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Motivation

The Hookean bead-spring-chain model describes the conformational dynamics
of an ideal polymer chain. A polymer molecule is modelled as a linear chain of
massless beads connected with Hookean springs, subjected to Brownian noise.

Arbitrary point
fixed in space

u(x,t)
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@ H. A. Kramers. Het gedrag van macromoleculen in een stroomende vloeistof, Physica 11
(1944), 1-19.  [«— Werner Kuhn (1934), J.J. Hermans (1943)]
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Main results

@ Rigorous derivation of the Hookean bead-spring chain model
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Main results

@ Rigorous derivation of the Hookean bead-spring chain model

Conclusions:
o If the flow domain € is bounded, then the configuration space domain
D7 =Dx---xD,where D=Q—Q={r—7:r#ecQ}is also bounded.
H_/ MWWAMAMAMANVAMAMAN-
J

@ J W Barrett and E Siili. Existence of global weak solutions to the kinetic Hookean
dumbbell model for incompressible dilute polymeric fluids. Journal of Nonlinear
Analysis, Series B: Real World Applications. Vol. 36, 2018, pp. 362—-395.
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Main results

@ Rigorous derivation of the Hookean bead-spring chain model

Conclusions:
o If the flow domain € is bounded, then the configuration space domain

D7 =Dx---x D, where D=Q—-Q={r—#:r7€Q}is alsobounded.
—_——

J

@ J W Barrett and E Siili. Existence of global weak solutions to the kinetic Hookean
dumbbell model for incompressible dilute polymeric fluids. Journal of Nonlinear
Analysis, Series B: Real World Applications. Vol. 36, 2018, pp. 362—-395.

@ Before taking the small-mass limit, the Fokker—Planck equation, posed on
Q7FL x RUHDE 5 [0, T] 5 (r,v,t), is mixed parabolic-hyperbolic.
o After taking the small-mass limit, the Fokker—Planck equation, posed on

Qx D7 x[0,T] 5 (x,q,t), is parabolic.
= FP eq. has center-of-mass diffusion = Oldroyd-B has stress-diffusion

@ We rigorously prove an assertion, deduced by Schieber & éttinger (1988)
using formal asymptotics, that:

passage to the small-mass limit = equilibration in momentum space.

4

34



Formulation of the model

Arbitrary point
fixed in space

u(x,t)
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Formulation of the model

Arbitrary point
fixed in space

u(x,t)

(T T \T
ri=(r{,...,7541), 75 €Q
T T \T d
vi=(vy,...,v54), v;ER
T T
1

qg=q(r) = (q ,...,qJ)T, g =¢qj(r)=rjz1—r; forj=1,...,J.

forj=1,...,J+1,
forj=1,....J+1,
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Formulation of the model

Arbitrary point
fixed in space

u(x,t)

7= (r?,...,r?_H)T, r; € Q
T T \T
vi=(v,...,05,4), v; ERY
a=q(r)=(d,....a)", @ =qr

G €D =Q-Q={r—7:r7eQ} forj=1,...,J;

Condition: T =

forj=1,...,J+1,
forj=1,....J+1,

):=Tj+1—7"j forj:l,...,J.

b

J+1

1
J—HZT‘j.

j=1
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Hydrodynamic interaction

Oseen system on the space-time domain Q x [0, T, where € is a bounded open
convex C2 domain in R, d € {2,3},0€ Q, be L=(Q x (0,7)), V-b=0:

u+ (b-Vu—plAu+Vr =V -K
V-u=0
u(z,t) =0
u(z,0) = up(x)

for (z,t) € Q x (0,77,
for (z,t) € Q x (0,17,
for (z,t) € 0 x (0,71,
for z € Q

)
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Hydrodynamic interaction

Oseen system on the space-time domain  x [0, 7], where 2 is a bounded open
convex C2 domain in R, d € {2,3},0€ Q, be L=(Q x (0,7)), V-b=0:
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u(z,0) = up(x) for x € Q,
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Hydrodynamic interaction

Oseen system on the space-time domain  x [0, 7], where 2 is a bounded open
convex C2 domain in R, d € {2,3},0€ Q, be L=(Q x (0,7)), V-b=0:

u+ (b-Vu—plAu+Vr =V -K for (z,t) € Q x (0,77,
V-u=0 for (z,t) € Q x (0,77,
u(z,t) =0 for (z,t) € 02 x (0,71,
u(z,0) = up(x) for z € Q,

with the non-Newtonian extra-stress tensor (Kramers—Kirkwood stress tensor)

J
K(z,t; 0) ZE”E (Ag; ® q;) for (x,t) € Q@ x (0,T], J > 1,
Jj=1

where [E* denotes conditional expectation and g is a probability density function,
to be defined below as the solution of a Fokker—Planck equation. Let

T
u(T‘, ta Q) = (U(Tl, t7 Q)T7 e ,U(TJ+17 t7 Q)T) .
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SDE : % = L - \/
€T r. + C( (r,t; 0) 7“) + w
Hookean spring force Stokes drag force Brownian force
€2 > 0 is the mass of a bead in the chain, 8 = kT¢ > 0, where k is the Boltzmann
constant, T is the absolute temperature and ( is the drag coefficient; £ is the
following (J + 1) x (J + 1) block-matrix:

-I I O ... 0O
I -2I I .0
r—y| @ I -2 T O |_ RUA+DAX(I+1)d
o ... I =21 I
o ... O I —I

where A > 0 is a constant stiffness of the Hookean springs. W.l.o.g., we set { = 1.

7/ 34



The SDE may then be rewritten as the first-order system

€& =,

€v = Lr+U(r,t;0) — e v+ V2B W.

8
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The SDE may then be rewritten as the first-order system

€r =0,
€v = Lr+U(r,t;0) — e v+ /28 W.
Let

0 (ru,t) € QI RUIDL 5 [0, T] = o(r,v,t) € Rxg

be the probability density function of the diffusion process (r,v).

The law of (r,v) depends on g itself through the function U, and it is therefore a
McKean—-Vlasov diffusion process.
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Definition of the polymeric extra stress tensor K
We define

J
E( S g ®q; ) (1) = Ag; (r) ® t)drd
(}zj e 6) 0 /()(Z 5()© (1)) elrov, ) drd

and perform a change of variables, replacing integration over € Q7+ by
integration over (q,z) € D7 x € via the linear bijection

(¢,z) € D! xQ +— r=DB(qz)ec Q' |[Jacobian[B(q, x)]| = 1.
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Definition of the polymeric extra stress tensor K

We define
J
B(Yawen)0= [ RMd(ZA% 94,0 ) v, ) drdy
j=1 x

and perform a change of variables, replacing integration over € Q7+ by
integration over (q,z) € D7 x € via the linear bijection

(¢,z) € D' xQ +— r=B(qz)ec QT |Jacobian[B(q, x)]| = 1.
Thus,

J J
E g ®q; ) (t) = 2\g; ®q;) o(Blg,z),v,t) dgdvdz.
(Srwe0)0m [ [, o, (5000 el3t@a) o) dadva
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Definition of the polymeric extra stress tensor K

We define
J
B(Yawen)0= [ RMd(ZA% 94,0 ) v, ) drdy
j=1 x

and perform a change of variables, replacing integration over € Q7+ by
integration over (q,z) € D7 x € via the linear bijection

(¢,z) € D' xQ +— r=B(qz)ec QT |Jacobian[B(q, x)]| = 1.
Thus,

J J
E g ®q; ) (t) = 2\g; ®q;) o(Blg,z),v,t) dgdvdz.
(Srwe0)0m [ [, o, (5000 el3t@a) o) dadva

Then, for (z,t) € Q x (0,T], the Kramers—Kirkwood stress tensor is:

J
K x,t’ Q (i 4 ® (b) _ fDlxk(J+1)d (Zj:l Aq] ® QJ) Q(B(qv x),v,t) dqd'U

fDJXR(J+1)d 4 (B(qa .Z'), v, t) dq dv




Fokker—Planck equation for o

B J+1 1 J+1
Be—— D 0, (vj0)+B85 0 +- > i O+ ((£r); +u(ry,t) - du0 | =0
j=1

j=1
for all (r,v,t) € Q7+ x RU+DI x (0, T7,
o(r,v,0) = go(r,v) for all (r,v) € Q/+1 x RU+1)d,




Fokker—Planck equation for o

i J41 J+1
de— 3 (Z B ~(UjQ)+ﬁ(912;jQ) <Zvj B, 0+ ((Lr); +u(rj,t))‘8ng) -0

j=1
for all (r,v,t) € Q7+ x RU+DI x (0, T7,
o(r,v,0) = go(r,v) for all (r,v) € Q/+1 x RU+1)d,

Let
90 = QX x QXX QX xQ,  j=1,...,J+1,

with 02 at the j-th position in this (J + 1)-fold Cartesian product, and
V() i= (0T, 0T, ()T, 07, . 0T) T € ROFDY,
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Fokker—Planck equation for o

i J41 J+1
de— 3 (Z B ~(UjQ)+ﬁ(912;jQ) <Zvj B, 0+ ((Lr); +u(rj,t))‘8ng) -0

j=1
for all (r,v,t) € Q7+ x RU+DI x (0, T7,
o(r,v,0) = go(r,v) for all (r,v) € Q/+1 x RU+1)d,

Let
NV = Qx - xAxIVXQAX---xQ,  j=1,...,J+1,
with 9 at the j-th position in this (J 4 1)-fold Cartesian product, and

V() i= (0T, 0T, ()T, 07, . 0T) T € ROFDY,

Specular boundary condition:

Q(T,’U,t) - Q(T Ug‘J)?t)

for all (r,v,t) € 90 x RUFDE » (0, T], with v - v9) () < 0, where
ol =0 —2(v- v (r) D (1), j=1...,J+1



Existence of solutions

Define the Maxwellian
J+1

M(v) = (2np)” 2 exp(_|v|2/25), ve R(J-f—l)d’

and rescale:

Q':£ and 2 =&
. M 0 - M

11/ 34
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Consider the nonnegative strictly convex function with superlinear growth:
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Existence of solutions

Define the Maxwellian

1

M(v) = (QWﬂ)*% exp(_|v‘2/25), ve R(J+1)d7

and rescale:
00

0:= % and pg := I

Consider the nonnegative strictly convex function with superlinear growth:

F(s):=s(logs—1)+1, seRsg, with F(0):=1.

The initial datum g9 = go(r,v) > 0 is assumed to satisfy

00 € L} (Q+ x RUFDA, / oo(r,v)drdv =1,
QJ+1 xR(I+1)d

M]:(/Q\O) c Ll(QJ—‘rl « R(J+1)d);

i.e. g > 0 is assumed to have finite relative entropy with respect to M.

11/ 34



Existence of solutions to FP, for u fixed
STEP 1.

We perform a parabolic regularization of FP equation by adding —aA,.p to it, with
homogeneous Neumann boundary condition on 9Q7+1.
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Existence of solutions to FP, for u fixed

STEP 1.
We perform a parabolic regularization of FP equation by adding —aA,.p to it, with

homogeneous Neumann boundary condition on 9Q7+1.

STEP 2.
The assumption on the initial datum is strengthened by assuming additionally that

50 c L?M(QJ+1 % R(J+1)d;RZO)~

12 / 34



STEP 3.

For u € L?(0,T; W, 7 (Q)?) for some o > d, fixed, use linear parabolic theory
based on Galerkin approximation to prove the existence of a unique weak solution

to the a-regularized FP eq.:
0o € C([0,T); L3 (7T x RYTVY) A L2(0, Ty Wi (7T x RV,

B € W0, T3 (W13 (27 x RUFIY),
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STEP 3.

For u € L?(0,T; W, 7 (Q)?) for some o > d, fixed, use linear parabolic theory
based on Galerkin approximation to prove the existence of a unique weak solution

to the a-regularized FP eq.:

0o € C([0,T); L3 (7T x RYTDY) A L2 (0, Ty Wi, (@7 x RV
0o € WH2(0,T; (Whi (7T x RUTDYY),

STEP 4.
We then define ¢, := Mp,, and prove that

/ Oa(r,v,t)drdv =1 Vvt e [0,T].
QJI+1 xR(J+1)d

Using Stampacchia’s cut-off method, we prove that o, (r,v,t) > 0.

I
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STEP 5.

As a — 0., parabolic energy estimates and relative entropy estimates yield
uniform bounds on g, which imply that

Ocx
V0o
aVroa
M 0t 0
Vj Oa

((£r); +ul(rj, 7)) 0a

-0 weakly* in L>(0,T; L%, (Q7+1 x RUFD4)),
— Vo weakly in L2(0,T; L3, (Q/+1 x RUFD)),
—0 strongly in L2(0,T; L3, (27! x RU+DdY),
— M 00 weakly in L2(0, T; (WS2(Q7+1 x RU+Dd)y),
—v; 0 weakly in L2(0,T; L}, (Q/+1 x RU+Dd)),

— ((Lr)j +u(rj, 7)) & weakly in L2(0,T; L}, (@71 x R+1D4Y)),

forj=1,...,J+1and s> (J+1)d+ 1. Furthermore,

0:=Mp>0

and / o(ryv,t)drdv =1 vt el0,T).
QI+ xR(T+1)d

14 / 34



STEP 6.
0 solves FP and by weak lower-semicontinuity satisfies the energy inequality:

2 J+1

M G 2
/QJ+1 /]R(J'H)d (v) 7(2(t)) dv dr + Z / /QJ+1 /(J+1)d 1) lavﬂ \[l dvdrdr
/ / F (o )d'ud'r‘-l-f(J—i— 1) [diam(Q)]2 T + Jt1 ||| 2
QJ+1 R(J+1)d @ B L2(0,T;L°° ()

15 / 34



STEP 6.
0 solves FP and by weak lower-semicontinuity satisfies the energy inequality:

2 J+1

M Il 2
/QJ+1 /R(Hl)d (v) F(o(t)) dvdr—i— Z/ /QJ+1/(J+1)d M (v) |3v3\f\ dvdrdr

J+1
_ 2 2
/QJ+1 /R(M)d ©)F oy aars (J+1) iam (@)1 T+ = ul2 0 7,00 )

Note:

We supposed that gy € L2,(Q27F! x RUFTVE R, (), but the bound only depends
on the L}, (2741 x RUHD) norm of F(y), the L2(0,T; L>°(2)?) norm of u,
and the constants d, 3, J, L, T, all of which are independent of .

15 / 34



Existence of solutions to the Oseen—Fokker—Planck system

STEP 7.
We formulate an iterative process, by defining the sequence of functions

(u® o) for k=1,2,..., and let k — oco.
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Existence of solutions to the Oseen—Fokker—Planck system

STEP 7.
We formulate an iterative process, by defining the sequence of functions
(u® o) for k=1,2,..., and let k — oco.

We set u(!) = 0. Given a divergence-free u*) € L2(0,T; W, 7 (Q)?), for some
k> 1 and o > d, we define p*) as the weak solution of the FP eq.:

2 J+1
Mot — Z B, - (My; 8™)

1 J+1
- (Z M- 9,8 + ((Cr); +u®(rj, ¢ ))'f%j(ME(k))) =0

€
for all (r,v,t) € Q7+ x RUADI x (0, 77,

o) (r,v,0) = Zw(()k)(r, ) for all (r,v) € Q/+1 x R+,

subject to a (weakly imposed) specular boundary condition w.r.t. r.

16 / 34



STEP 8.
Given gq as in our original assumption, consider
s

Gr(s) :

= s €[0,00),
1+ k~1y/s

and define the renormalized initial condition

o =Gr(@0), k=12,....

17 / 34



STEP 8.
Given gq as in our original assumption, consider
s

Gr(s) == [ 5 € [0,00),

and define the renormalized initial condition
k ~
o =Gr(@0), k=12,....

Then:
o € 12,7 x RUFDE R, 0)  for each fixed k > 1,
A(’“) € L, Q7T x RUFDE R () for each fixed k > 1,

M]:(@(Ok)) e LY/t x R(J+1)d;R20), for each fixed k > 1,
/ M(v) gl drdv < 1, for each fixed k > 1,
QJF1LxR(J+1)d

’é(()k) — 00 strongly in L}, (Q7F! x RU+DEY a5 k — oo,

F@) = F(@o)  strongly in L, (@71 x RU+D) as | — oo

17 / 34



STEP 9.
By STEP 6, the sequence 5'*) satisfies the following energy inequality:

/ / M (v) F(a"®(t)) dv dr
QJ+1 (J+41)d
2/82 J+1
/ / / M(v)|8y; v/ 0% > dvdrdr
QJ+1 Jr(J+1)d :

< / / M) F A(k))dv dr
QJ+1 Jr(J+1)d

16d . J+1
+ 7 (J+1) [dlam(Q)]2 T+ T flu )HZLQ(O,T;LOO(Q))v
and the sequence u*) will be shown (in STEP 13) to satisfy:

™| L2 (0,7 Lo (02)) < C,

where C' is a positive constant, independent of k.

18 / 34



STEP 10.
Define (u(k+1) 7(k+1) with
w1 € 12000, T3 L2(Q)) N L2(0,T; Wy 2 () ),
kD e (0, T; L*(Q)/R),
as the weak solution of the Oseen system:
Aeu™ ™ 4 (b V)uFTY — pAETY LD — gL KB for (2,1) € Q x (0,7,
v Bt — ¢ for (z,t) € Q x (0,7},

u" (2, 0) = uo(w) for x € Q,
ug € W0172/Z’Z(Q)d, with z = d+ 9, ¥ € (0,1), is divergence-free, and

K® (2, 1) = Jpswpena(3)_ Ag; © ¢5) M 2™ (B(g, ), v,t) dg do
’ . fDJXIR(J+1)dM§(k) (B(q,l’),'l),t) dqd'l) .

19 / 34



STEP 11.
Clearly,
(k) 2_.
1K IILw<oyT;Lw<ﬂ>>§)\dl§gg§ llall” =: C,

where C' is a positive constant, independent of k. Thus, there exists a
K € L>=(0,T; L>=(Q; REX4 ) (to be identified), such that

symm

K® 5K weak* in L=(0,T; L>®(Q; R4 1) as k — oco.

Symm

20/ 34



STEP 11.

Clearly,
K® || ;oo g 7100 < Adm 2= (0
| Iz (0,T;L>=(Q)) < q€%>§ llall )

where C' is a positive constant, independent of k. Thus, there exists a
K € L>=(0,T; L>=(Q; REX4 ) (to be identified), such that

symm

K® 5K weak* in L=(0,T; L>®(Q; R4 1) as k — oco.

Symm
We would like to show that

K(:E t) L fDJ xR(J+1)d(Z;']:1 AQJ ® qJ) ME(B((], x),v,t) dq dv
’ . fDJX]R(J+1)dM/Q\(B(qax)avat) dqu

but this is far from trivial. [We shall return to this in STEPS 15-17.]
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STEP 12.
As Wi~ 2/*%()® — L2(Q)? for z = d + ¥ and some ¥ € (0, 1), there exists a
unique weak solution (u(**1) 7(*+1)) to the Oseen system with

Hu(kJrl)HLOO(O,T;L2(Q))0L2(07T§W1’2(Q)) < C(]. + ||’UJO||L2(Q)),

where C' is independent of k.
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STEP 12.

As Wi~ 2/*%()® — L2(Q)? for z = d + ¥ and some ¥ € (0, 1), there exists a
unique weak solution (u(**1) 7(*+1)) to the Oseen system with

Hu(kJrl)HL°°(O,T;L2(Q))ﬂL2(0,T;W1a2(Q)) < C(1+ [Juoll 2 (),
where C' is independent of k. Hence, by function space interpolation,

(k+1)
[0+ arg ) <€

where Q7 :=Q x (0,T).
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STEP 12.

As Wi~ 2/*%()® — L2(Q)? for z = d + ¥ and some ¥ € (0, 1), there exists a
unique weak solution (u(**1) 7(*+1)) to the Oseen system with

Hu(kJrl)HL°°(O,T;L2(Q))ﬂL2(0,T;W1v2(Q)) < C(1+ [Juoll 2 (),
where C' is independent of k. Hence, by function space interpolation,

(k+1)
||u ||L2+%(QT) <C
where Q7 := Q x (0,T). Therefore, also,

Ipeu® ) Ly (. <O

)

whereby

IK®) — b @ uk+D)|| <C.

L4 (Qr) =
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STEP 13.

By maximal regularity theory for the Stokes system [Koch—Solonnikov (2001)],
there is a positive constant C = C,, independent of k, s.t.

k+1)|| . <C (||K(k) —bh® u(k+1)||L"(QT) + ”“(’val—%v”(m) ,

' 3o S
Wo 2 (QT)

where ¢ = min(6,2) > d, 6 :=2+ 4, with z = d + ¥ for some ¥ € (0, 1),

Wa? (Qr) 1= L7(0,Ts W3 7(Q)) N W27 (0, T3 17(2)").
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STEP 13.

By maximal regularity theory for the Stokes system [Koch—Solonnikov (2001)],
there is a positive constant C = C,, independent of k, s.t.

Ja Yy < C (K b @ u D g + ol 2.0 ) -

We E(QT) o

where ¢ = min(6,2) > d, 6 :=2+ 4, with z = d + ¥ for some ¥ € (0, 1),
Wo* (Qr) = L7(0, T3 Wy 7 (2)) N W2 (0,7 L7 (9)°).

As Wa'? (Qr) < L2(0,T; W7 (Q)4), it follows that by STEP 12 that

[u* T 20, w10 @)y < C(L+ [uoll pi-2.00gy)s 0> d,

(@)
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STEP 13.

By maximal regularity theory for the Stokes system [Koch—Solonnikov (2001)],
there is a positive constant C = C,, independent of k, s.t.

Ja Yy < C (K b @ u D g + ol 2.0 ) -

We E(QT) o
where ¢ = min(6,2) > d, 6 :=2+ 4, with z = d + ¥ for some ¥ € (0, 1),

Wa? (Qr) 1= L7(0,Ts W3 7(Q)) N W27 (0, T3 17(2)").

As Wa'? (Qr) < L2(0,T; W7 (Q)4), it follows that by STEP 12 that

[+ 20 zwro @)) < C(1+ luollyy1-2.00)) 0>,
and therefore, by Sobolev embedding,
HU(HUHH(O,T;LM(Q)) <C(1+ HUOHWk%,a(Q))'
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STEP 14.

We deduce that

u® = weakly in L2(0,T; Wy ° (0)4) as k — 00, o >d,

u™ = u  weakly in Wh2(0,T; W~=29(Q)9) as k — oo,

u® —wu  strongly in L2(0,T;C%7(Q)%) as k — oo, 0<y<1l-%2 o>d,

where the last result follows, via thEAubin—Lions lemma, thanks to the compact
embedding of W, () into C®7(Q)? for 0 <y <1— <, o > d.
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STEP 14.

We deduce that

u® = weakly in L2(0,T; Wy ° (0)4) as k — 00, o >d,

u™ = u  weakly in Wh2(0,T; W~=29(Q)9) as k — oo,

u® —wu  strongly in L2(0,T;C%7(Q)%) as k — oo, 0<y<1l-%2 o>d,
where the last result follows, via thEAubin—Lions lemma, thanks to the compact
embedding of W, () into C®7(Q)? for 0 <y <1— <, o > d.

It is now straightforward to pass to the limit in the Oseen system:

Ou+ (b-Vu—plu+Vr=V-K  for (z,t) € Q x (0,7,
V-u=0 for (z,t) €  x (0,77,
u(z,t) =0 for (z,t) € 99 x (0,77,
u(z,0) = uo(x) for z € Q.



STEP 15.
It remains to identify the weak* limit K of the sequence (K(*));~¢ in terms of the
limit g of the sequence (2"))x>0.
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STEP 15.

It remains to identify the weak* limit K of the sequence (K(*));~¢ in terms of the

limit g of the sequence (2"))x>0.

We rewrite FP equation as

Mo g — 2 (

1%
€

WM+

) )

awn]+w“wym-mea“»

VB

1

J
in D/(Q/F! x RUADL x (0, 7)),
2™ (r,0,0) = 25" (r,v) = G (20 (r,v)),

and note that the differential operator on the left-hand side is hypoelliptic.
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STEP 16.

(A) Boundedness of the sequence of initial data:

k
sup HMZ)\S )||L1(QJ+1XR(J+1)d) <C.
k>1
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STEP 16.
(A) Boundedness of the sequence of initial data:

k
sup HM@& )||L1(QJ+1XR(J+1)d) <C.
k>1

(B) Equiboundedness of the sequence of initial data:

C
sup X1 () M 85 N1 @ xrriney < =5 YR >1.

R2
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STEP 16.

(A) Boundedness of the sequence of initial data:

sup HM §gk) ||L1(QJ+1><R(J+1)<1) < C.
k>1
(B) Equiboundedness of the sequence of initial data:
(k) C
sup [Ixjo|>r (") M 2y || 1 (@741 xre741a) < 72 VR >1.
k>1

(C) Boundedness of the sequence of right-hand sides:

T
sup/ (1 + Hu(k)(,t)”Loo(Q)) ||M 8vj Z)\(k)(, ',t)||L1(QJ+1 xR(J+1)d) dt < C.
0

E>1
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STEP 16.

(A) Boundedness of the sequence of initial data:

k
sup HM 56 )||L1(QJ+1><R(J+1)<1) < C.
k>1
(B) Equiboundedness of the sequence of initial data:

c
Sup [Xjujzr () M 8" s @rrimonn < 75 YRZ L.
E>1

(C) Boundedness of the sequence of right-hand sides:

T
sup/ (1 + Hu(k)(,t)”Loo(Q)) ||M 8%. Z)\(k)(, ',t)||L1(QJ+1 xR(J+1)d) dt < C.
0

E>1
(D) Equiboundedness of the sequence of right-hand sides:

Rhm sup [|xpo)>r (") (£1); + U(k)) - O, (Mﬁ(k))HLl(o,T;Ll(szJJrl xr(+1d)) = 0.
— 00 k>1
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STEP 17.
By an argument of R. DiPerna & P.-L. Lions (1988), (A)—(D) imply that

0" — 5 strongly in L'(0,T; LY, (1 x RUFDD))  as k — cc.
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STEP 17.
By an argument of R. DiPerna & P.-L. Lions (1988), (A)—(D) imply that

o®) =5 strongly in L*(0,T; L}, (271! x RU+D)) a5 k — oco.

This then (eventually, after a further technical argument,) implies that

K® (2, 1) = Jpsxarina(E-1 M ® ¢5) M 8™ (B(g, 7). v, 1) dg dv
’ . fDJXR(J+1)dM§(k) (B(q,:c),v,t) dqu

converges to

K(l‘ t) . fDJXR(.]+1)d(E;']:1 )\‘Zj ® Qj) M@(B(q,x%ut) dgdv
’ . fDJ < R(J+1)d M@\(B((L (L’), U7t) dq dv

weakly* in L= (2 x (0,7)).
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STEP 17.
By an argument of R. DiPerna & P.-L. Lions (1988), (A)—(D) imply that

o®) =5 strongly in L*(0,T; L}, (271! x RU+D)) a5 k — oco.

This then (eventually, after a further technical argument,) implies that

K(k) (m t) o fDJxR(J+1)d(Z;']:1 Ag; ® qj) M/Q\(k) (B(q, :E),U,t) dgdv
’ . fDJ < R(J+1)d M §(k) (B(q7 x): 'U,t) dq dv

converges to

K(l‘ t) . fDJXR(.]+1)d(E;']:1 AQj ® Qj) M@(B(q,x)ﬂgi) dgdv
’ . fDJ < R(J+1)d M@\(B((L (L’), U7t) dq dv

weakly* in L>(§2 x (0,T")). Thus we have shown the existence of a weak solution
to the coupled Oseen—Fokker—Planck system with the bead-mass € > 0 fixed. [



Small-mass limit and equilibration in momentum space

We showed the existence of functions u = u,. and ¢ = ., such that
ue € C([0,T]; L7(2)7) N L2(0, T3 Wy 7 ()) n WH2(0, T W1 (2)7),

with 0 = min(6,2) > d, 6 :=2+ 3 and z = d + ¥ for some 9 € (0,1), is a weak
solution to the Oseen system,
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Small-mass limit and equilibration in momentum space

We showed the existence of functions u = u,. and ¢ = ., such that
ue € C([0,T]; L7(2)7) N L2(0, T3 Wy 7 ()) n WH2(0, T W1 (2)7),

with 0 = min(6,2) > d, 6 :=2+ 3 and z = d + ¥ for some 9 € (0,1), is a weak
solution to the Oseen system, and o, with

F(0.) € L0, T; L, (7 x RUFDE R (),

Vo/Be € L2(0,T; L2,(Q7 ! x RU+D4)).
V0. € L2(0,T; LY, (71 x RUFD)),
M 9,8 € L(0,T; (W@ x RUFDY)) 5> (T 4+ 1)d + 1,

satisfies the following weak form of the Fokker—Planck equation:
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t
/O <M87—/Q\€('a'77_)750('7'7T)>d7-

,872 <§/t/ / M(v)av'b\é'av'SDdUdeT)
2 j= /o Jeltt JrU+Dd 7 J
J+1
(Z/ /QJJrl /I.%(Jﬂ)d (v) v; Qe - 3rj<pdvdrdr>
( / /QJ+1 /R(Jﬂ)d (v) (£r); + ue(r;, 7)) Oc - v, Lded’I‘dT) =0

Ve L2(0,T; WE2, (71 x RUTDA) q w2 (/1 ) RUTDA)) - g5 (J 4 1)d + 1.
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t
/O <M87—/Q\€('a'77_)750(‘7'77—)>d7-

,872 (Jil/t/ / M(v)av'b\é'av'SDdUdeT)
2 j= /o Jeltt JrU+Dd 7 J
J+1
(Z/ /QJJr1 /JI;(JHM (v) v; Qe - 3rj<pdvdrdr>
( / /QJ+1 /R(Jﬂ)d (v) (£r); + ue(r;, 7)) Oc - v, Lded’I‘dT) =0

Ve L2(0,T; W2 (71 x RUTD) A w2l +1 x RUFDA)) g5 (J 4 1)d+ 1.

Furthermore 9.(-,-,0) = 2o(-, "),

M@E(r,v,t)drdv:/ M go(r,v)drdv =1 vt e (0,T].

‘/QJ-FIXR(JJ»I)d QJ+1xR(J+1)d
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In addition, o satisfies the following energy inequality:

2 J+1

Ydvdr + \/?e |? dvdrd
/m+1/nw+1>d (v) F(ee(t) dv i Z//QJ+1/R<J+1>d M(v)|0u; vV ee | dvdrdr

sc[u Lo Lo M) F@) dvar,
QJ+1 JR(J+1)d

where C' = C(||u0HW1,%,U(Q), 1]l o< (0,7;(02)), 0 =min(5,2) >d, 6 :=2+ 3
and z = d + 9 for some ¥ € (0,1); C is independent of € > 0.
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In addition, p. satisfies the following energy inequality:

o J+1
F(0e(t)) dvd — 8. /7% |2 dvdrd
/QJ+1 /I;(Jﬂ)d (v) F(2e(®)) dv T+ Z/ ,/QJ+1 /R(J+1)d LA 1 \/9:| el olir

<C{1+/ / F(oo)dvdr|,
QJ+1 R(JJrl)d

where C' = C(||UOHW1—§,U(Q)7 1]l o< (0,7;(02)), 0 =min(5,2) >d, 6 :=2+ 3
and z = d + 9 for some ¥ € (0,1); C is independent of ¢ > 0.

Hence,
(F(e))eso is bounded in L>®(0,T; L}, (Q7+1 x RU+D))

(Vv\/@i)€ is bounded in LQ(O’T;L?W(QJ+1 v R(J-H)d))’
(M 8,3.)e>0 is bounded in L2(0, T; (W2(Q7+! x RUZ+1d))),

for s > (J+1)d + 1.

29 / 34



STEP 18.
0c — (0 weakly in LP(0,T; L1, (271 x RUTDL))  vp € [1, 00),

M 99 — M 8¢9y weakly in L2(0,T; (W=2(Q/+1 x RUFDA))) s> (J+ 1)d + 1,
v; Be — ;5 0(0) weakly in L2(0,T; L1, (@741 x RUFTDA)) 5 =1,...,J+1.
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STEP 18.

0c — (0 weakly in LP(0,T; L1, (271 x RUTDL))  vp € [1, 00),
M 99 — M 829y weakly in L2(0,T; (W*2(Q/+1 x RUFDA))) s> (J +1)d +1,
v; Be — ;5 0(0) weakly in L2(0,T; L1, (@741 x RUFTDA)) 5 =1,...,J+1.
Also, because
lluellL2 o0, 05w @)ynwr 20w -1 )) < C(1+ ||UO||W175,U(Q))7
with o > d, whereby
ue — ugy weakly in L2(0,T; Whe(Q)) nWhH2(0,T; W—17(Q)),

Ue = u(g) strongly in L2(0,T;C%(2)9) as € — 0, 0<y<1-— g.
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STEP 19.
Furthermore,

J+1

T
Z/ / / M(v) |0, 1/0(0) |* dvdrdr < 0.
=1 0 QJ+1 JRI+1)d J
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STEP 19.

Furthermore,

J+1

T
§ / / / M (v) [0y;1/0(0) |* dvdrdr < 0.
j:1 0 QJ+1 JR(I+1)d

00)(rv,t) =n(r,t)  ae in QI x RUFDE x (0,7)
with n € L*°(0,T; L' (Q2711)) to be determined.

Hence,
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STEP 19.

Furthermore,

J+1

T
Z/ / / M () |9y, 1/ 80y |* dvdrdr < 0.
j:1 0 QJ+1 R(J+1)d J

00)(rv,t) =n(r,t)  ae in QI x RUFDE x (0,7)
with n € L*°(0,T; L' (Q2711)) to be determined.

Hence,

Thus, we have equilibration in momentum space:
0(0) = M 00y = M n,
with n € L*°(0,T; L' (Q27*+1)), to be deteremined.
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STEP 19.

Furthermore,

J+1

T
Z/ / / M () |9y, 1/ 80y |* dvdrdr < 0.
=1 0 QJ+1 JRI+1)d /

00)(rv,t) =n(r,t)  ae in QI x RUFDE x (0,7)
with n € L*°(0,T; L' (Q2711)) to be determined.

Hence,

Thus, we have equilibration in momentum space:

00y == M 0oy = M n,
with n € L*°(0,T; L' (Q27*+1)), to be deteremined.

@ J. Schieber & H. C. (5ttinger, The effects of bead inertia on the Rouse model.

J. Chem. Phys. 89, no. 11, (1988).
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STEP 20.
The small-mass limit of the coupled Oseen—Fokker—Planck system satisfies

Osu(oy + (b V)uy — ulu) + Ve = V- K for (z,t) € Q@ x (0,T],
Vg =0 for (z,t) € Q@ x (0,T],
wy(z,t) =0 for (z,t) € 90 x (0,717,
u(o) (,0) = uo(x) for x € Q.
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STEP 20.
The small-mass limit of the coupled Oseen—Fokker—Planck system satisfies

ey + (b V) — pluey + Vo) =V -Kgy  for (z,t) € Q x (0,T],
V @) =0 for (z,t) € Q@ x (0,T],
wy(z,t) =0 for (z,t) € 90 x (0,717,
u(o) (,0) = uo(x) for z € Q.

The identification of K (via the DIV-CURL Lemma) is (again) technical:

fDJ F(gj) ® qj)n B(q,:c),t)dq
fDJ 77(3( )7t) dq

Ko)(z,t) := for (z,t) € Q@ x (0,77,

where B(z,q) =,
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STEP 20.
The small-mass limit of the coupled Oseen—Fokker—Planck system satisfies

oy + (b - V)uy — pAupy + V) =V - K for (z,t) € Q x (0,77,
V @) =0 for (z,t) € Q@ x (0,T],
wy(z,t) =0 for (z,t) € 90 x (0,717,
u(o) (,0) = uo(x) for z € Q.

The identification of K (via the DIV-CURL Lemma) is (again) technical:

Jpo i1 (F(a;) ® 4;) n(B(g, z), ) d
fDJ 77( )7t) dg

where B(z,q) =, and n > 0, with [, n(r,t)dr =1 for all t € [0, T, solves

Ko)(z,t) := for (z,t) € Q x (0,77,

J+1 J+1

8tn+28”( ); + oy (rj, - ) BZ n=0 in Q7+ x (0,7,

zero-flux boundary condition on

. :A 2 J+1’ .
n(0) =2 € LY@ Rxo) +{69(”x(O,T]forj:l,...,J—i—l.

=7



Change variables in FP from r € Q7" to (x,q) € Q x D’

Hence, v(z,q,t) :== n(B(q,z),t) = n(r,t) solves on Q x D’ x [0,T):

J

Ot + Vi - (woy ) + Y g, - (Vati0))g;9)

j=1

5 o ()] s

i,J=1
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Change variables in FP from r € Q7" to (x,q) € Q x D’
Hence, v(z,q,t) :== n(B(q,z),t) = n(r,t) solves on Q x D’ x [0,T):

J

O+ Va - (uw) + D g, - (Vau()a)

Jj=1

i,J=1
with the initial condition ¥(z, q,0) = ¥o(x, q) := 00(B(q,z)), and the bdry. cond.
Vo(x,q,t) - ng(x) =0 for all (z,q,t) € 9Q x D’ x (0,T),
where n,, is the unit outward normal vector to 052, and

Z [ﬁRU Mg (93{?@) - (V“(O))Qﬂb] “ng, =0

for all (z,q,t) € A x (D x---xdDx---x D) x(0,T], j=1,...,J, where ng, is
the unit outward normal vector to dD for the jth copy of D; and

M(q) == (278) 27 exp (—|q|?/26), qe D’.



Note: If the initial datum g is such that, for some constant n > 0,

/ Yo(z,q)dg=n""! fora.e. x € Q,
DJ
then it follows that
[ nBa.0di= [ swatdg=n forae (@0 e0x 0.1
DJ DJ

so the expression for Koy simplifies to the Kramers' expression:

J
Koy =n [ S (Fla) @ 0) (o0, da
j=1
The number n > 0 is called the polymer number density per unit volume.

B M. Dostalik, J. Malek, V. Pra3a, and E. Siili. A simple approach to thermodynamically
consistent modelling of non-isothermal flows of dilute compressible polymeric fluids. Fluids
2020, Volume 5, Issue 3, 29 pp.; DOI:10.3390/fluids5030133.

34 / 34



