) — uli=(ydr < 5
t>0Jt

= (u, K) satisfies EGC in time T*.
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Main result

Theorem (Glass, Han-Kwan, M. — 2018)

There exists non trivial smooth stationnary solutions of VNS which
are furthermore asymptotically stable (for adequate perturbations).

example of non trivial non singular equilibrium;
stationary solutions built near (upois, 0) ;

admissible perturbation : EGC remains satisfied.

A. Moussa — Concentration (or not) in the VNS system 33 /34



Thank you!
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