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PREFACE

It was on March 20, 1984, that I wrote to Herb Ryser and proposed that
we write together a book on the subject of combinatorial matrix theory.
He wrote back nine days later that “I am greatly intrigued by the idea of
writing a joint book with you on combinatorial matrix theory. ... Ideally,
such a book would contain lots of information but not be cluttered with
detail. Above all it should reveal the great power and beauty of matrix
theory in combinatorial settings. ... I do believe that we could come up with
a really exciting and elegant book that could have a great deal of impact.
Let me say once again that at this time I am greatly intrigued by the whole
idea.” We met that summer at the small Combinatorial Matrix Theory
Workshop held in Opinicon (Ontario, Canada) and had some discussions
about what might go into the book, its style, a timetable for completing it,
and so forth. In the next year we discussed our ideas somewhat more and
exchanged some preliminary material for the book. We also made plans
for me to come out to Caltech in January, 1986, for six months in order
that we could really work on the book. Those were exciting days filled with
enthusiasm and great anticipation.

Herb Ryser died on July 12, 1985. His death was a big loss for me.!
Strange as it may sound, I was angry. Angry because Herb was greatly
looking forward to his imminent retirement from Caltech and to our work-
ing together on the book. In spite of his death and as previously arranged,
I went to Caltech in January of 1986 and did some work on the book,
writing preliminary versions of what are now Chapters 1, 2, 3, 4, 5 and 6.
As I have been writing these last couple of years, it has become clear that
the book we had envisioned, a book of about 300 pages covering the basic
results and methods of combinatorial matrix theory, was not realistic. The
subject, at least as I view it, is too vast and too rich to be compressed
into 300 or so pages. So what appears in this volume represents only a

1 My article “In Memoriam Herbert J. Ryser 1923-1985” appeared in the Journal of
Combinatorial Theory, Ser. A, Vol. 47 (1988), pp. 1-5.
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portion of combinatorial matrix theory. The choice of chapters and what
has been included and what has been omitted has been made by me. Herb
contributed to Chapters 1, 2 and 5. I say all this not to detract from his
contribution but to absolve him of all responsibility for any shortcomings.
Had he lived I am sure the finished product would have been better.

As I have written elsewhere,2 my own view is that “combinatorial ma-
triz theory is concerned with the use of matrix theory and linear algebra in
proving combinatorial theorems and in describing and classifying combina-
torial constructions, and it is also concerned with the use of combinatorial
ideas and reasoning in the finer analysis of matrices and with intrinsic com-
binatorial properties of matrix arrays.” This is a very broad view and it
encompasses a lot of combinatorics and a lot of matrix theory. As I have
also written elsewhere® matrix theory and combinatorics enjoy a symbiotic
relationship, that is, a relationship in which each has a beneficial impact
on the other. This symbiotic relationship is the underlying theme of this
book. As I have also noted* the distinction between matrix theory and
combinatorics is sometimes blurred since a matrix can often be viewed as
a combinatorial object, namely a graph.

My view of combinatorial matrix theory is then that it includes a lot of
graph theory and there are separate chapters on matrix connections with
(undirected) graphs, bipartite graphs and directed graphs, and in addition,
a chapter on special graphs, most notably strongly regular graphs. In order
to efficiently obtain various existence theorems and decomposition theo-
rems for matrices of 0’s and 1’s, and more generally nonnegative integral
matrices, I have included some of the basic theorems of network flow the-
ory. In my view latin squares form part of combinatorial matrix theory and
there is no doubt that the permanent of matrices, especially matrices of
0’s and 1’s and nonnegative matrices in general, is of great combinatorial
interest. I have included separate chapters on each of these topics. The fi-
nal and longest chapter of this volume is concerned with generic matrices
(matrices of indeterminates) and identities involving both the determinant
and the permanent that can be proved combinatorially.

Many of the chapters can be and have been the subjects of whole books.
Thus I have had to be very selective in deciding what to put in and what to
leave out. I have tried to select those results which I view as most basic. To
some extent my decisions have been based on my own personal interests.
I have included a number of exercises following each section, not viewing
the exercises as a way to further develop the subject but with the more

2 “The many facets of combinatorial matrix theory,” Matriz Theory and Applications,
C. R. Johnson ed., Proceedings of Symposia in Applied Mathematics, Vol. 40, pp. 1-35,
Amer. Math. Soc., Providence (1990).

3 “The symbiotic relationship of combinatorics and matrix theory,” Linear Algebra

and Its Applications, to be published.
4 Ibid.
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modest goal of providing some problems for readers and students to test
their understanding of the material presented and to force them to think
about some of its implications.

As I mentioned above and as the reader has no doubt noticed in my
brief chapter description, the topics included in this volume represent only
a part of combinatorial matrix theory. I plan to write a second volume enti-
tled “Combinatorial Matrix Classes” which will contain many of the topics
omitted in this volume. A tentative list of the topics in this second vol-
ume incudes: nonnegative matrices; the polytope of doubly stochastic ma-
trices and related polytopes; the polytope of degree sequences of graphs;
magic squares; classes of (0,1)-matrices with prescribed row and column
sums; Costas arrays, pseudorandom arrays (perfect maps) and other ar-
rays arising in information theory; combinatorial designs and solutions of
corresponding matrix equations; Hadamard matrices and related combi-
natorially defined matrices; combinatorial matrix analysis including, for
instance, the role of chordal graphs in Gaussian elimination and matrix
completion problems; matrix scalings of combinatorial interest; and mis-
cellaneous topics such as combinatorial problems arising in matrices over
finite field, connections with partially ordered sets and so on.

It has been a pleasure working these last several years with David Tranah
of Cambridge University Press. In particular, I thank him and the series
editor Gian-Carlo Rota for their understanding of my desire to make a
two-volume book out of what was originally conceived as one volume. I
prepared the manuscript using the document preparation system IATEX,
which was then edited by Cambridge University Press. I wish to thank
Wayne Barrett and Vera Pless for pointing out many misprints. My two
former Ph.D. students, Tom Foregger and Bryan Shader, provided me with
several pages of comments and corrections. During the nearly five years
in which I have worked on this book I have had, and have been grateful
for, financial support from several sources: the National Science Founda-
tion under grants No. DMS-8521521 and No. DMS-8901445, the Office of
Naval Research under grant No. N00014-85-K-1613, the National Security
Agency under grant No. MDA904-89 H-2060, the University of Wisconsin
Graduate School under grant No. 160306 and the California Institute of
Technology. For the last 25 years I have been associated with the Depart-
ment of Mathematics of the University of Wisconsin in Madison. It’s been
a great place to work and I am looking forward to the next 25.

I wish to dedicate this book to the memory of my parents:
Mollie Verni Brualdi
Ulysses J. Brualdi

Richard A. Brualdi
Madison, Wisconsin






1

Incidence Matrices

1.1 Fundamental Concepts
Let
A=laij], (=12...,m;j=12,...,n)

be a matrix of m rows and n columns. We say that A is of size m by n,
and we also refer to A as an m by n matrix. In the case that m = n then
the matrix is square of order n. It is always assumed that the entries of the
matrix are elements of some underlying field F. Evidently A is composed
of m row vectors a;, as, ..., a,;, over F and n column vectors 31,52, ..., Bn
over F', and we write

(&3]
(£%)

A = , =[p B ... Bu].
Om

It is convenient to refer to either a row or a column of the matrix as a line
of the matrix. We use the notation AT for the transpose of the matrix A. We
always designate a zero matrix by O, a matrix with every entry equal to 1 by
J, and the identity matrix of order n by I. In order to emphasize the size of
these matrices we sometimes include subscripts. Thus J,, », denotes theall 1’s
matrix of size m by n, and this is abbreviated to J,, if m = n. The notations
Omn, On and I, have similar meanings. In displaying a matrix we often
use * to designate a submatrix of no particular concern. The n! permutation
matrices of order n are obtained from I,, by arbitrary permutations of the
lines of I,,. A permutation matrix P of order n satisfies the matrix equations

PPT =pPTp=1,.
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Figure 1.1

In most of our discussions the underlying field F' is the field of real
numbers or the subfield of the rational numbers. Indeed we will be greatly
concerned with matrices whose entries consist exclusively of the integers
0 and 1. Such matrices are referred to as (0,1)-matrices. and they play a
fundamental role in combinatorial mathematics.

We illustrate this point by an example that reformulates an elementary
problem in geometry in terms of (0,1)-matrices. Let a rectangle R in the
plane be of integral height m and of integral length n. Let all of R be par-
titioned into ¢ smaller rectangles. Each of these rectangles is also required
to have integral height and integral length. We number these smaller rect-
angles in an arbitrary manner 1,2,...,¢. An example with m =4, n =5
and t = 6 is illustrated in Figure 1.1.

We associate with the partitioned rectangle of Figure 1.1 the following
two (0,1)-matrices of sizes 4 by 6 and 6 by 5, respectively:

110000
101001
X=1l000111}|
000111
11100
0001 1
looo1o0
Y=11000 0
01110
0000 1

The number of 1’s in column 7 of X is equal to the height of rectangle i, and
all of the 1’s in column ¢ occur consecutively. The topmost and bottommost
1’s in column ¢ of X locate the position of rectangle i with respect to the
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top and bottom horizontal lines of the full rectangle. The matrix ¥ behaves
in much the same way but with respect to rows. Thus the number of 1’s
in row j of Y is equal to the length of rectangle j, and all the 1’s in row
j of Y occur consecutively. The first and last 1’s in row j of Y locate the
position of rectangle j with respect to the left and right vertical lines of the
full rectangle. It follows from the definition of matrix multiplication that
the product of the matrices X and Y satisfies

XY =J. (1.1)

The matrix J in (1.1) is the matrix of 1’s of size 4 by 5.

This state of affairs is valid in the general case. Thus the partitioning
of a rectangle in the manner described is precisely equivalent to a matrix
equation of the general form (1.1) with the following constraints. The ma-
trices X and Y are (0,1)-matrices of sizes m by t and t by n, respectively,
and J is the matrix of 1’s of size m by n. The 1’s in the columns of X and
the 1’s in the rows of Y are required to occur consecutively. If the original
problem is further restricted so that all rectangles involved are squares,
then we must require in addition that m = n and that the sum of column
i of X is equal to the sum of row i of Y, (: = 1,2,...,¢).

We next describe in more general terms the basic link between (0,1)-
matrices and a wide variety of combinatorial problems. Let

X ={z1,22,...,Zn}

be a nonempty set of n elements. We call X an n-set. Now let X3, Xo,...,
Xm be m not necessarily distinct subsets of the n-set X. We refer to this
collection of subsets of an n-set as a configuration of subsets. Vast areas
of modern combinatorics are concerned with the structure of such config-
urations. We set a;; = 1 if z; € X;, and we set a;; = 0 if z; € X;. The
resulting (0,1)-matrix

A=lai], (=12,....,m;j=1,2,...,n)

of size m by n is the incidence matriz for the configuration of subsets
X1,Xo,..., X, of the n-set X. The 1’s in row a; of A display the ele-
ments in the subset X;, and the 1’s in column S; display the occurrences of
the element z; among the subsets. Thus the lines of A give us a complete
description of the subsets and the occurrences of the elements within these
subsets. This representation of our configuration in terms of the (0,1)-matrix
A is of the utmost importance because it allows us to apply the powerful
techniques of matrix theory to the particular problem under investigation.

Let A be a (0,1)-matrix of size m by n. The complement C of the incidence
matrix A is obtained from A by interchanging the roles of the 0’s and 1’s
and satisfies the matrix equation

A+C=J
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We note that the matrices O and J of size m by n are complementary
and correspond to the configurations with the empty set repeated m times
and the full n-set repeated m times, respectively. A second incidence ma-
trix associated with the (0,1)-matrix A of size m by n is the transposed
matrix AT of size n by m. The configuration of subsets associated with a
transposed incidence matrix is called the dual of the configuration.

Suppose that we have subsets X1, Xo,..., X, of an n-set X and subsets
Y1,Ys,...,Y,, of an n-set Y. Then these two configurations of subsets are
regarded as the same or isomorphic provided that we may relabel the sub-
sets Xi, X2, ..., X, and the elements of the n-set X so that the resulting
configuration coincides with the configuration Y, Y3,...,Y,, of the n-set
Y. This means that our original configurations are the same apart from the
notation in which they are written.

The above isomorphism concept for configurations of subsets has a direct
interpretation in terms of the incidence matrices that represent the config-
urations. Thus suppose that A and B are two (0,1)-matrices of size m by
n that represent incidence matrices for subsets X;, Xo,..., X, of an n-set
X and for subsets Y1,Ys,...,Y,, of an n-set Y, respectively. Then these
configurations of subsets are isomorphic if and only if A is transformable
to B by line permutations. In other words the configurations of subsets
are isomorphic if and only if there exist permutation matrices P and @ of
orders m and n, respectively, such that

PAQ = B.

In many combinatorial investigations we are often primarily concerned
with those properties of a (0,1)-matrix that remain invariant under arbi-
trary permutations of the lines of the matrix. The reason for this is now
apparent because such properties of the matrix become invariants of iso-
morphic configurations.

If two configurations of subsets are isomorphic, then their associated inci-
dence matrices of size m by n are required to satisfy a number of necessary
conditions. Thus the row sums including multiplicities are the same for both
matrices and similarly for the column sums. The ranks of the two matrices
must also coincide. The incidence matrices may be tested for invariants like
these. But thereafter it may still be an open question as to whether or not
the given configurations are isomorphic. Suppose, for example, that A is a
(0,1)-matrix of order n such that all of the line sums of A are equal to the
positive integer k. We may ask if the configuration associated with this in-
cidence matrix is isomorphic to its dual. This will be the case if and only if
there exist permutation matrices P and @ of order n such that

PAQ = AT.

We now look at some examples of the isomorphism problem which are
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readily solvable. Suppose that the configuration is represented by a permu-
tation matrix of order n. Then clearly the configuration may be represented
equally well by the identity matrix I,,, and thus any two such configurations
are isomorphic.

Suppose next that the configuration is represented by a (0,1)-matrix A of
order n such that all of the line sums are equal to 2. This restriction on A
allows us to replace A under line permutations by a direct sum of the form

AlDA®- - & A..

Each of the components of this direct sum has line sums equal to 2, and is
“fully indecomposable” in the sense that it cannot be further decomposed
by line permutations into a direct sum. Each fully indecomposable compo-
nent is itself normalized by line permutations so that the 1’s appear on the
main diagonal and in the positions directly above the main diagonal with
an additional 1 in the lower left corner. For example, a normalized fully
indecomposable component of order 5 is given by the matrix

O oo+
SO O+
SO = KM-HO
O K= OO
== 0 OO

We have constructed a canonical form for A in the sense that if
Bi®B;®---® By

is a second decomposition for A, then we have e = f and the A; are equal to
the B; in some ordering. The essential reasoning behind this is as follows.
We first label all of the 1’s in A from 1 to 2n in an arbitrary manner. Under
line permutations two labeled 1’s in a line always remain within the same
line. Consider the component A; and its two labeled 1’s in the (1,1) and
(1,2) positions of A;. These labeled 1’s occur in some row of a component
of the second decomposition, say in component B;. But then the labeled 1
in the (2,2) position of A; also occurs in B; and similarly for the labeled 1
in the (2,3) position of A;. In this way we see that all of the labeled 1’s in
A; occur in B;. But then A4; and B; are equal because both matrices are
fully indecomposable and normalized. We may then identify the labeled 1’s
in the component A; with the labeled 1’s in another component B; of the
second decomposition and so on.

The above canonical form for A implies that we have devised a straight-
forward procedure for deciding the isomorphism problem for configurations
whose incidence matrices have all of their line sums equal to 2. The situation
for (0,1)-matrices that have all of their line sums equal to 3 is vastly more
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complicated. Such matrices may already possess a highly intricate internal
structure.

In the study of configurations of subsets two broad categories of prob-
lems emerge. The one deals with the structure of very general configu-
rations, and the other deals with the structure of much more restricted
configurations. In the present chapter we will see illustrations of both
types of problems. We will begin with the proof of a minimax theorem
that holds for an arbitrary (0,1)-matrix. Later we will also discuss certain
(0,1)-matrices of such a severely restricted form that their very existence
is open to question.

1.2 A Minimax Theorem

We now prove the fundamental minimax theorem of Konig[1936]. This
theorem has a long history and many ramifications which are described
in detail in the book by Mirsky[1971]. The theorem deals exclusively with
properties of a (0,1)-matrix that remain invariant under arbitrary permu-
tations of the lines of the matrix.

Theorem 1.2.1. Let A be a (0,1)-matriz of size m by n. The minimal
number of lines in A that cover all of the 1’s in A is equal to the mazimal
number of 1’s in A with no two of the 1’s on a line.

Proof. We use induction on the number of lines in A. The theorem is
valid in case that m =1 or n = 1. Hence we take m > 1 and n > 1. We
let o' equal the minimal number of lines in A that cover all of the 1’s in
A, and we let p equal the maximal number of 1’s in A with no two of
the 1’s on a line. We may conclude at once from the definitions of p and
P that p < p’. Thus it suffices to prove that p > p’. A minimal covering
of the 1’s of A is called proper provided that it does not consist of all m
rows of A or of all n columns of A. The proof of the theorem splits into
two cases.

In the first case we assume that A does not have a proper covering. It
follows that we must have p’ = min{m,n}. We permute the lines of A so
that the matrix has a 1 in the (1,1) position. We delete row 1 and column
1 of the permuted matrix and denote the resulting matrix of size m — 1
by n — 1 by A’. The matrix A’ cannot have a covering composed of fewer
than p’ — 1 = min{m — 1,n — 1} lines because such a covering of A’ plus
the two deleted lines would yield a proper covering for A. We now apply
the induction hypothesis to A’ and this allows us to conclude that A’ has
p' — 1 1’s with no two of the 1’s on a line. But then A has p’ 1’s with no
two of the 1’s on a line and it follows that p > p’.

In the alternative case we assume that A has a proper covering composed
of e rows and f columns where p’ = e + f. We permute lines of A so that
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these e rows and f columns occupy the initial positions. Then our permuted
matrix assumes the following form

* A]
pa
In this decomposition O is the zero matrix of size m — e by n — f. The
matrix A; has e rows and cannot be covered by fewer than e lines and the
matrix A, has f columns and cannot be covered by fewer than f lines. This
is the case because otherwise we contradict the fact that p’ = e + f is the
minimal number of lines in A that cover all of the 1’s on A. We may apply

the induction hypothesis to both A; and A, and this allows us to conclude
that p > p'. O

The maximal number of 1’s in the (0,1)-matrix A with no two of the 1’s
on a line is called the term rank of A. We denote this basic invariant of A by

p = p(A).
We next investigate some important applications of the Konig theorem.
Let X, Xo,..., X,;» be m not necessarily distinct subsets of an n-set X. Let
D = (aj,as,...,am)

be an ordered sequence of m distinct elements of X and suppose that
a; € X,',('i = 1,2,...,771).

Then the element a; represents the set X;, and we say that our configuration
of subsets has a system of distinct representatives (abbreviated SDR). We
call D an SDR for the ordered sequence of subsets (X1, Xa, ..., Xm). The
definition of SDR requires a; # a; whenever ¢ # j, but X; and X; need
not be distinct as subsets of X.

The following theorem of P. Hall[1935] gives necessary and sufficient
conditions for the existence of an SDR. We derive the Hall theorem from
the Konig theorem. We remark that one may also reverse the procedure
and derive the Kénig theorem from the Hall theorem (Ryser[1963]).

Theorem 1.2.2. The subsets X1, Xs,...,Xm of an n-set X have an
SDR if and only if the set union X;, U X;, U---U X;, contains at least
k elements for k = 1,2,...,m and for all k-subsets {iy,i2,...,ix} of the
integers 1,2,...,m.

Proof. The necessity of the condition is clear because if a set union X;, U
Xi, U---UX;, contains fewer than k elements then it is not possible to
select an SDR. for these subsets.
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We now prove the reverse implication. Let A be the (0,1)-matrix of size
m by n which is the incidence matrix for our configuration of subsets.
Suppose that A does not have the maximal possible term rank m. Then by
the Konig theorem we may cover the 1’s in A with e rows and f columns,
where e + f < m. We permute the lines of A so that these e rows and f
columns occupy the initial positions. Then our permuted A assumes the

form
* A1
A, O |~

In this decomposition O is the zero matrix of size m — e by n — f. The
matrix Az of size m — e by f has m —e > f. But then the last m — e rows
of the displayed matrix correspond to subsets of X whose union contains
fewer than m —e elements, and this is contrary to our hypothesis. Hence the
matrix A is of term rank m, and this in turn implies that our configuration
of subsets has an SDR. O

Let A = [a;;] be a matrix of size m by n with elements in a field F' and
suppose that m < n. Then the permanent of A is defined by

per(A4) = Z G1iy 82ip ** * Cmiy,

where the summation extends over all the m-permutations (i1, ig,. .., im)
of the integers 1,2,...,n. Thus per(A) is the sum of all possible products
of m elements of A with the property that the elements in each of the prod-
ucts lie on different lines of A. This scalar valued function of the matrix
A occurs throughout the combinatorial literature in connection with vari-
ous enumeration and extremal problems. We remark that per(A) remains
invariant under arbitrary permutations of the lines of A. Furthermore, in
the case of square matrices per(A) is the same as the determinant function
apart from a factor 1 preceding each of the products in the summation. In
the case of square matrices certain determinantal laws have direct analogues
for permanents. In particular, the Laplace expansion for determinants has
a simple counterpart for permanents. But the basic multiplicative law of
determinants

det(AB) = det(A) det(B)

is flagrantly false for permanents. Similarly, the permanent function is in
general greatly altered by the addition of a multiple of one row of a ma-
trix to another. These facts tend to severely restrict the computational
procedures available for the evaluation of permanents.

We return to the (0,1)-matrix A of size m by n, and we now assume
that m < n. Then it follows directly from the definition of per(A) that
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per(A)> 0 if and only if A is of term rank m. The following theorem is also
a direct consequence of the terminology involved.

Theorem 1.2.3. Let A be the incidence matriz for m subsets X1, X, ...,
Xm of an n-set X and suppose that m < n. Then the number of distinct
SDR’s for this configuration of subsets is per (A). O

The permanent function is studied more thoroughly in Chapter 7.

We have characterized a configuration of subsets by means of a (0,1)-
matrix. The choice of the integers 0 and 1 is particularly judicious in many
situations, and this is already exemplified by Theorem 1.2.3. But the con-
figuration could also be characterized by a (1, —1)-matrix or for that matter
by a more general matrix whose individual entries possess or fail to possess
a certain property. For example, the following assertion is entirely equiva-
lent to our formulation of the Konig theorem. Let A be a matriz of size m
by n with elements from a field F. The minimal number of lines in A that
cover all of the nonzero elements of A is equal to the mazimal number of
nonzero elements in A with no two of the nonzero elements on a line. In
what follows we apply the Konig theorem to nonnegative real matrices.

A matrix of order n is called doubly stochastic provided that its entries
are nonnegative real numbers and all of its line sums are equal to 1. The n!
permutation matrices of order n as well as the matrix of order n with every
entry equal to 1/n are simple instances of doubly stochastic matrices. The
following theorem on doubly stochastic matrices is due to Birkhoff[1946].

Theorem 1.2.4. A nonnegative real matriz A of order n is doubly sto-

chastic if and only if there exist permutation matrices Py, P;,...,P; and
positive real numbers cy,cz,...,c; such that
A=cPL+ P+ -+ P (1.2)
and
ci+egt e =1 (1.3)

Proof. 1f the nonnegative matrix A satisfies (1.2) and (1.3) then
Al=JA=J

and A is doubly stochastic.

We now prove the reverse implication. We assert that the doubly stochas-
tic matrix A has n positive entries with no two of the positive entries on
a line. For if this were not the case, then by the Konig theorem we could
cover all of the positive entries in A with e rows and f columns, where
e+ f < n. But then since all of the line sums of A are equal to 1, it follows
that n < e+ f < n, and this is a contradiction. Now let P, be the permuta-
tion matrix of order n with 1’s in the same positions as those occupied by
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the n positive entries of A. Let ¢; be the smallest of these n positive entries.
Then A — ¢, P, is a scalar multiple of a doubly stochastic matrix, and at
least one more 0 appears in A — ¢; P, than in A. Hence we may iterate
the argument on A —c; P; and eventually obtain the desired decomposition
(1.2). We now multiply (1.2) by J and this immediately implies (1.3). O

Corollary 1.2.5. Let A be a (0,1)-matriz of order n such that all of
the line sums of A are equal to the positive integer k. Then there ezist
permutation matrices Py, Py, ..., P such that

A=P + P+ + P

Proof. The (0,1)-matrix A is a scalar multiple of a doubly stochastic
matrix. This means that the same arguments used in the proof of Theorem
1.2.4 may be applied directly to the matrix A. But we now have each ¢; = 1
and the entire process comes to an automatic termination in k steps. 0O

Corollary 1.2.5 has the following amusing interpretation. A dance is at-
tended by n boys and n girls. Each boy has been previously introduced to
exactly k girls and each girl has been previously introduced to exactly k
boys. No further introductions are allowed. Is it possible to pair the boys
and the girls so that the boy and girl of each pair have been previously
introduced? We number the boys 1,2,...,n in an arbitrary manner and
similarly for the girls. Then we let A = [a;;] denote the (0,1)-matrix of
order n defined by a;; = 1 provided boy j has been previously introduced
to girl ¢ and by a;; = 0 in the alternative situation. Then A satisfies all
of the requirements of Corollary 1.2.5, and each of the k permutation ma-
trices F; gives us a desired pairing of boys and girls. The totality of all of
the permitted pairings of boys and girls is equal to per(A). But it should
be noted that per(A) depends not only on n and k, but also on detailed
information involving the structure of the previous introductions.

Exercises

. Derive Theorem 1.2.1 from Theorem 1.2.2.

2. Suppose in Theorem 1.2.2 the set union X;, U X;, U--- U X;, always contains
at least k + 1 elements. Let = be any element of X;. Show that the sets
X1,X2,...,Xm have an SDR with the property that = represents X;.

3. Let A be a (0,1)-matrix of order n satisfying the equation A + AT = J — I.
Prove that the term rank of A is at least n — 1.

4. Let A be an m by n (0,1)-matrix. Suppose that there exist a positive integer p
such that each row of A contains at least p 1’s and each column of A contains
at most p 1’s. Prove that per(A4) > 0.

5. Let X1,X2,...,Xm and Y1,Y>2,...,Yn be two partitions of the n-set X into

m subsets. Prove that there exists a permutation ji, jz,...,jm of {1,2,...,m}

such that

Pt

XinY;, #0, (i=1,2,...,m)
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if and only if each union of k of the sets X1, X2, ..., X;n contains at most k of
the sets Y1,Y2,...,Ym, (k=1,2,...,m).
6. Let z = (z1,%2,...,Z,) and ¥ = (y1,¥Y2,-- ., Yn) be two monotone real vectors:

T12T2 2 2 Tn; Y12Y22> 2 Yn.

Assume that there exists a doubly stochastic matrix S of order n such that
z = yS. Prove that

zi+-+ze<y++yk, (B=1,2,...,n)

with equality for k = n. (The vector z is said to be majorized by y.)

7. Prove that the product of two doubly stochastic matrices is a doubly stochastic
matrix.

8. Let A be a doubly stochastic matrix of order n. Let A’ be a matrix of order
n — 1 obtained by deleting the row and column of a positive element of A.
Prove that per(A) > 0.
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1.3 Set Intersections

We return to the m not necessarily distinct subsets X1, Xo,..., X, ofan
n-set X. Up to now we have discussed in some detail the formal structure
of the (0,1)-matrix A of size m by n which is the incidence matrix for this
configuration of subsets. In what follows the algebraic properties of the
matrix A will begin to play a much more dominant role.

We are now concerned with the cardinalities of the set intersections X; N
Xj, and in order to study this concept we multiply the above matrix A by
its transpose. We thereby obtain the matrix equation

AAT = 8. (1.4)

The matrix S of (1.4) is a symmetric matrix of order m with nonnegative
integral elements. The element s;; in the (i, j) position of S records the
cardinality of the set intersection X; N X;, namely,

sij = [XiN X;l, (45=1,2,...,m).

The main diagonal elements of S display the cardinalities of the m subsets
X1,X9,...,Xm. It should be noted that all of this information on the
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cardinalities of the set intersections is exhibited in (1.4) in an exceedingly
compact form.

We mention next two variants of (1.4). We may reverse the order of
multiplication of the matrix A and its transpose and this yields the matrix
equation

ATA=T. (1.5)

The matrix T of (1.5) is a symmetric matrix of order n with nonnegative
integral elements. The element ¢;; in the (i, j) position of T records the
number of times that the elements z; and z; occur among the subsets
X1,Xo2,...,Xm. The main diagonal elements of T display the totality of
the occurrences of each of the n elements among the m subsets. The matrix
T may also be regarded as recording the cardinalities of the set intersections
of the dual configuration.

Our second variant of (1.4) involves the complement C of the incidence
matrix A. We may multiply A by the transpose of C and this yields the
matrix equation

ACT =w. (1.6)

This matrix equation differs noticeably from the two preceding equations.
The matrix W need no longer be symmetric. The element w;; in the (3, j)
position of W records the cardinality of the set difference X; — X;. (The
set difference X; — X is the set of all elements in X; but not in X;.) The
matrix W has 0’s in the m main diagonal positions.

We recall that for a matrix A with real elements we have

rank(A) = rank(AAT).
Hence the matrices A and S of (1.4) satisfy
rank(S) = rank(4) < m,n. (1.7)
Thus it follows from (1.7) that if S is nonsingular, then we must have
m<n. (1.8)

The inequality (1.8) is of interest because it tells us that the algebraic
requirement of the nonsingularity of S automatically imposes a constraint
between the two integral parameters m and n. In many investigations the
extremal configurations with m = n are especially significant. For the dual
configuration it follows that if T' is nonsingular, then we must have n < m.

We make no attempt now to study the matrix equation (1.4) and its
variants (1.5) and (1.6) in their full generality. We look at a very special
case of (1.4) and show that this already leads us to important unanswered
questions.
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Let t be a positive integer and suppose that A is a (0,1)-matrix of size
m by n that satisfies the matrix equation

AAT =T+ J. (1.9)

Thus in (1.9) we have selected our symmetric matrix S of (1.4) in a par-
ticularly simple form, namely with ¢ + 1 in the m main diagonal positions
and with 1’s in all other positions. In order to evaluate the determinant of
tI + J we first subtract column 1 from all other columns and we then add
the last m — 1 rows to the first row. This tells us that

det(tI + J) = (t + m)t™~ ! £ 0.

Thus the matrix ¢tI + J is nonsingular, and by (1.8) we may conclude that
m < n.

Now suppose that m = n. We show that in this case the incidence matrix
A possesses a number of remarkable symmetries. Since the matrix A is
square of order n we may apply the multiplicative law of determinants to
the matrix equation (1.9). Thus we have

det(AAT) = det(A) det(AT) = (det(A4))? = (¢t + n)t" ]
and
det(A) = +(t + n)1/2¢(n=1)/2, (1.10)

Since A is a (0,1)-matrix it follows that the expression on the right side of
(1.10) is of necessity an integer. It also follows from (1.9) that all of the
row sums of A are equal to ¢ + 1. Thus we may write

AJ = (t+1)J. (1.11)
But A is a nonsingular matrix and hence the inverse of A satisfies
A7Yg = (t+1)7L
Moreover, it follows from (1.9) that
AATT =ti+ 2= (t+n)J
and hence
ATJ =@t +1)" Yt +n)J.
We next take transposes of both sides of this equation and obtain
JA=(t+1)"t+n)J (1.12)
The multiplication of (1.12) by J implies
JAJ =n(t+ 1)Lt +n)J.
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But from (1.11) we also have
JAJ =n(t+1)J,

whence it follows that
n=t24+t+1. (1.13)

This additional relation between n and t allows us to write (1.10) in the
form

det(A) = +(t + 1)¢tt+1)/2,

and we now see that our formula for det(A) is, indeed, an integer. We may
substitute (1.13) into (1.12) and with (1.11) obtain

AJ=JA=(t+1)J. (1.14)

The equations of (1.14) tell us that all of the line sums of A are equal to

t+ 1.
We next investigate the matrix product AT A and note that

ATA= AW AATY A=A tI+ NA=tI + A" ' JA=tI+ J.

A matrix of order n with real elements is called normal provided that
it commutes under multiplication with its transpose. It follows that our
matrix A is normal and satisfies

AAT = ATA =T + J. (1.15)
We may also readily verify that the complement C of A satisfies
ACT =CTA=t(J-1)
and
CCT =CTC =tI +t(t —1)J.

We now discuss some specific solutions of the matrix equation (1.15). We
have shown that the order n of A satisfies (1.13) so that there is only a
single integer parameter ¢ involved. For the case in which ¢ = 1 it follows
readily that all solutions of (1.15) are given by the (0,1)-matrices of order 3
with all line sums equal to 2. These six matrices yield a single configuration
in the sense of isomorphism.

The configuration associated with a solution of (1.15) for ¢t > 1 is called
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a finite projective plane of order t. We exhibit the incidence matrix for the
projective plane of order 2:

1110000
1001100
1000011

A=|0 101010 (1.16)
01007101
0011001
001011 0]

This is the “smallest” finite projective plane, and it is easy to verify that
the projective plane of order 2 is unique in the sense of isomorphism. We
remark in passing that the incidence matrix A of (1.16) possesses a most
unusual property:

per(A) = | det(A4)| = 24.

Thus all of the 24 permutations that contribute to det(A) are of the same
sign.

Finite projective planes have been constructed for all orders ¢ that are
equal to the power of a prime number. No planes have as yet been con-
structed for any other orders, but they are known to be impossible for
infinitely many values of ¢. For a long time the smallest undecided case
was t = 10. Notice that the associated incidence structure is already
of order 111. Using sophisticated computer calculations, Lam, Thiel and
Swierzc[1989] have recently concluded that there is no finite projective
plane of order 10. The smallest order for which nonisomorphic planes exist
ist=29.

One of the major unsolved problems in combinatorics is the determina-
tion of the precise range of values of ¢ for which projective planes of order
t exist. The determination of the number of nonisomorphic solutions for a
general t appears to be well beyond the range of present day techniques.
These extremal configurations are of the utmost importance and have many
ramifications. They and their generalizations will be studied in some detail
in the sequel to this book, Combinatorial Matriz Classes.

We next consider a finite projective plane whose associated incidence
matrix is symmetric. The proof of the following theorem illustrates the
effective use of matrix algebra techniques.

Theorem 1.3.1. Let a finite projective plane II be such that its associ-
ated incidence matriz A is symmetric. Suppose further that the order t of
IT is not equal to an integral square. Then the incidence matriz A of I1
contains ezactly t + 1 1’s on its main diagonal.
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Proof. We first recall the following fundamental property concerning the
eigenvalues (characteristic roots) of a matrix. Let A be a matrix of order n
with elements in a field F' and let the n eigenvalues of A be A1, Ag,..., An.
Let f(A) be an arbitrary polynomial in the matrix A. Then the n eigen-
values of f(A) are f(A1), f(X2),.-., f(An)-

Since the incidence matrix A of II is symmetric it follows that we may
write (1.15) in the form

A2 =t +J (1.17)
The characteristic polynomial f(A) of tI + J equals
FO) = det(\ — (tI + J)) = (A — (t+ 1)2)(\ — )P+ (1.18)

The calculation of f(A) in (1.18) is much the same as the one carried out
earlier for det(¢t]+J). Thus we see that the n = t2+¢+1 eigenvalues of t + .J
are (t + 1)2 of multiplicity 1 and ¢ of multiplicity ¢2 + ¢. By (1.17) and the
property concerning eigenvalues quoted at the outset of the proof it follows
that the n eigenvalues of A are either ¢ + 1 or else —(t + 1) of multiplicity 1,
and ++/t of appropriate multiplicities. Let u denote the column vector of n
1’s. The matrix A has all its row sums equal to ¢t + 1 so that

Au= (t+1)u. (1.19)

Equation (1.19) tells us that u is an eigenvector of A with associated eigen-
value t + 1, and thus —(¢ + 1) does not arise as an eigenvalue of A.

The trace of a matrix of order n is the sum of the n main diagonal ele-
ments of the matrix and this in turn is equal to the sum of the n eigenvalues
of the matrix. Thus there exists an integer e determined by the multiplic-
ities of the eigenvalues ++/ of our incidence matrix A such that we may
write

tr(d) =an14+az+--+am =M+ X+ +I=t+1+eVl

We know that A is a (0,1)-matrix so that tr (A) is an integer. But now using
for the first time our hypothesis that ¢ is not equal to an integral square it
follows that we must have e = 0. O

We note that the incidence matrix A of (1.16) for the projective plane of
order 2 is symmetric. Consequently we now see that it is no accident that
exactly three 1’s appear on its main diagonal.

Exercises

1. Show that the determinant of the matrix tI+ aJ of order n equals t" ! (t+an).
2. Show that the m eigenvalues of the matrix tI + aJ of order n are t with
multiplicity n — 1 and ¢t + an.
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3. Let Abeanm by n (0,1)-matrix which satisfies the matrix equation AAT =
tI + aJ where t # 0. Prove that n > m.

4. Let A be a (0,1)-matrix of order n which satisfies the matrix equation AAT =
tI + aJ. Generalize the argument given in the text for a = 1 to prove that A
is a normal matrix.

5. Verify that the projective plane of order 2 is unique in the sense of isomorphism.

6. Verify that the incidence matrix A of the projective plane of order 2 satisfies
per(A) = |det(A)| = 24.

7. Determine a formula for the permanent of the matrix tI + aJ of order n in
terms of derangement numbers Dk. (Dx is the number of permutations of
{1,2,...,k} which have no fixed point.)

8. Let S denote a nonzero symmetric matrix of order m > 2 with nonnegative
integral elements and with 0’s in all of the main diagonal positions. Prove that
there exists a diagonal matrix D of order m, an integer n and a (0,1)-matrix
A of size m by n such that AAT = D + S. Indeed show that a matrix A can
be found with all column sums equal to 2.
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1.4 Applications

We now apply the terminology and concepts of the preceding sections
to prove several elementary theorems. The results are appealing in their
simplicity and give us additional insight into the structure of (0,1)-matrices.
We recall that a submatrix of order m of a matrix A of order n is called
principal provided that the submatrix is obtained from A by deleting n —m
rows and n — m columns of A with both sets of deleted rows and columns
numbered identically i1, %2, . .., in—m. This definition of principal submatrix
is equivalent to the assertion that the submatrix may be placed in the upper
left corner of A by simultaneous permutations of the lines of A.

Theorem 1.4.1. Let A be a (0,1)-matriz of order n and suppose that A
contains no column of 0’s. Then A contains a principal submatriz which is
a permutation matriz.

Proof. The proof is by induction on n. The result is certainly valid in
case n = 1 so that we may assume that n > 1. Let A contain e columns
with column sums equal to 1 and n — e columns with column sums greater
than 1. We simultaneously permute the lines of A so that the e columns
with column sum equal to 1 are the initial columns of the permuted matrix.
We designate the permuted matrix by A’ and note that it suffices to prove
the theorem for A’. Let A; denote the principal submatrix of order e in the
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upper left corner of A’ and let A3 denote the principal submatrix of order
n — e in the lower right corner of A’.

In the event that A; is empty we delete a row of Ao and its corresponding
column. We then apply the induction hypothesis to the submatrix of order
n—1 and the result follows. Now suppose that A; is not empty and that A,
contains a row of 0’s. We now delete this row in A’ and its corresponding
column and once again apply the induction hypothesis to the submatrix of
order n— 1. There remains the alternative case in which A; contains no row
of 0’s. Then A; has all of its row sums greater than or equal to 1 and all
of its column sums less than or equal to 1. This state of affairs now implies
that A; has all of its line sums equal to 1. Thus A; itself is the required
principal submatrix of A’. O

We now use the preceding theorem to characterize the (0,1)-matrices of
order n whose permanents are equal to 1 (Brualdi[1966]).

Theorem 1.4.2. Let A be a (0,1)-matriz of order n. Then per(A) =1 if
and only if the lines of A may be permuted to yield a triangular matriz with
1’s in the n main diagonal positions and with 0’s above the main diagonal.

Proof. The proof is immediate in case A is permutable to triangular form.
We use induction on n for the reverse implication. The result is obvious for
n = 1. Since per(A) = 1 we may permute the lines of A so that n 1’s appear
on the main diagonal of the matrix. We designate the permuted matrix by
A’ and suppose that A’ has all of its row sums greater than 1. Then the
transpose of the matrix A’ — I satisfies the requirements of Theorem 1.4.1
and hence contains a principal submatrix which is a permutation matrix.
But then it follows that per(A) = per(A’) > 1 and this is a contradiction.
Hence A contains a row with a single 1. Thus we may permute the lines
of A so that row 1 of the matrix contains a 1 in the (1,1) position and 0’s
elsewhere. We now delete the first row and column of this matrix and apply
the induction hypothesis to this submatrix of order n — 1. =]

A triangle of a (0,1)-matrix A is a submatrix of A of order 3 such that
all of the line sums of the submatrix are equal to 2. The following theo-
rem of Ryser(1969] deals with the set intersections of configurations whose
incidence matrices contain no triangles.

Theorem 1.4.3. Let A be a (0,1)-matriz of size m by n. Suppose that
A contains no triangles and that every element of AAT is positive. Then
A contains a column of m 1’s.

Proof. The proof is by induction on m. The result is valid for both m =1
and m = 2 so that we may assume that m > 3. We delete row 1 of A and
apply the induction hypothesis to the submatrix of A consisting of the last
m — 1 rows of A. This submatrix contains a column of m — 1 1’s. Then
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either A contains a column of m 1’s and we are done, or else A contains a
column with a 0 in the first position and with 1’s in the remaining m — 1
positions. We repeat the argument on A with row 2 of A deleted. Then
either A contains a column of m 1’s and we are done, or else A contains a
column with a 0 in the second position and with 1’s in the remaining m —1
positions. We finally repeat the argument a third time on A with row 3
of A deleted. But now A cannot contain a column with a 0 in the third
position and with 1’s in the remaining positions because such a column
yields a triangle within A. Hence the matrix A contains a column of m 1’s
as desired. O

An extensive literature in the combinatorial geometry of convex sets is
concerned with “Helly type” theorems (Hadwiger et al.[1964]). The fol-
lowing elementary proposition affords a good illustration of a Helly type
theorem. Let there be given a finite number of closed intervals on the real
line with the property that every pair of the intervals has a point in common.
Then all of the intervals have a point in common.

We show that the above proposition is actually a special case of Theo-
rem 1.4.3. Let the closed intervals be labeled X1, Xo,...,X,, and let the
endpoints of these intervals occur at the following points on the real line

e1<ey < - < eq.

We now form the incidence matrix A of size m by n of intervals versus
endpoints. Thus we set a;; = 1 if the point e; is contained in the interval
X; and we set a;; = 0 in the contrary case. This incidence matrix has a
very special form, namely, the 1’s in each row occur consecutively. Now the
1’s in every submatrix also occur consecutively in each of the rows of the
submatrix and hence A contains no triangles. Furthermore, the pairwise
intersection property of the intervals implies that every element of AAT
is positive. But then Theorem 1.4.3 asserts that the matrix A contains a
column of m 1’s and this means that all of the intervals have a point in
common.

We digress and consider in somewhat oversimplified form a problem from
archaeology (Kendall[1969] and Shuchat[1984]). Suppose that we have a
set of graves G1,Go,...,Gn and a set of artifacts (or aspects of artifacts)
ai,a2,...,an collected from these graves. We form the incidence matrix of
size m by n of graves versus artifacts in the usual way. Suppose that it is
possible for us to permute the rows of A so that the 1’s in each column
occur consecutively. Then such a permutation of the rows of A determines
a chronology of the graves and this in turn assigns a sequence date to each
artifact. An incidence matrix in which the 1’s in each column occur consec-
utively is called a Petrie matriz in honor of Flinders Petrie, a noted English
Egyptologist. We have encountered Petrie matrices (or their transposes) in
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our discussion of the Helly type theorem as well as in the rectangle parti-
tioning problem exemplified by Figure 1.1.

Our next theorem deals directly with set intersections and yields a con-
siderable refinement of the inequality (1.8) for configurations related to
finite projective planes.

Theorem 1.4.4. Let A be a (0,1)-matriz of sizem = t> 4+t +1 by n.
Suppose that A contains no column of 0’s and that A satisfies the matriz
equation

AAT =t +J (t > 2). (1.20)

Then the only possible values of n occur for n = t2 +t + 1 and for n =
t3 +t2 4+t + 1. The first case yields a projective plane of order t and the
second case yields the unique configuration in which A contains a column
of 1’s.

Proof. We first note that the assumption that A contain no column of
0’s is a natural one because such columns can be adjoined to A without
affecting the general form of the matrix equation (1.20).

We suppose next that A contains a column of 1’s. Then it follows from
(1.20) that all of the remaining column sums of A are equal to 1 and hence
A has a totality of

n=tt+t+1)+1=t3+2+t+1

columns. The matrix A is unique apart from column permutations.

We now deal with the case in which A does not contain a column of 1’s.
We denote the sum of column 1 of A by s. We permute the rows of A so
that the s 1’s in column 1 of A occupy the initial positions in column 1, and
we then permute the remaining columns of A so that the ¢ + 1 1’s in row
1 occupy the initial positions in row 1. We designate the resulting matrix
by A’. Then by (1.20) the first ¢ + 1 columns of A’ contain exactly one 1
in each of rows 2,3,...,m. Hence the total number of 1’s in the first ¢ + 1
columns of A’ is equal to

(t+1) + (2 +1) = (t+1)%

Now by construction row s + 1 of A’ has a 0 in the initial position. But
by (1.20) row s + 1 of A’ has inner product 1 with each of rows 1,2,...,s
of A’. Since the s 1’s in column 1 of A’ occur in the initial positions, it
follows from (1.20) that row s + 1 of A’ contains at least s 1’s. But row
s + 1 contains exactly ¢t + 1 1’s and hence

s<t+1. (1.21)
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The argument applied to column 1 of A holds for an arbitrary column
of A, and hence every column of A satisfies (1.21). We have noted that the
total number of 1’s in the first ¢ + 1 columns of A’ is equal to (t 4+ 1)2, and
this in conjunction with (1.21) tells us that s = ¢ + 1. But then all of the
column sums of A are equal to ¢ + 1, and hence all of the line sums of A
are equal to ¢t + 1. This means that A is a square and m = n. m]

Our concluding theorem in this chapter involves an application of (0,1)-
matrices to number theory. We study the following integral matrix B of
order n:

B= [bij] =[(5)], (,3i=12,...,n) (1.22)

where (i, 7) denotes the positive greatest common divisor of the integers 4
and j.

Let m be a positive integer and let ¢(m) denote the Euler ¢-function of
m. We recall that ¢(m) is defined as the number of positive integers less
than or equal to m and relatively prime to m. We also recall that

m=Y"¢(d), (1.23)

dm

where the summation extends over all of the positive divisors d of m.
We now prove a classical theorem of Smith[1876] using the techniques of
Frobenius[1879).

Theorem 1.4.5. The determinant of the matriz B of (1.22) satisfies
det(B H b(3). (1.24)

Proof. Let A = [a;;] be the (0,1)-matrix of order n defined by the
relationships a;; = 1 if j divides ¢ and a;; = 0 if j does not divide 4
(i, =1,2,...,n). We define the diagonal matrix

® = diag[¢(1), 4(2), - - ., ¢(n)]
of order n whose main diagonal elements are ¢(1), #(2),..., ¢(n). Then
ARAT = [a41®(ajs] = [ai;6(j)]laji) = [z au¢(t)ajt] :
t=1

The definition of the (0,1)-matrix A implies that

Zazt({b ajt = Z¢ 'L]

n
t=1
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where d;; ranges over all of the positive common divisors of ¢ and j. But
then by (1.23) we have

> (dij) = (i, 5),
whence
A®AT = B.

The (0,1)-matrix A of order n is triangular with 1’s in the n main diagonal
positions. Since the determinant function is multiplicative it follows that

det(B) = det(®). o

Exercises

1. Let A be a (0,1)-matrix of order n and suppose that per(A) = 2. Show that
there exists an integer £ > 2 and a square submatrix B of A whose lines
can be permuted to obtain a (0,1)-matrix with 1’s exactly in the positions
(1,1),(2,2),...,(k, k), (1,2),..., (k= 1,k), (k,1).

. Deduce that the matrix B of Smith in (1.22) is a positive definite matrix.

. Let X = {z1,z2,...,Zn} be a set of n distinct positive integers. Let A = [a;;]
be the greatest common divisor matriz for X defined by ai; = (zi,x;), (3,5 =
1,2,...,n). If X is factor closed in the sense that each positive integral divisor
of an element in X is also in X, then generalize the argument in the proof of
Theorem 1.4.5 to evaluate the determinant of A. Prove that the matrix A is
positive definite for all X (Beslin and Ligh[1989)).

w N
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2

Matrices and Graphs

2.1 Basic Concepts

A graph G (simple graph) consists of a finite set V = {a,b,c,...} of
elements called vertices (points) together with a prescribed set E of un-
ordered pairs of distinct vertices of V. (The set F is necessarily finite.) The
number n of elements in the finite set V is called the order of the graph G.
Every unordered pair a of vertices a and b in F is called an edge (line) of
the graph G, written

a = {a,b} = {b,a}.

We call a and b the endpoints of a. Two vertices on the same edge or two
distinct edges with a common vertex are adjacent. Also, an edge and a
vertex are incident with one another if the vertex is contained in the edge.
Those vertices incident with no edge are isolated. A complete graph is one
in which all possible pairs of vertices are edges. Let G be a graph and let K
be the complete graph with the same vertex set V. Then the complement
G of G is the graph with vertex set V and with edge set equal to the set
of edges of K minus those of G.

A subgraph of a graph G consists of a subset V' of V' and a subset E’
of E that themselves form a graph. If E’ contains all edges of G both
of whose endpoints belong to V', then the subgraph is called an induced
subgraph and is denoted by G(V’). A spanning subgraph of G has the same
vertex set as G. Two graphs G and G’ are isomorphic provided there exists
a 1-1 correspondence between their vertex sets that preserves adjacency.
Two complete graphs with the same order are isomorphic, and we denote
a complete graph of order n by K.

If the definition of a graph is altered to allow a pair of vertices to form
more than one distinct edge, then the structure is called a multigraph. Its



24 2 Matrices and Graphs

edges are called multiedges (multilines) and the number of distinct edges
of the form {a, b} is called the multiplicity m{a,b} of the edge {a,b}. The
further generalization by allowing loops, edges of the form {a,a} making a
vertex adjacent to itself, results in a general graph. For both multigraphs
and general graphs we require that the edge sets be finite. Terms such
as order, endpoints, adjacent, incident, isolated, etc. carry over directly to
multigraphs and general graphs.

Let G be a multigraph. Then the degree (valency) of a vertex in G is the
number of edges incident with the vertex. Since each edge of G has two
distinct endpoints, the sum of the degrees of the vertices of G is twice the
number of its edges. The graph G is regular if all vertices have the same
degree. If there are precisely k edges incident with each vertex of a graph,
then we say that the graph is regular of degree k. A regular graph of degree
3 is called cubic.

One may ask for the number of graphs of a specified order n. This number
has been determined in a certain sense. But the answer is far from elemen-
tary and we refer the reader to Harary and Palmer(1973] for a discussion
of a variety of problems dealing with graphical enumeration.

Exercises

1. Prove there are as many graphs of order n with k edges as there are with
() — k edges. Determine the number of graphs of order at most 5.

2. Prove that a graph always has two distinct vertices with the same degree. Show
by example that this need not hold for multigraphs.

3. Prove that a cubic graph has an even number of vertices.
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2.2 The Adjacency Matrix of a Graph

Let G denote a general graph of order n with vertex set

| % =l{a1,a2,...,an}.
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We let a;; equal the multiplicity m{a;,a;} of the edges of the form {a;,a;}.
This means, of course, that a;; = 0if there are no edges of the form {a;,a;}.
Also, m{a;,a;} equals the number of loops at vertex a;. The resulting
matrix

A:[aij], ('l:,j,= 1,2,...,’”,)

of order n is called the adjacency matriz of G. The matrix A characterizes G.

We note that A is a symmetric matrix with nonnegative integral ele-
ments. The trace of A denotes the number of loops in G. If G is a multi-
graph, then the trace of A is zero and the sum of line 7 of A equals the
degree of vertex a;. If G is a graph, then A is a symmetric (0,1)-matrix of
trace zero.

The concept of graph isomorphism has a direct interpretation in terms of
the adjacency matrix of the graph. Thus let G and G’ denote two general
graphs of order n and let the adjacency matrices of these graphs be denoted
by A and A’, respectively. Then the general graphs G and G’ are isomorphic
if and only if A is transformable into A’ by simultaneous permutations of
the lines of A. Thus G and G’ are isomorphic if and only if there exists a
permutation matrix P of order n such that

PAPT = A'.
Let G be a general graph. A sequence of m successively adjacent edges

{ap,a1}, {a1,a2},...,{am-1,am}, (m > 0)
is called a walk of length m, and is also denoted by
ag —a; —ag — > ap-1 = am
and by

a0,@1,02,- - -, Gm—1, Gm.

The vertices ag and a,, are the endpoints of the walk. The walk is closed
or open according as ag = am, Or ag # am. A walk with distinct edges is
called a trail. A walk with distinct edges and in addition distinct vertices
(except, possibly, ag = am) is called a chain. A closed chain is called a
cycle. Notice that in a graph a cycle must contain at least 3 edges. But in
a general graph a loop or a pair of multiple edges form a cycle.

Let us now form

n
A% = [Z aitatj] . (5,5=1,2,...,n). (2.1)
t=1
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Then (2.1) implies that the element in the (4, j) position of A2 equals the
number of walks of length 2 with a; and a; as endpoints. In general, the
element in the (i,7) position of A¥ equals the number of walks of length &
with a; and a; as endpoints. The numbers for closed walks appear on the
main diagonal of AF.

Let G be the complete graph Ky of order n. We determine the number
of walks of length k in Kn, with a; and a; as endpoints. The adjacency
matrix of K, is

A=J-1.

We know that J€ = n®~1J so that

Ak I:nlc—l_ (’1“) nk—24 (’;) nk=3_ ... p(=1)k-1 (1:1)] J+(-1)k1.

But

(n—l)k =nk— (f) nk-14 (I;) 'nk_2—~---+-(—1)k_1 (k f 1) n+(—1)k

and hence we have

(B0 s

n

We return to the general graph G and its adjacency matrix A. The
polynomial

F(A) = det(M — A)

is called the characteristic polynomial of G. The collection of the n eigen-
values of A is called the spectrum of G. Since A is symmetric the spectrum
of G consists of n real numbers.

Suppose that G and G’ are isomorphic general graphs. Then we have
noted that there exists a permutation matrix P such that the adjacency
matrices A and A’ of G and G’, respectively, satisfy

pAPT = A/

But the transpose of a permutation matrix is equal to its inverse. Thus A
and A’ are similar matrices and hence G and G’ have the same spectrum.
Two nonisomorphic general graphs G and G’ with the same spectrum are
called cospectral. We exhibit in Figure 2.1 two pairs of cospectral graphs
of orders 5 and 6 with characteristic polynomials f(X) = (A — 2)(\ + 2)A3
and f(A) = (A = 1)(A + 1)2(A3 — A2 — 5\ + 1), respectively.
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]
|

Figure 2.1. Two pairs of cospectral graphs.

A general graph G is connected provided that every pair of vertices a and
b is joined by a walk with a and b as endpoints. A vertex is regarded as
trivially connected to itself. Otherwise, the general graph is disconnected.
Connectivity between vertices is reflexive, symmetric, and transitive. Hence
connectivity defines an equivalence relation on the vertices of G and yields
a partition

ViuVaU-- UV,

of the vertices of G. The induced subgraphs G(V1),G(V2),...,G(W}) of G
formed by taking the vertices in an equivalence class and the edges incident
to them are called the connected components of G. For most problems
concerning G it suffices to study only the connected components of G.

Connectivity has a direct interpretation in terms of the adjacency matrix
A of G. Thus we may simultaneously permute the lines of A so that A is
transformed into a direct sum of the form

AGAd--- D A,

where A; is the adjacency matrix of the connected component G(V;), (i =
1,2,...,¢).

Let G be a connected general graph. The length of the shortest walk
between two vertices a and b is the distance d(a,b) between a and b in G.
A vertex is regarded as distance 0 from itself. The maximum value of the
distance function over all pairs of vertices is called the diameter of G.

Theorem 2.2.1. Let G be a connected general graph of diameter d. Then
G has at least d + 1 distinct eigenvalues in its spectrum.
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Proof. Let a and b be vertices with d(a,b) = d and let

ag —ay —ag — - —aq

be a walk of length equal to the diameter d. Then for each i = 1,2,...,d
there is at least one walk of length ¢ and no shorter walk that joins ag to
a;. Thus A* has a nonzero entry in the position determined by ag and a;,
whereas I, A, A2,..., A*1 each have zeros in this position. We conclude
that A is not a linear combination of I, A, A2,..., A*~1, Hence the min-
imum polynomial of A is of degree at least d + 1. But since A is a real
symmetric matrix it is similar to a diagonal matrix and consequently the
zeros of its minimal polynomial are distinct. ]

Exercises

. Prove that the complement of a disconnected graph is a connected graph.

. Determine the spectrum of the complete graph K, of order n.

. Show that k is an eigenvalue of a regular graph of degree k.

. Let G be a graph of order n. Suppose that G is regular of degree k and let
A = k,A2,...,An be the spectrum of G. Prove that the spectrum of the
complement of Gisn—1—k,—1— Az,...,—1— An.

5. Let f(A) = A" +c1A™ ! +c2A" "2 +. ..+, be the characteristic polynomial of

a graph G of order n. Prove that c; equals 0, c2 equals —1 times the number

of edges of G, and c3 equals —2 times the number of cycles of length 3 of G

(a cycle of length 3 in a graph is sometimes called a triangle).

> W=

6. Let K1,»_1 be the graph of order n whose vertices have degreesn—1,1,...,1,
respectively. (K1,n»—1 is the star of order n.) Prove that the spectrum of K;,n_1
is +v/n -1,0,...,0.

7. Prove that there does not exist a connected graph which is cospectral with the
star Ki,n_1.

8. Let G be a connected graph of order n which is regular of degree 2. The edges
of G thus form a cycle of length n, and G is sometimes called a cycle graph of
order n. Determine the spectrum of G.
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2.3 The Incidence Matrix of a Graph

Let G be a general graph of order n with vertices a1, ag, ..., a, and edges
ai,ag,...,am. Weset a;; = 1 if vertex a; is on edge o; and we set a;; =0
otherwise. The resulting (0,1)-matrix

A=la), (i=12,....m;j=1,2,...,n)

of size m by n is called the incidence matriz of G. The matrix A is in
fact the conventional incidence matrix in which the edges are regarded as
subsets of vertices. Each row of A contains at least one 1 and not more
than two 1’s. The rows with a single 1 in A correspond to the edges in G
that are loops. Identical rows in A correspond to multiple edges in G.

The simple row structure of the matrix A is misleading because A de-
scribes the full complexity of the general graph G. For example, there is
no computationally effective procedure known for the determination of the
minimal number of columns in A with the property that these columns of
A collectively contain at least one 1 in each of the m rows of A. In terms
of G this quantity is the minimal number of vertices in G that touch all
edges.

The incidence matrix and the adjacency matrix of a multigraph are re-
lated in the following way.

Theorem 2.3.1. Let G be a multigraph of ordern. Let A be the incidence
matriz of G and let B be the adjacency matriz of G. Then

ATA=D+B,

where D is a diagonal matriz of order n whose diagonal entry d; is the
degree of the vertex a; of G, (i = 1,2,...,n).

Proof. The inner product of columns i and j of A (i # j) equals the
multiplicity m{a;,a;} of the edge {a;,a;}. The inner product of column i

of A with itself equals the degree of the vertex a;. O
Now let G denote a graph of order n with vertices aj,ao,...,a, and
edges aj1,a9,...,am,m. We assign to each of the edges of G one of the

two possible orientations and thereby transform G into a graph in which
each of the edges of G is assigned a direction. We set a;; = 1 if a; is
the “initial” vertex of a;, we set a;; = —1 if a; is the “terminal” vertex
of a; and we set a;; = 0 if a; is not an endpoint of a;. The resulting
(0,1, —1)-matrix

A=[aij], (i=1,2,...,m;5=1,2,...,n)

of size m by n is called the oriented incidence matriz of G. Each row of A
contains exactly two nonzero entries, one of which is 1 and the other —1.
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We note that in the notation of Theorem 2.3.1 the oriented incidence matrix
satisfies

ATA=D-B. (2.2)

The matrix ATA in (2.2) is called the Laplacian matriz (also called the
admittance matriz) of G. It follows from (2.2) that the Laplacian matrix
is independent of the particular orientation assigned to G. The Laplacian
matrix will be discussed further in section 2.5.

The oriented incidence matrix is used to determine the number of con-
nected components of G.

Theorem 2.3.2. Let G be a graph of order n and lett denote the num-
ber of connected components of G. Then the oriented incidence matriz A
of G has rank n — t. In fact, each matriz obtained from A by deleting t
columns, one corresponding to a vertex of each component, has rank n —t.
A submatriz A’ of A of order n—1 has rank n—t if and only if the spanning
subgraph G’ of G whose edges are those corresponding to the rows of A’ has
t connected components.

Proof. Let the connected components of G be denoted by
GW1),G(V2),...,G(W).

Then we may label the vertices and edges of G so that the oriented incidence
matrix A is a direct sum of the form

A1 A D D A,

where A; displays the vertices and edges in G(V;),(: = 1,2,...,t). Let
G(V;) contain n; vertices. We prove that the rank of A; equals n; — 1. The
conclusion then follows by addition.

Let §; denote the column of A; corresponding to the vertex a; of G(V;).
Since each row of A; contains exactly one 1 and one —1, it follows that the
sum of the columns of A; is the zero vector. Hence the rank of A; is at most
n; — 1. Suppose then that we have a linear relation ) b;3; = 0, where the
summation is over all columns of A; and not all the coeflicients are zero.
Let us suppose that column §; has by # 0. This column has nonzero entries
in those rows corresponding to the edges incident with ai. For each such
row there is just one other column §; with a nonzero entry in that row. In
order for the dependency to hold we must have by = b;. Hence if by # 0,
then by = by for all vertices a; adjacent to a. Since G(V;) is connected
it follows that all of the coefficients b; are equal and the linear relation
is merely a multiple of our earlier relation ) 3; = 0. Hence the rank of
G(V;) is n; — 1, and deleting any column of A; results in a matrix of rank
n; — 1. Finally we observe that the last conclusion of the theorem follows
by applying the earlier conclusions to G'. a
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A matrix A with integral elements is totally unimodular if every square
submatrix of A has determinant 0,1, or — 1. It follows at once that a
totally unimodular matrix is a (0, 1, —1)-matrix.

The following theorem is due to Hoffman and Kruskal[1956].

Theorem 2.3.3. Let A be anm byn matriz whose rows are partitioned into
two disjoint sets B and C and suppose that the following four properties hold:

(i) Every entry of A is 0,1, or — 1.
(i) Every column of A contains at most two nonzero entries.
(tii) If two nonzero entries in a column of A have the same sign, then
the row of one is in B and the row of the other is in C.
() If two nonzero entries in a column of A have opposite signs, then
the rows of both are in B or in C.

Then the matriz A is totally unimodular.

Proof. An arbitrary submatrix of A also satisfies the hypothesis of the
theorem. Hence it suffices to prove that an arbitrary square matrix A sat-
isfying the hypotheses of the theorem has det(A) equal to 0,1, or —1. The
proof is by induction on n. For n = 1 the theorem follows trivially from
(7). Suppose that every column of A has two nonzero entries. Then the
sum of the rows in B equals the sum of the rows in C and det(A4) = 0.
This assertion is also valid in case B = () or C = 0. Also if some column
of A has all 0’s, then det(A) = 0. Hence we are left with the case in which
some column of A has exactly one nonzero entry. We expand det(A) by
this column and apply the induction hypothesis. a

The preceding result implies the following theorem of Poincaré[1901].

Corollary 2.3.4. The oriented incidence matriz A of a graph G is totally
unimodular.

Proof. We apply Theorem 2.3.3 to the matrix AT with C = 0. m|

A square (0,1, —1)-matrix is Eulerian provided all line sums are even in-
tegers. Camion[1965] (see also Padberg[1976]) has established the following
theorem giving a necessary and sufficient condition for total unimodularity
which we state without proof.

Theorem 2.3.5. A (0,1, —1)-matriz A of size m by n is totally unimod-
ular if and only if the sum of the elements in each FEulerian submatriz is a
multiple of 4.

Totally unimodular matrices are intimately related to a special class of
matroids (see White[1986]) called unimodular matroids (also called regu-
lar matroids). These are matroids which can be coordinatized by a matrix
A over the rational field for which A is totally unimodular. Unimodular
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matroids were characterized by Tutte[1958] (see also Gerards[1989]) in a
very striking theorem. Another striking characterization of unimodular ma-
troids was obtained by Seymour[1980]. The characterizations of Tutte and
of Seymour are in terms of the linear dependence structure of the columns
of the matrix A.

A tree is a connected graph that contains no cycle. We will assume a
familiarity with a few of the most elementary properties of trees (Brualdi
[1977] or Wilson[1972]). Let T be a graph of order n. Then the follow-
ing statements are equivalent: (1) T is a tree; (2) T contains no
cycles and has exactly n — 1 edges; (3) T is connected and has exactly
n — 1 edges; (4) each pair of distinct vertices of T is joined by exactly
one chain.

Let T be a tree of order n with vertices aj, ag,...,an and edges a1, a2,
...,anp—1. We suppose that the edges of T have been oriented. Let (s;,;),
(¢4 = 1,2,...,1) be I ordered pairs of vertices of T. We set m;; = 1 if
the unique chain v in T joining s; and ¢; uses the edge a; in its assigned
direction, we set m;; = —1 if the chain 7 uses the edge ; in the direction
opposite to its assigned direction, and we set m;; = 0 if v does not use the
edge a;. The resulting (0,1, —1)-matrix

M=[mij], (i=1,2,...,l;j=1,2,...,n—1)

of size | by n — 1 is called a network matriz (Tutte[1965]). If we delete
the column of the network matrix A corresponding to the arc a; of G,
the resulting matrix is a network matrix for the tree obtained from T by
contracting the edge oy, that is by deleting the arc a; and identifying
its two endpoints. It follows that submatrices of network matrices are also
network matrices.

Theorem 2.3.6. A network matrizc M corresponding to the oriented tree
T is a totally unimodular matriz.

Proof. We continue with the notation in the preceding paragraph. Let G
be the graph with vertices a1, a2, ...,an and edges {s;,t;}, (¢ = 1,2,...,1).
We orient each edge {s;,t;} from s; to t;. Let A be the | by n oriented
incidence matrix of G, and let B be the n — 1 by n oriented incidence
matrix of T. Let A’ and B’ result from A and B, respectively, by deleting
the last column (the column corresponding to vertex a,, in each case). From
the definitions of the matrices involved we obtain the relation MB = A.
Hence M B’ = A’, and since by Theorem 2.3.2 B’ is invertible, the relation
M = A'B’'~1 holds. By Theorem 2.3.3 the matrix

In—l
Bl
AI
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is totally unimodular. It follows that the matrix

L1 B-1
B Bl— 1_ I'n,— 1
Al A/Bl—l

has the property that all of its submatrices of order n —1 have determinants
equal to one of 0,1 and — 1. This implies that the matrix M = A’B'~1 is
totally unimodular. a

Seymour’s characterization of unimodular matroids can be restated in
matrix terms. In this characterization the totally unimodular matrices

-1 1 0 0 1
1 -1 1 0 0
0 1 -1 1 01, (2.3)
0 0 1 -1 1
1 0 0 1 -1
and
1 1001
01101
0 01 11 (2.4)
1 00 11
11111

have an exceptional role.

The following theorem of Seymour[1982] asserts that a totally unimod-
ular matrix which is not a network matrix, the transpose of a network
matrix, or one of the two exceptional matrices above admits a “diagonal
decomposition” into smaller totally unimodular matrices.

Theorem 2.3.7. Let A be a totally unimodular matriz. Then one of the
following properties holds:

(i) A is a network matriz or the transpose of a network matriz;
(i) A can be obtained from one of the two exceptional matrices above
by line permutations and by the multiplication of some of their lines

by -1,
(i) The lines of A can be permuted to obtain a matriz
Bi1 Bz
Ba1 By |’

where Byy and Bog are totally unimodular matrices, and either
(a) rank(Bj2) + rank(Bg1) =0
and B11 and Byy each have at least one line, or
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(b) rank (By2) + rank(B2;) =1

and By, and B2z each have at least two lines, or
(c) rank (Bj2) + rank (Bg;) = 2

and B11 and Bay each have at least siz lines.

The above theorem implies that it is possible to construct the entire class
of totally unimodular network matrices from the class of network matrices
and the two exceptional matrices (2.3) and (2.4). Neither of these excep-
tional matrices is a network matrix or the transpose of a network matrix.
If the matrix A satisfies (i7i) above, then it does not necessarily follow that
A is totally unimodular. However, a result of Brylawski[1975] gives a list of
conditions such that a matrix A which satisfies (4i¢) is totally unimodular
and such that every totally unimodular matrix can be constructed in the
manner of (i) starting from the network matrices, the transposes of the
network matrices and the two exceptional matrices. These conditions are
difficult to state and we refer the reader to the original paper by Brylawski.
A consequence of Seymour’s characterizations of unimodular matroids and
totally unimodular matrices is the existence of an algorithm to determine
whether a (0,1, —1)-matrix is totally unimodular whose number of steps
is bounded by a polynomial function in the number of lines of the matrix
(see Schrijver[1986]).

Exercises

1. Verify that the matrices (2.3) and (2.4) are totally unimodular.

2. Prove that each nonsingular submatrix of a totally unimodular matrix has an
integral inverse.

3. Let A be a totally unimodular matrix of size m by n. Let b be a matrix of
size m by 1 each of whose elements is an integer. Prove that the consistent
equation Az = b has an integral solution.

4. Let A be a totally unimodular matrix and let B be a nonsingular submatrix
of A of order k. Prove that for each nonzero (0,1, —1)-vector y of size k, the
greatest common divisor of the elements of the vector yB equals 1. [Indeed
Chandrasekaran has shown that this property characterizes totally unimodular
matrices (see Schrijver[1986]).]

5. Let A be a nonsingular (0, 1, —1)-matrix and suppose that |det(A)| # 1. Prove
that A has a square submatrix B with |det(B)| = 2.
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2.4 Line Graphs

Let G denote a graph of order n on m edges. The line graph L(G) of G
is the graph whose vertices are the edges of G and two vertices of L(G)
are adjacent if and only if the corresponding edges of G have a vertex in
common. The line graph L(G) is of order m.

Theorem 2.4.1. Let A be the incidence matriz of a graph G on m edges
and let By, be the adjacency matriz of the line graph L(G). Then

AAT =21, + B;. (2.5)

Proof. For i # j the entry in the (4, j) position of By, is 1 if the edges
a; and a; of G have a vertex in common and 0 otherwise. But the same
conclusion holds for the entry in the (i,j) position of AAT. The main
diagonal elements are as indicated. ]

Theorem 2.4.1 implies a severe restriction on the spectrum of a line graph.

Theorem 2.4.2. If ) is an eigenvalue ofthe line graph L(G), then A > —2.
If G has more edges than vertices, then A = —2 is an eigenvalue of L(G).

Proof. The symmetric matrix AAT is positive semidefinite and hence its
eigenvalues are nonnegative. But if a is an eigenvector of Bj, associated
with the eigenvalue A, then (2.5) implies

AATa = 2+ N)a
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so that A > —2. If G has more edges than vertices, then AAT is singular
and hence 0 is an eigenvalue of AAT. o

If the graph G is regular of degree k, then the number of its edges is
m = nk/2 and the line graph L(G) is regular of degree 2(k — 1). The
following theorem of Sachs[1967] shows that in this case the characteristic
polynomials of G and L(G) are related in an elementary way.

Theorem 2.4.3. Let G be a graph of order n which is reqular of degree
k onm edges. Let f(\) and g()) be the characteristic polynomials of G and
L(G), respectively. Then

gA)=A+2)" " fF(AN+2 k).

Proof. We recall that two matrix products of the form XY and Y X
have the same collection of eigenvalues apart from zero eigenvalues. Thus
the incidence matrix A of G satisfies

det(My — AAT) = X" det(AI, — AT A). (2.6)

We let B and Bj, denote the adjacency matrices of G and L(G), respec-
tively. Then using Theorems 2.3.1 and 2.4.1, we obtain

det(Mm — Br) = det((A+ 2)Im — AAT)
= (A +2)m " det((A + 2)I, — AT A)
= (A+2)™ " det((A+2 - k)I, — B). o

The study of the spectral properties of line graphs was initiated by A.J.
Hoffman and extensively investigated by him and his associates over a
period of many years. The condition A > —2 of Theorem 2.4.2 imposes
severe restrictions on the spectrum of L(G). But graphs other than line
graphs exist that also satisfy this requirement. Generalized line graphs were
introduced by Hoffman[1970,1977] as a class of graphs more general than
line graphs that satisfy A > —2. We briefly discuss these contributions.

Let ¢t be a nonnegative integer. The cocktail party graph C P(t) of order
2t is the graph with vertices by, bo,...,bo: in which each pair of distinct
vertices form an edge with the exception of the pairs {b1,b2}, {b3,b4}, ...,
{b2t—1,b2:}. The cocktail party graph CP(t) can be obtained from the
complete graph Ko; of order 2t by deleting ¢ edges no two of which are
adjacent. If ¢ = 0, then the cocktail party graph is a graph with no ver-
tices. Now let G be a graph of order n with vertices aj,as,...,an, and let
k1,k2,...,kn be an n-tuple of nonnegative integers. The generalized line
graph L(G;ki,ka,...,kn) is the graph of order n + 2(k; + ko + -+ - + kp)
defined as follows. We begin with the line graph L(G) and disjoint cock-
tail party graphs CP(ky),CP(kg),...,CP(kn). Each vertex of L(G) is an
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edge a = {a;,a;} of G and we put edges between o and each vertex of
CP(k;) and of CP(k;). If X is an eigenvalue of a generalized line graph,
then A > —2.

Theorem 2.4.4. If G is a connected graph of order greater than 36 for
which each eigenvalue A satisfies the condition A > —2, then G is a gener-
alized line graph.

The following theorem of Hoffman and Ray-Chaudhuri characterizes reg-
ular graphs satisfying A > —2.

Theorem 2.4.5. If G is a regular connected graph of order greater than
28 for which each eigenvalue \ satisfies the condition A > —2, then G is
either a line graph or a cocktail party graph.

Finally, we mention the important paper by Cameron, Goethals, Seidel
and Shult [1976] in which the above two theorems are obtained by appealing
to the classical root systems.

Exercises

—

. Determine the spectrum of the line graph L(Ky).

2. The complement of the line graph of K5 is a cubic graph of order 10 and is
known as the Petersen graph. Determine the spectrum of the Petersen graph.

3. Find an example of a graph of order 4 which is not isomorphic to the line
graph of any graph. Deduce that the Petersen graph is not isomorphic to a
line graph.

4. Show that the spectrum of the cocktail party graph C P(t) of order 2t is 2¢ — 2,
0 (with multiplicity t), and —2 (with multiplicity ¢ — 1).

5. Let B be the adjacency matrix of a generalized line graph G. Determine a
matrix N such that NNT = 2I + B, and then deduce that A > —2 for each
eigenvalue \ of G.

6. Let A be the incidence matrix of a tree of order n. Prove that the rank of A
equals n — 1.

7. Let G be a connected graph of order n on n edges and let A be the incidence
matrix of G. The graph G has a unique cycle v. Prove that A has rank n if ¥
has odd length and that A has rank n — 1 if v has even length. Deduce that
the incidence matrix of a connected graph of order n has rank = if it has an
odd length cycle and has rank n — 1 otherwise.

8. Let G be a connected graph of order n. Prove that the multiplicity of 0 as an

eigenvalue of the line graph L(G) equals m — n if G has an odd length cycle

and equals m — n + 1 otherwise.
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2.5 The Laplacian Matrix of a Graph

Let G denote a graph of order n with vertices ai,az2,...,a, and edges
al,q9,...,am. Let A be the oriented incidence matrix of G of size m by n,
and let B be the adjacency matrix of G. Recall that the Laplacian matrix
of G is the matrix of order n

F=ATA=D-B

where D is a diagonal matrix of order n whose diagonal entry d; is the
degree of the vertex a; of G, (i = 1,2,...,n). By Theorem 2.3.2 the matrix
A, and hence the Laplacian matrix F' has rank at most equal to n — 1.
Thus the matrix F is a singular matrix. A spanning tree T of G is a span-
ning subgraph of G which forms a tree. Every connected graph contains
a spanning tree. Let U be a subset of the edges of G. Then we denote by
(U) the subgraph of G consisting of the edges of U and all vertices of G
incident with at least one edge of U. The following lemma is an immediate
consequence of Theorem 2.3.2.

Lemma 2.5.1. Let U be an (n—1)-subset of edges of the connected graph
G of order n. Let Ay denote a submatriz of order n — 1 of the oriented
incidence matriz A of G consisting of the intersection of the n — 1 rows of
A corresponding to the edges of U and any set of n —1 columns of A. Then
Ay 1is nonsingular if and only if (U) is a spanning tree of G.

The complezity of a graph G of order n is the number of spanning trees
of G. We denote the complexity of G by ¢(G). In case G is disconnected
we have ¢(G) = 0.

Lemma 2.5.2. Let A be the oriented incidence matriz of a graph G of
order n. Then the adjugate of the Laplacian matriz

F=ATA=D-B
is a multiple of J.

Proof. 1f G is disconnected, then rank (F') = rank (A) < n —1 and hence
adj(F) = 0.
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If G is connected, then rank (F) = n — 1. But since
Fadj(F) =det(F)I =0

it follows that each column of adj(F') is in the kernel of F. But this kernel
is a one-dimensional space spanned by the vector e, = (1,1, ..., l)T. Hence
each column of adj(F) is a multiple of u. But F = AT A is symmetric and
this implies that adj(F’) is also symmetric. Hence it follows that adj(A) is
a multiple of J. o

We now obtain a classical formula.

Theorem 2.5.3. In the above notation we have

Proof. By Lemma 2.5.2 we need only show that one cofactor of F is
equal to ¢(G). Let A denote the matrix obtained from A by removing the
last column of A. It follows that det(Ang) is a cofactor of F. Now let
Ay denote a submatrix of order n — 1 of Ag whose rows correspond to the
edges in an (n — 1)-subset U of the edges of G. Then by the Binet-Cauchy
theorem we have

det(AT Ap) =Y det(Af}) det(Ay),

where the summation is over all possible choices of U. By Lemma 2.5.1
we have that Ay is nonsingular if and only if (U) is a spanning tree of G,
and in this case by Corollary 2.3.4 we have det(Ay) = +1. But det(Ay) =
det(A'Zr,) so that det(Ag Ap) = ¢(G) and the conclusion follows. |

For the complete graph K, of order n we have F = nl — J, and an
easy calculation (cf. Exercise 1, Sec. 1.3) yields the famous Cayley formula
[1889]

c(Kn) =n"2

for the number of labeled trees of order n.
Theorem 2.5.3 may be formulated in an even more elegant form (Tem-
perley [1964]).

Theorem 2.5.4. The complezxity of a graph G of order n is given by the
formula

c(G) = n~2 det(F + J).
Proof. We have J2 = nJ and FJ = O so that
(F + J)(nI —J) =nF.
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We take the adjugate of both sides and use Theorem 2.5.3 to obtain

n"~2Jadj(F + J) = n" " 1¢(G)J.
We now multiply by F' + J and this gives
det(F + J)J = n?¢(G)J,

as desired. ]
Now let (z1,z2,. .. ,:cn)T be a real n-vector. Then
eTFz =2TAT Az = Z (z; — :cj)2 (2.7)
a={a:,a;}

where the summation is over all m edges a; = {a;,a;} of G. The matrix F
is a positive semidefinite symmetric matrix. Moreover, 0 is an eigenvalue of
F with corresponding eigenvector e, = (1,1,...,1)T. Let 4 = u(G) denote
the second smallest eigenvalue of F'. In case n = 1 we define u to be 0.
We have from Theorem 2.3.2 that p > 0 with equality if and only if G is a
disconnected graph. Fiedler[1973] defined p to be the algebraic connectivity
of the graph G. The algebraic connectivity of the complete graph K, of
order n is n (cf. Exercise 2, Sec. 2.2).

Let U be the set of all real n-tuples = such that 2Tz =1and z7e, = 0.
From the theory of symmetric matrices (see, e.g., Horn and Johnson[1987])
we obtain the characterization

¢ = min{z! Fz|z € U} (2.8)

for the algebraic connectivity of the graph G. It follows from equations
(2.7) and (2.8) that if G’ is a spanning subgraph of G then p(G’) < u(G).
Thus for graphs with the same set of vertices the algebraic connectivity is
a nondecreasing function of the edges.

Theorem 2.5.5. Let G; be a graph of order n which is obtained from
the graph G by removing the vertex a; and all edges incident with a;. Then

w(Gr) > p(G) - 1.

Proof. Let F; be the Laplacian matrix of G;. First suppose that a; is
adjacent to all other vertices in G. Then the matrix F; + I is a principal
submatrix of order n —1 of the Laplacian matrix F' of G. By the interlacing
inequalities for the eigenvalues of symmetric matrices we have

u(Ge) +1 2 u(G).

In the general case we use the fact that the algebraic connectivity is a
nondecreasing function of the edges. m]
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There are two standard ways to measure the extent to which a graph is
connected. The vertez connectivity of the graph G is the smallest number
of vertices whose removal from G, along with each edge incident with at
least one of the removed vertices, leaves either a disconnected graph or a
graph with a single vertex. Thus if G is not a complete graph, the vertex
connectivity equals n — p where p is the largest order of a disconnected
induced subgraph of G. The edge connectivity of G is the smallest number
of edges whose removal from G leaves a disconnected graph or a graph with
one vertex. The edge connectivity is no greater than the minimum degree
of the vertices of G. The vertex and edge connectivities of the complete
graph K, equal n — 1.

Theorem 2.5.6. Let G be a graph of order n which is not complete.
The algebraic connectivity u(G), the vertez connectivity v(G) and the edge
connectivity e(G) of G satisfy

1(G) < v(G) < ¢(G).

Proof. Since G is not complete there is a disconnected graph G* which
results from G by the removal of v(G) vertices. Then p(G*) = 0 and by
repeated application of Theorem 2.5.5 we get u(G*) > u(G) — v(G). Now
let k = e(G) and let o, a,, . . ., a;, be aset of k edges whose removal from
G results in a disconnected graph. This disconnected graph has exactly two
connected components G and G2, and each of the removed edges joins a
vertex of G to a vertex of G2. Let z; be the vertex of a;; which belongs
to G1,(j =1,2,...,k). Notice that the vertices z1,z3,...,Z, are not nec-
essarily distinct. If the removal of the vertices z1, 2, ...,z disconnects G,
then v(G) < k = e(G). Otherwise z1,z2, ...,k are the only vertices of G;
and it follows that each vertex z; has degree at most k. Hence each vertex
z; has degree exactly k. We now delete all the vertices adjacent to x; and
disconnect the graph G. Hence v(G) < k = e(G). O

We now assume that the graph G is connected and hence that the alge-
braic connectivity p of G is positive. The following theorem of Fiedler(1975]
shows that an eigenvector z of the Laplacian matrix corresponding to its
eigenvalue u contains easily accessible information about the graph G.

Theorem 2.5.7. Let G be a connected graph of order n with vertices
a1,a2,...,an. Let z = (z1,22,. .. ,a:n)T be an eigenvector of the Laplacian
matriz F of G corresponding to the eigenvalue pu. Let v be a nonnegative
number, and define

Ve ={aj|lzi +7 > 0,1 <i<n}.

Then the induced subgraph G(V;.) of G with vertex set V, is connected.
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Proof. We first prove the theorem under the assumption that » = 0. In
this case Vp = {a;|z; > 0,1 < i < n}. Suppose to the contrary that the
induced subgraph G(Vp) is disconnected. We simultaneously permute the
lines of F' to obtain

FF O R
O kB S|, (2.9)
RT sT F

where F) corresponds to a connected component of G(Vp) and F, corre-
sponds to the remaining components of G(Vp). We write

T
= | xz2

.'L'I

to conform to the partition of F in (2.9). The elements of the vectors z;
and o are nonnegative, and the elements of the vector z’ are negative. The
matrix

[ a 1% ] (2.10)

is a principal submatrix of F'. Since 0 is a simple eigenvalue of F, it follows
from the interlacing inequalities for symmetric matrices that the multiplic-
ity of 0 as an eigenvalue of the matrix (2.10) is at most 1. This implies that
we may assume that the matrix F; is nonsingular. The equation Fz = uzx
implies that

(Fy — pI)z1 = —Rz'. (2.11)

The eigenvalues of F; — I are nonnegative and hence F1 — ul is a positive
semidefinite matrix. The sign patterns of the matrices and vectors involved
imply that the elements of the vector —Rz’ are nonpositive. Multiplying
equation (2.11) on the left by :c'{ we obtain

of (Fy — ul)z; = —xT Rz’ <0.
Since the matrix F'; — pl is positive semidefinite, this implies that
(F1 —pl)z = 0.
By (2.11) we also have Rz’ = O. Since R has nonpositive entries and z’

has negative entries, we have R = O, contradicting the hypothesis that G
is a connected graph.
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For general nonnegative numbers r we replace the vector = by z + ren
and then proceed as above. a

A very similar proof can be given for the following: Let  be a nonpositive
number and define

Ve = {ailzi +7 < 0,1 <i<n}.

Then the induced subgraph G(V;) of G is connected. More general results
can be found in Fiedler[1975]. The algebraic connectivity of trees is studied
in Grone and Merris[1987] and in Fiedler[1990]. A survey of the eigenvalues
of the Laplacian matrix of graphs is given by Mohar[1988]. A more general
survey of the Laplacian is given by Grone[1991].

Exercises

1. Determine the complexity of the Petersen graph.

2. Determine the algebraic connectivity of the star K;,n,—1 of order n.

3. Let G be a graph of order n and let d denote the smallest degree of a vertex
of G. Prove that u(G) < dn/(n — 1) (Fiedler(1973]).

4. Let G be a connected graph of order n which is regular of degree k. Let the
spectrum of G be A\; = k, A2,..., An. Use Theorem 2.5.4 to show that the
complexity ¢(G) satisfies

(Biggs[1974)).
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2.6 Matchings

A graph G is called bipartite provided that its vertices may be partitioned
into two subsets X and Y such that every edge of G is of the form {a,b}
where aisin X and bisin Y. We call { X, Y} a bipartition of G. A connected
bipartite graph has a unique bipartition. In a bipartite graph the vertices
may be colored red and blue in such a way that each edge of the graph has
a red endpoint and a blue endpoint. Trees are simple instances of bipartite
graphs.

Let A denote the adjacency matrix of a bipartite graph G with bipartition
{X,Y} where X is an m-set and Y is an n-set. Then we may write A in
the following special form:

A:[BOT g], (2.12)

where B is a (0,1)-matrix of size m by n which specifies the adjacencies
between the vertices of X and the vertices of Y. Without loss of generality
we may select the notation so that m < n. The matrix B characterizes
the bipartite graph G. We note the paradoxical nature of combinatorial
representations. A general graph is characterized by a very special (0,1)-
matrix called its incidence matrix, whereas a very special graph called a
bipartite graph is characterized by an arbitrary (0,1)-matrix.

A matching M in the bipartite graph G is a subset of its edges no two
of which are adjacent. A matching defines a one-to-one correspondence
between a subset X’ of X and a subset Y’ of Y such that corresponding
vertices of X’/ and Y’ are joined by an edge of the matching. The cardinality
| M| of the matching M is the common cardinality of X’ and Y’. A matching
in G with cardinality ¢ corresponds in the matrix B of (2.12) to a set of ¢
1’s with no two of the 1’s on the same line. In A it corresponds to a set of
2t symmetrically placed 1’s with no two of the 1’s on the same line. The
cardinality of a matching cannot exceed m. The number, possibly zero, of
matchings having cardinality m is given by per(B). The Koénig theorem
(Theorem 1.2.1) applied to the matrix B yields: The mazimum cardinality
of a matching in the bipartite graph G equals the minimum cardinality of
a set S of vertices such that each edge of G is incident with at least one
vertez in S.

Now let G be a general graph of order n with vertex set V. The concept of
a matching may be carried over to the general graph G without any change
in the definition. In investigating the largest cardinality of a matching we
may assume without loss of generality that each edge of G has multiplicity
1. However, the possible presence of loops in G adds to the generality of
the situation. Let A be the adjacency matrix of order n of G. Let M be
a matching in G with cardinality ¢, and suppose that p > 0 of the edges
of M are loops. The cardinality of the set of endpoints of the edges of M
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is denoted by #(M). It follows that #(M) = 2t — p. In the matrix A, M
corresponds to a set of 2t —p symmetrically placed 1’s with no two of the 1’s
on the same line. Each of the edges of M which is not a loop corresponds
to two symmetrically placed 1’s. Each of the loops in M corresponds to a
single 1 on the main diagonal of A.

We now turn to the fundamental minimax theorem for matchings in
general graphs which extends the Konig theorem for bipartite graphs.
This theorem in its original form is due to Tutte[1947]. It was later ex-
tended by Berge[1958]. The modification presented here was mentioned
in Brualdi[1976] and allows for the presence of loops in a matching. The
proof we give is based on Anderson[1971], Brualdi[1971], Gallai[1963] and
Mader[1973].

If S is a subset of the vertex set V of the general graph G of order
n, we define C(G; S) to be the set of connected components of the induced
subgraph G(V —S) which have an odd number of vertices and no loops. The
cardinality of C(G;S) is denoted by p(G; S). We also define the function
f(G; S) by

f(G;S) =n—p(G; S) +1S|. (2.13)

Theorem 2.6.1. Let G be a general graph of order n whose vertex set
is V. The mazimum cardinality of the set of endpoints of a matching in G
equals the minimum value of f(G; S) over all subsets S of the vertex set V :

max{#(M) : M a matching in G} = min{f(G;S): SCV} (2.14)

Proof. Let M be a matching in G and let S be a subset of V. We first
show that #(M) < f(G; S). Let G(W) be a component of G(V — S) which
belongs to C(G; S). Then |W| is odd and at most (|W| — 1)/2 edges in M
are edges of G(W). An edge of G which has one of its endpoints in W has its
other endpointin W U S and this implies that there are at least p(G; S) — ||
vertices of G which are not incident with any edge in M. Hence

#(M) <n—(p(G;S) - |S]) = f(G;S). (2.15)

Since (2.15) holds for each matching M and each set S of vertices, the value
of the expression on the left in (2.14) is at most equal to the value of the
expression on the right.

We now denote the value of the expression on the right in (2.14) by m
and prove by induction on m that G has a matching M with #(M) = m.
If m = 0, we may take M to be empty. Now let m > 1 and let S denote
the collection of maximal subsets T" of the vertex set V for which

n—p(G;T)+ |T|=m. (2.16)
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We choose T in S and first show that each component of G(V —T') with
an even number of vertices has a loop. Suppose to the contrary that
G(W) is a component of G(V —T') such that |W| is even and G(W) has
no loops. Let z be a vertex in W. Then p(G;T U {z}) > p(G;T) +1 and
hence by (2.16)

n—p(G;TU{z})+|TU{z}| <m. (2.17)

It follows that equality holds in (2.17) and we contradict the choice of T
in S.

Now let G(W) be a component of G(V —T) which has at least one loop.
We show that there is a matching My in G(W) satisfying #(Mw) = |W|.
Let {z,z} be a loop in G(W) and consider the graph G(W —{z}). Suppose
there is a subset U of W — {z} satisfying p(G(W — {z});U) > |U| + 1.
Then

p(GW);UU{z}) > |U U {z}] (2.18)
and using (2.16) and (2.18) we obtain

n—p(G;TUUU {z})+ |TuUU {z}|
=n—p(G;T)+|T| +|UU {z}| - p(GW);U U {z}) < m.

Again equality holds and we contradict the choice of T in S. Thus for all
subsets U of W — {z},

p(GW —{z});U) < |U|,
and hence
W = {z}| = p(GW — {z});U) + |U| 2 |W — {z}].

Since |W — {z}| < m, it follows from the induction hypothesis that G(W —
{z}) has a matching M’ with #(M') = |W — {z}|. Then My = M’ U
{{z,z}} is a matching of G(W) with #(Mw) = |W|.

We now deal exclusively with the components in C(G; T) and the edges
between vertices of these components and the vertices of T'. We distinguish
two cases.

Case 1. Either T # @ or C(G;T) contains at least two components with
more than one vertex.

Let (G(W;) : i € I) be the components in C(G;T) satisfying |W;| > 1,
where we have indexed these components by some set I. The assumptions
of this case imply that |W;| —1 < m for all ¢ € I. Let j be any element
in I and let z be any vertex in W;. We next show that G(W; — {z}) has
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a matching M;(z) satisfying #(M;(z)) = |W;| — 1. If not, then by the
induction hypothesis there exists S C W; — {2} such that
p(GW; —{z});8) 2 |S| + 1.
The fact that |[W; — {z}| is an even number now implies that
p(GW; —{2}): 5) 2 |5| + 2.
We then use (2.16) to calculate that

p(G;TUSU{z}) =p(G;T) — 1+ p(GW; — {2});S
Zn+lT|—m—1+|Sl+2=n+|SUTU{z}|—

Once again we have contradicted the choice of T in S, and we have estab-
lished the existence of the matching M;(z) in G(W; — {z}).

We now define a bipartite graph G* with blpal‘tltlon {S,I}.If s € S and
i € I, then {s,z} is an edge of G* if and only if there is an edge in G
joining s and some vertex in W;. We prove that G* has a matching whose
cardinality equals |S|. If not then by the Konig theorem there exist X C S
and J C I such that |J| < |X| and no edge in G* has one endpoint in X
and the other endpoint in I — J. We then conclude that

p(G;T — X) > p(G;T) — |J|.
Hence
n—p(G;T—-X)+|T - X|<n—-p(G;T)+|J|+|T| - |X| <m,

which contradicts the definition of m. Thus G* has a matching whose car-
dinality equals |S|. This means that there exists a subset K of I with
|K| = |S| and vertices 2; in W;, (i € K) such that G has a matching M’
whose set of endpoints is SU{z; : i € K}. Foreachi € I — K, let 2; be any
chosen vertex in W;. Then

M = M’ U U;jerM;(2z;) U Uw My,

where the last union is over those components G(W) of G(V — T') which
contain a loop, is a matching in G with #(M) = m.

Case 2. T = 0 (that is, S = {0}) and C(G;0) has at most one component
with more than one vertex.

In this case, m = |V| — p(G; 0) and C(G; @) is the set of components of G
with an odd number of vertices and no loops. In addition for all nonempty
subsets S of V

m+1<|V|-p(G;S)+1S|.
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Let G(U) be a component of G such that the number of vertices of G(U) is
an odd number greater than 1 and G(U) has no loops [by the assumptions
of this case G(U), if it exists, is unique]. We show that G(U) has a matching
M* with #(M*) = |U| — 1. We choose an edge {z,y} in G(U). Let U’ be
obtained from U by removing the vertices  and y and let S’ C U’. We let
S = S'U{z,y} and calculate
m+1 < |V[-p(G;S) + S|

V| - (p(GU"); §") + p(G;0) — 1) + |S'| + 2
(VI =p(G;0) + 1) +|S'| - p(G(U'); §') + 2
m+1+|8'|-p(GU"); S") + 2.

Hence
p(GU"); ") < 18"+ 2,
and since |U’| is odd,
p(G(U");S") <|S'| +1.
Thus for all subsets S’ of U’,
U] = p(G(U"); 8") + 18" > |U'| — 1.

We now apply the induction hypothesis and obtain a matching M’in G(U’)
with #(M’) = |U’| — 1. Then M* = M’ U {{z, y}} is a matching in G(U)
with #(M*) = |U| — 1. Now

M = M* Uuw My,

where the last union is over those components G(W) of G which have a
loop, is a matching in G satisfying #(M) = m. w

Let G be a general graph of order n with vertex set V. A matching M
with #(M) = n has the property that every vertex of G is an endpoint of
an edge in M and is called a perfect matching or 1-factor of G. It follows
from Theorem 2.6.1 that G has a perfect matching if and only if

p(G;S) < |S|, forall S C V.

Now let A be a symmetric (0,1)-matrix of order n and let G be the
general graph whose adjacency matrix is A. A perfect matching M in G
corresponds to a set of n symmetrically placed 1’s in A with no two of the
1’s on the same line of A. Thus the above special case of Theorem 2.6.1
gives necessary and sufficient conditions for there to exist a symmetric
permutation matrix P with P < A. We briefly describe these conditions in
terms of the matrix A. Let S be a set of vertices of G with |S| = k. The
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adjacency matrix of the subgraph G(V —8) is a principal submatrix A’ of A
of order n—k. The connected components of G(V —S) correspond to certain
“connected” principal submatrices A;, Ag, ..., A; of A’. The condition (2.6)
asserts that the number of submatrices Ay, Ag,..., A which are of odd
order and have zero trace is at most k.

A (0,1)-matrix P of size m by n is a subpermutation matriz of rank r
provided P has exactly r 1’s, and no two 1’s of P are on the same line
of P. Let A be the adjacency matrix of a general graph G of order n. A
subpermutation matrix P of rank r which is in addition symmetric corre-
sponds to a matching in G of r edges. Hence Theorem 2.6.1 characterizes
the maximum integer r such that A can be written in the form

A=P+X

where P is a symmetric subpermutation matrix of rank r and X is a non-
negative matrix.
We next consider expressions of the form

A=P,+Py+---+P (2.19)

where Py, P,, ..., P, are symmetric permutation matrices of arbitrary ranks,
and we seek to minimize the value of [ in (2.19). Any ! for which we have a
decomposition of the form (2.19) is at least equal to the maximum line sum
k of A. A theorem of Vizing[1964] concerning graphs asserts the existence
of a decomposition (2.19) in which | = k + 1. We state this theorem in
terms of matrices in a somewhat more general form to allow the presence
of 1’s on the main diagonal.

Theorem 2.6.2. Let A be a symmetric (0, 1)-matriz of order n, and let
k be the mazimum number of 1’s in the off-diagonal positions of the lines of
A. Then there exist symmetric subpermutation matrices P, Py,. .., Pyt
such that

A=Pi+P+ -+ Py (2.20)

Proof. We first show that if the theorem is true in the case that the ma-
trix A has zero trace, then it is true in general. Let A’ be a symmetric (0,1)-
matrix having at least one 1 on its main diagonal, and let k be the maximum
number of 1’s in the off-diagonal positions of the lines of A’. Let A be the
matrix obtained from A by replacing the 1’s on the main diagonal of A’
with 0’s. Suppose that there are subpermutation matrices Py, Py, ..., Pgy1
satisfying (2.20). Since the maximum number of 1’s in a line of A is k, for
each i = 1,2,...,n at least one of the matrices Py, Py, ..., P41 has only
0’s in line 3. It follows that we may replace certain 0’s on the main diag-
onals of Py, Py,..., Pyy1 and obtain symmetric subpermutation matrices
P{,P;,..., P, satisfying A’ =P{+ Py +---+ P ;.
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We now prove the theorem under the added assumption that A has zero
trace. Let G be the graph of order n whose adjacency matrix is A. The
maximum degree of a vertex of G is k. Let o be a function which assigns
to each edge of G an integer from the set {1,2,...,k + 1}. We think of o
as assigning a color to each edge of G from a set {1,2,...,k+1} of k+1
colors. We call o a (k+ 1)-edge coloring provided adjacent edges are always
assigned different colors. Let F; be the set of edges of G that are assigned
color i by the edge coloring o, and let P; be the adjacency matrix of the
spanning subgraph of G whose set of edges is F; (i = 1,2,...,k+1). Then
each P; is a subpermutation matrix and A = Py + P + --- + Py. To
complete the proof we show that a graph G has a (k + 1)-edge coloring if
k is the maximum degree of its vertices. The proof is by induction on the
number of edges of G. Let a; = {a, b1} be an edge of G. It suffices to show
that if there is a (k + 1)-edge coloring for G with the edge a; deleted, then
there is a (k + 1)-edge coloring for G.

Let o be a (k + 1)-edge coloring for the graph G’ obtained by deleting
the edge a; of G. There is a color ¢ which is not assigned to any edge of
G’ which is incident with a. There is also a color ¢; which is not assigned
to any edge incident with b;. If ¢ = t;, then we may assign the color ¢ to
oy and thereby obtain a (k + 1)-edge coloring of G. We now assume that
there is an edge ag = {a, by} with color ¢;. We remove the color ¢; from ay
and assign the color ¢; to aj. Let Gt ¢, be the subgraph of G consisting of
those edges assigned colors ¢ or ¢; and the vertices incident to these edges.
The vertices a and b; belong to the same connected component C1 of G, .
Suppose that bs is not a vertex of C7. We then switch the colors ¢ and ¢;
on the edges of C;. Now there is no edge of color ¢; incident to a or to bg,
and we may assign the color ¢; to the edge ao and obtain a (k + 1)-edge
coloring of G. We therefore assume that bo is a vertex of C;. In particular,
there is an edge with color ¢ incident with bs.

There is now a color to different from ¢ and t; which is not assigned
to any edge incident with by. If the color ¢ were not assigned to some
edge incident with a, we could assign t» to as and obtain a (k + 1)-edge
coloring of G. We therefore proceed under the assumption that there is
an edge ag = {a,b3} which is assigned the color t3. Arguing as above we
may assume that a, by and b3 all belong to the same component of the
subgraph Gt ¢, of G determined by the colors ¢ and t5. In particular, there
is an edge with color t incident with b3. We continue in this fashion and
obtain a sequence of edges a; = {a,b1},a0 = {a,b2},...,ar = {a,bx}
where after reassigning colors the edge «; has color t; i =1,2,...,k—1),
edge oy has no color assigned to it, and there is a color ¢ different from
colors t and tj_; which is not assigned to any edge incident with b. We
choose k to be the first integer such that t; = t; for some j < k — 1. The
vertices a, b; and bj; belong to the same connected component C; of
the subgraph Gt ¢, of G. Since there is no edge of color ¢ at a and since
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there is no edge of color t; at b;y1, the component C; consists of the
vertices and edges of a chain

a—»bj—>---—> i+1-

Since tj, = t; and there is no edge incident with by which is assigned the
color tj, this chain cannot contain the vertex bg. Thus by is a vertex of a
connected component C* of Gy, different from C;. We next switch the
colors ¢ and t; = t; on the edges of C*. Now there is no edge incident
with b which is assigned the color t. We assign the color ¢ to the edge
oy = {a,br} and thereby obtain a (k + 1)-coloring of G. o

In the proof of Theorem 2.6.2 we have shown that a graph has a (k+1)-edge
coloring if each of its vertices has degree at most equal to k. This conclusion
need not hold for multigraphs. For example, the multigraph obtained by dou-
bling each edge of the complete graph K3 has six edges each pair of which are
adjacent. Hence it has no 5-edge coloring. The smallest number ¢ such that a
multigraph G has a t-edge coloring is called the chromatic inder of G. Thus
Vizing’s theorem asserts that the chromatic index of a graph for which the
maximal degree of a vertex is k equals k or k + 1.

Vizing[1965] generalized Theorem 2.6.2 to include multigraphs. We state
this theorem without proof in the language of matrices.

Theorem 2.6.3. Let A be a symmetric nonnegative integral matriz of
order n. Let k be the mazimum sum of the off-diagonal entries in the lines
of A, and let m be the mazimum element in all of A. Then there exist
symmetric subpermutation matrices Py, Pa, ..., Pxyy such that

A=Pi+ P+ + Pepm.

A theorem of Shannon[1949] sometimes gives a better result than Theo-
rem 2.6.3.

Theorem 2.6.4. Let A be a symmetric nonnegative integral matriz of
order n. Let k be the mazimum sum of the off-diagonal entries in the lines
of A, and let | be the largest element on the main diagonal of A. Then
there exist symmetric subpermutation matrices Py, Pa,...,P; witht =k +
max{[k/2],l} such that

A=P+P+---+ P

Exercises

1. Prove the theorem of Petersen[1891]: Let G be a connected cubic graph such
that each subgraph obtained from G by removing an edge is connected. Then
G has a perfect matching.
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. Show that the chromatic index of the Petersen graph is 4.

. Determine the chromatic index of the complete graph K, that is, the smallest
number of symmetric subpermutation matrices into which the matrix J, — In
can be decomposed.

4. Show that J, can be decomposed into n symmetric permutation matrices.

5. Let G be a graph which is regular of degree k and suppose that k is a positive

even integer. Prove that G can be decomposed into k/2 spanning subgraphs

each of which is a regular graph of degree 2.

w N
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3

Matrices and Digraphs

3.1 Basic Concepts

A digraph (directed graph) D consists of a finite set V of elements called
vertices (points) together with a prescribed set E of ordered pairs of not
necessarily distinct vertices of V. Every ordered pair a of vertices a and b
in E is called an arc (directed edge, directed line) of the digraph D, written

a = (a,b).

Notice that a digraph may contain both the arcs (a,b) and (b,a) as well
as loops of the form (a,a). The generalization of a digraph by allowing
multiple arcs results in a directed general graph (general digraph). Here the
arcs sets are required to be finite. Most of the terminology in section 2.1
carries over without ambiguity to the directed case. The vertices a and b
of an arc a = (a,b) are the endpoints of a, but now a is called the initial
verter and b is called the terminal verter of a. The number of arcs issuing
from a vertex is the outdegree of the vertex. The number of entering arcs
is the indegree of the vertex. We agree that a loop at a vertex contributes
one to the outdegree and also one to the indegree. If the outdegrees and
indegrees equal a fixed integer k for every vertex of D, then D is regular of

degree k.
Let D be a general digraph of order n whose set of vertices is V =
{a1,a2,...,an}. We let a;; equal the multiplicity m(a;,a;) of the arcs of

the form (a;, a;). The resulting matrix
A=[aij),(4,5,=1,2,...,n)

of order n is called the adjacency matriz of D. The entries of A are non-
negative integers. But A need no longer be symmetric. In the event that A
is symmetric, then the general digraph D is said to be symmetric.
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The sum of row i of the adjacency matrix A is the outdegree of vertex
a;. The sum of column j of A is the indegree of vertex a;. Notice how
nicely loops behave in that they contribute one to both the outdegree and
indegree. The assertion that D is regular of degree k is equivalent to the
assertion that A has all of its line sums equal to k.

In the general digraph we now deal with directed walks of the form

(04010'1); (alya2)7 sy (am_l,%), (m > 0)
which is also denoted by
ap — a1 = a2 = 2 Am—1 — .

Most of the related concepts already discussed for general graphs carry
over without ambiguity to the directed case; in particular we now refer to
directed chains (paths), directed trails, and directed cycles (circuits). Notice
that a directed cycle can have any of the lengths 1,2,...,n.

Two vertices a and b are called strongly connected provided there are
directed walks from a to b and from b to a. A vertex is regarded as triv-
ially strongly connected to itself. Strong connectivity between vertices is
reflexive, symmetric, and transitive. Hence strong connectivity defines an
equivalence relation on the vertices of D and yields a partition

iulhhu---uV;

of the vertices of D. The subdigraphs D(V1), D(V;),...,D(V;) formed by
taking the vertices in an equivalence class and the arcs incident to them are
called the strong components of D. The general digraph D is strongly con-
nected (strong) if it has exactly one strong component. Thus D is strongly
connected if and only if each pair of vertices is strongly connected.

A tournament of order n is a digraph which can be obtained from the
complete graph K, by assigning a direction to each of its edges. Let A be
the adjacency matrix of a tournament. Then A is a (0,1)-matrix satisfying
the equation

A+ AT =J-1

and is called a tournament matriz.

Exercises

1. Let A be the adjacency matrix of a general digraph D. Show that there is a
directed walk of length m from vertex a; to vertex a; if and only if the element
in position (z,7) of A™ is positive.

2. Let D be a general digraph each of whose vertices has a positive indegree.
Prove that D contains a directed cycle.

3. Prove that a digraph is strongly connected if and only if there is a closed
directed walk which contains each vertex (at least once).
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4. Prove that a tournament of order n contains a path of length n — 1. Conclude
that the term rank of a tournament matrix of order n equals n — 1 or n.

5. Let A be the adjacency matrix of a digraph of order n. Prove that the term
rank of A equals the maximal size of a set of vertices which can be partitioned
into parts each of which is the set of vertices of a directed chain (that is, a
path or directed cycle).
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3.2 Irreducible Matrices

Let A = [a;5], (4, 5,= 1,2,...,n) be a matrix of order n consisting of real
or complex numbers. To A there corresponds a digraph D = D(A) of order
n as follows. The vertex set is the n-set V' = {aj,as,...,an}. There is an
arc a = (a;,a;) from a; to a; if and only if a;; # 0, (4,5 = 1,2,...,n). We
may think of a;; as being a nonzero weight attached to the arc a. In the
event that A is a matrix of nonnegative integers, the weight a;; of o can be
regarded as the multiplicity m(c) of a. Then D is a general digraph and
A is its adjacency matrix. However, unless specified to the contrary, D is
the unweighted digraph as defined above.

The matrix A of order n is called reducible if by simultaneous permuta-
tions of its lines we can obtain a matrix of the form

A O

A1 Az
where A; and A are square matrices of order at least one. If A is not
reducible, then A is called irreducible. Notice that a matrix of order 1 is

irreducible.
Irreducibility has a direct interpretation in terms of the digraph D of A.

Theorem 3.2.1. Let A be a matriz of order n. Then A is irreducible if
and only if its digraph D 1is strongly connected.

Proof. First assume that A is reducible. Then the vertex set V of D can
be partitioned into two nonempty sets V3 and V5 in such a way that there
is no arc from a vertex in Vj to a vertex in V5. If a is a vertex in V7 and
b is a vertex in V5 there is no directed walk from a to b. Hence D is not
strongly connected.
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Now assume that D is not strongly connected. Then there are distinct
vertices a and b of D for which there is no directed walk from a to b. Let
W1 consist of b and all vertices of D from which there is a directed walk
to b, and let W5 consist of a and all vertices to which there is a directed
walk from a. The sets W; and W5 are nonempty and disjoint. Let W3 be
the set consisting of those vertices which belong to neither W; nor Ws. We
now simultaneously permute the lines of A so that the lines corresponding
to the vertices in W5 come first followed by those corresponding to the
vertices in Wj3:

W W3 Wi
Wa X1 X2 X3
W3 Xo1 Xo2 Xo3
W X31 X32 Xs3

Since there is no directed walk from a to b there is no arc from a vertex
in W2 to a vertex in Wj. Also there is no arc from a vertex ¢ in W3 to
a vertex in Wi, because such an arc implies that ¢ belongs to Wj. Hence
X33 = O and X23 = O, and A is reducible. o

If A is irreducible, then for each pair of distinct vertices a; and a; there
is a walk from a; to a; with length at most equal to n — 1. Hence if the
elements of A are nonnegative numbers, then it follows from Theorem 3.2.1
that A is irreducible if and only if the elements of the matrix (I + A)"~!
are all positive.

We return to the general case of a matrix A of order n. Let D be the
digraph of A and let D(V1), D(V2),..., D(V) be the strong components of
D. Let D* be the digraph of order ¢ whose vertices are the sets V1, V5, ..., V;
in which there is an arc from V; to Vj if and only if i # j and there is an
arc in D from some vertex in V; to some vertex in V;. The digraph D* is
the condensation digraph of D. The digraph D* has no loops.

Lemma 3.2.2. The condensation digraph D* of the digraph D has no
closed directed walks.

Proof. Suppose that D* has a closed directed walk. Since D* has no
loops, its length is at least two. If Vi, and V] (k # 1) are two vertices of D*
of this walk, and a € Vi, and b € V), then a and b are strongly connected
vertices of D in different strong components. This contradiction implies
that D* has no closed directed walks. o

Lemma 3.2.3. Let D* be a digraph of order t which has no closed di-
rected walks. Then the vertices of D* can be ordered by, bo,...,bt so that
each arc of D* is of the form (b;,b;) for some i and j with1 <i < j <t.
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Proof. The proof proceeds by induction on ¢. If ¢ = 1 the digraph has no
arcs. Assume that ¢ > 1. The assumption that there are no closed directed
walks implies that there is a vertex b; with indegree equal to zero. We now
delete the vertex b; and all incident arcs and apply the induction hypothesis
to the resulting digraph of order t — 1. (m]

We now show that a square matrix can be brought to a very special form
by simultaneous permutations of its lines.

Theorem 3.2.4. Let A be a matriz of order n. Then there exists a per-
mutation matrizc P of order n and an integer t > 1 such that

Ay Az - Ap
papr—| ¢ M2 Am) (3.1)
0 0 - A
where Ay, Ao, ..., At are square irreducible matrices. The matrices Ay, Ao,

..., Az that occur as diagonal blocks in (3.1) are uniquely determined to
within simultaneous permutation of their lines, but their ordering in (3.1)
is not necessarily unique.

Proof. Let D(Vi), D(V2),...,D(V;) be the strong components of the
digraph D of A. By Lemma 3.2.2 the condensation graph D* has no closed
directed walks. We apply Lemma 3.2.3 to D* and obtain an ordering
Wi, Wa, ..., Wy of V1,Va,...,V; with the property that each arc of D*
is of the form (W;, W;) for some i and j with 1 <4 < j <t. We now
simultaneously permute the lines of A so that the lines corresponding to
the vertices in W1 come first, followed in order by those corresponding

to the vertices in Wy, ..., W;, and then partition the resulting matrix to
obtain
Ay A - Ap
Ar Az - Ag
. . . . (3.2)
Ay A - At

In (3.2) D(W;) is the digraph corresponding to the matrix A;, (i =
1,2,...,t). Since there is no arc of the form (W;, W;) with i > j, each
of the matrices A;; with i > j is a zero matrix. Hence (3.2) has the
form given in (3.1). Because D(W;) is strongly connected, each A; is an
irreducible matrix.
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We now establish the uniqueness assertion in the theorem. Let @ be a
permutation matrix of order n such that

By By -+ By
B2 . BZS

QAQT = o]
O O .- B

where each B; is an irreducible square matrix. The subdigraphs Dj, Dj,
..., D} of D corresponding to the diagonal blocks By, By, ..., Bs, respec-
tively, are strongly connected. Moreover, since for ¢ > j there is no di-
rected walk in D from a vertex of D, to a vertex of D;, the digraphs
Dji, Dy, ..., Dy are the strong components of D. Since the strong compo-
nents of a digraph are uniquely determined, The digraphs D}, D, ..., D}
are D(V1), D(V2), ..., D(V;) in some order. Thus s = t and to within simul-
taneous permutations of lines, the matrices B;, Ba, ..., B; are the matrices
A1, As,..., A in some order. a

The form in (3.1) appears in the works of Frobenius[1912] and is called
the Frobenius normal form of the square matrix A. The irreducible matrices
A1, Ag, ..., As that occur along the diagonal are the irreducible components
of A. By Theorem 3.2.4 the irreducible components are uniquely determined
only to within simultaneous permutations of their lines. This slight ambi-
guity causes no difficulty. Notice that the matrix A is irreducible if and only
if it has exactly one irreducible component. Whether the ordering of the
irreducible components along the diagonal in the Frobenius normal form
is uniquely determined depends on the matrices A;; (1 <4 < j <t). For
example, let

01
10 X

11
0 11

Then A is in Frobenius normal form and the irreducible components of A

are
01 11
w=[03] e m-[ll]

If X is a zero matrix, then we may change the order of the diagonal blocks
Aj; and A and obtain a different Frobenius normal form for A. If, however,
X is not a zero matrix, then the Frobenius normal form of A is unique. In
general, the irreducible components of the square matrix A that correspond
to vertices of the condensation graph D* of D(A) which are incident with
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no arc can always be put in the first positions along the diagonal of the
Frobenius normal form (3.1).

Let A be an irreducible matrix of order n. If B is obtained from A
by simultaneous line permutations, then B is also irreducible. However, a
matrix B obtained from A by arbitrary line permutations may be reducible.
For example, interchanging rows 1 and 2 of the irreducible matrix

011
1 0 0|,
1 00

we obtain the reducible matrix
1 00
011
1 00

Thus it may be possible to permute the lines of a reducible matrix and
obtain an irreducible matrix. The following theorem of Brualdi[1979] char-
acterizes those square matrices which can be obtained from irreducible ma-
trices by arbitrary line permutations. Since for permutation matrices P and
Q, PAQ = (PAPT)PQ, it suffices to consider only column permutations.

Theorem 3.2.5. Let A be a matriz of order n. There exists a permuta-
tion matriz Q of order n such that AQ is an irreducible matriz if and only
if A has at least one nonzero element in each line.

Proof. If A has a zero line, then for each permutation matrix @ of order
n, AQ has a zero line and hence is reducible. Conversely, assume that A has
no zero line. Without loss of generality we assume that A is in Frobenius
normal form

Ay Ay - Ap
O Ay - Ay
0O 0O - A

Ift = 1, then A is irreducible and we may take Q = I. Now assume
that ¢ > 1. Let D(V1), D(V2),..., D(V;) be the strong components of the
digraph D of A corresponding, respectively, to the irreducible matrices
Aj, Ag, ..., As. Any arc that leaves the vertex set V; enters the vertex set
VieiU-- UV, (1 <i<t-—1). Foreachi=1,2,...,t we choose a vertex
a; in V;. Let B be the matrix obtained from A by cyclically permuting the
columns corresponding to the vertices a1, ag,...,as. The digraph D’ of B
is obtained from the digraph D of A by changing the arcs that entered
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a; into arcs that enter a;41,(¢ = 1,...,¢t — 1), and changing the arcs that
entered a; into arcs that enter a;. We show that B is irreducible by proving
that the digraph D’ is strongly connected. For convenience of notation we
define a¢4 to be a;.

If each of the strong components of D either has order greater than one
or has order one and contains a loop, the proof is simple to express. In this
case each strong component D(V;) has a sequence v;1,¥;2, - - ., Vik, of ks > 1
closed walks of nonzero length which begin and end at a;, (i = 1,2,...,t).
Each vertex in V; belongs to at least one of these walks and they may be
chosen so that a; occurs only as the first and the last vertex. By repeating
walks if necessary we may assume that the k; have a common value k. In
D’ the last arcs of these walks enter a;41. Let 7{ ” be the directed walk in
D’ obtained from +y;; by replacing the last vertex a; of ~;; with a;;1 and
the last arc with an arc entering a;1 (1 < ¢ <t). Then

/ / / ! / / / ! /
Y11:712 - s M1k Y215 Y225 - -~ s Y2k o+« Vels Y42y -+ -y Viek

is a closed directed walk in D’ which contains each vertex of D’ at least
once. It follows that D’ is strongly connected in this case.

In the general case some of the strong components of D may consist of
a single isolated vertex without a loop. However since A has no zero lines,
neither the first component D(V7) nor the last component D(V;) can be of
this form. We prove that D’ is strongly connected by showing that for each
vertex a there is a directed walk from a; to a and a directed walk from
a to a1. Suppose that a is a vertex of V;. We may assume that ¢ > 1. In
order to obtain a directed walk from a; to a it suffices to obtain a directed
walk from a; to a;. Since the column of A corresponding to vertex a;_1
contains a 1, there is an arc in D’ from some vertex b in V; U---UV;_; to
a;. Arguing inductively, there is a directed walk in D’ from a; in V; to b.
Hence there is a directed walk in D’ from a; to a.

An argument similar to the above, but using the assumption that each
row of A has a 1, allows us to conclude that there is a directed walk in D’
from a to a vertex c in V;. It then follows that there is a directed walk in
D’ from a to a;. Hence D' is strongly connected. a

For some historical remarks on the origins of the property of irreducibility
of matrices, we refer the reader to Schneider[1977].

Exercises

1. Determine the special nature of the Frobenius normal form of a tournament
matrix.

2. What is the Frobenius normal form of a permutation matrix of order n?

3. Determine the smallest number of nonzero elements of an irreducible matrix
of order n.
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4. Show by example that the product of two irreducible matrices may be reducible
(even if the matrices have nonnegative elements).

5. Let A be an irreducible matrix of order n with nonnegative elements. Assume
that each element on the main diagonal of A is positive. Let = be a column
vector with nonnegative elements. Prove that if £ contains at least one 0, then
Az has fewer 0’s than z.

6. Let D be a strongly connected digraph of order n and assume that each directed
cycle of D has length 2. Prove that D can be obtained from a tree of order n by
replacing each edge {a, b} with the two oppositely directed arcs (a, b) and (b, a).
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3.3 Nearly Reducible Matrices

Let D be a strong digraph of order n with vertexset V = {a1,a2,...,an},
and let A = [a;5], (4,5 = 1,2,...,n) beits (0,1)-adjacency matrix of order
n. By Theorem 3.2.1 A is an irreducible matrix. The digraph D is called
minimally strong provided each digraph obtained from D by the removal of
an arc is not strongly connnected. Evidently, a minimally strong digraph has
no loops. Each arc of the digraph D corresponds toa 1 in the adjacency matrix
A. Thus the removal of an arc in D corresponds in the adjacency matrix A
to the replacement of a 1 with a 0. The irreducible matrix A is called nearly
reducible (Hedrick and Sinkhorn[1970]) provided each matrix obtained from
A by thereplacement of a 1 with a 0 is a reducible matrix. Thus the digraph D
is minimally strong if and only if its adjacency matrix A is nearly reducible.
A nearly reducible matrix has zero trace. The matrix

o=, OO

0
0
1
0

= O O -
OO =O

is an example of a nearly reducible matrix.
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More generally we say that an arbitrary matrix A of order n is nearly
reducible if its digraph D is minimally strong. However, in discussing the
combinatorial structure of nearly reducible matrices, it suffices to consider
(0,1)-matrices.

We now investigate the structure of minimally strong digraphs as deter-
mined by Luce[1952] (see also Berge[1973]). Let D be a strong digraph of
order n with vertex set V. Each vertex has indegree and outdegree at least
equal to 1. A vertex whose indegree and outdegree both equal 1 is called
simple. If all the vertices of D are simple, then D consists of the vertices
and arcs of a directed cycle of length n, and D is minimally strong. A
directed walk

ag —a)p — - am-1 —’am,(mz 1)
is called a branch provided the following three conditions hold:

(i) ag and a,, are not simple vertices;
(ii) the set W = {a1,...,am—1} contains only simple vertices;
(iii) the subdigraph D(V — W) is strongly connected.

Notice that a branch may be closed and the set W may be empty. If the
removal of an arc (a,b) from D results in a strongly connected digraph,
then a — b is a branch. Let U be a nonempty subset of m vertices of V.
The contraction of D by U is the general digraph D(®QU) of order n—m +1
defined as follows: The vertex set of D(®U) is V — U with an additional
vertex labeled (U). The arcs of D which have both of their endpoints in
V — U are arcs of D(®U); in addition, for each vertex a in V — U there is
an arc in D(®U) from a to (U) [respectively, from (U) to a] of multiplicity
k if there are k arcs in D from a to vertices in U [respectively, from vertices
in U to a).

Theorem 3.3.1. Let D be a minimally strong digraph with vertex set V.
Let U be a nonempty subset of V for which the subdigraph D(U) is strongly
connected. Then both D(U) and D(QU) are minimally strong digraphs.

Proof. If the removal of an arc of D(U) leaves a strong digraph, then
the removal of that arc from D leaves a strong digraph. Hence D(U) is a
minimally strong digraph.

It follows in an elementary way that D(®U) is strongly connected.
Now let a be an arc of D(®U). First assume that a is also an arc of
D. If the removal of a from D(®U) leaves a strong digraph, then the
removal of o from D also leaves a strong digraph. Now assume that «
is an arc joining the vertex (U) and some vertex a in V —U. If the mul-
tiplicity of a is greater than one, then since D(U) is strongly connected
all but one of the arcs of D that contribute to the multiplicity of «
can be removed from D to leave a strong digraph. It follows that a has
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multiplicity one and D(®U) is a digraph. Let o’ be the arc of D joining
a and some vertex in U which corresponds to the arc a of D(®U). Since
D(U) is strongly connected, the removal of o’ from D leaves a strong
digraph if the removal of a from D(®U) leaves a strong digraph. Since
D is minimally strong, we deduce that no arc can be removed from
D(®U) to leave a strong digraph. Hence D(®) is a minimally strong
digraph. o

A special case of Theorem 3.3.1 asserts that in a minimally strong digraph
D the only arcs joining the vertices of a directed cycle in D are the arcs of
the directed cycle. We now show that minimally strong digraphs contain
simple vertices.

Lemma 3.3.2. Let D be a minimally strong digraph of order n > 2.
Then D has at least two simple vertices.

Proof. Since D is strongly connected, there must be a directed cycle in
D. If D is a directed cycle, then all its vertices are simple. This happens,
in particular, when n = 2. We now assume that n > 2 and proceed by
induction on n. First assume that all directed cycles in D have length 2.
Then D can be obtained from a tree by replacing each of its edges {a, b} by
the arcs (a,b) and (b, a) in opposite directions. A tree with n > 2 vertices
has at least two pendant vertices and each of these pendant vertices is a
simple vertex of D.

Now assume that D has a directed cycle p of length m > 3. Since D is
not itself a directed cycle, we have m < n — 1. Let U be the set of vertices
on the arcs of u. Then the subdigraph D(U) contains no arcs other than
those of p. The contraction D(®U) has order n — m + 1 > 2 and, by the
induction hypothesis, has (at least) two simple vertices. A simple vertex of
D(®U) different from the vertex (U) is a simple vertex of D. Suppose that
one of the two simple vertices of D(®U) is (U). Then in D there is exactly
one arc (a,c) with @ in U and ¢ in V — U, and exactly one arc (d, b) with
dinV —U and b in U. Since m > 3 there is a vertex e in U different from
a and b. But then e is a simple vertex of D. It follows that D contains at
least two simple vertices. o

In a minimally strong digraph a branch cannot have length one and
hence a branch contains at least one simple vertex. A digraph D which is
a directed cycle is minimally strong, but since all its vertices are simple, D
contains no branches.

Lemma 3.3.3. Let D be a minimally strong digraph of order n > 3 which
is not a directed cycle. Then D has a branch of length k > 2.

Proof. Since D is not a directed cycle, it has at least one vertex which
is not simple. We define a general digraph D* whose vertex set V* is
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the set of nonsimple vertices of D. Let a and b be vertices of D*. Each
directed walk a of D from a to b all of whose vertices other than a and
b are simple determines an arc a* = (a,b) on D*. The general digraph
D* is strongly connected and has no simple vertices. If D* has a loop
or a multiple arc o*, then «a is a branch of D. Otherwise D* is a strong
digraph of order at least two with no simple vertices. By Theorem 3.3.2
D* is not minimally strong and hence there is an arc a* whose removal
from D* leaves a strong digraph. The directed walk a is a branch of D.

a

It follows from Lemma 3.3.3 that any minimally strong digraph can be
constructed by beginning with a directed cycle and sequentially adding
branches. However, while every digraph constructed in this way is strongly
connected, it need not be minimally strong,.

We now apply Lemma 3.3.3 to determine an inductive structure for
nearly reducible matrices (Hartfiel[1970]).

Theorem 3.3.4. Let A be a nearly reducible (0, 1)-matriz of ordern > 2.
Then there exists a permutation matriz P of order n and an integer m with
1<m < n-—1 such that

[ 000 0 0 T
100 00
010 00
pAapT=| 0 0 1 o0 B (3.3)
000 --- 10
L Fy A |

where A; is a nearly reducible matriz of order m. The matriz Fy contains
a single 1 and this 1 belongs to the first row and column j of F1 for some j
with 1 < 7 < m. The matriz Fy also contains a single 1 and this 1 belongs
to the last column and row i of Fa for some i with 1 <i < m. The element
in the position (i,j) of Ay is 0.

Proof. If the digraph D(A) is a directed cycle, then there is a permu-
tation matrix P such that (3.3) holds where A; is a zero matrix of order
1. Assume that D(A) is not a directed cycle. Then n > 3 and by Lemma
3.3.3 D(A) has a branch. A direct translation of the defining properties of
a branch implies the existence of a permutation matrix P such that (3.3)
and the ensuing properties hold. O
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A matrix A satisfying the conclusions of Theorem 3.3.4 is not necessarily
nearly reducible. An example with n = 6 and m = 5 is given by

0 00100
101000
0 00 0001
A_OOIOOO
0 00010
010010

The matrix obtained from A by replacing the 1 in row 2 and column 3 with
a 0 is irreducible and hence A is not nearly reducible. However, given a
nearly reducible (0,1)-matrix Aj of order m > 1 it is possible to choose the
matrices F; and Fp so that the matrix in (3.3) is nearly reducible. Indeed
by choosing F; to have a 1 in position (1,1) and by choosing F5 to have a
1 in position (1,n — m), we obtain a nearly reducible matrix of order n for
each integer n > m.

The inductive structure of minimally strong digraphs provided by Lemma
3.3.3 can be used to bound the number of arcs in a minimally strong digraph
and hence the number of 1’s 13 a nearly reducible matrix. Let T be a
tree of order n. We denote by T the digraph of order n obtained from T
by replacing each edge {g, b} with the two oppositely directed arcs (a,b)
and (b,a). The digraph T is called a directed tree. The directed tree T is
minimally strong and has 2(n — 1) arcs. The following theorem is due to
Gupta[1967] (see also Brualdi and Hedrick[1979]).

Theorem 3.3.5. Let D be a minimally strong digraph of order n > 2.
Then the number of arcs of D is between n and 2(n — 1). The number of
arcs of D is n if and only if D is a directed cycle. The number of arcs of
D is 2(n — 1) if and only if D 1is a directed tree.

Proof. The outdegree of each vertex of a strongly connected graph is at
least one and hence D has at least n arcs. There are exactly n arcs in D if
and only if D is a directed cycle.

The upper bound on the number of arcs of D and the characterization
of equality is proved by induction on the order n. If n = 2, then D is a
directed cycle with two arcs. Assume that n > 3. If D is a directed cycle
then D has n < 2(n — 1) arcs. Now suppose that D is not a directed cycle.
By Lemma 3.3.3 D has a branch

a:ayg—ay =2 0p-1 —am
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of length m > 2. The subdigraph D; of D obtained by removing the vertices
ai,...,am—1 is a minimally strong digraph of order n — m + 1. By the
induction hypothesis D1 has at most 2(n —m) arcs, and hence the number
of arcs of D is at most

2n—-m)+m=2n-m < 2n - 2.

Assume that D has 2n—2 arcs. Then m = 2, a is the branch ag — a1 — a9
and D; is a minimally strong digraph of order n — 1 with 2(n — 2) arcs.
By thg induction hypothesis there is a tree T of order n — 1 such that
D =T;. Suppose that the vertex ag is different from the vertex as. Then
in D; there is a directed chain ag — 1 — 9 — --- — 3 — ag from ag to
ag. The arc (z1, a2) is an arc of D;. Moreover,

T} — Ty — Qg — a1 — a2

is a directed chain in D from z; to a2 which does not use the arc (z1,a2).
It follows that the removal of the arc (z1,a2) of D leaves a strong digraph
which contradicts the assumption that D is a minimally strong digraph.
Hence ag = ag. Let T be the tree obtained from T'; by including the vertex

a1 and the edge {ag,a1}. Then D =T. a
A direct translation of the preceding theorem yields the following.
Theorem 3.3.6. Let A be a nearly reducible (0,1)-matriz of order n > 2.

Then the number of 1’s of A is betweenn and 2(n — 1). The number of 1’s of
A equals n if and only if there is a permutation matriz P of order n such that

(00~-001'
10 - 000
01 --- 000
PAPT = )
0 0 1 00
[0 0 01 0|

The number of 1’s of A equals 2(n — 1) if and only if there is a tree T of
order n such that A is the adjacency matriz of T. =]

It follows from Theorem 3.3.1 that an irreducible principal submatrix of
order m of a nearly reducible (0,1)-matrix is itself nearly reducible and hence
by Theorem 3.3.5 hasat most 2(m —1) 1’s. But a principal submatrix of a near-
ly reducible matrix need not be irreducible. A simple example is furnished
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by the leading principal submatrix of order 2 of the nearly reducible matrix

0 01
100
010
Nonetheless a principal submatrix of order m of a nearly reducible (0,1)-
matrix has at most 2(m — 1) 1’s. This and other properties of nearly re-
ducible matrices can be found in Brualdi and Hedrick[1979].

Lemma 3.3.3 can also be used to determine an inductive structure for
strongly connected digraphs (or strongly connected general digraphs), and
hence for irreducible matrices.

Theorem 3.3.7. Let D beastrongdigraphofordern > 2 withvertexsetV .
Then there exists a partition of Vintom > 2 nonempty sets W1, Wa, ..., Wp,
such that the subdigraphs D(W1), D(W3),. .., D(Wy,) are strongly connected.
Let Wyn4+1 = W1. Each arc of D that does not belong to one of these sub
digraphs issues from W; and enters W;41 for somei = 1,2,...,m.

Proof. We remove arcs from D in order to obtain a minimally strong
digraph D’. It follows from Lemma 3.3.3 that D’ has the cyclical structure
in the theorem. Indeed the partition can be chosen so that |W;| =1 (1 <
i <m—1), D(Wy,) is minimally strong (|Wp,| =1 is possible) and there
is exactly one arc issuing from W; and entering W;; (1 <i < m).

Consider a digraph with the cyclical structure of the theorem. If we add a
new arc, then either this cyclical structure is retained or else the arc issues
from some W; and enters some W; where j # 4,7 + 1. In the latter case we
obtain the cyclical structure of the theorem with vertex partition

Wi+1,...,Wj_1,Wj UWj+1U'--UVVi.

Since the minimally strong digraph D’ has the cyclical structure in the
theorem and since D is obtained from D’ by adding arcs, it now follows
that D has the desired cyclical structure. o

A direct translation of the previous theorem yields the following inductive
structure for irreducible matrices.

Theorem 3.3.8. Let A be an irreducible matriz of ordern > 2. Then there
erists a permutation matriz P of order n and an integer m > 2 such that

A4 0 -~ 0 B
E; A, -~ O O
PAPT =| : : - : :
o O Ap-1 O
o o Em Am
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where A1, Ag, ..., Am are irreducible matrices and Ey, Es, ..., E,, are ma-
trices having at least one nonzero entry.

Exercises

1. Show that a minimally strong regular digraph is a directed cycle.

2. Prove that the permanent of a nearly reducible (0,1)-matrix of order n equals
0 or 1. For each integer n > 2 construct an example of a nearly reducible
(0,1)-matrix with permanent equal to 0 and one with permanent equal to 1
(Hedrick and Sinkhorn(1970)).

3. Let n > 2 be an integer. Show that there exists a nearly reducible (0,1)-matrix
of order n with exactly k 1’s for each integer k with n < k < 2(n — 1) (Brualdi
and Hedrick[1979]).

4. Let n > 3 be an integer and let D be a minimally strong digraph of order n
with exactly 2n—3 arcs. Prove that D has a directed cycle of length 3 and does
not have a directed cycle of length greater than 3 (Brualdi and Hedrick[1979)).

5. Let A be a nearly reducible (0,1)-matrix of order n. Deduce from Theorem
3.3.1 that if a principal submatrix B of A is irreducible, then in fact B is
nearly reducible. Give an example of a nearly reducible matrix which has a
reducible principal submatrix.

6. Let A be a nearly reducible (0,1)-matrix and let B be a principal submatrix
of A of order k. Prove that the number of 1’s in B is at most equal to 2(k — 1)
(Brualdi and Hedrick[1979)]).
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3.4 Index of Imprimitivity and Matrix

Powers
Let D denote a strongly connected digraph of order n whose set of ver-
ticesis V = {a1,a2,...,an}. Let k = k(D) be the greatest common divisor

of the lengths of the closed directed walks of D. (If n = 1 and D does
not contain a loop, k is undefined.) The integer k is called the indez of
imprimitivity of D. The digraph D is primitive if k = 1 and imprimitive
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if K > 1. The length of a closed directed walk is the sum of the lengths of
one or more directed cycles, and hence the index of imprimitivity k is also
the greatest common divisor of the lengths of the directed cycles of D. The
integer k does not exceed the length of any directed cycle of D. There are
a number of elementary facts concerning the index of imprimitivity which
we collect in the following lemma.

Lemma 3.4.1. Let D be a strongly connected digraph of order n with
index of imprimitivity equal to k.

(i) For each vertez a of D, k equals the greatest common divisor of the
lengths of the closed directed walks containing a.

(i) For each pair of vertices a and b, the lengths of the directed walks
from a to b are congruent modulo k.

(iii) The set V of vertices of D can be partitioned into k nonempty sets
V1, Va,..., Vi where, with Vi1 = V1, each arc of D issues from V;
and enters Vi1 for some i with 1 <i <k.

() For z; € V; and x; € V; the length of a directed walk from ; to z;
is congruent to j — i modulo k, (1 <1,j < k).

Proof. Let a and b be two vertices of D and let k, and k; denote the
greatest common divisors of the lengths of the closed directed walks con-
taining a and b, respectively. Let a be a closed directed walk containing a
and suppose that a has length 7. Since D is strongly connected there is a
directed walk 3 from a to b of some length s and a directed walk y from
b to a of some length t. We may combine o, 8 and 7 and obtain closed
directed walks containing b with lengths s + ¢ and r 4+ s + ¢, respectively.
Thus k, is a divisor of r, and since o was an arbitrary closed directed walk
containing a, kp is a divisor of k. In a similar way one proves that kg is
a divisor of kp. Therefore k, = kp. But a and b are arbitrary vertices of D
and (¢) follows. (We note that (¢) does not hold in general if we consider
only the directed cycles containing the vertex a.)

Now let 3’ be another directed walk from a to b, and let s’ be the length
of 3'. We may combine 8 and « and also 3’ and + to obtain closed directed
walks containing a with lengths s +t and s’ + t, respectively. Since k is a
divisor of s + ¢ and s’ + ¢, k is a divisor of s — s’. Hence (i¢) holds.

Let V; denote the set of vertices z; for which there is a directed walk from
vertex a to z; with length congruent to ¢ modulo k, (¢ = 1,2,...,k). By (i7)
thesets V1, V5, . .., Vi are mutually disjoint. Notice that the vertex a belongs
to Vj. Since D is strongly connected each vertex belongs to one of the sets
W, Va,..., Vi, and none of these sets can be empty. Let (z;, z;) be any arc
of D where z; € V; and z; € Vj. There is a directed walk from a to z; whose
length is congruent to ¢ modulo k and thus a directed walk from a to z; whose
length is congruent to i + 1 modulo k. Hence i + 1 is congruent to j modulo
k, and (ii7) follows. The proof of (iv) is quite similar to that of (i3%). m]
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a

Figure 3.1

The sets Vi,Va,..., V) in (iii) of Lemma 3.4.1 are called the sets of
itmprimiativity of D. Although their construction depended on a choice of
vertex a, they are uniquely determined. Indeed much more is true. Call a
digraph D cyclically r-partite with ordered partition Uy, Us,. .., U, provided

U1, Us,..., Uy is a partition of the vertex set V' of D into r nonempty sets
where, with U,4; = Ui, each arc of D issues from U; and enters U;4; for
somet = 1,2,...,r. If Discyclically r-partite then r is a divisor of the length

of each directed cycle of D, and in addition, D is cyclically s-partite for each
positive integer s which is a divisor of r. Thus if D is strongly connected, then
D is cyclically r-partite if and only ifr is a divisor of the indezx of imprimitiv-
ityk of D. Let D be a strongly connected digraph with sets of imprimitivity
V1, Va,..., Vi. Suppose that D is cyclically r-partite with ordered partition
Uy,Us,...,Ur. Then except for a possible cyclic rearrangement,

U = uVepiU---,
Uz = buVeioU---,

Ur = VUV U,

If D is not strongly connected, it may be cyclically r-partite with respect
to two ordered partitions which are not cyclic rearrangements. For exam-
ple, the digraph in Figure 3.1 is cyclically 4-partite with ordered partition
{a},{b},{c},{d,e}. It is also cyclically 4-partite with respect to the ordered
partition {a}, {b},{c, e}, {d}.

Now let A be an irreducible matrix of order n. By Theorem 3.2.1 the
digraph D(A) is strongly connected. We define the indez of imprimitivity of
A to be the index of imprimitivity k of D(A). In addition we call A primitive
(respectively, imprimitive) if D(A) is primitive (respectively, imprimitive).
We also say that A is r-cyclic if D(A) is cyclically r-partite. Imprimitive
matrices, more generally, r-cyclic matrices with 7 > 1 have a restrictive
structure which is a consequence of the structure of cyclically r-partite
digraphs discussed above.
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Suppose the digraph D(A) is cyclically r-partite with ordered partition
Ui,Us,...,Ur. Let U; contain n; vertices (: = 1,2,...,7). Then n = n; +
ng + --- + ny, and by simultaneously permuting the lines of A so that
the rows corresponding to the vertices in U; come first, followed in order

by those corresponding to the vertices in Uy, ...,U,, we may determine a
permutation matrix P of order n so that
O A O o
0 O Aa3 0
PAPT=| ¢ - (3.4)
(0] o O - Ay
A1 O o - (0]

In (3.4) the zero matrices on the diagonal are square matrices of orders
n1,n2,...,nr, respectively. The matrices A;;4+1 display the adjacencies
between vertices in U; and Uj,;. If 7 = 1 then (3.4) reduces to PAPT =
A with P equal to the identity matrix of order n. If r is the index
of imprimitivity k of A, then (3.4) holds with » = k. The matrices
A12,A23,...,Ar_1r,Ar1 in (3.4) are called the r-cyclic components of
the matrix A. The r-cyclic components may be cyclically permuted in
(3.4). In addition, since the elements in the sets U; can be given in any
specified order,

PiA2P] PyAxsP] ..., Pr_1Ar_1, P, Pr A PL

can be taken as the r-cyclic components of A for any choice of permutation
matrices Pj, Ps,..., Py of orders nj,na,...,n,, respectively. If A is irre-
ducible, the r-cyclic components are uniquely determined apart from these
transformations.

Suppose that A is r-cyclic and a permutation matrix P has been deter-
mined so that (3.4) holds. Then

B O --- O
PAPT = ? Ef2 (.) (35)
0O O - B
where
By = Aj2423--- Ar—1r4r1
By =

Ag3A34 -+ Ar1A12

Br = AnAi2--- Ar—2,'r—1Ar—1,r-
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In particular, if 7 > 1 then A" is reducible and has at least r irreducible
components. If A is a matrix whose entries are nonnegative real numbers,
further information can be obtained.

We now assume that A = [aij], (3,7 =1,2,...,n) is a nonnegative matrix
of order n. Let ¢t be a positive integer and let the element in the (i,j)
position of A? be denoted by agt-), (,7=1,2,...,n). Then ag-) is positive if
and only if there is a directed walk of length ¢ from vertex a; to vertex a;
in the digraph D(A). In particular, the locations of the zeros and nonzeros
in A? are wholly determined by the digraph D(A).

The following lemma is usually attributed to Schur (see Kemeny and
Snell[1960]).

Lemma 3.4.2. Let S be a nonempty set of positive integers which is
closed under addition. Let d be the greatest common divisor of the integers
in S. Then there ezists a positive integer N such that td is in S for every
integer t > N.

Proof. We may divide each integer in S by d and this allows us to as-
sume that d = 1. There exist integers r1,72,...,mn in S which are rela-
tively prime. Each integer k can be expressed as a linear combination of
T1,72,...,m With integral, but not necessarily nonnegative, coefficients.
Let g=71+r2+ -+ rm. Then we may determine integers c;; such that

1::Cil'f'l+Ci2'f'2+"'+Cim’l"m,(i:0,1,-..,q—1)-

Let M be the maximum of the integers |c;;|, let N = Mq and let ¢ be
any integer with ¢ > N. There exist integers p and ! such that ¢t = pg + 1
where p > M and 0 <! < q—-1. Then

t = pg+l=p(r1+re+---+rm)+(c1r1 +corz + -+ cimrm)
(pten)ri+@+a)ra+--+ (P+ cim)rm.

Since p > M, each of the integers p +c¢;; is nonnegative. Because S is closed
under addition, we conclude that ¢ is in S whenever ¢t > N. ]

Let S and d satisfy the hypotheses of Lemma 3.4.2. Then there exisis a
smallest positive integer ¢(S) such that nd is in S for every integer n >
@(S). The integer ¢(S) is called the Frobenius—-Schur indez of S. (Frobenius
was one of the first to consider the evaluation of this number.) If S consists
of all nonnegative linear combinations of the positive integersr1,72,...,rm,
then we write the Frobenius—Schur index of S as ¢(r1,72,...,7m).

Lemma 3.4.3. Let D be a strongly connected digraph of order n with
vertex set V. Let k be the indez of imprimitivity of D and let V1,Va,...,V
be the sets of imprimitivity of D. Then there exists a positive integer N for
which the following holds: If z; and x; are vertices belonging respectively
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to V; and Vj, then there are directed walks from x; to x; of every length
j—i+tk witht>N,(1<i,j<k).

Proof. Let a and b be vertices in V and suppose that a € V; and b € Vj.
By (iv) of Lemma 3.4.1 each directed walk from a to b has length j —i +tk
for some nonnegative integer k. Let t,; be an integer such that j —i + 5k
is the length of some directed walk from a to b. The lengths of the closed
directed walks containing b form a nonempty set Sp of positive integers
which is closed under addition. By (¢) of Lemma 3.4.1 k is the greatest
common divisor of the integers in Sp. We apply Lemma 3.4.2 to Sp and
obtain a positive integer Ny such that tk € Sy for every integer t > Ny,
There exists a directed walk from a to b with length j — ¢ + tk for every
integer t > tqp + Np. We now let N be the maximum integer in the set
{tap + Npla,be V}. m}

We return to the irreducible, nonnegative matrix A of order n with index
of imprimitivity equal to k. There exists a permutation matrix P of order
n such that (3.4) and (3.5) hold with » = k. The matrices Aj2, A23,...,
A1k, Ak are the k-cyclic components of A, and these arise from the sets
of imprimitivity of the digraph D(A). It follows from (3.5) that for each
positive integer ¢ we have

Bi o --- 0
O Bt ... O

patkpT — | — T2 T (3.6)
o O - Bltc

where
By = A12423 - Ak_1kAK1
By = Az3A34---Ag1A12

By = AgA12---Ag—2k—14k-1k-

We apply Lemma 3.4.3 and conclude that there exists a positive integer N
such that B?, Bé, . ,B,tc are positive matrices for all t > N. In the special
case that k = 1, A is primitive and A? is a positive matrix for each integer
t > N.Ifk > 1and A is imprimitive we may apply (iv) of Lemma 3.4.1 and
conclude that no positive integral power of A is a positive matrix. Hence
we obtain the following characterization of primitive matrices.

Theorem 3.4.4. Let A be a nonnegative matriz of order n. Then A
is primitive if and only if some positive integral power of A is a positive
matriz. If A is primitive then there exists a positive integer N such that At
is a positive matriz for each integert > N.



74 3 Matrices and Digraphs

Proof. The fact that A is primitive if and only if some positive integral
power of A is a positive matrix has been proved in the above paragraph
under the additional assumption that A is irreducible. Since a positive
integral power of a reducible matrix can never be positive, the theorem
follows. o

Let A be a primitive nonnegative matrix. By Theorem 3.4.4 there exists
a smallest positive integer exp(A) such that A! is a positive matrix for
all integers ¢t > exp(A). The integer exp(A) is called the ezponent of the
primitive matriz A. The exponent is the subject of the next section. We
continue now with the general development of irreducible matrices.

A matrix which is a positive integral power of a reducible matrix is
reducible. However, positive integral powers of irreducible matrices may be
either reducible or irreducible. In the case of a nonnegative matrix A those
positive integral powers of A which are irreducible can be characterized
(Dulmage and Mendelsohn[1967] and Brualdi and Lewin[1982]).

Theorem 3.4.5. Let A be an irreducible nonnegative matriz of order n
with index of imprimitivity equal to k. Let m be a positive integer. Then
A™ is irreducible if and only if k and m are relatively prime. In general
there is a permutation matriz P of order n (independent of m) such that

ci O --- 0
O Cy --- O

PA™PT = | | :2 L (3.7)
O b tee C""‘

where r is the greatest common divisor of k andm. The matrices C1,Co,.. .,
Cr in (3.7) are irreducible matrices and each has index of imprimitivity
equal to k/r.

Proof. The digraph D = D(A) is strongly connected with index of im-
primitivity equal to k. Let V1, Vs ..., Vi be the sets of imprimitivity of D.
Then D is cyclically k-partite with ordered partition Vi, Va, ..., V. Since
r is a divisor of k, D is also cyclically r-partite with ordered partition
Uh1,Us,...,U, where

U = iuVeqaU--
Uy = LUuVegoU---,

U'r ‘/1'UV2TU"',

We may choose a permutation matrix P of order n such that (3.4) holds.
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For this permutation matrix P, PA"PT has the form given in (3.5). Since
r is also a divisor of m, we may write

¢, 0 - 0
PAmPT=(PArPT)m/r= O C2 0
o 0 ... C

where C; = B™",Cy = BY",...,Cp = B™" . If r > 1 then A™ is
reducible. We first show that the matrices C1,Cs,...,C, are irreducible.

Let a and b be vertices in U; where 1 < i < 7. There exist integers u
and v such that a € V,4; and b € Vr4;. By Lemma 3.4.3 there exists
a positive integer N such that there are directed walks in D from a to b
of every length (v — u)r + tk with ¢ > N. Since r is the greatest common
divisor of k and m, it follows from Lemma 3.4.2 that there is an integer ¢’
such that

(v—uw)yr+tk=ek+ fm
for some nonnegative integers e and f. Foreach nonnegative integer s we have
(v—u)r+ (' —e+sm)k = (f + sk)m.

We now choose s large enough so that t' —e + sm > N. Then there is a
directed walk in D from a to b with length (f + sk)m and thus a directed
walk in D(A™) with length f + sk. Since a and b are arbitrary vertices
in U;, we conclude that D(C;) is strongly connected and hence that C; is
irreducible, (1 <i < 7).

Let I be the length of a closed directed walk of D(A™). Then there is a
closed directed walk in D with length Im. Because the index of imprimitivity
of D is k, k is a divisor of Im. Since the greatest common divisor of k and m is
r, k/r is a divisor of l. Therefore the index of imprimitivity of each digraph
D(C;) is a multiple of k/r. We now show that the index of imprimitivity
equals k/r.

We now take a and b to be the same vertex of U;. Then v = u and there
are closed directed walks containing a in D of every length tk with ¢t > N,
and hence of every length

m k

with t > N. It follows that in D(C;) there are closed directed walks contain-
ing a of every length t(k/r) with ¢ > N. Wenow taket = Nandt =N +1
and obtain closed directed walks in D(C;) whose lengths have a greatest com-
mon divisor equal to k/r. We now conclude that the index of imprimitivity
of D(C;), and thus of C; equals k/r for each integeri =1,2,...,r. O
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A matrix A of order n is completely reducible provided there exists a
permutation matrix P of order n such that

A4 O --- O
papr=| ¢ O
0 0 - A
where t > 2 and Aj, Ao, ..., At are square irreducible matrices. Thus A is

completely reducible if and only if A is reducible and the matrices A4;;, (1 <
i < j < t) that occur in the Frobenius normal form (2.1) are all zero matrices.
The following corollary is an immediate consequence of Theorem 3.4.5.

Corollary 3.4.6. Let A be an irreducible nonnegative matriz. Let m be
a positive integer. If A™ is reducible, then A™ is completely reducible.

Let A = [a;5],(1 <4, < n) be a matrix of order n which is r-cyclic.
We conclude this section by showing how the r-cyclicity of A implies a
special structure for the characteristic polynomial of A. First we recall the
definition of the determinant. The determinant of A is given by

det(A) =D (signm)ain(1)02x(2) ** * Gnr(n)

where the summation extends over all permutations 7 of {1,2,...,n} and
(signm) = *1 is the sign of the permutation 7. We let the set V' of vertices
of D(A) be {1,2,...,n} where there is an arc (, j) from vertex ¢ to vertex
J if and only if a;; # 0. Suppose that ay;,ag;, ---an;, # 0. Then U =
{(1,41),(2,42), ..., (n,in)} is a set of n arcs of D(A). For each vertex there
is exactly one arc in U leaving the vertex and exactly one arc entering it.
Thus the set U of arcs can be partitioned into nonempty sets each of which
is the set of arcs of a directed cycle of D(A).
Now let

p(A) = det(M — A) = coA™ + 1 A"+ A" 24 - 4 ep_1 A+ en, (0 = 1)

be the characteristic polynomial of A. The n roots of () are the character-
istic roots (eigenvalues) of A. The coefficient c; of A»~* equals (—1)* times
the sum of the determinants of the principal submatrices of A of order . It
follows from the above discussion that ¢; # 0 only if there exists in D(A)
a collection of directed cycles the sum of whose lengths is ¢ which have
no vertex in common. If the digraph D(A) is cyclically r-partite, each di-
rected cycle has a length which is divisible by 7. Hence if D(A) is cyclically
r-partite, ¢; # 0 only if r is a divisor of i. Hence the only powers of A which
can appear with a nonzero coefficient in (\) are A, A*~" A"~2r __ The
following theorem is due to Dulmage and Mendelsohn[1963,1967].
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Theorem 3.4.7. Let A be an r-cyclic matriz of order n. Let P be a
permutation matriz of order n such that (3.4) and (3.5) hold. Then there
exists a monic polynomial f()\) and nonnegative integers p1,p2, - . ., pr Such
that the following hold:

(i) £(0) #0;

(i) The characteristic polynomial of B; is f(A)ANPi, (i = 1,2,...,7). For
each Toot p of f(X\) the elementary divisors corresponding to u are
the same for each of B1,Bo, ..., By,

(iii) The characteristic polynomial of A is f(A\T)\PrH+P2++pr,

() The characteristic polynomial of A™ is f(A)TAPr+P2t=+Pr,

Proof. Since A is r-cyclic its characteristic polynomial ¢(A) can be writ-
ten as ¢(A) = f(A")MP where f()) is a monic polynomial with f(0) # 0 and
p is a nonnegative integer. Since the eigenvalues of A™ are the rth powers
of the eigenvalues of A, the characteristic polynomial of A" is (f()))"AP.
Let ¢;(A) be the characteristic polynomial of B; (i = 1,2,...,7). We have

21N @2() -+ 9r (V) = (FN)HP, (38)

and the nonzero eigenvalues of By, By, ..., B are all roots of f(\). Next
we observe that

By = Ajp(Aa3 -+ Ar1), and  Bp = (A23--- Ar1)A12.

Standard results in matrix theory now allow us to conclude that the nonzero
eigenvalues of B; are the same as those of By and the elementary divisors
of By corresponding to its nonzero eigenvalues are the same as those corre-
sponding to the nonzero eigenvalues of By. The same conclusions hold for
By and B3, By and By, ..., B, and B;. Hence Bj, By, ..., B, all have the
same nonzero eigenvalues and the same elementary divisors correspond-
ing to each of their nonzero eigenvalues. We are now able to assert that
there exists a monic polynomial g(\) with ¢g(0) # 0 and nonnegative inte-
gers p1, P2, ..., pr such that @;(A) = g(A)WP: (i =1,2,...,r). Substituting
these last equations into (3.8) we obtain

(g(A))T AP+ = (f(X))TAP. (3.9)
Since ¢(0) # 0 and f(0) # 0 we conclude from (3.9) that f(\) = g()) and
p=p1 +p2+---+ pp. Now each of (i)-(iv) holds. o

Most of the results in this section can be found in Dulmage and Mendel-
sohn[1967]. Other early papers which treat some of the topics, in some cases
from a different viewpoint or with a different starting point, include Gant-
macher[1959], Ptak[1958], Romanovsky[1936], Ptk and Sedld¢ek(1958] and
Varga[1962]. Spectral properties of irreducible nonnegative matrices relat-
ing to the index of imprimitivity will be studied in the book Combinatorial
Matriz Classes.
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Exercises

1. Show that the index of imprimitivity of a strongly connected digraph is not
always equal to the greatest common divisor of the lengths of the directed
cycles containing a specified vertex.

2. Prove or disprove that the product of two primitive matrices is primitive.

3. Prove that a primitive (0,1)-matrix of order n > 2 contains at least n +1 1’s
and construct an example with exactly n+ 1 1’s.

4. Prove that the index of imprimitivity of an irreducible imprimitive symmetric
matrix of order n > 2 equals 2.

5. Let A be a nonnegative matrix of order n and assume that A hasno zero lines.
Suppose that A is cyclically r-partite and has the form given in (3.4). Prove
that A is irreducible if and only if A12:--A,_1,Ar is irreducible (Dulmage
and Mendelsohn[1967]; see also Minc[1974]).

6. (Continuation of Exercise 5) Prove that the number of irreducible components
of A equals the number of irreducible components of Ay2 - -+ Ar_1 »Ar1 (Brualdi
and Lewin[1982]).
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3.5 Exponents of Primitive Matrices

The exponent exp(A) of a primitive nonnegative matrix A has been de-
fined to be the smallest positive integer k such that A? is a positive matrix
for all integers ¢ > k. The exponent of A depends only on the digraph
D(A) (and not on the magnitude of the elements of A) and equals the
smallest positive integer k such that for each ordered pair a, b of vertices
there is a directed walk from a to b of length k, and thus a directed walk
from a to b of every length greater than or equal to k. In investigating
the exponent there is therefore no loss in generality in considering only
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(0,1)-matrices. As a result we assume throughout this section that A is a
primitive (0,1)-matrix of order n. The vertex set of the digraph D(A) is
denoted by V = {aj,aa,...,an}.

The exponent of the matrix A can be evaluated in terms of other more
basic quantities. Let exp(A : 4, j) equal the smallest integer k such that the
element in position (i, 5) of A? is nonzero for all integers t > k, (1 <i,j <
n). Let exp(A : i) equal the smallest positive integer p such that all the
elements in row ¢ of AP are nonzero, (1 < i < n). Thus exp(A : 4, j) equals
the smallest positive integer k such that there is a directed walk of length
t from a; to aj in D(A) for all t > k, and exp(A : 1) equals the smallest
positive integer p such that there are directed walks of length p from a; to
each vertex of D(A).

Lemma 3.5.1. The ezponent of A equals the mazimum of the integers
exp(4:4,5), (4,7=12,...,n).
It also equals the mazimum of the integers
exp(A:1), (i=1,2,...,n).

Proof. The first conclusion is an immediate consequence of the definitions
involved. Suppose that there is a directed walk of length p in D(A) from
vertex a; to vertex a; for each j with 1 < j < n. There is an arc a = (ax, a;)
for some choice of vertex ag. A directed walk from a; to aj of length p
combined with the arc a determines a directed walk of length p + 1 from
a; to aj. It follows that there are directed walks from a; to each vertex a;
of every length ¢ > p, and the second conclusion also holds. O

Lemma 3.5.1 is useful for obtaining upper bounds for the exponent of the
primitive matrix A. If f1, fo,..., fn are integers such that there are directed
walks of length f; from a; to every vertex of D(A), (i = 1,2,...,n), then
exp(A) < max{fl, f21 o ,f'n,}-

An irreducible matrix with at least one nonzero element on its main
diagonal is primitive, since its digraph has a directed cycle of length 1.
The following theorem of Holladay and Varga[1958] gives a bound for the
exponent of such a matrix.

Theorem 3.5.2. Let A be an irreducible matriz of order n having p > 1
nonzero elements on its main diagonal. Then A is a primitive matriz and
exp(A) <2n—-p—1.

Proof. The digraph D(A) has p loops, and we let W be the set of p
vertices which are incident with a loop. Let a; and a; be two vertices.
There is a directed path from a; to a vertex a; in W whose length is at
most n—p and a directed path from aj, to a; whose length is at most n —1.
Combining these two directed paths we obtain a directed path from a; to
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a; of length at most equal to 2n — p — 1. Taking advantage of the loop at
vertex ay we obtain a directed walk from a; to a; whose length is exactly
2n—p-1. (]

If the irreducible matrix A in Theorem 3.5.2 has no zeros on its main
diagonal, then the exponent of A is at most n — 1. This special case of
Theorem 3.5.2 is equivalent to the property noted in Section 2 that for
an irreducible nonnegative matrix A of order n, (I + A)"~! is a positive
matrix.

The characterization of those matrices achieving the bound in the fol-
lowing theorem is due to Shao[1987].

Theorem 3.5.3. Let A be a symmetric irreducible (0, 1)-matriz of order
n > 2. Then A is primitive if and only if its associated digraph D(A) has
a directed cycle of odd length. If the symmetric matriz A is primitive, then
exp(A) < 2n-2 and equality occurs if and only if there ezists a permutation
matriz P of order n such that

(01 0 -~- 0 0]
101 00
pup_ | 010 00
000 0 1
[0 00 11

Proof. The digraph D(A) is a symmetric digraph and has a directed cycle
of length 2. Hence A is primitive if and only if D(A) has a directed cycle
of odd length. Assume that A is primitive. The matrix A2 is primitive and
has no zeros on its main diagonal. By Theorem 3.5.2 (42)"! is a positive
matrix and hence exp(A) < 2n — 2. First suppose that A is the matrix
displayed in the theorem. The smallest odd integer k for which there is a
directed walk from vertex a; to itself is 2n — 1. Hence exp(A) > exp(A4 :
1,1) > 2n — 2. Now suppose that exp(A) = 2n — 2. Examining the proof
of Theorem 3.5.2 as applied to the matrix A2 we see that there are two
vertices whose distance in D(A?) is n—1. Thus D(A?) is a directed chain of
length n—1 with a loop incident at each vertex. If there were three vertices
a,b and c each two of which were adjacent in the symmetric digraph D(A),
then @ — b — ¢ — a would be a directed cycle in D(A2?). It follows that
D(A) is a directed chain of length n — 1 with at least one vertex incident
with a loop. Since exp(A) = 2n — 2 there is exactly one loop in D(A) and
it is incident with one of the end vertices of the directed chain. m]

Theorem 3.5.2 gives the upper bound 2n — 2 for the exponent of a prim-
itive matrix whose digraph has a directed cycle of length 1. The following
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theorem of Sedldc¢ek([1959] and Dulmage and Mendelsohn[1964] furnishes a
bound for the exponent in terms of the lengths of directed cycles.

Theorem 3.5.4. Let A be a primitive (0, 1)-matriz of order n. Let s be
the smallest length of a directed cycle in the digraph D(A). Then

exp(4) <n+ s(n —2).

Proof. The matrix A% has at least s positive elements on its main diag-
onal. Let W be the set of vertices of D(AS) which are incident with a loop.
Then |W| > s and each vertex can be reached by a directed walk in D(A%)
of length n — 1 starting from any vertex in W. Let the set of vertices of
D(A) be V = {a1,a2,...,an}. In D(A) each vertex a; can be reached by
a directed walk of length s(n — 1) starting from any vertex in W. For each
vertex a; there is a directed walk of length /; to some vertex in W where
l; < n— s It follows that

exp(D(A) :i) <li+s(n—1) <n+s(n-2), (=12,...,n).
We now apply Lemma 3.5.1 and obtain the conclusion of the theorem. 0O

Shao[1985] has characterized the (0,1)-matrices A whose exponent exp(A)
achieves the upper bound n + s(n — 2) in the theorem.

Theorem 3.5.4 can be used to determine the largest exponent possible
for a primitive matrix of order n. First we determine the Frobenius—Schur
index of two relatively prime integers.

Lemma 3.5.5. Let p and q be relatively prime positive integers. Then
¢(pg) =(p-1)(g—1)=pg—p-q+1

Proof. We first show that ¢(p,q) > pg—p—q+ 1. Suppose that there are
nonnegative integers a and b such that pg — p — ¢ = ap + bg. The relative
primeness of p and ¢q implies that p is a divisor of b+ 1 and ¢ is a divisor
of a + 1. Hence

pg—p—q=ap+bg>(¢g—1)p+(p—1)g=pg—p—q+pg,

a contradiction.

We next show that every integer m > pq can be expressed as a positive
integral linear combination of p and q. There exists an integer a with 1 <
a < g such that m = ap (mod q). Let b = (m —ap)/q. Then b is a positive
integer and m = ap + bq. It now follows that every integer m > pg —p — ¢
can be expressed as a nonnegative linear combination of p and q. o

The following inequality was stated by Wielandt[1950]; the first pub-
lished proofs appeared in Rosenblatt[1957], Holladay and Varga[1958] and
Pt&k[1958].
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Figure 3.2

Theorem 3.5.6. Let A be a primitive (0, 1)-matriz of ordern > 2. Then
exp(4) < (n—1)2 +1. (3.10)

Equality holds in (3.10) if and only if there ezxists a permutation matriz P
of order n such that

010 0
0 01 0
pPAPT = N (3.11)
100 --- 1
100 --- 0

Proof. Let s denote the smallest length of a directed cycle in the digraph
D(A). Since A is primitive we have s < n — 1. Equation (3.10) now follows
from Theorem 3.5.4. Assume that exp(A) = (n —1)2+ 1. Then s=n —1
and the primitivity of A implies that D(A) also has a directed cycle of
length n. [If n = 2 we use the fact that D(A) is strongly connected.] Since
D(A) does not have a directed cycle with length smaller than n — 1, it
follows readily that apart from the labeling of the vertices D(A) is one of
the two digraphs D; and D2 shown in Figure 3.2.

The digraph D is the digraph of the matrix displayed in (3.11).

First assume that the digraph D(A) equals D;. Every closed directed
walk from an to an has length n + a(n — 1) + bn for some nonnegative
integers a and b. It follows from Lemma 3.5.5 with p=n—1and g =n
that the integer (n — 2)(n — 1) — 1 cannot be expressed as a(n — 1) + bn
for any choice of nonnegative integers a and b. Hence there is no directed
walk from ap, to an of length (n —2)(n —1) + n — 1 = (n — 1)2. Using
Lemma 3.5.1 we now see that exp(A) > exp(4 : n) > (n — 1)2 + 1. Thus
exp(A) = (n —1)2 + 1.

Now assume that the digraph D(A) equals Dy. Every directed walk from
a1 to ap has length (n — 1) +a(n — 1) + bn for some nonnegative integers a
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and b. Lemma 3.5.5 implies that there is no directed walk from a; to a,, with
length (n—1)+(n—2)(n—1)—1 = (n—1)2—1. Hence exp(4) > (n—1)2. We
now show that exp(A4) = (n — 1)2. Since each vertex is on a directed cycle
of length n and is also on a directed cycle of length n — 1, we apply Lemma
3.5.5 again and conclude that each vertex belongs to a closed directed walk
of length ¢ for each integer ¢t > (n — 2)(n — 1). Let a; and a; be any two
vertices. There is a directed walk from a; to a; with length /;; < n —1
and hence a directed walk from a; to a; of length I;; + t for each integer
t>(n—2)(n—-1). Thus

exp(A:z',j)Slij+(n—2)(n—1)S(n—1)+(n—2)(n—1)=(n—1)2.

We now apply Lemma 3.5.1 to obtain exp(A4) < (n — 1)2. Hence exp(A) =
(n— 1)2. Thus the primitive matrix of order n has exponent equal to (n —
1)2 +1 if and only if there is a permutation matrix P of order n such that
(3.11) holds. o

In the proof of Theorem 3.5.6 we have also established the fact that a
primitive (0,1)-matrix A of order n has exponent equal to (n — 1)? if and
only if the digraph D(A) is, apart from the labeling of its vertices, the
digraph Dy of Figure 3.2. Thus A has exponent (n—1)? if and only if there
is a permutation matrix P of order n such that

010 0
0 01 0
PAPT = | : @
100 --- 1
110 ---0

Let n be a positive integer and let E, denote the set of integers ¢ for
which there is a primitive matrix of order n with exponent equal to t.
By Theorem 3.5.6, E, C {1,2,...,wp} where wy = (n — 1)2 4+ 1. The
exponent of a positive matrix is 1, and thus 1 € E,. By Theorem 3.5.6 and
the discussion immediately following its proof, wp, and wp, — 1 = (n — 1)2
are in E,. The following theorem of Shao[1985] shows that the exponent
sets E, form a nondecreasing chain of sets.

Theorem 3.5.7. Foralln>1,
En, C Ent1.

Proof. Let A be a primitive (0,1)-matrix of order n with exponent equal
to t. Let B be the matrix of order n + 1 whose leading principal submatrix
of order n equals A and whose last two rows and last two columns, respec-
tively, are equal. The digraph D(B) is obtained from the digraph D(A)
by adjoining a new vertex an41 to the vertex set V = {ay,a2,...,an} of
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D(A) and then adding arcs (a;,an+1) and (an41,a;) whenever (a;, an) and
(an,a;) are, respectively, arcs of D(A). In addition, (an+1,an41) is an arc
of D(B) if and only if (an,ay) is an arc of D(A).

An elementary argument based on these digraphs reveals that B is a
primitive matrix and that B has exponent equal to ¢. o

Dulmage and Mendelsohn[1964] showed that if n > 4, E, is a proper
subset of {1,2,...,wy}. Specifically they showed that there is no primitive
matrix A of odd order n such that

n? —3n+5<exp(4) < (n—-1)2%-1
or

n? —4n+7<exp(A) <n?-3n+1.
If n is even, there is no primitive matrix A with

n2 —4n+7 <exp(A) < (n—1)%2 - 1.

Intervals in the set {1,2,...,wn} containing no integer which is the expo-
nent of a primitive matrix of order n have been called gaps in E,,. Lewin
and Vitek[1981] obtained a family of gaps in Ey, and in doing so obtained
a test for deciding whether or not an integer m satisfying

[ +2<m Swn
belongs to E,. The following theorem plays an important role in this test.

Theorem 3.5.8. Let the exponent of a primitive (0,1)-matriz A of order
n satisfy

exp(A4) > L’“—‘;B J+2

Then the digraph D(A) has directed cycles of exactly two different lengths.

Theorem 3.5.8 puts severe restrictions on a primitive matrix of order n
whose exponent is at least |wp /2] + 2. Such a matrix must contain a large
number of zeros. Lewin and Vitek[1981] conjectured that every positive
integer m with m < |wrn /2| + 1 is the exponent of at least one primitive
matrix of order n. Shao[1985] disproved this conjecture by showing that
the integer 48 which satisfies 48 < |w11/2] +1 = 51 is not the exponent of
a primitive matrix of order 11. In addition he proved that

{1 [ 2 +1} C En

for all n and that
{1,2 l =) +1} C Ey
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for all sufficiently large n. In doing so he showed that the conjecture of
Lewin and Vitek would be true if one could establish the validity of a
certain number theoretical question. Zhang[1987] proved the validity of the
number theoretical question thereby settling the question which arose from
the conjecture of Lewin and Vitek.

Theorem 3.5.9. Let n be an integer with n > 2. Then for each positive
integer m with m < |wy /2| + 1 there is a primitive matriz of order n with
exponent equal to m with the exception of the integer m = 48 when n = 11.

Let E; denote the set of integers ¢ for which there exists a symmetric prim-
itive (0,1)-matrix of order n with exponent equal to t. By Theorem 3.5.3,
ES € {1,2,...,2n— 2}. Shao[1987] proved that E; = {1,2,...,2n—-2} - 8§
where S is the set of odd integers m with n < m < 2n — 2. Liu, McKay,
Wormald and Zhang[1990] proved that the set of exponents of primitive
(0,1)-matrices with zero trace is {2,3,...,2n — 4} — S’ where S’ is the set
of odd integers m with n—2 < m < 2n— 5. Liu[1990] proved that for n > 4
every integer m > 1 which is the exponent of a primitive (0,1)-matrix of
order n is the exponent of a primitive (0,1)-matrix of order n with zero
trace.

Let A be a primitive matrix of order n. A matrix obtained from A by
simultaneous line permutations is also primitive. But a matrix obtained
from A by arbitrary line permutations need not be primitive even if it is
irreducible. For example, the matrix

00110
1 00 00
01000
0 0001
01000

is a primitive matrix. Suppose we move column 1 so that it is between
columns 3 and 4. We obtain the matrix

01010
0 0100
1.0 0 00
0 0001
1 00 00

which is irreducible but not primitive.

The following theorem of Shao[1985] characterizes those matrices which
can be obtained from primitive matrices by arbitrary line permutations. As
in the case of irreducible matrices in Theorem 3.2.5, it suffices to consider
only column permutations.
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Theorem 3.5.10. Let A be a (0,1)-matriz of order n. There exists a
permutation matriz Q of order n such that AQ is a primitive matriz if and
only if the following three conditions hold:

(i) A has at least one 1 in each row and column;
(ii) A is not a permutation matriz;
(i) A is not the matriz

or any matriz obtained from it by line permutations.

We now discuss a theorem of Moon and Moser[1966]. Let A, denote
the set of all (0,1)-matrices of order n. Let P, denote the subset of Ay,
consisting of the primitive matrices. The proportion of primitive matrices
among all the (0,1)-matrices of order n is

[Pl _ [Pal
|An|  27*°

Theorem 3.5.11. Almost all (0,1)-matrices of order n are primitive,
that is

lim IEZ—‘ =1.

n—oo 2M
Indeed almost all (0, 1)-matrices of order n are primitive and have exponent
equal to 2.

Since a primitive matrix is irreducible, almost all (0,1)-matrices of order
n are irreducible.

The study of the exponent of primitive, nearly reducible matrices was
initiated by Brualdi and Ross[1980] and further investigated by Ross[1982],
Yang and Barker[1988] and Li[1990]. Other bounds for the exponent are in
Heap and Lynn [1964], Lewin[1971] and Lewin[1974]. Some generalizations
of the exponent are considered in Brualdi and Li[1990], Chao[1977], Chao
and Zhang[1983] and Schwarz[1973].

Exercises

1. Let A be primitive symmetric (0, 1)-matrix of order n > 2 havingp > 1 1’s on
its main diagonal. Prove that

exp(A) < max{n — 1,2(n — p)}

(Lewin[1971]).
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2. Let A be an irreducible (0, 1)-matrix of order n > 2. Consider the digraph D(A)
and assume that there are vertices a; and a; (possibly the same vertex) such
that there are directed walks from a; to a; of each of the lengths 1,2,...,n—1.
Prove that A is primitive and that the exponent of A does not exceed 2d + 1
where d is the diameter of D(A) (Lewin[1971]).

3. Prove that there does not exist a primitive matrix of order n > 5 whose
exponent equals n2 — 2n (Dulmage and Mendelsohn[1964]).

4. Let A be a (0,1)-matrix of order n. Prove that the conditions (z), (%) and
(#ét) in Theorem 3.5.10 must be satisfied if there is to be a permutation matrix
Q such that AQ is a primitive matrix.

5. Let A be the matrix (3.11) displayed in Theorem 3.5.6. Determine the numbers
exp(4;1), (¢ = 1,2,...,n) (Brualdi and Li[1990]).

6. Let n be a positive integer and let E; denote the set of integers t for which
there exists a primitive symmetric matrix of order n and exponent ¢. Prove that
E;, CE;;1,(n > 1). Use this fact and the displayed matrix in Theorem 3.5.3
to show that k € E; for each even positive integer k£ < 2n — 2 (Shao[1987)).

7. Prove that the exponent of a primitive, nearly reducible matrix of order n is
at least 4. [In fact, it is at least 6, and for each n > 4 there exists a primi-
tive, nearly reducible matrix of order n whose exponent equals 6 (Brualdi and
Ross[1980]).]

8. Let A be a tournament matrix of order n. If n > 4, prove that A is primitive
if and only if A is irreducible. If n > 5 and A is primitive, prove that the
exponent of A is at most equal to n + 2 (Moon and Pullman[1967]).
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3.6 Eigenvalues of Digraphs

Let D be a general digraph of order n and let its vertex set be the n-set
V = {a1,a9,...,a,}. Let A be the adjacency matrix of D. The character-
istic polynomial of A is called the characteristic polynomial of D and the
collection of the n eigenvalues of A is called the spectrum of D. If D is
a symmetric digraph, then the spectrum of D consists of n real numbers.
In general, the spectrum of D consists of n complex numbers. Information
about the eigenvalues in the spectrum of the digraph D is not in general
easy to obtain. In addition, the combinatorial significance of the eigenvalues
is less evident than it is for the eigenvalues of a graph. The directed cycles
of D can be used to obtain regions in the complex plane which contain the



3.6 Eigenvalues of Digraphs 89

spectrum of D. Such eigenvalue inclusion regions can be obtained more
generally for complex matrices and their associated digraphs.

Let A = [a5], (4,5 = 1,2,...,n) be a complex matrix of order n. Inclusion
regions for the eigenvalues of A are closely connected with conditions which
guarantee that A is nonsingular. The most classical results of this type are
the GerSgorin theorem and the Lévy—Desplanques theorem.

Let

R; =lag|+- +lagi-1| +lagip1l + - +laml, (E=1,2,...,n) (3.12)

denote the sum of the moduli of the off-diagonal elements in row ¢ of A.
The matrix A is called diagonally dominant provided

lagz| > R;, (i=1,2,...,n).

Notice that a diagonally dominant matrix can have no zeros on its main
diagonal. The theorem of Lévy[1881] and Desplanques[1887] (see Marcus
and Minc[1964]) gives a sufficient condition for A to be nonsingular.

Theorem 3.6.1.  Ifthe matriz A is diagonally dominant, thendet(A) # 0.

The theorem of Gersgorin[1931] (see also Taussky[1949]) determines an
inclusion region for the eigenvalues of A.

Theorem 3.6.2. The eigenvalues of the matriz A of order n lie in the
region of the complex plane determined by the union of the n closed discs

Zi={z: g —ay| <R}, (i=12,...,n)

It is straightforward to derive either of these theorems from the other.
Let A be an eigenvalue of A. Then det(A] — A) = 0 and hence by Theorem
3.6.1, A\I — A is not diagonally dominant. Thus for at least one integer 7 with
1<i<n, |A—a4| < R;. Thus Theorem 3.6.2 follows from Theorem 3.6.1.
If A is diagonally dominant, then none of the discs Z; contains the number
0. Therefore Theorem 3.6.2 implies that a diagonally dominant matrix A
has no eigenvalue equal to 0 and so det(A) # 0.

In order to obtain generalizations of Theorems 3.6.1 and 3.6.2 which
utilize the digraph of a matrix, we need one elementary result about
digraphs. Let D be a digraph of order n with vertices {a1,as,...,an}.
Corresponding to each vertex a; let there be given a real number w;, (i =
1,2,...,n). Under these circumstances we call D a vertez-weighted di-
graph. An arc (a;,a;) issuing from vertex a; is a dominant arc from ver-
tex a; provided w; > wy for all integers k for which (a;,aj) is an arc of
D. There may be more than one dominant arc from a given vertex. A
directed cycle

a"il —-)(1,,,:2 — e —> ai,, —>aip+1 =a‘i1
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in which (a;;,a;,,,) is a dominant arc from vertex a;, for each j = 1,2,
..,p is called a dominant directed cycle (with respect to the given vertex-
weighting).

Lemma 3.6.3. Assume that each vertex of the digraph D has an arc
issuing from it. Then D has a dominant directed cycle.

Proof. Let ag, be any vertex of D. Choose a dominant arc (ak,,ak,)
issuing from ay,, then a dominant arc (ak,,ax,) issuing from aj, and so
on. In this way we obtain a directed walk

Qg, — Ak, — A, — -+~

Let s be the smallest integer for which there is an integer 7 with 1 <r < s
such that k. = ks. Then

ak, = Gk, ., — " = Ok

T+1 8

is a directed cycle each of whose arcs is dominant. o

We return to the complex matrix A = [a;;] of order n and denote by
Dg(A) the digraph obtained from D(A) by removing all loops. If a digraph
is vertex-weighted with weights wy,ws,...,wn and 7 is a directed cycle,
then [T, w; denotes the product of the weights of the vertices that are on
~. We may regard the digraphs D(A) and Dg(A) as vertex-weighted by the
numbers |a11],|a22|;- - -, |ann| as well as by the numbers Ry, Ra, ..., Rp.

Theorem 3.6.4. Let all the elements on the main diagonal of the com-
plez matriz A = [a;;] of order n be different from zero. If

[T leal > I B (3.13)
Y

5
for all directed cycles of D(A) with length at least 2, then

det(A) # 0.

Proof. Since the determinant of A is the product of the determinants of
its irreducible components and since no main diagonal element of A equals
zero, we assume that A is an irreducible matrix of order at least two. Sup-
pose that det(A) = 0. There exists a nonzero vector = (z1,z2,...,2Zn)T
such that

Az = 0. (3.14)

Let W consist of those vertices a; for which z; # 0. Let D be the subdi-
graph of Dg(A) obtained by deleting the vertices not in W and all arcs in-
cident with at least one of the deleted vertices. The equation (3.14) implies
that each vertex of Df has an arc issuing from it. We weight the vertices
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of W by assigning to the vertex a; the weight |z;| and apply Lemma 3.6.2
to obtain a dominant directed cycle

I ) ) o
Y iap, —ap, a6, = a6

in Dy of length p > 2. Let j be any integer with 1 < j < p. By (3.14) and
the definition of W we obtain

a‘ijij xi]' = - Z aijka =- Z a‘ijkzk‘
k#i; {k:ax EW—{a,-J }}
Since 7 is a dominant directed cycle, we obtain

lag,i; |1zs;] < > |a;, k|l

{k:ar €W —{a;; }}

< Z 'aijkl Ixij+1 |

{k:ax GW—{a,»J. }}

Hence
lai,i, llei, | < | Y laikl | ey, ), (1 <5 < p). (3.15)
k#i;
By (3.12)
lai, i, ||z:; | < Ry, |zi;,,1,(1 < 5 < p). (3.16)

We multiply the p inequalities in (3.16) and use the fact that ipy1 = 41

and obtain
[T laal [T lwsl < T & ] -
;7/ ;YI ;yl ,YI
Since z; # 0 if a; € W, we obtain

ITleal <]J .. (3.17)
;YI ,Y/

Inequality (3.17) is in contradiction to our assumption (3.13), and hence
det(A) # 0. a

If the matrix A = [a;;] of order n does not have an irreducible component
of order 1, then each vertex of D(A) belongs to at least one directed cycle of
length at least 2 and hence (3.13) implies that a;; #0for: =1,2,...,n. It
follows that the assumption in Theorem 3.6.3 that the elements on the main
diagonal of A are different from zero is not needed if A is an irreducible
matrix of order at least 2. A zero matrix shows that the assumption cannot
be removed in general.

We may apply Theorem 3.6.4 to obtain an eigenvalue inclusion region.
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Theorem 3.6.5. Let A = [a;;] be a complez matriz of order n. Then the
eigenvalues of A lie in that part of the compler plane determined by the
union of the regions

Zy = {Zinlz—aiil SHRL'}
Y Y
over all directed cycles v of D(A) having length at least 2.

Proof. Since the vertices of a directed cycle all belong to the same strong
component, it suffices to prove the theorem for an irreducible matrix A. We
assume that A is irreducible matrix of order n > 2 and proceed as in the
derivation of Theorem 3.6.2 from Theorem 3.6.1. Let A be an eigenvalue
of A. Then det(A — A) = 0. The digraphs D(A) and D(AI — A) have the
same set of directed cycles of length at least 2. Moreover, R; is also the sum
of the moduli of the off-diagonal elements in row i of Al — A, (1 < ¢ < n).
We apply Theorem 3.6.4 to AI — A, and noting the discussion following its
proof, we conclude that there is a directed cycle v of D(A) with length at

least 2 such that
[T -aul <J] R
v v

Hence the eigenvalue A is in Z,. o

Notice that Theorem 3.6.1 and hence Theorem 3.6.2 are direct conse-
quences of Theorem 3.6.4. Another consequence of Theorem 3.6.4 is the
following theorem of Ostrowski[1937] and Brauer[1947].

Theorem 3.6.6. Let A= [aij] be a complex matriz of order n > 2. If
laisllajj| > RiRj, (3,5 = 1,2,...,m58 # j), (3.18)

then det(A) # 0. The eigenvalues of the matriz A lie in the region of the
complezx plane determined by the union of the ovals

Zij = {z: |z—aii||z—ajj| < R,'Rj}, (1,7 =1,2,...,n;1 # j).

Proof. Assume that (3.18) holds. Then ai; # 0,(¢: = 1,2,...,n) and
(3.13) holds for all directed cycles v of D(A) of length 2. We show that
(3.13) holds also for all directed cycles of length at least 3. If

laii| > R (3.19)

holds for all %, then (3.13) is satisfied. It follows from (3.18) that the only
other possibility is for (3.19) to fail for exactly one integer i. Let v be a
directed cycle of length p > 3. We choose distinct integers ¢ and j such
that a; and a; are vertices of v and |agk| > Ry whenever ay is a vertex of
v with k # 4, j. It now follows from (3.18) that (3.13) holds for 7. We now
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apply Theorem 3.6.4 and obtain det(A) # 0. The second conclusion of the
theorem follows by applying the first conclusion to the matrix AI — A for
each eigenvalue A of A. 0

The girth of a digraph D is defined to be the smallest integer k£ > 2 such
that D has a directed cycle with length k. Notice that we exclude loops in
the calculation of the girth. If D has no directed cycle with length at least
2, the girth of D is undefined.

If the square matrix A has only zeros on its main diagonal, then Theorem
3.6.5 simplifies considerably. The numbers Ry, Ry, ..., Ry defined in (3.12)
are then the sum of the moduli of the elements in the rows of A.

Corollary 3.6.7. Let A = [a;;] be a complex matriz of order n with only
0’s on its main diagonal. Suppose that the numbers Ry, Ra, ..., R, defined
in (3.12) satisfy R1 < Ry < --- < Ry,. Then each eigenvalue X of A satisfies

A < ¢/Fagr1— Fn

where g is the girth of D(A).

Proof. Let A be an eigenvalue of A. By Theorem 3.6.5 there exists a
directed cycle v of D(A) of length p > g such that

IMP <[] Bi < Rn—ps1-+ B
Y

Hence

Al < ¢/Rn_pt1-+ Rn < {/Rn_gt1-- Ra. o

Applying Corollary 3.6.7 to the adjacency matrix of a digraph D of girth
g with no loops, we conclude that the absolute value of each eigenvalue of
D does not exceed the gth root of the product of the g largest outdegrees
of its vertices.

If the matrix A is irreducible, the sufficient conditions obtained for the
nonvanishing of the determinant and the corresponding eigenvalue inclusion
regions can be improved. The improvement of Theorems 3.6.1 and 3.6.2 as
given in the next theorem is due to Taussky[1949].

Theorem 3.6.8. Let A = [a;;] be an irreducible complex matriz of order
n. If

IaiilzRfi’ (i:1a2v-'-vn)

with strict inequality for at least one i, then det(A) # 0. A boundary point
w of the union of the n closed discs

Zi={z:|z—a4| <R}, (i=12,...,n)
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can be an eigenvalue of A only if w is a boundary point of each of the n
discs.
The more general Theorems 3.6.4 and 3.6.5 admit a similar improvement.

Theorem 3.6.9. Let A = [a;;] be an irreducible complex matriz of order

n>2 If
[T laal = I] B (3.20)
v 2

for all directed cycles v of D(A) with length at least 2, with strict inequality
for at least one such directed cycle, then det(A) # 0. A boundary point w
of the union of the regions

Zy ={z’le-%| SHRi}
8] Y
can be an eigenvalue of A only if w is a boundary point of each Z..

Proof. Assume that (3.20) holds for all . Since A is irreducible, R; #
0,(¢ =1,2,...,n) and (3.20) implies that a; # 0,(i = 1,2,...,n). We
suppose that det(A) = 0 and proceed as in the proof of Theorem 3.6.4.
However, since we only assume the weaker inequality (3.20), when we reach
(3.17) we can only conclude that equality holds, that is

[T laisl =]] & (3.21)
v v

It follows that equality holds in (3.16). We conclude from the derivation of
(3.16) that for each integer j = 1,2,...,p

aj;x #0 implies |zx|= |z, |, (k=1,2,...,n5k # ;).

Thus for each vertex a;; of v', the weights of the vertices to which there is
an arc from a;; are constant. Suppose there is a vertex of D(A) which is not
a vertex of . Since A is irreducible, D(A) is strongly connected and hence
there is an arc (aij ,ar) from some vertex a;; of v to some vertex aj not
belonging to 7. We may argue as in Lemma 3.6.3 and obtain a dominant
directed cycle 4" which has at least one vertex different from a vertex of y'.
Replacing 4/ with 4 we conclude as above that the weights are constant
over those vertices to which there is an arc from a specified vertex of v”.
Continuing like this, we conclude that each vertex a; has the property that
the weights of the vertices to which there is an arc from a; are constant. This
implies that every directed cycle of D(A) of length at least 2 is a dominant
directed cycle. Hence the proof of Theorem 3.6.4 applies to all directed cycles
of length at least 2. This means that (3.21) holds for all directed cycles v’ of
length at least 2, contradicting the assumption in the theorem. o
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Consider once again the complex matrix A = [a;;] of order n and let
S; =lay|+---+ |a¢_1,i| + |ai+1,i| +-- +lanil, (E=1,2,...n),

the sum of the moduli of the off-diagonal elements in column i of A. The
theorems proved in this section remain true if the numbers Rj, Ra,..., R,
are replaced, respectively, by the numbers S1,S2,...,S,. This is because
we may apply the theorems to the transposed matrix AT. The eigenvalues
of AT are identical to those of A. The digraph D(AT) is obtained from
the digraph D(A) by reversing the directions of all arcs. As a result the
directed cycles of D(AT) are obtained from those of D(A) by reversing the
cyclical order of the vertices.

Ostrowski[1951] combined the sequences Ry, Ry, ..., R, and S1,S2,.. .,
Sp to obtain extensions of Theorems 3.6.1 and 3.6.2.

Theorem 3.6.10. Let A = [a;;] be a complex matriz of order n, and let
p be a real number with 0 <p < 1. If

lail > RES; ™, (1<i<n)

then det(A) # 0. The eigenvalues of the matriz A lie in the region of the
complex plane determined by the union of the n discs

{z:|z—az| <RPS]P}, (1<i<n)

Theorems 3.6.4 and 3.6.5 can be similarly extended (Brualdi[1982]).

Exercises
1. Let A = [aij] be a real matrix of order n such that a;; >0,(: =1,2,...,n) and
ai; <0,(3,7 =1,2,...,n;1 # j). Assume that each row sum of A is positive.

Prove that the determinant of A is positive and that the real part of each
eigenvalue of A is positive.

2. For each integer n > 2 determine a matrix A of order n whose eigenvalues are
not contained in the union of the regions

{z : |2 — aiillz — a;5|2 — akx| < RiR; Ri}

Here 4, 7 and k are distinct integers between 1 and n and R; denotes the sum
of the moduli of the off-diagonal elements in row i of A.

3. Let D be a digraph of order n and let D’ be the digraph obtained from D
by reversing the direction of each arc. The digraphs D and D’ have the same
spectrum. Construct a digraph D such that D’ is not isomorphic to D and
thereby obtain a pair of cospectral digraphs.

4. Let A be a tournament matrix of order n, that is a (0,1)-matrix satisfying
A+ AT = J — I. Prove that the real part of each eigenvalue of A lies between
—1/2 and (n — 1)/2 (Brauer and Gentry[1968] and de Oliveira[1974]).
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3.7 Computational Considerations

Let A = [a;;], (4,5 = 1,2,...,n) be a matrix of order n. In Theorem
3.2.4 we have established the existence of a permutation matrix P of order
n such that PAPT is in the Frobenius normal form given in (3.1). The
diagonal blocks A, Aa,...,A; in (3.1) are the irreducible components of
A. By Theorem 3.2.4 they are uniquely determined apart from simultane-
ous permutations of their lines. In this section we discuss two algorithms.
The first algorithm, due to Tarjan[1972] (see also Aho, Hopcroft and Ull-
man[1975]), obtains the irreducible components A;, As, ..., Az of A includ-
ing their ordering in (3.1). The second algorithm, due to Denardo[1977] and
Atallah[1982], determines the index of imprimitivity & of an irreducible ma-
trix A and the k-cyclic components A;2, A23,..., Ax_1k; Ak1 s given in
(3.4) with 7 = k. These algorithms are best discussed in the language of
digraphs. The equivalent formulation of these considerations in terms of
the digraph D(A) has been discussed in sections 3.2 and 3.4.

We begin by recalling some definitions from the theory of digraphs. A
directed tree with root r is a digraph with a distinguished vertex r having the
property that for each vertex a different from r there is a unique directed
chain from r to a. It follows that a directed tree with root r can be obtained
from a tree T by labeling one vertex of T' with r, thereby obtaining a tree
rooted at 7, and directing all edges of T away from r. In particular, a
directed tree of order n has exactly n—1 arcs. A directed forest is a digraph
consisting of one or more directed trees no two of which have a vertex in
common.

Throughout we let D be a digraph of order n with vertex set V. Let F
be a subset of the arcs of D. The subdigraph of D consisting of the arcs
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in F' and all vertices of D which are incident with at least one arc in F’
is denoted by (F'). If the vertex set of (F') is V, then (F) is a spanning
subdigraph of D. The spanning subdigraph of D whose set of vertices is
V and whose set of arcs is F' is denoted by (F)*. A spanning subdigraph
of D which is a directed tree or a directed forest is called, respectively, a
spanning directed tree or a spanning directed forest of D. For each vertex
a € V we define the out-list of a to be the set L(a) of vertices b for which
there is an arc (a,b) from a to b.

We first discuss an algorithm for obtaining a spanning directed forest of
D. The algorithm is based on a technique called depth-first search for vis-
iting all the vertices of D, and as a result the spanning directed forest that
it determines is called a depth-first spanning directed forest. As the name
suggests, in the search for new vertices preference is given to the deepest
(or forward) direction. In the algorithm each vertex a € V is assigned a
positive integer between 1 and n which is called its depth-first number and
is denoted by df(a). The depth-first numbers give the order in which the
vertices of D are visited in the search.

Initially, all vertices of D are labeled new, F' is empty and a function
COUNT has the value 0. We choose a vertex a and apply the following
procedure Search(a) described below.

Search(a)
1. COUNT «— COUNT +1.
2. df (a) « Count.
3. Change the label of a to old.
4. For each vertex b in L(a), do
(i) If b is new, then
(a) Put the arc (a,b) in F.
(b) Do Search(b).

If upon the completion of Search(a), all vertices of D are now labeled old,
then (F) is a spanning directed tree of D rooted at a. If vertices labeled
new remain, we choose any new vertex ¢ and proceed with Search(c). We
continue in this way until every vertex has the label old. Then (F)* is a
spanning directed forest of D consisting of ! directed trees T7, T3, ..., T} for
some integer [ > 1. We assume that these directed trees have been obtained
in the order specified by their subscripts, and we speak of T'; as being to
the leftof T; if i < j.

We illustrate the depth-first procedure with the digraph D in Figure 3.3.

A depth-first spanning directed forest (F)* produced by the algorithm
is illustrated in Figure 3.4.

The unbroken lines designate arcs of F'; the broken lines designate the
remaining arcs of D. The numbers in the parentheses designate the depth-
first numbers of the vertices.
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a > b
) c
e > d
A 4 3
g h
Figure 3.3

Application of the depth-first algorithm to a digraph D determines a
partition of the arcs of D into four (possibly empty) sets specified below:

forest arcs: these are the arcs in F' produced by the algorithm;

forward arcs: these are the arcs which go from a vertex to a proper descen-
dant of that vertex in one of the directed trees of (F')*, but which are not
forest arcs. (For the determination of the strong components of D, these
arcs are of no importance and can be ignored.)

back arcs: these are the arcs which go from a vertex to an ancestor of that
vertex in one of the directed trees of (F')*. (Here we can include the loops
of D.)

cross arcs: these are the arcs which join two vertices neither of which is an
ancestor of the other. The vertices may belong to the same directed tree
or different directed trees of (F')*.

Suppose that (c,d) is an arc of D. If (c,d) is either a forest arc or a
forward arc then df(c) < df(d). If (c,d) is a back arc then df(c) > df(d)
(equality can hold only if ¢ = d). For cross arcs we have the following,

Lemma 3.7.1. If (¢c,d) is a cross arc of D then df(c) > df(d).

Proof. Let (c,d) be an arc of D satisfying df(c) < df(d). When c is
changed from a new vertex to an old vertex, d is still new. Since d is in
L(c), Search(c) cannot end until d is reached. It follows that (c, d) is either
a forest arc or a forward arc. O

Let the strong components of D be D(V;1), D(Va),...,D(Vy). The next
lemma is the first step in the identification of V1, Va,..., V4.

Lemma 3.7.2. The vertezx set of a strong component of D is the set of
vertices of some directed subtree of one of the directed trees Ty,T5,...,T;
of the depth-first spanning directed forest (F)* of D.
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Figure 3.4

Proof. Let c and d be two vertices of D which belong to the same strong
component D(V;). We first show that there is a vertex in V; which is a
common ancestor of ¢ and d. Assume that df(c) < df(d). Since ¢ and d
are in the same strong component of D, there is a directed chain v from
c to d all of whose vertices belong to V;. Let = be the vertex of 4 with
the smallest depth-first number. The vertices which come after z in v are
each descendants of = in one of the directed trees T3,7%,...,T;. This is
true because by Lemma 3.7.1 each of the arcs of v beginning with the
one leaving z is either a forest arc or a forward arc. In particular, d is a
descendant of z. Since df(z) < df(c) < df(d), it follows from the way that
depth-first search is carried out, that c is also a descendant of . Therefore
each pair of vertices in V; have a common ancestor which also belongs to
V;. We conclude that there is a vertex s; in V; such that s; is a common
ancestor of all vertices in V;. In particular, V; is a subset of the vertex set
of one of the directed trees of (F)*.

Now let ¢ be any vertex in V; and let d be a vertex on the directed chain
in (F)* from s; to c. Since ¢ and s; belong to the strong component D(V;)
of D, there is a directed chain in D from c to s;. Hence there are directed
chains from s; to d and from d to s;, and we conclude that d is also in V;.
It follows that V; is the set of vertices of a directed subtree of one of the
directed trees of (F')*. ]

By Lemma 3.7.2 the vertex sets V1, Va,. .., V} of the strong components
of D are the vertex sets of directed subtrees of the depth-first spanning
forest (F)*. Let the roots of these directed subtrees be sy, s9,..., sy, re-
spectively, where we have chosen the ordering of V1, V3,...,V} in which
depth-first search of their roots has terminated. Thus Search(s;) terminates
before Search(s;4+1) fori=1,2,...,k—1.

The strong components of D can be determined from the roots as follows.

Lemma 3.7.3. For each integer i with 1 < i < k, the vertex set V;
of the strong component D(V;) of D consists of those vertices which are
“descendants of s; but which are not descendants of any of s1,s2,...,8;-1-
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Figure 3.5

Proof. We first observe that the vertex set Vi consists of all descen-
dants of s;. This is because Search(si) terminates before Search(s;) for
i = 2,3,...,k and hence by definition of depth-first search, no s; with
i > 1 can be a descendant of s1. Similarly, for j > 1, s; cannot be a
descendant of s1,...,sj_1 and the lemma follows. o

By Lemma 3.7.3 the vertex sets of the strong components of D can be
determined once the roots of the strong components are known. To find the
roots, a new function g, called LOWLINK, defined on the vertex set V of D
is introduced. If a is a vertex in V, g(a) is the smallest depth-first number
of the vertices in the set consisting of a and those vertices b satisfying the
property: there is a cross arc or back arc from a descendant of a (possibly
a itself) to b where the root s of the strong component containing b is
an ancestor of a. The two possibilities, namely those of a cross arc and a
back arc, are illustrated in Figure 3.5. In that figure s and b are in the
same strong component and hence there must be a directed chain from a
descendant of b to s. Notice that for all vertices a we have g(a) < df(a).

The function LOWLINK provides a characterization of the strong com-
ponents.

Lemma 3.7.4. A vertez a of the digraph D is the root of one of its strong
components if and only if g(a) = df (a).

Proof. We first assume that g(a) # df(a). Then there is a vertex b satis-
fying

(i) there is a back arc or cross arc from a descendant of a to b;
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(ii) the root s of the strong component containing b is an ancestor of a;
(i) df (b) < df(a).

We have df (s) < df(b) < df(a) and hence s # a. Since there is a directed
chain from s to a and a directed chain from a to s (through b), a, b and s
are in the same strong component of D. Thus a is not the root of a strong
component of D.

We now assume that g(a) = df(a). Let r be the root of the strong compo-
nent containing a and suppose that r # a. There is a directed chain -y from
a to r. Since r is an ancestor of a, there is a first arc a of v which goes from
a descendant of a to a vertex b which is not a descendant of a. The arc « is
either a cross arc or a back arc. In either case df (b) < df(a). The directed
chain v implies the existence of a directed chain from b to 7. Since there is a
directed chain from r to a, there is also a directed chain from r to b. Hence
r and b are in the same strong component. By definition of LOWLINK we
have g(a) < df(b), contradicting g(a) = df (a) > df(b). o

The computation of LOWLINK can be incorporated into the depth-first
search algorithm by replacing Search with SearchComp. This enhancement
allows us to obtain the vertex sets of the strong components.

SearchComp(a)
1. Count — Count +1.
2. df (a) « Count.
3. Change the label of a to old.
g(a) — df(a).
5. Push a on a Stack.
6. For each vertex b in L(a), do
(i) if b is new, then
(a) Do SearchComp(b).
(b) g(a) « min{g(a), 9(b)}.
(ii) if b is old (hence df (b) < df(a)), then
(a) if b is on the Stack, g(a) «— min{g(a),df(b)}.
.If g(a) = df(a), then pop z from the Stack until z = a. The vertices
popped are declared the set of vertices of a strong component of D and
a is declared its root.

-

EN|

With this enhancement we obtain the following.

Theorem 3.7.5. The enhanced depth-first search algorithm correctly de-
termines the vertex sets of the strong components of the digraph D.

Proof. We first observe that a vertex a is declared a root of a strong
component if and only if g(a) = df(a). Hence by Lemma 3.7.4 the roots
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of the strong components are computed correctly provided the function
LOWLINK is. Moreover, when a is declared a root, the vertices put into
the strong component with a are precisely the vertices above a on the
Stack, that is the descendants of a which have not yet been put into
a strong component. This is in agreement with Lemma 3.7.3. It thus
remains to prove that LOWLINK is correctly computed. We accomplish
this by using induction on the number of calls to SearchComp that have
terminated.

We first show that the computed value for g(a) is at least equal to the
correct value. There are two places in SearchComp where the computed
value of g(a) could be less than df(a). In 6(z) it can happen if b is a child
of a and g(b) < df(a). In this case, since df(a) < df(b), there is a vertex
z with df(z) = g(b) such that = can be reached from a descendant y of
b by either a cross arc or a back arc. The vertex x has the additional
property that the root r of the strong component containing z is an
ancestor of b and hence of a. Thus the correct value of g(a) should be
at least as low as g(b) = df(z). In 6(i7) the computed value of g(a) could
be less than df(a) if there is a cross arc or back arc from a to b and
the strong component C containing b has not yet been found. In this
case the call of SearchComp on the root r of C' has not yet terminated,
so that r is an ancestor of a. As in the previous case g(a) should be at
least as low as df(b).

Now we show that the computed value for g(a) is at most equal to
the correct value. Suppose that z is a descendant of a for which there is
a cross arc or a back arc from x to a vertex y where the root r of the
strong component containing y is an ancestor of a. We need to show that
the computed value of g(a) is at least as small as df(y). We distinguish
two cases. In the first case £ = a. By the inductive assumption, all strong
components found thus far are correct. Since SearchComp(a) has not yet
terminated, neither has SearchComp(r). Hence y is still on the Stack.
Thus 6(ii) sets g(a) to df(y) or lower. In the second case, r # a. Then
there exists a child z of a of which z is a descendant. By the inductive
assumption, when SearchComp(z) terminates, g(z) has been set to df(y)
or lower. In 6(i%), g(a) is set this low unless it is already lower. Thus it
follows by induction that the computed values of LOWLINK are correct.

a

The number of steps used in the preceding algorithm for determining the
strong components of a digraph D of order n is bounded by ¢ max{n, e}
where c is a constant independent of the number n of vertices and e is the
number of arcs of D.

We return now to a matrix A of order n. Let the vertex sets of the
strong components of the digraph D(A) be determined by the algorithm
in the order V1, Va,..., V). We simultaneously permute the lines of A so
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that the lines corresponding to the vertices in V; come before the lines
corresponding to the vertices in V;_; (2 < ¢ < k). The Frobenius normal
form is then

A1 A - A
O Ay - Ay
0O 0 - A

where A; is the adjacency matrix of the strong component D(Vi4i_;),
(i=1,2,...,k).

We now discuss an algorithm for determining the index of imprimitivity
k of an irreducible matrix A and for determining the k-cyclic components
A12,A23, ..., Ag_1k, Ak of A. As in the previous algorithm we frame our
discussion in the language of digraphs and determine the index of imprim-
itivity k£ and the sets of imprimitivity of a strongly connected digraph.

Let D be a strongly connected digraph of order n with vertex set V.
We recall that for a vertex a of V, L(a) denotes the set of vertices b for
which (a,b) is an arc of D. Since D is strongly connected, a depth-first
spanning directed forest of D is a directed tree. In the algorithm we assume
that a spanning directed tree T with root r has been determined. We also
assume that the length d(a) of the unique directed chain in T from 7 to
a has also been computed for each vertex a [we define d(r) = 0]. The
algorithm INDEX computes the index of imprimitivity of D and its sets of
imprimitivity.

INDEX
1.6 0.
2. For each vertex a in V, do
(i) For each b in L(a), do
(a) 6 «— ged{6,d(a) — d(b) + 1}.
3. W1 —{a:d(a) =0 (modé)},
W {a:d@)=1 (mod 6)},

Ws — {a: d(a) E 6—1 (mod 8)}.

The greatest common divisor ged in the algorithm is always taken to be
a nonnegative integer. We use the convention that ged{0,0} = 0.

We show that upon termination of INDEX, the value of 6 is the index
of imprimitivity of D, and D is cyclic with respect to the ordered partition
Wi, Wa, ..., Ws.
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Lemma 3.7.6. The strong digraph D is cyclically r-partite if and only
if for each arc (a,b) of D, r is a divisor of d(a) — d(b) + 1.

Proof. First we assume that D is cyclically r-partite with ordered par-
tition Uy,Us,...,Ur. Let (a,b) be an arc of D. In T there are directed
chains a4 and ap from 7 to a and b with lengths d(a) and d(b), respec-
tively. Because D is strongly connected there is a directed chain 3 in D
from b to r. Let the length of 3 be p. These directed chains along with
the arc (a, b) determine closed directed walks of lengths d(a) + 1 + p and
d(b) + p, respectively. Since D is cyclically r-partite, we have

dla)+1+p=0 (modr),
and
db)+p=0 (modr).
Hence
d(a)—d(d)+1=0 (modr).

Conversely, suppose that r is a divisor of d(a) — d(b) + 1 for each arc
(a,b) of D. Let Wy, Wa,..., W, be defined as in Step 3 of INDEX with r
replacing 8. Let (a,b) be any arc of D and suppose that a is in W; and b is
in W;. We then have

d(a)—d(b)+1=0 (modr),
d@)=i—1 (modr),
and
d(b)=j—1 (mod r).

From these three relations it follows that j =i+ 1 (mod r). Hence D is
cyclically r-partite with respect to the ordered partition W1, Ws, ..., W;.
a

Theorem 3.7.7. Let D be a strongly connected digraph of order n. The
number 6§ computed by the algorithm INDEX is the index of imprimitivity of
D. Moreover, D is cyclically 6-partite with respect to the ordered partition
Wi, Wo,...,Ws.

Proof. As shown in section 3.4, the index of imprimitivity of D equals
the largest integer k such that D is cyclically k-partite. It thus follows from
Lemma 3.7.6 that

k = ged{d(a) — d(b) +1: (a,b) is an arc of D}.
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Hence when algorithm INDEX terminates, § has the value k. The proof that
D is cyclically é-partite with respect to the ordered partition Wi, Wo,...,
Wg is the same as the one used in the proof of Lemma 3.7.6.

The algorithm INDEX can be implemented so that the number of steps
taken is bounded by cmax{n,e} where e is the number of arcs of the
digraph D. For a strongly connected digraph, e > n and hence this bound
is ce.

Let A be an irreducible matrix of order n with index of imprimitivity
equal to k. We apply the algorithm INDEX to the strong digraph D(A).
The computed value of 6 is k. Let W1, Wa,..., Wi be the partition of the
vertex set of D(A) produced by INDEX. If we simultaneously permute the
lines of A so that the lines corresponding to the vertices in W; come before
those corresponding to W41, (i =1,2,...,k — 1), we obtain

Wi, We W3 ... Wj

441 O A O . 0]
Wi-1 O O O - Aggk

W, Ay O O -~ O

The matrices A12, A23,. .., Ax_1k, Ak1 are the k-cyclic components of A.

Exercise

1. Use the algorithms in this section to show that the matrix below is irreducible
and to determine its index k of imprimitivity and its k-cyclic components:

0 001 0 O0O0T1O0UDO0
0 00 00O O O0OT1TMO0TPO
1 1.0 01 0 00 0O
0 00O 0O 1 O0O0TO0T1
0 001 00 0 O0OO0OTDO
0 0 0OOOO O OT1O0
0 01 000 O O 0O
0 00 0O0OO1O0O0T1
01 0 01 00O O OO
| 0 01 000 0 0 1 0]
References

A.V. Aho, J.E. Hopcroft and J.D. Ullman[1975], The Design and Analysis of
Computer Algorithms, Addison-Wesley, Reading, Mass.



106 3  Matrices and Digraphs

M.J. Atallah[1982], Finding the cycle index of an irreducible, nonnegative matrix,
SIAM J. Computing, 11, pp. 567-570.
E.V. Denardo[1977], Periods of connected networks, Math. Oper. Res., 2, pp.

20-24.
R.E. Tarjan[1972], Depth first search and linear graph algorithms, SIAM J. Com-

puting, 1, pp. 146-160.



4

Matrices and Bipartite Graphs

4.1 Basic Facts

Bipartite graphs are defined in section 2.6. A multigraph G is bipartite
provided that its vertices may be partitioned into two subsets X and Y
such that every edge of G is of the form {a,b} where a is in X and b is
in Y. The pair {X,Y} is called a bipartition of G. If G is connected its
bipartition is unique.

The bipartite multigraph G is characterized by an m by n nonnegative
integral matrix

B = [bij],(i=1,2,...,m;j = 1,2,...,n),

where m is the number of vertices in X and n is the number in Y. Let
X = {z1,22,...,Zm} and Y = {y1,¥2,...,Yn}. The element b;; equals
the multiplicity m{z;,y;} of the edges of the form {z;,y;}. The adjacency
matrix of G is the m + n by m + n matrix

[BOT g]. (4.1)

We call B the reduced adjacency matriz of the bipartite multigraph G.
Every m by n nonnegative integral matrix is the reduced adjacency matrix
of some bipartite multigraph.

We begin with two elementary but fundamental characterizations of bi-
partite multigraphs.

Theorem 4.1.1. A multigraph G is bipartite if and only if every cycle
of G has even length.
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Proof. The definition of a bipartite graph implies at once that every cycle
has even length.

It suffices to prove the converse proposition for a connected component
G’ of G. We select an arbitrary vertex a in G'. Let X be the set of vertices
of G’ whose distance from a is even, and let Y be the set of vertices of
G' whose distance from a is odd. Let p and ¢ be two vertices in X. We
show that G’ does not contain an edge of the form {p,q}. Leta — --- - p
and a — -+ — ¢q denote walks of minimal length from a to p and a to g,
respectively. Let b be the last common vertex in these two walks. Then the
walks b — --- - pand b — --- — q are both of even length or both of odd
length. But an edge of the form {p,q} implies the existence of a cycle of
odd length

b_)_)p_;q_)._;b,

contrary to hypothesis. In the same way one shows that two distinct vertices
in Y are not connected by an edge. Hence G’ is bipartite. o

Theorem 4.1.2. Let G be a multigraph and let A be the incidence matriz
of G. Then G is bipartite if and only if A is totally unimodular.

Proof. Let G be bipartite. Then G has a bipartition {X,Y}, and this
implies that AT satisfies the requirements of Theorem 2.3.3. Hence A is
totally unimodular.

Now let A be totally unimodular and suppose that G is not bipartite.
By Theorem 4.1.1 G has a cycle of odd length 7. But this implies that A
contains a submatrix A’ of order r such that det(A’) = £2. This contradicts
the hypothesis that A is totally unimodular. =]

Let G be a bipartite graph with bipartition {X,Y} where X is an m-set
and Y is an n-set. If for each z in X and each y in Y, G contains exactly
one edge of the form {z,y}, then G is called a complete bipartite graph and
is denoted by Ky, ».

Let K, denote the complete graph of order n. Let G, Gs, ..., G, denote
complete bipartite subgraphs of K,. Suppose that the graphs Gy, Gs, ..., G,
are edge disjoint and between them contain all of the edges of K. Then
we say that G1,Goq,..., G, form a decomposition of K,. It is easy to con-
struct decompositions of K, for which r = n — 1 and G;1,Ga,...,Gn-1
is Ki,n-1,K1n-2,...,K1,1. The following theorem of Graham and Pol-
1lak(1971] tells us that it is not possible to form a decomposition of K, into
complete bipartite subgraphs with r < n — 1. The short proof is due to
Peck[1984].

Theorem 4.1.3. Let the complete graph K, of order n have a decompo-
sition G1,Ga, ..., G, into complete bipartite subgraphs. Thenr >n — 1.
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Proof. Let G} be the spanning subgraph of K, with the same set of edges
as G; (i = 1,2,...,7r). The conditions of the theorem imply that we may
write

J-I=) A, (4.2)
=1

where A} is the adjacency matrix of G;. Let A; be the adjacency matrix of
G; (i =1,2,...,r). Then A; is a principal submatrix of A} and contains all
the nonzero entries of A]. The matrix A;, and hence the matrix A}, is of
rank 2 because in the special form (4.1) we have B equal to a matrix of all
1’s. We now replace all of the 1’s in A; corresponding to the 1’s in BT with
0’s. The resulting matrix A} is clearly of rank 1. Furthermore the matrix

Qi = A, — 24!

is skew-symmetric. We may now write (4.2) in the form

I+Q=J—2iA;'

=1

where @ is a skew-symmetric matrix of order n. A real skew-symmetric
matrix has pure imaginary eigenvalues so that we may conclude that I+ @
is nonsingular. But the rank of a sum of matrices does not exceed the sum
of the ranks and hence it follows that 1 +7 > n. m]

Another proof of Theorem 4.1.3 is given by Tverberg[1982]. A third proof
is indicated in the exercises.

Exercises

1. Let B be the m by n reduced adjacency matrix of a bipartite graph G. Prove
that G is connected if and only if there do not exist permutation matrices P
and @ such that

[ Bt O
PBQ = [ 0 B ]
where Bj is a p by ¢ matrix for some nonnegative integers p and q satisfying
1<p+g<m+n-1.

2. Let A be a tournament matrix of order n. Prove that the rank of A is at least
equal to n — 1. (Hint: Consider the matrix N of size n by n + 1 obtained from
A by adjoining a column of 1’s and show that only the zero vector is in the
left null space of N.)

3. Let G1,Gs>,...,G- be a decomposition of the complete graph K, into complete
bipartite graphs. For each G; direct the edges from the vertices in one set of
its bipartition to the vertices in the other set of its bipartition. The result is a
tournament of order n and hence a tournament matrix A of order n. Obtain
from the decomposition G1,G?2,...,Gr a factorization A = CD of A into an
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n by 7 (0,1)-matrix C and an r by n (0,1)-matrix D. Now use Exercise 2 to obtain
an alternative proof of Theorem 4.1.3 (de Caen and Hoffman[1989)]).
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4.2 Fully Indecomposable Matrices

In this section we deal primarily with m by n (0,1)-matrices. The defini-
tions and results apply to arbitrary matrices upon replacing each nonzero
element with a 1.

Let A be an m by n (0,1)-matrix. The term rank p = p(A) of A is defined
in section 1.2 to be the maximal number of 1’s of A with no two of the
1’s on a line. A line cover of A is a collection of lines of A which together
contain all the 1’s of A. By Theorem 1.2.1 the minimal number of lines in
a line cover is equal to the term rank of A. A line cover with the minimal
number of lines is called a minimum line cover of A. We denote the set of
minimum line covers of A by £ = L(A). An essential line of A is a line
which belongs to every minimum line cover. An essential line may be either
an essential row or an essential column.

Since the term rank of A is p, we may permute the lines of A so that
there are 1’s in the first p positions on the main diagonal. The permuted
A assumes the form

[ AA;I A012] (4.3)

where A’ is a p by p matrix with 1’s everywhere on its main diagonal.
Without loss of generality we assume that A has the form (4.3). For each
i=1,2 ..., peach minimum line cover of A contains either row i or column
i, but not both. Thus row 7 and column ¢ cannot both be essential lines
of A,(: = 1,2,...,p). Let r be the number of essential rows of A and let
s be the number of essential columns. Let t = p —r — s. Then r, s and ¢
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are nonnegative integers summing to p. We now simultaneously permute
the first p rows and the first p columns of A so that the resulting matrix
assumes the form

T s t
, A X Y Z
s x Ay x x|, (4.4)
; *x S Az x
*x T x O
whererows 1,2, ..., r are the essential rows and columns r+1,7+2,...,r+s
are the essential columns of the permuted A. For each i =7 +s+ 1,7 +
s+2,...,p there is a minimum line cover of the permuted A in (4.4) which

does not contain row ¢ (and thus contains column i) and a minimum line
cover which does not contain column i (and thus contains row 2). It now
follows that all the submatrices marked with a x in (4.4) are zero matrices.
We summarize these conclusions in the following theorem (Dulmage and
Mendelsohn[1958] and Brualdi[1966]).

Theorem 4.2.1. Let A be an m by n (0, 1)-matriz with term rank equal
to p. Then there is a permutation matriz P of order m and a permutation
matriz Q of order n such that

A X Y Z
_{ O 4 O O

PAQ = O S A3 O (4.5)
O T O O

The matrices A1, Ao and A3 are square, possibly vacuous, matrices with 1’s
everywhere on their main diagonals, and the sum of their orders is p. The
essential rows of the matriz in (4.5) are those rows which meet A1, and the
essential columns are those columns which meet Ag.

It follows from the description of the matrix (4.5) given in the statement
of Theorem 4.2.1 that the only minimum line cover of the matrix

[ A Z]

is the line cover of all rows. Also the only minimum line cover of the matrix

7]

is the line cover of all columns. The matrix A3 in (4.5), if not vacuous, has
at least two minimum line covers. These are the line cover of all rows and
the line cover of all columns. Whether or not there are other minimum line
covers depends on the additional structure of A3. This leads us to a study
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of matrices whose only minimum line covers are the all rows cover and the
all columns cover. Such matrices are necessarily square.

We now assume that A is a (0,1)-matrix of order n. The matrix A is
partly decomposable provided there exists an integer k with 1 <k <n -1
such that A has a k by n — k zero submatrix. This means that we may
permute the lines of A to obtain a matrix of the form

x

where the zero matrix O is of size k by n — k. The matrices B and
C are square matrices of orders k and n — k, respectively. The partly
decomposable matrix A has a line cover consisting of n — k > 1 rows
and k£ > 1 columns. This line cover may or may not be a minimum line
cover since A may have a p by g zero submatrix with p + ¢ > n. But
it follows that the square matriz A is partly decomposable if and only if
it has a minimum line cover other than the all rows cover and the all
columns cover. The square matrix A is fully indecomposable! provided
it is not partly decomposable. The property of full indecomposability is
not affected by arbitrary line permutations. If n = 1, then A is fully
indecomposable if and only if A is not the zero matrix of order 1. Each
line of a fully indecomposable matrix of order n > 2 has at least two
1’s. It follows from Theorem 1.2.1 that the fully indecomposable matrix
A of order n has term rank equal to n. But even more is true. If n > 2
and we choose any entry of A and delete its row and column from A,
the resulting matrix B of order n —1 has term rank p(B) equal to n—1.
For, if p(B) < n — 1, then by Theorem 1.2.1 B and hence A would
have a p by ¢ zero submatrix for some positive integers p and ¢ with
p+q=(n—1) +1=n. Conversely, if A is a (0,1)-matrix of order n
and every submatrix of order n — 1 has term rank equal to n — 1, then
A is fully indecomposable. This characterization of fully indecomposable
matrices (Marcus and Minc[1963] and Brualdi[1966)) is formulated in the
next theorem. A collection of n elements of A (or the positions of those
elements) is called a diagonal of A provided no two of the elements
belong to the same row or column of A. A nonzero diagonal of A is
a diagonal not containing any 0’s. If G is the bipartite graph whose
reduced adjacency matrix is A, then the nonzero diagonals of A are in
one-to-one correspondence with the perfect matchings of G.

1 One may wonder why the adverbs “partly” and “fully” are being used here. The
reason is that the terminology “decomposable” and “indecomposable” is sometimes
used in place of “reducible” and “irreducible.” A reducible matrix of order n also
has a k by n—k zero submatrix for some integer k, but the row indices and column
indices of the zero submatrix are disjoint sets. Thus reducibility is a more severe
restriction on a matrix than that of part decomposability.
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Theorem 4.2.2. Let A be a (0,1)-matriz of order n > 2. Then A is fully
indecomposable if and only if every 1 of A belongs to a nonzero diagonal
and every 0 of A belongs to a diagonal all of whose other elements equal 1.

There is a close connection between fully indecomposable matrices and
the irreducible matrices of Chapter 3 (see Brualdi[1979] and Brualdi and
Hedrick[1979]).

Theorem 4.2.3. Let A be a (0,1)-matriz of order n. Let A¥# be the
matriz obtained from A by replacing each entry on the main diagonal with
al. Then A is irreducible if and only if A% is fully indecomposable.

Proof. We know that A# is fully indecomposable if and only if it does
not have a k by n — k zero submatrix for any integer k with 1 <k <n —1.
It is a consequence of the definition of irreducibility that A is irreducible if
and only if each k by n — k zero submatrix of A with 1 < k < n—1 contains
a 0 from the main diagonal of A. Since A% is obtained from A by replacing
the 0’s that occur on the main diagonal with 1’s, the theorem follows. O

The conclusion of Theorem 4.2.3 can also be formulated as: The square
matriz A is irreducible if and only if A+ I is fully indecomposable. The fol-
lowing characterization of fully indecomposable matrices is given in Brualdi,
Parter and Schneider[1966].

Corollary 4.2.4. Let A be a(0,1)-matriz of ordern. Then A is fully inde-
composable if and only if there exist permutation matrices P and Q of order
n such that PAQ has all 1’s on its main diagonal and PAQ is irreducible.

Proof. Assumethat A is fully indecomposable. The term rank of A equals
n and thus there exist permutation matrices P and @ of order n such
that all diagonal elements of PAQ equal 1. The matrix PAQ is also fully
indecomposable and it follows from Theorem 4.2.3 that PAQ is irreducible.
The converse proposition is derived in a very similar way. o

We now continue with the study of matrices for which the all rows cover
and the all columns cover are minimum line covers (but for which there
may be other minimum line covers). By Theorem 1.2.1 this is equivalent
to the study of (0,1)-matrices of order n with term rank equal to n. First
we prove the following preliminary result.

Lemma 4.2.5. Let A be a (0,1)-matriz of order n of the form

X Z

oY
where X and Y are square matrices of orders k and l, respectively. Then
there does not exist a nonzero diagonal of A which contains a 1 of Z.
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Proof. Consider a 1 of Z lying in row ¢ and column j of A. Let B be
the matrix of order n — 1 obtained from A by deleting row 7 and column j.
Then B has a line cover consisting of k£ — 1 rows and ! — 1 columns where
(k—=1)+(1—1) = n—2. By Theorem 1.2.1 p(B) < n—2, and the conclusion
follows. O

The following theorem is contained in Dulmage and Mendelsohn[1958]
and Brualdi[1966].

Theorem 4.2.6. Let A be a (0,1)-matriz of order n with term rank p(A)
equal to n. Then there exist permutation matrices P and Q of order n and
an integer t > 1 such that PAQ has the form

By Biz -+ B

O By ... By
. . . (4.68)

O O --- B
where By, Bo, ..., By are square fully indecomposable matrices. The matri-
ces By, Ba,..., B that occur as diagonal blocks in (4.6) are uniquely de-

termined to within arbitrary permutations of their lines, but their ordering
in (4.6) is not necessarily unique.

Proof. Because p(A) = n, we may permute the lines of A so that the re-
sulting matrix B has only 1’s on its main diagonal. We now apply Theorem
3.2.4 to B. According to that theorem there exists an integer ¢ > 1 such
that the lines of B can be simultaneously permuted to obtain a matrix of
the form

At A - An
O Ay - Ay
. . . (4.7)
O 0 - 4
where A, A2,...,A; are square irreducible matrices which are uniquely

determined to within simultaneous permutations of their lines. Each of
the matrices A; in (4.7) has only 1’s on its main diagonal. By Theorem
4.2.3 the matrices A1, A2,..., A; are fully indecomposable. It follows from
Theorem 4.2.2 that each 1 of the matrix (4.7) which belongs to one of the
matrices A1, A2,...,A; is part of a nonzero diagonal, and from Lemma
4.2.5 that any other 1 does not belong to a nonzero diagonal. Hence the
nonzero diagonals of the matrix (4.7) are the same as those of the matrix
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A4 O -+ O
O Ay -+ O
B = o N (4.8)
O 0 .- A
and every 1 of B’ belongs to a nonzero diagonal.
Suppose that the lines of A could also be permuted to give
Ci Ci2 - Cis
O Cp - Cy
o (49)
O O - Cs
where C1,Co,...,Cs are fully indecomposable matrices. Arguing as above
the nonzero diagonals of C are the same as those of
¢, O -+ O
O C, - O
C = ] o . (4.10)
O 0O --- C;

and every 1 of C belongs to a nonzero diagonal. Thus B’ and C’ are both ob-
tained by replacing with 0’s all 1’s of A that do not belong to a nonzero diago-
nal and then permuting the lines of A. Therefore C’ can be obtained from B’
by permuting its lines. Since the matrices A1, Ag, ..., A and C1,Cs,...,Cs
are fully indecomposable, we conclude that s = ¢ and that there exists a per-
mutation i, 42,...,4t of 1,2, ...,t such that C;, can be obtained from A; by
line permutations foreach j = 1,2, ..., t. The ordering of the diagonal blocks
in (4.6) is not unique, if, for instance, the matrix A is a direct sum of two fully
indecomposable matrices of different orders. a

Let A be a (0,1)-matrix of order n with p(A) = n. The matrices By, B2,
..., By that occur as diagonal blocks in (4.6) are called the fully inde-
composable components of A. By Theorem 4.2.6 the fully indecomposable
components of A are uniquely determined to within permutations of their
lines. As demonstrated in the proof of Theorem 4.2.6, the fully indecom-
posable components of A are the irreducible components of any matrix
obtained from A by permuting lines so that there are no 0’s on the main
diagonal. Notice that the matrix A is fully indecomposable if and only if it
has exactly one fully indecomposable component.

A (0,1)-matrix A of order n has total support provided each of its 1’s
belongs to a nonzero diagonal. If A = O, then A has total support. If
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A # O, then it follows from Lemma 4.2.5 and Theorem 4.2.6 that A has
total support if and only if there are permutation matrices P and Q of order
n such that PAQ is a direct sum of fully indecomposable matrices.

Fully indecomposable matrices can be characterized within the set of
matrices with total support by using bipartite graphs.

Theorem 4.2.7. Let A be a nonzero (0,1)-matriz of order n with total
support, and let G be the bipartite graph whose reduced adjacency matriz is
A. Then A is fully indecomposable if and only if G is connected.

Proof. If A is not fully indecomposable, then there are permutation ma-
trices P and @ such that PAQ is a direct sum of two or more fully inde-
composable matrices, and G is not connected.

Conversely, suppose that G is not connected. Then there are permutation
matrices R and S such that

!

RAS = [ e ]

where A’ is a p by ¢ matrix for some nonnegative integers p and g with
1 < p+q £ 2n — 1. Without loss of generality we assume that p < gq.
Then A has a line cover consisting of p rows and n — ¢ columns where
p+ (n—q) =n— (g —p).- Since A has total support and A # O, we have
p(A) = n and it follows that p = q. But then A has a zero submatrix of
size p by n — p and A is not fully indecomposable. o

We close this section by applying Theorem 3.3.8 to obtain an inductive
structure of Hartfiel[1975] for fully indecomposable matrices.

Theorem 4.2.8. Let A be a fully indecomposable (0,1)-matriz of order
n > 2. Then there exist permutation matrices P and @ of order n and an
integer m > 2 such that PAQ has the form

A1 O - (0] Eq
Ey Ay --- (0] (0]
oo : : (4.11)
O O -+ Ap1 O
O O --- E, An
where Ai, Aa, ..., Ay are fully indecomposable matrices and the matrices
FEy, Eo,..., E, each contain at least one 1.

Proof. By Corollary4.2.4 wemay permute the linesof Asothat theresulting
matrix B hasall 1’s on its main diagonal and is irreducible. By Theorem 3.3.8
the lines of B can be simultaneously permuted toobtain the form (4.11) where
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m > 2, the A; are irreducible matrices with all 1’s on their main diagonals,
and the FE; each contain at least one 1. By Theorem 4.2.3 the matrices A; are
fully indecomposable and the theorem follows. a

Exercises

1. Let A be an m by n (0,1)-matrix with m < n, and assume that each row of A
is an essential row. Prove that there exist a positive integer p and permutation
matrices P and @Q such that

Bin B2 Bis -+ Bp B
B21 Bz B2z --- Bpz O
(0 B3z B3z --- Bsp (0]
PAQ = O O B43 e B4p O
O O O - Bp O
where B11, B2a, ..., Bpp are square matrices with 1’s everywhere on their main

diagonals and Big, B21, B3z, ..., Bp,p—1 have no zero rows (Brualdi[1966]).

2. Let n > 2. Prove that the permanent of a fully indecomposable (0,1)-matrix
of order n is at least 2 and characterize those fully indecomposable matrices
whose permanent equals 2.

3. Prove that the product of two fully indecomposable (0,1)-matrices of the same
order is a fully indecomposable matrix (Lewin[1971]).

4. Let A be a fully indecomposable (0,1)-matrix of order n > 2. Prove that A™!
is a positive matrix and then deduce that Ais a primitive matrix with exponent
at most equal to n — 1 (Lewin[1971]).

5. Find an example of a fully indecomposable (0,1)-matrix of order n whose
exponent equals n — 1.

6. Let A be a fully indecomposable (0,1)-matrix of order n. Prove that there is a
doubly stochastic matrix D of order n such that the matrix obtained from D
by replacing each positive element with a 1 equals A.
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4.3 Nearly Decomposable Matrices

We continue to frame our discussion in terms of (0,1)-matrices with the
understanding that the 1’s can be replaced by arbitrary nonzero numbers.

Let A be a fully indecomposable (0,1)-matrix. The matrix A is called
nearly decomposable provided whenever a 1 of A is replaced with a 0, the
resulting matrix is partly decomposable. Thus the nearly decomposable
matrices are the “minimal” fully indecomposable matrices. Two examples
of nearly decomposable matrices are

011
A1=]1 0 1 Ag = (4.12)
110

-0 O ==
= )
[l e Y
O =

The relationship between fully indecomposable matrices and irreducible
matrices as described in Theorem 4.2.3 and Corollary 4.2.4 only partially
extends to nearly decomposable matrices and nearly reducible matrices.

Theorem 4.3.1. Let A be a (0,1)-matriz of order n. If each element on
the main diagonal of A is 0 and A + I is nearly decomposable, then A is
nearly reducible. If A is nearly reducible, then each element on the main
diagonal of A is 0 and A+ I is fully indecomposable, but A+ I need not be
nearly decomposable.

Proof. Assume that A has all 0’s on its main diagonal. By Theorem 4.2.3
A is irreducible if and only if the matrix B = A+ I is fully indecomposable.
Suppose that A + I is nearly decomposable. Let A’ be a matrix obtained
from A by replacing a 1 with a 0. If A’ is irreducible, then by Theorem 4.2.3
A’ + I is fully indecomposable and we contradict the near decomposability
of A+ I. Hence A is nearly reducible.
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Now suppose that A is nearly reducible. Then each element on the main
diagonal of A is 0, and the matrix B = A + I is fully indecomposable. By
Theorem 4.2.3 the replacement of an off-diagonal 1 of B with a 0 results
in a partly decomposable matrix. The nearly decomposable matrix Ao in
(4.12) shows that it may be possible to replace a 1 on the main diagonal
of B with a 0 and obtain a fully indecomposable matrix. m]

The fact that A + I need not be nearly decomposable if A is nearly re-
ducible prevents in general theorems about nearly reducible matrices and
nearly decomposable matrices from being directly obtainable from one an-
other. We can, however, use the inductive structure of nearly reducible
matrices given in Theorem 3.3.4 to obtain an inductive structure for nearly
decomposable matrices. First we prove two lemmas.

Lemma 4.3.2. Let B be a (0,1)-matriz having the form

-

1 0 0 --- 0O
110 --- 00
o011 --- 00
o S A (4.13)
o000 --- 10
0 00 --- 11
i 12 B |

where By is a fully indecomposable matriz, F1 has a 1 in its first row and
Fy has a 1 in its last column. Then B is a fully indecomposable matriz.

Proof. By Theorem 4.2.7 it suffices to show that B has total support
and that the bipartite graph G whose reduced adjacency matrix is B is
connected. It is a direct consequence of Theorem 4.2.2 that each 1 of B
belongs to a nonzero diagonal. By Theorem 4.2.7 the bipartite graph G
whose reduced adjacency matrix is Bj is connected. The bipartite graph G
is obtained from G; by attaching a chain whose endpoints are two vertices
of G1 (and possibly some additional edges). Hence G is connected as well.

]

Lemma 4.3.3. Assume that in Lemma 4.3.2 the matriz B is nearly de-
composable. Then the matriz By in (4.13) is nearly decomposable and F;
and Fy each contain exactly one 1. Let the unique 1 in F'; belong to column
j of F1, and let the unique 1 in Fy belong to row i of Fy. If the order of
B, is at least 2, then element i position (i,7) of By is a 0.

Proof. 1f the replacement of some 1 of By with a 0 results in a fully
indecomposable matrix, then by Lemma 4.3.2 the replacement of that 1 in
B with a 0 also results in a fully indecomposable matrix. It follows that
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B, is nearly decomposable. Lemma 4.3.2 also implies that F'; and F3 each
contain exactly one 1.

Now assume that the order of Bj is at least 2. Let G be the connected
bipartite graph whose reduced adjacency matrix is B. Suppose that the el-
ement in the position (i, j) of By equals 1. Let the matrices B’ and Bj be
obtained from B and B, respectively, by replacing this 1 with a 0. Since the
order of Bj is at least 2, Bi is not a zero matrix. Each nonzero diagonal of By
extends to a nonzero diagonal of B by including the leading 1’s on the main
diagonal of B which are displayed in (4.13). Since Bj is fully indecomposable,
B has a nonzero diagonal which includes the 1 in position (4, j). Consider
such a nonzero diagonal of B;. Removing the 1 in position (4, j) and including
the 1’s of F'; and F> as well as the 1’s below the main diagonal of B which are
displayed in (4.13) results in a nonzero diagonal of B. It follows from these
considerations that the matrix B’ has total support. The bipartite graph G’
whose reduced adjacency matrix is B’ is connected since it is obtained from
the connected graph G; by replacing an edge with a chain joining its two
endpoints. We now apply Theorem 4.2.7 to B’ and conclude that B’ is fully
indecomposable, contradicting the near decomposability assumption of B.
Hence the element in the position (, ) of By equals 0. m|

The following inductive structure for a nearly decomposable matrix is due
to Hartfiel[1970]. It is a simplification of an inductive structure obtained
by Sinkhorn and Knopp[1969].

Theorem 4.3.4. Let A be a nearly decomposable (0,1)-matriz of order
n > 2. Then there exist permutation matrices P and Q of order n and an
integer m with 1 < m < n — 1 such that PAQ has the form (4.13) where
B; is a nearly decomposable matriz of order m. The matriz F contains
a unique 1 and it belongs to its first row and column j for some j with
1 < j € m. The matriz Fy contains a unique 1 and it belongs to its last
column and row i for some i with 1 < i < m. If m > 2, then m # 2 and
the element in position (i,j) of By is 0.

Proof. The matrix Aisfully indecomposable and thus has term rank equal
to n. We permute the lines of A and obtain a nearly decomposable matrix B
all of whose diagonal elements equal 1. By Theorem 4.3.1 the matrix B — [ is
nearly reducible. By Theorem 3.3.4 there is a permutation matrix R of order
n such that

[0 0 0 00 7
100 00
010 00

RB-I)RT=RBRT-I1=| | . . A
000 - 10

- F2 Al-
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where A; is a nearly reducible matrix of order m for some integer m with
1 €< m < n — 1. The matrix F] contains a single 1 and it belongs to its
first row and column j where 1 < 7 < m. The matrix F, contains a single
1 and it belongs to its last column and row ¢ where 1 < ¢ < m. The
element in position (i, ) of A is 0. Hence RBRT has the form (4.13) with
B1 = A1 + 1. By Theorem 4.3.1, B; is fully indecomposable. Since B is
nearly decomposable, we may apply Lemma 4.3.3 and conclude that B;
is nearly decomposable and that the element in position (%,7) of By is 0
if m > 2. Finally we note that if m > 2, then m # 2, since no nearly
decomposable matrix of order 2 contains a 0. o

We remark that a matrix of the form (4.13) satisfying the conclusions of
Theorem 4.3.4 need not be nearly decomposable. The matrix

B, =

Ll =

SO ==
O = =O
= O = O

is a nearly decomposable matrix (an easy way to see this is to notice that
each 1 belongs to a line which contains exactly two 1’s). However the matrix

8]

It
O OO
OO =
e = )
O~ OO
-0 = OO

is not nearly decomposable. This is because replacing the 1’s in positions
(3,2) and (4,3) positions with 0’s results in a fully indecomposable matrix.

The matrix By that occurs in the inductive structure of nearly decom-
posable matrices given in Theorem 4.3.4 can be any nearly decomposable
matrix except for the 2 by 2 matrix of all 1’s (Hartfiel[1971]). The nearly
decomposable matrix of order 1, whose unique entry is a 1, occurs when
the matrix of all 1’s of order 2 is written in the form (4.13). Now let B be
any nearly decomposable matrix of order n > 3. Without loss of generality
we may assume that B has the form (4.13) and the conclusions of Theorem
4.3.4 are satisfied. Let A be the matrix

1 F
Ey B
where E) is a 1 by n (0,1)-matrix with a single 1 and this 1 belongs to the

same column in which F has its 1, and E? is an n by 1 (0,1)-matrix with a
single 1 and this 1 belongs to the same row in which F has its 1. By Lemma
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4.3.2 the matrix A is fully indecomposable. The near decomposability of B
implies the near decomposability of A.

It was pointed out in section 3.3 that an irreducible principal submatrix
of a nearly reducible matrix is nearly reducible. Since a nearly decompos-
able matrix remains nearly decomposable under arbitrary line permuta-
tions, one might suspect that a fully indecomposable submatrix B of a
nearly decomposable matrix A is nearly decomposable. This turns out to
be false. However, if the submatrix of A which is complementary to B has a
nonzero diagonal, then B is nearly decomposable. These two properties of
nearly decomposable matrices can be found in Brualdi and Hedrick[1979).

A nearly decomposable (0,1)-matrix of order 1 has exactly one 1. A
nearly decomposable (0,1)-matrix of order 2 has exactly four. Minc[1972]
determined the largest number of 1’s that a nearly decomposable (0,1)-
matrix of order n can have. Combining Theorem 4.3.1 with Theorem 3.3.6
we see that 3n — 2 is an upper bound for the number of 1’s in a nearly
decomposable matrix of order n. This bound cannot be attained for n > 3.

Theorem 4.3.5. Let A be a nearly decomposable (0,1)-matriz of order
n > 3. Then the number of 1’s in A is between 2n and 3(n—1). The number
of I’s in A is 2n if and only if there are permutation matrices P and Q of
order n such that PAQ equals

[1 10 - 0 0]
011 --00
001 .- 00

(4.14)
000 -~ 11
100 - 0 1]

The number of 1’s in A equals 3(n—1) if and only if there are permutation
matrices P and Q of order n such that PAQ equals the matriz

10 -+ 01
01 .- 01
Sp=|: + . . (4.15)
00 11
11 10

Proof. The matrices in (4.14) and (4.15) are nearly decomposable, since
each of its 1’sis contained in a line which has exactly two 1’s. Since n > 3, each
line of the nearly decomposable matrix A has at least two 1’s. Hence A has at
least 2n 1’s. Assume that A has exactly 2n 1’s. We permute the lines of A so
that there are only 1’s on the main diagonal. The permuted A contains exactly
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one off-diagonal 1 in each line and hence equals I + R for some permutation
matrix R of order n. Since A is fully indecomposable, the permutation of
{1,2,...,n} derived from R is a cycle of length n. It follows that (4.14) holds
for some permutation matrices P and @ of order n.

We next investigate the largest number of 1’s in a nearly decomposable
matrix A of order n > 3. We verify the conclusions of the theorem by
induction on n. Each nearly decomposable matrix of order 3 is a permuted
form of the matrix Sy, in (4.15) and thus has exactly 6 1’s. [We remark that
if n = 3, the matrix in (4.14) is a permuted form of the matrix in (4.15).]
Now assume that n > 3. We use the notation o(X) for the number of 1’s
in a (0,1)-matrix X. Let P and @ be permutation matrices such that P AQ
satisfies the conclusions of Theorem 4.3.4. Then

0(A) <2(n—m)+1+0(B1) (4.16)

where Bj is a nearly decomposable matrix of order m. If m = 1, then
o(B1) = 1 and by (4.16), 0(A) = 2n which is strictly less than 3(n — 1) for
n > 3. The case m = 2 cannot occur in Theorem 4.3.4, so we now assume
that m > 3. By the induction hypothesis, o(B1) < 3(m — 1). Using this
inequality in (4.16) we obtain

o(lA)<2n+m—-2<2n+(n-1)-2=3(n-1).

Suppose that 0(A) = 3(n —1). Then we must have m =n—1 and o(B;) =
3(n —2). By the inductive assumption, the lines of B; can be permuted to
obtain the matrix S,—1. Thus the lines of A can be permuted to obtain

[51*2 sfil ] (4.17)

where the matrices F; and F each contain exactly one 1. Let the 1 of
F5 occur in row i of F5, and let the 1 of F; occur in column j of Fy. If
i=j =n —1, then (4.17) is the same as (4.15). We now assume that it
is not the case that ¢ = j = n — 1. It now follows from Theorem 4.3.4
that ¢ # j and that ¢ # n — 1 and j # n — 1. We apply additional line
permutations to A and assume that ¢ = 1 and j = 2. The matrix in (4.17)
can be repartitioned to give

[ 10 10 - 00 ]
11 00 -~ 01
10
00 (4.18)
: Sn—2
00
i 1 |
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If n > 4, the matrix obtained from (4.18) by replacing the 1 in position
(2,n) with a 0 is fully indecomposable by Lemma 4.3.2. Hence we must
have n = 4. But in this case (4.18) is a permuted form of (4.15). m|

Lovész and Plummer([1977] call a bipartite graph elementary provided it
is connected and each edge is contained in a perfect matching. A minimal
elementary bipartite graph is one such that the removal of any edge results
in a bipartite graph which is not elementary. By Theorem 4.2.7 a bipartite
graph is elementary if and only if its reduced adjacency matrix is fully
indecomposable. The reduced adjacency matrix of a minimal elementary
bipartite graph is a nearly decomposable matrix. Estimates for the number
of lines in a nearly decomposable matrix which have exactly two 1’s follow
from their investigations.

Exercises

1. For each integer n > 3 give an example of a nearly reducible matrix A of order
n such that A + I is not nearly decomposable.

2. Let n > 3 and k be integers with 2n < k < 3(n — 1). Prove that there exists a
nearly decomposable (0,1)-matrix of order n with exactly k¥ 1’s (Brualdi and
Hedrick[1979).

3. Give an example to show that a fully indecomposable submatrix of a nearly
decomposable matrix need not be nearly decomposable (Brualdi and Hedrick

(1979)).
4. Let A be a nearly decomposable (0,1)-matrix which is partitioned as
_[ At B
A= [ By A2 ]

where A; is a square matrix with 1’s everywhere on its main diagonal and
A2 is a fully indecomposable matrix. Prove that A2 is a nearly decomposable
matrix (Brualdi and Hedrick([1979)).
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4.4 Decomposition Theorems

Let A be an m by n matrix, and let P denote a class of matrices. By a
decomposition theorem we mean a theorem which asserts that there is an
expression for A of the form

A=Pi+P+ -+ P+ X (4.19)

where the matrices P, Py, ..., P, are in the class P. We may require X
to be restricted in some way, perhaps equal to a zero matrix. The purpose
of the theorem may be to maximize & in (4.19) or to minimize k in the
event that X is required to be a zero matrix, or the purpose may be to
maximize or to minimize some other quantity that can be associated with
the decomposition (4.19).

The Konig theorem (Theorem 1.2.1) can be viewed as a decomposition
theorem. Recall that an m by n (0,1)-matrix P is a subpermutation matriz
of rank r (an r-subpermutation matriz) provided P has exactly r 1’s and
no two 1’s of P are on the same line. Let A be an m by n (0,1)-matrix.
Then the Konig theorem asserts that A can be erpressed in the form

A=P+ X

where P is an r-subpermutation matriz and X is a (0, 1)-matriz if and only
if A does not have a line cover consisting of fewer than r lines. The theorem
of Vizing (Theorem 2.6.2) is a decomposition theorem for symmetric (0,1)-
matrices in which the P; are required to be symmetric permutation matrices
and X is required to be a zero matrix.

Let A be an m by n (0,1)-matrix having no zero lines. We define the
co-term rank of A to be the minimal number of 1’s in A with the property
that each line of A contains at least one of these 1’s. We denote this basic
invariant by p*(A) and derive the following basic relationship.

Theorem 4.4.1. Let A be an m by n (0, 1)-matriz having no zero lines.
Then the co-term rank p*(A) equals

max{r + s} (4.20)

where the mazimum is taken over all 7 by s (possibly vacuous) zero subma-
trices of A with0 <r <m and 0 <s < n.

Proof. Suppose that r and s are nonnegative integers for which A has an
T by s zero submatrix. We permute the lines of A to bring A to the form

n—s s
m-—r Az A | .
Ay O



126 4 Matrices and Bipartite Graphs

Clearly, p*(A) > r + s. We now assume that r and s are integers for which
the maximum occurs in (4.20) and verify the reverse inequality. The first
m —r rows and the first n — s columns of the permuted A form a line cover
with the fewest number of lines. Hence by Theorem 1.2.1

p(A)=m—-r+n—s=m+n—(r+s). (4.21)

In addition it follows from Theorem 1.2.1 that p(A;) = m —r and p(A2) =
n—s. We select m —r 1’s of A1 with no two of the 1’s in the same line and
then s — (m — r) additional 1’s one from each of the remaining columns of
Aj. We also select n — s 1’s of A3 with no two of the 1’s from the same line
and then r — (n — s) additional 1’s one from each of the remaining rows
of A2. We obtain in this way a total » + s 1’s of A with the property that
each line of A contains at least one of these 1’s. Therefore p*(A4) <7+ s
and hence we have equality. O

We remark that for an m by n (0,1)-matrix A with no zero lines, it
follows from equation (4.21) above that the two basic invariants are related
by the equation

p(A) + p*(A) =m+n. (4.22)

Stated as a decomposition theorem, Theorem 4.4.1 asserts: The m by n
(0,1)-matrix A with no zero lines can be expressed in the form

A=Q+Y

where @ is a (0,1)-matrix with no zero lines and with at most ¢ 1’s if and
only if A does not have an r by s zero submatrix with r + s > ¢.

Every (0,1)-matrix A has a decomposition (4.19) in which Py, Py, ..., Py
are subpermutation matrices and X = O. We may, for instance, choose
the P; to have rank 1 and the integer k£ to be the number of 1’s of A.
It is natural to ask for the smallest k£ for which a decomposition of A into
subpermutation matrices exists. Now assume that A has no zero lines. Then
A has a decomposition (4.19) in which the matrices P, Py, ..., Py have no
zero lines and X = O. We may, for instance, choose k =1 and P; = A. It
is also natural to ask for the largest k for which A admits a decomposition
into matrices with no zero lines. Both of these questions can be answered
by appealing to the following theorem of Gupta[1967, 1974, 1978]. This
theorem is stated in terms of nonnegative integral matrices, but its proof
is more conveniently expressed in terms of bipartite multigraphs.

Theorem 4.4.2. Let A be an m by n nonnegative integral matricz with
TOW SUMS T1,T2,...,Tm and column sums sy, S2,...,Sn. Let k be a positive
integer. Then A has a decomposition of the form

A=P +Pp+---+ P (4.23)



4.4 Decomposition Theorems 127

where P1, Pa, ..., Py are nonnegative integral matrices satisfying the fol-
lowing two properties:

(i) The number of P;’s which have a positive element in row i equals
min{k,r;}, (i =1,2,...,m).

(%) The number of P;’s which have a positive element in column j equals
min{k,s;},(5 =1,2,...,n).

Proof. The matrix A = [a], (i = 1,2,...,m;j = 1,2,...,n) is the re-
duced adjacency matrix of a bipartite multigraph G with bipartition {X,Y}
where X = {r1,z2,...,Zm} and Y = {y1,92,...,yn}. The edge {z;,y;}
has multiplicity a;;. The degree of the vertex x; equals r; and the degree of
the vertex y; equals s;. Let o be a function which assigns to each edge of
G an integer k from the set {1,2,...,k}. As in the proof of Theorem 2.6.2
we think of o as assigning a color to each edge of G from a set {1,2,...,k}
of k colors. Adjacent edges of G need not be assigned different colors by o,
nor are the a;; edges of the form {z;,y;} required to have identical colors.

For each integer r = 1,2,...,k, we define a bipartite multigraph G (o)
with bipartition {X,Y}. The multiplicity of the edge {z;,y;} in G»(0o)
equals the number of edges of G of the form {z;,y;} which are assigned
colorrbyo,(i=1,2,...,m;j5=1,2,...,n). Let P, = Ar(0) be the reduced
adjacency matrix of Gr(o). Then A = Py + Py + --- + P,. The properties
(¢) and (i7) in the theorem hold for this decomposition of A if and only
if o assigns min{k,r;} distinct colors to the edges of G incident to vertex
z;, (1 =1,2,...,m) and min{k, s;} distinct colors to the edges incident to
vertex y;, (j = 1,2,...,n).

For each vertex z of G let f(z, o) be the number of distinct colors assigned
by o to the edges of G which are incident to z. We have

f(z,0) < min{k, degree of z}, (z € X UY). (4.24)

We now assume that o has been chosen so that
Y f(50)
2ZEXUY

is as large as possible. We show that for this choice of o equality holds
throughout (4.24). Assume that this were not the case. Without loss of
generality we may assume that for a vertex z = z;, we have

f(zi,,0) < min{k,r;, }. (4.25)

It follows that some color p is assigned to two or more edges incident to
z;, while some color ¢ is assigned to no edge incident to x;,. Starting at
vertex z;, we determine a walk

.'1:1:0 - y‘Lo - ‘Til - yt], - xig e (426)
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in which the edges {z;,,¥i, },{%:i,,¥i, }, -~ are assigned color p and the
edges {¥i,, i, },{¥i,,Tiy }, - - are assigned color ¢. The walk (4.26) contin-
ues until one of the following occurs:

(a) a vertex is reached which is incident to another edge of the same
assigned color as the incoming edge.

(b) a vertex is reached which is not incident with any edge of one of the
two colors p and gq.

Since G is a bipartite multigraph and since there is no edge incident to
z;, which is assigned color g, the vertex z;, occurs exactly once on the walk
(4.26). We now reassign colors to the edges that occur on the walk (4.26)
by interchanging the two colors p and ¢q. Let 7 be the coloring of the edges
of G thus obtained. It follows that

f(z’imT) = f(mima) + 1)
and

f(z,7) 2 f(z,0)

for all vertices z of G. But then

Y fen> Y fzo),

zeXUY zeXUY
contradicting our choice of 0. Hence equality holds throughout (4.24). 0O

There are two special cases of Theorem 4.4.2 which are of particular
interest. The first of these is another theorem of K6nig[1936].

Theorem 4.4.3. Let A be an m by n nonnegative integral matriz with
mazimal line sum equal to k. Then A has a decomposition of the form

A=P+P+---+ P (4.27)
where Py, Py, ..., P, are m by n subpermutation matrices.
Proof. Let r1,72,...,7m be the row sums of A and let s1,s9,...,5n

be the column sums. We apply Theorem 4.4.2 to A with k£ equal to the
maximum line sum of A. We obtain a decomposition (4.23) in which the
P; are nonnegative integral matrices satisfying (i) and (¢¢) in Theorem
4.4.2. For the chosen k, we have min{k,m;} = r;, (¢ = 1,2,...,m) and
min{k, s;} = s;,(j = 1,2,...,n). It follows that Py, P,,..., P are subper-
mutation matrices. a

Corollary 4.4.4. Let A be an m by n nonnegative integral matriz with
mazimum line sum equal to k and let r be an integer with0 < r < k. Then A
has a decomposition A = A1+ Ag where A; is a nonnegative integral matriz
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with mazimum line sum equal to r, and Ay is a nonnegative integral matrizc
with mazimum line sum equal to k — r.

Proof. By Theorem 4.4.3 there is a decomposition (4.27) of A into sub-

permutation matrices. We now choose A1 = P1+ Po + .-+ + B and
Ay =A - Ax. m]

Corollary 4.4.5. Let A be an m by n nonnegative integral matriz each of
whose line sums equals k or k—1. Let r be an integer with 1 <1 < k. Then
A has a decomposition A = Ay + Az into nonnegative integral matrices Ay
and Az where each line sum of A; equals r or r — 1 and each line sum of
A equals k —r ork —r + 1.

Proof. We again use the decomposition (4.27). Since the line sums of A
equal k or k — 1, at most one of P, P5,..., P, does not have a 1 in any
specified line. The result now follows as in the preceding corollary. o

There are analogues of the preceding two corollaries for symmetric ma-
trices. The following theorem of Thomassen[1981] is a slight extension of a
theorem of Tutte[1978].

Theorem 4.4.6. Let A be a symmetric nonnegative integral matriz of
order n each of whose line sums equals k or k — 1. Let r be an integer with
1 <r < k. Then A has a decomposition A = A1 + A2 into symmetric
nonnegative integral matrices Ay and A where each line sum of Ay equals
rorr—1.

Proof. 1t suffices to prove the theorem in the case that r = k — 1. Let
p be the number of rows of A which sum to k. We assume that p > 0, for
otherwise we may choose A; = A. We simultaneously permute the lines of
A = [a;;] and assume that A has the form

C B
BT D |’
where C is a matrix of order p and D is a matrix of order n — p, and the
first p rows of A are the rows which sum to k. Suppose that a;; # 0 for
some 7 and j with 1 < 4,5 < p. Then we may subtract 1 from a;; and,
in the case i # j, 1 from aj; and argue on the resulting matrix. Thus we
may assume that C = O. Then the matrix B has all row sums equal to k&
and all column sums at most equal to k. It follows from Theorem 1.2.1 (or
from Theorem 4.4.3) that B has a decomposition B = P + B; where P is
a subpermutation matrix of rank p. We now let
O P
Az = [ PT D } ’
and A; = A — As. o
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The following corollary is due to Lovasz[1970].

Corollary 4.4.7. Let B be a symmetric nonnegative integral matriz of
order n with mazimum line sum at most equal to 7+ s — 1 where r and s
are positive integers. Then there is a decomposition A = A1+ A where Ay
and Ag are symmetric nonnegative integral matrices with mazimum line
sum at most equal to r and s, respectively.

Proof. We increase some of the diagonal elements of B and obtain a
symmetric nonnegative integral matrix A each of whose line sums equals
r + s — 1 and apply Theorem 4.4.6 with k =r+ s — 1. o

The following theorem was discovered by Gupta[1967, 1974, 1978] and
Fulkerson[1968].

Theorem 4.4.8. Let A be a nonnegative integral matriz with minimum
line sum equal to a positive integer k. Then A has a decomposition of the
form

A=P+P+---+ P

where Py, Py, ..., P are m by n nonnegative integral matrices each of whose
line sums s positive.

Proof. As in the proof of Theorem 4.4.3 we apply Theorem 4.4.2 but
this time with k equal to the minimum line sum of A. In order for (i) and
(i1) of Theorem 4.4.2 to be satisfied each of the line sums of the matrices
Py, P,...., P in (4.23) must be positive. ]

We now turn to a decomposition theorem of a different type. Theorem
4.1.3 asserts that in a decomposition of the complete graph K, of order n
into complete bipartite subgraphs, the number of complete bipartite graphs
is at least n — 1. This theorem, as was done in its proof, can be viewed
as a decomposition theorem for the matrix J — I of order n. We now
prove a general theorem of Graham and Pollak[1971, 1973] which gives a
lower bound for the number of bipartite graphs in a decomposition of a
multigraph.

Theorem 4.4.9. Let G be a multigraph of order n and let G1,Ga,...Gy
be a decomposition of G into complete bipartite subgraphs. Let A = [a;j],
(i, = 1,2,...,n) be the adjacency matriz of G and let ny be the number of
positive eigenvalues of A and let n_ be the number of negative eigenvalues.
Then r > max{ny,n_}.

Proof. Let the set of vertices of G be V = {a;,a9,...,an} . A complete
bipartite subgraph of G is obtained by specifying two nonempty subsets X
and Y of V for which {z, y} is an edge of G for each z in X and eachy in Y.
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The pair {X,Y} is the bipartition of the subgraph and since G has no
loops, the sets X and Y are disjoint. Let {X;,Y;} be the bipartition of the
complete bipartite graph G; in the decomposition of G (i = 1,2,...,7).

Let 21,22,...,2, be n indeterminates and let z = (21, 22, ...,2n)T. We
consider the quadratic form

qz) = 2T Az =2 z ;522
1<i<j<n

With each of the bipartite graphs G; in the decomposition of G we associate
the quadratic form

%(2) = (222, )= | ). = > &

{k:ar€X;} {l:a1€Y;}
Since G1,Go,...,Gr is a decomposition of G we have
T
q(z) = 2T Az = 22 qi(2). (4.28)
=1

We apply the elementary algebraic identity
1
ab=((a+ b)? — (a —b)?)
to ¢;(z) and obtain from (4.28)

q(z) = 2T Az = % (g:l li(2)% - ZT: lé’(z)2> , (4.29)

i=1
where the I(z) and the I/(z) are linear forms in 21, 22, ..., 2n. The linear
forms 1] (z),15(2),...,1}.(z) vanish on a subspace W of dimension at least

n — 7 of real n-space. Hence the quadratic form ¢(z) is negative semi-
definite on W. Let ET be the linear space of dimension ny spanned by
the eigenvectors of A corresponding to its positive eigenvalues. Then g(z)
is positive definite on E7T. It follows that

(n—7)+n4 = dimW + dimEt <n
and hence 7 > n4. One concludes in a similar way that r > n_. m]

Alon, Brualdi and Shader[1991] have extended Theorem 4.4.9 by proving
that every bipartite decomposition of the graph G has an additional special
property. We state this theorem without proof below. Given a coloring of a
graph G, we say that a subgraph of G is multicolored provided that no two of
its edges have the same color. A bipartite decomposition of G corresponds
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to an edge coloring in which two edges receive the same color if and only
if they belong to the same bipartite graph of the decomposition.

Theorem 4.4.10. Let G be a graph of order n and suppose the adjacency
matriz of G has ny positive eigenvalues and n_ negative eigenvalues. Then
in any decomposition of G into complete bipartite graphs there is a mul-
ticolored forest with at least max{n4,n_} edges. In any decomposition of
K, into complete bipartite graphs there is a multicolored spanning tree.

Let G be the complete graph K, of order n. The adjacency matrix A =
J — I has n — 1 negative eigenvalues. Hence Theorem 4.1.3, which asserts
that the complete graph of order n cannot be decomposed into fewer than
n — 1 complete bipartite subgraphs, is a special case of Theorem 4.4.9.

If n is even, the complete graph K, can be decomposed into n — 1 com-
plete bipartite subgraphs, each of which is isomorphic to Kin /2 If nis
odd, K, cannot have a decomposition into n — 1 isomorphic complete bi-
partite subgraphs K1 ,, for any positive integer m. The following theorem
of de Caen and Hoffman[1989], stated without proof, asserts that other
decompositions of K, into n — 1 isomorphic complete bipartite subgraphs
are impossible.

Theorem 4.4.11. Let n be a positive integer. If r and s are integers with
r,s > 2, then there does not erist a decomposition of K, into complete
bipartite subgraphs each of which is isomorphic to the complete bipartite
graph Ky s.

Theorem 4.4.9 has implications for an addressing problem in graphs. We
refer to the papers of Graham and Pollak cited above and to Winkler(1983]
and van Lint[1985).

Let Kj, , be the bipartite graph of order 2n which is obtained from the
complete bipartite graph Ky, n by removing the edges of a perfect matching.
The reduced adjacency matrix of Ky, ,, is the matrix J — I of order n. The
graph K7, can be decomposed into n complete bipartite subgraphs each
of which is isomorphic to Kj 1. The following theorem of de Caen and
Gregory [1987] asserts that there are no decompositions with fewer than n
complete bipartite graphs.

Theorem 4.4.12. Let n > 2. Let the bipartite graph K7 ,, of order
2n have a decomposition G1,Ga,...,Gr into complete bipartite subgraphs.
Then r > n. If r = n, then there exist positive integers p and q such that
pqg =n —1 and each G; is isomorphic to Kp 4.

Proof. Let {X,Y} be a bipartition of K, , where X = {z1,22,...,Zn}
and Y = {y1,y2,...,yn}. Each of the bipartite subgraphs G; has a bi-
partition {X;,Y;}. Let G} be the spanning subgraph of K3 , with the
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same set of edges as G; and let A; be the reduced adjacency matrix of
G}, (i =1,2,...,7). The hypothesis of the theorem implies that

J-I=A1+A2+ -+ Ar. (4.30)
Let Xi be the (0,1)-matrix of size n by 1 whose kth component equals 1 if
and only if z is in X;, (k =1,2,...,n). Let Y; be the (0,1)-matrix of size
1 by n whose kth component is 1 if and only if yx is in ¥;, (k = 1,2,...,n).
We have 4; = X;Y;, (i =1,2,...,7). We define an n by 7 (0,1)-matrix by
R=[% % - %]
and we define an r by n (0,1)-matrix by
Y
Y2

=)
Il

~

Yn

By (4.30) we have
J-I=XY. (4.31)

From equation (4.31) we conclude that a decomposition of Ky , into r
complete bipartite subgraphs is equivalent to a factorization of J — I into
two (0,1)-matrices of sizes n by r and r by n, respectively. The matrix J—TI
has rank equal to n, and the ranks of X and Y cannot exceed r. Hence it
follows from (4.31) that

n=rank(J - I) <.

We now assume that 7 = n. Since the elements on the main diagonal of
J — I equal 0, we have YiTX,- =0,(:=1,2,...,n). Let 7 and j be distinct
integers between 1 and n. Let U be the n by n — 1 matrix obtained from X
by deleting columns 7 and j and appending a column of 1’s as a new first
column. Let V be the n — 1 by n matrix obtained from Y by deleting rows
i and j and appending a row of 1’s as a new first row. Then

UV =1+ X% + X7,
is a singular matrix. Let

U=[X; X;]
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and

Using these equations and taking determinants we obtain
0 =det(UV) = det(I + U'V’) = det(I + V'U') = 1 - (V;X;)(¥; X:),

where I denotes the identity matrix of order 2. Hence ?’,)’f j= ?J)?, =1
for all ¢ and j with ¢ # j. Thus in the case r = n the equation (4.31) implies
that

YX=J-1I (4.32)

The two equations (4.31) and (4.32) imply that both X and Y commute
with J, and hence X and Y each have constant line sums. There exist
integers p and ¢ such that

XJ=JX=pJ and YJ=JY =¢J.
Now
(n-1)J=( -1J=(XY)J=X(¥YJ) =X(¢J) =peJ.
Thus pg = n — 1 and the theorem now follows. m]

In Chapter 6 we shall obtain additional decomposition theorems.

Exercises

1. Let A be an m by n (0,1)-matrix with no zero lines. Prove that p(A) < p*(A).
Investigate the case of equality.

2. Determine the largest co-term rank possible for an m by n (0,1)-matrix with
no zero lines and characterize those matrices for which equality holds.

3. Let D be a digraph with no isolated vertices. A matching of D is a collection
of pairwise vertex-disjoint directed chains and cycles of D. A cover of D is a
collection of arcs which meet all vertices of D. Let x(D) denote the minimum
number of matchings into which the arcs of D can be partitioned, and let k(D)
denote the maximum number of covers of D into which the arcs of D can be
partitioned. Prove that x(D) equals the smallest number s such that both the
indegree and outdegree of each vertex of D are at most s, and that k(D) equals
the largest number ¢ such that both the indegree and outdegree of each vertex
of D are at least t (Gupta[1978]).

4. Let A be a nonnegative integral matrix of order n each of whose line sums
equals k. Theorem 4.4.4 asserts that A can be written as a sum of permutation
matrices of order n. Prove this special case of Theorem 4.4.4 using Theorem
1.2.1. In Exercises 5 and 6 we refer to this special case of Theorem 4.4.4 as the
regular case.
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5. Prove Theorem 4.4.4 from the regular case as follows: Let A be an m by n
nonnegative integral matrix with maximal line sum equal to k. Assume that
m > n. Extend A to a matrix B of order m by including m — n additional
columns of 0’s. Now increase the elements of B by integer values in order to
obtain a nonnegative integral matrix B’ of order m each of whose line sums
equals k. Apply the regular case of Theorem 4.4.4 to B’ and deduce that A
is the sum of k subpermutation matrices. Give an example to show that for a
given choice of B’ not every decomposition of A as a sum of k subpermutation
matrices arises in this way (Brualdi and Csima[1991]).

6. Prove Theorem 4.4.4 from the regular case as follows: Let A be an m by n
nonnegative integral matrix with maximal line sum equal to k. Let the row
sums of A be r1,72,...,7m and let the column sums of A be s1, s2,...,5,. Let
A’ be the matrix of order m + n defined by

[D] A]
AT D, |

where D; is the diagonal matrix of order m with diagonal elements k — 1,k —
T2,...,k—Tm and D, is the diagonal matrix of order n with diagonal elements
k —s1,k —s2,...,k — sn. Apply the regular case of Theorem 4.4.4 to A’ and
deduce that A is the sum of k subpermutation matrices. Show that every
decomposition of A as a sum of k subpermutation matrices arises in this way
(Brualdi and Csima[1991]).

7. Let G be the graph of order n which is obtained from the complete graph K,
by removing an edge. Determine the smallest number of complete bipartite
graphs into which the edges of G can be partitioned.

8. Let m and n be positive integers with m < n. Let G be the graph of order
n obtained from the complete graph K, by removing the edges of a complete
graph K. Prove that the smallest number of complete bipartite graphs into
which the edges of G can be partitioned equals n — m (Jones, Lundgren,
Pullman and Rees[1988]).
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4.5 Diagonal Structure of a Matrix

Let A = [a;;], (4,5 = 1,2,...,n) be a (0,1)-matrix of order n. A nonzero
diagonal of A, as defined in section 4.2, is a collection of n 1’s of A with no
two of the 1’s on a line. More formally, a nonzero diagonal of A is a set

D= {(le)) (2aj2)’ (RN (n’]n)} (433)
of n positions of A for which (j1,jo,...,Jn) is a permutation of the set
{1,2,...,n} and a1, = agj, = --- = a,j, = 1. Let D = D(A) be the

set of all nonzero diagonals of A. The cardinality of the set D equals the
permanent of A. In this section we are concerned with some basic properties
of the diagonal structure D of A. Let X be the set of positions of A which
contain 1’s. The pair (X, D) is called the diagonal hypergraph of A.2

Those positions of A containing 1’s which do not belong to any nonzero
diagonal are of no importance for the diagonal structure of A. Thus through-
out this section we assume that each position in X is contained in a nonzero
diagonal, that is, the matrix A has total support. Moreover, we implicitly
assume that A is not a zero matrix.

Let B be another (0,1)-matrix of order n with total support, and let
Y be the set of positions of B which contain 1’s. An isomorphism of the
diagonal hypergraphs (X, D(A)) and (Y, D(B)) is a bijection ¢ : X — Y

2 In the terminology of hypergraphs (see Berge[1973]), the elements of X are vertices
and the elements of D are hyperedges. Thus a graph is a hypergraph in which all hyper-
edges have cardinality equal to two. All the hyperedges of D have cardinality equal to
n. In general, a hypergraph may have edges of different cardinalities.
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with the property that for each D C X, D is a nonzero diagonal of A if
and only if ¢(D) is a nonzero diagonal of B.

A collection of 1’s of the matrix A with the property that no two of the
1’s belong to the same nonzero diagonal of A is called strongly stable.
More formally, a set

S= {(i], kl), (’i2, k2)7 L) (it, kt)}

is a strongly stable set of A provided a; x, = aj,k, = - = a;,k, = 1 and
each nonzero diagonal D of A has at most one element in common with
S. The collection of strongly stable sets of A is denoted by S = S(A), and
the pair (X, S) is the strongly stable hypergraph of A. An isomorphism of
the strongly stable hypergraphs of two matrices is defined very much like
an isomorphism of diagonal hypergraphs.

By its very definition the strongly stable hypergraph of a matrix is de-
termined by its diagonal hypergraph. It follows from the following theorem
of Brualdi and Ross[1981] that the diagonal hypergraph is determined by
the strongly stable hypergraph.

Theorem 4.5.1. Let A and B be (0,1)-matrices of order n with total
support. Let X be the set of positions of A which contain 1’s and letY be the
set of positions of B that contain 1’s. Let ¢ : X — Y be a bijection. Then ¢
is an isomorphism of the diagonal hypergraphs (X, D(A)) and (Y, D(B)) if
and only if ¢ is an isomorphism of the strongly stable hypergraphs (X, S(A))
and (Y,S(B)).

Proof. First assume that ¢ is an isomorphism of (X, D(A)) and (Y, D(B)).
Let F be a subset of X and let D be a nonzero diagonal of A. Then
|[IDNF| < 1if and only if |¢(D) N¢(F)| < 1. It follows that F is a strongly
stable set of A if and only if ¢(A) is a strongly stable set of B. Hence ¢ is
an isomorphism of (X, S(A)) and (Y, S(B)).

Now assume that ¢ is an isomorphism of (X, S(A)) and (Y, S(B)). Let D
be a nonzero diagonal of A. Suppose that ¢(D) is not a nonzero diagonal
of B. Since ¢(D) is a set of n positions of B containing 1’s, there are
distinct positions p; and p2 in ¢(D) which belong to the same line of B.
The set {p1,p2} is a strongly stable set of B, but since {¢~1(p1), o~ (p2)}
is a subset of D, {¢~1(p1),#~1(p2)} is not a strongly stable set of A. This
contradicts the assumption that ¢ is an isomorphism of the strongly stable
hypergraphs of A and B. Hence ¢(D) is a nonzero diagonal of B. In a
similar way one proves that if D’ is a nonzero diagonal of B then (;b_l(D’ )
is a nonzero diagonal of A. Thus ¢ is an isomorphism of the diagonal
hypergraphs of A and B. a

3 This terminology comes from the theory of hypergraphs. A strongly stable set of a
hypergraph is a subset of its vertices containing at most one vertex of each hyperedge.
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The strongly stable sets of the (0,1)-matrix A have been defined in terms
of the nonzero diagonals of A. The next theorem of Brualdi[1979] contains
a simple instrinsic characterization of strongly stable sets.

Theorem 4.5.2. Let A be a (0,1)-matriz of order n with total support.
Let X be the set of positions of A which contain 1’s, and let S be a subset of
X. Then S is a strongly stable set of A if and only if there exist nonnegative
integers p and q with p+q =n—1 and a p by q zero submatrizc B of A
such that S is a subset of the positions of the submatriz of A which is
complementary to B.

Proof. First assume that there exists a zero submatrix B satisfying the
properties stated in the theorem. If p = 0 or ¢ = 0, then the submatrix
complementary to B is a line and S is a strongly stable set. Now suppose
that p > 0 and ¢ > 0. Let (¢1,J1) and (i2, j2) be two positions of S which
belong to different lines of the complementary submatrix of B. The sub-
matrix of A of order n —2 obtained by deleting rows 7; and i3 and columns
j1 and j2 contains the p by g zero submatrix B. Since p+qg =n — 1, it
follows from Theorem 1.2.1 that there does not exist a nonzero diagonal
of A containing both of the positions (i1,71) and (é2,j2). Therefore S is a
strongly stable set of A.

Now assume that S is a strongly stable set of positions of A, and let
|S| = m. We first assume that A is fully indecomposable, and prove by
induction on m that there exists a p by ¢ zero submatrix B of A with
p+ q = n — 1 such that S is a subset of the positions of the submatrix
of A which is complementary to B. If the positions of S all belong to one
line, we may find B with p = 0 or ¢ = 0. If m = 2 the existence of B is a
consequence of Theorem 1.2.1. We now proceed under the added assump-
tion that m > 2 and that S contains positions from at least two different
rows and at least two different columns. If there is a position (k,!) in S
which is in the same row as another position in S and in the same column
as a third position in S, then the conclusions hold by applying the induc-
tion hypothesis to S —{(k,)}. Hence we further assume that S satisfies the
condition:

(*) For each position (k,1) in S, (k,l) is either the only position of S
in row k or the only position of S in column .

We now distinguish two cases.

Case 1. There ezxist distinct positions sy and sg in S which belong to
the same line of A. Without loss of generality we assume that the line
containing both s; and s is a row. Let S; = S—{s1} and let Sp = S—{s2}.
We apply the induction hypothesis to S; and Sz and obtain for £ = 1 and
k = 2 a pi by g zero submatrix By with py + g = n — 1 such that Sy, is
a subset of the positions in the submatrix of A complementary to By. If
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the column containing s; does not meet B; or the column containing sg
does not meet Bs, then the conclusion holds. Hence we assume that the
column containing s; meets B; and the column containing s meets Bs.
It now follows from (*) that the column containing s; contains no other
position in S, (k = 1,2) and that each of the integers p1,q1,p2 and g9 is
positive. Let By and By lie in exactly v common rows of A and exactly u
common columns of A. Then A has zero submatrices B and By of sizes v
by q1 + g2 — u and p; + p2 — v by u, respectively. We have

w+(q1+g2—u))+ ((p1 +p2 —v) +u)=2(n-1). (4.34)

Hence either v+ (g1 + g2 —u) > n—1 or u+(p; +p2 —v) > n—1. Suppose
that v+ (g1 + g2 —u) > n. Since ¢; > 0 and ¢ > 0, we have q; + g2 —u > 0.
Since all positions in S — {s;, s2} lie in the n — (g1 + g2 — u) columns of A
complementary to those of B3 and since |S| > 2, we have 1 + g2 —u < n.
Thus Bg3 is a nonvacuous zero submatrix of A and we contradict the full
indecomposable assumption of A. Hence we have v+ (g1 +¢q2 —u) <n-—1
and it follows from (4.34) that (p; +p2 —v)+u > n—1. Since S is contained
in the set of positions of the submatrix complementary to the (p; +p2 —v)
by u zero submatrix B4 of A, the conclusion holds in this case.

Case 2. FEachline of A contains at most one position in S. We permute the
lines of A and assume that S = {(1,1),(2,2),...,(m,m)}. Fori = 1,2 and
3,let S; = S — {(4,7)}. By the induction assumption there exists a p; by g;
zero submatrix B; of A with p; + ¢; = n — 1 such that the positions of S; are
positions of the submatrix of A complementary to B;. Since |S;| > 2, p; and ¢;
are both positive, (i = 1,2, 3). If for some i, neither row ¢ nor column ¢ meets
B;, then S is a subset of the positions of the submatrix complementary to B;.
Hence we assume that row 4 or column ¢ meets B;, (i = 1,2, 3). If for some 4
and j with ¢ # j row i does not meet B; and row j does not meet Bj, or column
i does not meet B; and column j does not meet B;, then anargument like that
in Case 1 completes the proof. Without loss of generality, we assume that row
1 does not meet By and column 2 does not meet By. But now if row 3 does
not meet B3 we apply the argument of Case 1 to B; and B3, and if column 3
does not meet Bg we apply the argument of Case 1 to By and Bs. Hence the
conclusion follows by induction if A is fully indecomposable. A strongly stable
set of A can contain positions from only one fully indecomposable component
of A, and the conclusion now holds in general. a

Let A be a (0,1)-matrix of order n with total support, and let X be
the set of positions of A that contain 1’s. A linear set of A [or of the di-
agonal hypergraph (X, D(A))] is the set of positions occupied by 1’s in a
line of A. According as the line is a row or column, we speak of a row-
linear set and a column-linear set. Let P = [p;],(i,j = 1,2,...,n) and
Q = [g4], (4,5 = 1,2,...,n) be permutation matrices of order n, and let o
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and 7 be the permutations of {1,2,...,n} defined by o(i) = j if p;; = 1
and 7(i) = j if ¢;; =1 (4,5 = 1,2,...,n). Let Y be the set of positions oc-
cupied by 1’s in PAQ. The bijection v from the set X to the set Y defined
by ¥((¢,5)) = (o(¢),7(4)) is an isomorphism of the diagonal hypergraphs
(X, D(A)) and (Y,D(PAQ)). The isomorphism 1 is the isomorphism in-
duced by the permutation matrices P and Q. The bijection @ from the
set X to the set Z of positions occupied by 1’s in the transposed matrix
AT defined by 6((4,7)) = (j, ) is an isomorphism of the diagonal hyper-
graphs (X,D(A)) and (Z, D(AT)). The isomorphism 6 is the isomorphism
induced by transposition. Isomorphisms induced by permutation matrices
or by transposition map the linear sets of one diagonal hypergraph onto
the linear sets of another diagonal hypergraph.
The following theorem is from Brualdi and Ross[1981].

Theorem 4.5.3. Let A and B be (0,1)-matrices of order n with B fully
indecomposable, and let 0 be an isomorphism of the diagonal hypergraphs
(X,D(A)) and (Y,D(B)). Then each linear set of A is mapped by 0 onto
a linear set of B if and only if there are permutation matrices P and Q of
order n such that one of the following holds:

(i) B = PAQ and 0 is induced by P and Q;
(i) B = PATQ and 0 = ¢p where ¢ is an isomorphism induced by
transposition and p is an isomorphism induced by P and Q.

Proof. If (i) or (i) holds, then it is evident that each linear set of A is
mapped by 6 onto a linear set of B. We now prove the converse statement.
Suppose that e row-linear sets of A are mapped onto row-linear sets of
B and (n — €) row-linear sets are mapped onto column-linear sets. Since
the row-linear sets of A are pairwise disjoint, B has an e by n — e zero
submatrix. Since B is fully indecomposable, we have e = 0 or e = n. If
e = n the column-linear sets of A sets are mapped by 6 onto the column-
linear sets of B, and (i) holds. If e = 0 the column-linear sets of A are
mapped onto the row linear sets of B, and (i7) holds. o

If the assumptions of Theorem 4.5.3 hold and each linear set of A is
mapped onto a linear set of B, then Theorem 4.5.3 implies that A is fully
indecomposable. More generally, the number of fully indecomposable com-
ponents is invariant under a diagonal hypergraph isomorphism (Brualdi
and Ross[1979]).

Theorem 4.5.4. Let A and B be (0, 1)-matrices of order n with total sup-
port, and let Ay, Ag, ..., A, and By, Bo, ..., Bs be the fully indecomposable
componentsofA and B, respectively. Then the diagonal hypergraph (X, D(A))
of A isisomorphic to the diagonal hypergraphofB ifand onlyif r = s and there
is a permutation o of {1,2,...,r} such that the diagonal hypergraph of A; is
isomorphic to the diagonal hypergraph ofBa(i) foreachi=1,2,...,r.
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Proof. Without loss of generality we assume that A = A1 ®A2®--- DA,
and that B = B ® By ®- - -® Bs. First assume that 1 is an isomorphism of
(X,D(A)) and (Y,D(B)). If r = s = 1, then the conclusions hold. Without
loss of generality we now assume that r > 1. Then A = A4; ® A’ where
A’ = Ay®---® Ay is a matrix of order k < n. The set X can be partitioned
into sets X; and X’ where X is the set of positions of A; that contain
1’s. Each nonzero diagonal D of A can be partitioned into sets D; and D’
where D; C X1 and D’ C X'. Let E = E; UE’ be any nonzero diagonal of
A. Then for each nonzero diagonal D of A, D;UE’ and E;UD’ are nonzero
diagonals of A. Since A has total support, each position in X; belongs to
a nonzero diagonal D; of A;. Since D, U E’ is a nonzero diagonal of A,
¥(D1) U ¥ (E’) is a nonzero diagonal of B. It now follows that ¥(X1) is
contained in rows and columns of B which are complementary to those of
¥(E"). In a similar way we conclude that 1(X’) is contained in the rows and
columns complementary to those of ¥)(E;). Thus 9 induces an isomorphism
of the diagonal hypergraphs of A; and B;, @ --- @ B; , for some positive
integer m and some ij,...,4, with 1 <4 < --- < iy < s It follows that
r < s, and in a similar way that s < r. Hence r = s and there exists a
permutation o of {1,2,...,r} such that the diagonal hypergraph of A; is
isomorphic to the diagonal hypergraph of B, () foreachi=1,2,...,r.

The converse is immediate. o

Let A and B be (0,1)-matrices of order n with total support. The iso-
morphisms of the diagonal hypergraphs of A and B which map the linear
sets of A onto the linear sets of B can be characterized by using Theorems
4.5.3 and 4.5.4. Informally described, such isomorphisms are obtained by
replacing some of the fully indecomposable components of A with their
transposes and permuting the lines of A. We note that in general Theorem
4.5.5 implies that for the further investigation of isomorphisms of diagonal
hypergraphs, it suffices to consider only fully indecomposable matrices.

In order to have an isomorphism of diagonal hypergraphs which is different
from those described in (¢) and (iz) of Theorem 4.5.4, there must be a linear
set of one of the matrices which is mapped onto a nonlinear set of the other.
That such isomorphisms exist is demonstrated in the following example.

Let A and B be the fully indecomposable matrices of order 5 defined by

01100 01100
11100 11100
A=|10111|, B=|10110 (4.35)
00101 00101
00011 00111

Notice that B has a line sum equal to five while no line sum of A equals
five. Thus there do not exist permutation matrices P and @ such that
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PAQ = B or PATQ = B. Yet the diagonal hypergraphs of A and B are
isomorphic. If we label the positions of A and B with the elements of the
set {a,b,...,l,m}, then an isomorphism of the diagonal hypergraphs of A
and B is defined schematically by

0 j a 0O 0 j a 0O
kIl 500 kL 5 00
m 0 ¢ d e |, m 0 ¢c g O (4.36)
0 0 g 0 f 0 0 d 0 h
0 0 0 A 1 0 0 e f 14

The nonzero diagonals of A and of B are:
{(1, fa hy la m}7 {b7 fv hajvm}y {Cv f7 h1j1 k}) {6, g, ha ja k}a {da g, iaj: k}

The set of positions {a, b, ¢, d, e} is a linear set of B but not of A.

We now generalize the idea used in the construction of the previous
example.

Let C = [¢;j],(5,5 = 1,2,...,m) and D = [dy], (k,! = 1,2,...,n) be
matrices of orders m and n, respectively, such that ¢;m = d11. The matrix
C x D of order m + n — 1 is defined schematically by

C Om—l,n—l
A=CxD= T ((II=Omm=d11).
On—l,m—l D

In the matrix C x D the matrices C and D “overlap” in one position with
common value z and there is an m — 1 by n — 1 zero submatrix in the upper
right corner and an n —1 by m — 1 zero submatrix in the lower left corner.
The matrices CT x D and C % DT are said to be obtained from A = C x D
by a partial transposition on C and D, respectively. We remark that if the
order of C is 1, then A = D and AT = C « DT. Thus transposition of a
matrix is a special instance of partial transposition.

Suppose that the matrix A = C x D has total support. Then the matrix
B = CT « D also has total support. Let the diagonal hypergraphs of A and
B be (X, D(A)) and (Y, D(B)), respectively. Then the mapping § : X - Y
defined by

.~ _ [ (4,%) if (4,7) is a position in C,
0(.5) = { (4,5) otherwise,

is an isomorphism of the diagonal hypergraphs of A and B. The mapping 6
is called the isomorphism of the diagonal hypergraphs of A and B induced by
partial transposition on C. In an analogous way we define the isomorphism
induced by partial transposition on D.
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The binary operation % is an associative operation and we may write
without ambiguity A = A; x Ay x --- x A; whenever Aj, Ao,..., A are
matrices such that the element in the lower right corner of A; equals
the entry in the upper left corner of A;11,(i = 1,2,...,k —1). Let B =
A} x Ay x - - x A}, where for each i = 1,2,...,k we have A, = A; or A?.
Then it follows by an inductive argument that the diagonal hypergraph of
A is isomorphic to the diagonal hypergraph of B under a composition of
isomorphisms induced by partial transposition. For instance, if K = 3 and
B = A; % Ag * As, then a partial transposition of A = A; x A2 x A3 on
A1 x A followed by a partial transposition on A'{ results in B. It has been
conjectured by Brualdi and Ross[1981] that if A and B are matrices with
total support and 6 is an isomorphism of the diagonal hypergraphs of A
and B, then 0 is a composition of isomorphisms induced by permutation
matrices and partial transpositions. If each linear set of A is mapped by 6
onto a linear set of B, then the validity of the conjecture is a consequence
of Theorem 4.5.4. The conjecture has also been verified in Brualdi and
Ross[1981] in another circumstance which we briefly describe.

Let A be a (0,1)-matrix of order n with total support, and let S be a
subset of the positions of A occupied by 1’s. Then S is called a linearizable
set of A provided there is a (0,1)-matrix B of order n with total support
and an isomorphism 6 of the diagonal hypergraphs of A and B such that
0(S) is a subset of a linear set of B. A linearizable set S of A contains
at most n elements, and it is a consequence of Theorem 4.5.1 that S is a
strongly stable set of A. For the matrix A of order n = 5 in (4.35), the
set S = {a,b,c,d,e} of positions indicated in (4.36) is a linearizable set
of A with 5 elements. Linearizable sets are characterized in Brualdi and
Ross[1981] where the following theorem is also proved.

Theorem 4.5.5. Let A be a (0,1)-matriz of order n with total support
such that A has a linearizable set S of n elements. Let B be a (0,1)-matriz
of order m with total support such that there is an isomorphism of the
diagonal hypergraphs of A and B for which 0(S) is a linear set of B. Then
0 is a composition of isomorphisms induced by permutation matrices and
partial transpositions.

Ross[1980] has obtained the same conclusion under a weakening of the
hypothesis of the theorem.

Exercises

1. Let A be a fully indecomposable (0,1)-matrix of order n. Prove that the size
of a strongly stable set of the diagonal hypergraph of A does not exceed
0(A) — 2n + 2, where o(A) denotes the number of 1’s of A (Brualdi[1979]).

2. Prove that the mapping induced by partial transposition is an isomorphism of
diagonal hypergraphs.
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3. Let A be a (0,1)-matrix of order n and let X be the set of positions of A which
contain 1’s. Let C = C(A) denote the collection C of subsets of X for which C
is the set of edges of a cycle of the bipartite graph whose reduced adjacency
matrix is A. We call (X, C) the cycle hypergraph of A. Now assume that A and
B are (0,1)-matrices of order n with total support. Let § be an isomorphism
of the diagonal hypergraphs of A and B. Prove that 8 is an isomorphism of
the cycle hypergraphs of A and B. Conclude that a linearizable set of A does
not contain a member of C(A) (Brualdi and Ross[1981]).

4. (Continuation of Exercise 3) Show that the converse of Exercise 3 is false by
exhibiting an isomorphism 6§ of the cycle hypergraphs of

110
A=B=|1 1 1
1 11

which is not a diagonal hypergraph isomorphism (Brualdi and Ross[1981]).

5. (Continuation of Exercises 3 and 4) Prove that the converse of Exercise 3 is
true if # maps some nonzero diagonal of A to a nonzero diagonal of B (Brualdi
and Ross[1981}).
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5

Some Special Graphs

5.1 Regular Graphs

We begin our study of special graphs with two lemmas on nonnegative
matrices. We again let e,, denote the column vector of n 1’s.

Lemma 5.1.1. Let A be a nonnegative real matriz of order n and let all
of the line sums of A equal k. Then k is an eigenvalue of A corresponding
to the eigenvector e, and the modulus of every other eigenvalue of A does
not exceed k. Furthermore, if n > 1 then the eigenvalue k is of multiplicity
one if and only if A is irreducible.

Proof. The equation Ae, = ke, implies at once that k is an eigenvalue
of A corresponding to the eigenvector e,. By Theorem 3.6.2 no other
eigenvalue can have larger modulus. If A is reducible, then all of the line
sums of each irreducible component of A also equal k and it follows that
the multiplicity of the eigenvalue k is at least two. If A is irreducible,
then it follows from the Perron—Frobenius theory (see, e.g., Horn and
Johnson[1985]) of nonnegative matrices that the multiplicity of k as an
eigenvalue of A equals one. o

Lemma 5.1.2. Let A be a nonnegative real matriz of order n. Then there
ezxists a polynomial p(x) such that

J = p(A) (5.1)
if and only if A is irreducible and all of the line sums of A are equal.

Proof. Suppose that (5.1) is valid. Then AJ = JA and it follows that all
of the line sums of A are equal. If A is reducible, then all of the positive
integral powers of A have certain fixed positions occupied by zeros and this
contradicts (5.1).
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Conversely, suppose that A is irreducible and that all of the line sums
of A are equal to k. Then by Lemma 5.1.1 we know that k is a simple
eigenvalue of A. We may write the minimum polynomial of A in the form

m(A) = (A — k)g(})
and this implies that
Aq(A) = kq(A).

Thus each nonzero column of g(A) is an eigenvector of A corresponding to
the eigenvalue k. But the eigenspace associated with the eigenvalue k has
dimension one and hence each column of ¢(A) is a suitable multiple of e,,.
The same argument applies to the transposed situation

ATq(A)T = kq(4)T,

and we may conclude that each column of q(A)7 is also a multiple of e,,.
Hence each row of g(A) is a multiple of e,. But this means that g(A) is
a multiple of J. We cannot have g(A) = O because m()) is the minimum
polynomial of A. Thus J is a polynomial in A. m]

We may apply the preceding lemma directly to the adjacency matrix of
a graph and obtain the following theorem of Hoffman[1963].

Theorem 5.1.3. Let A be the adjacency matriz of a graph G of order
n > 1. Then there ezists a polynomial p(x) such that

J =p(A) (5.2)

if and only if G is a regular connected graph.

Corollary 5.1.4. Let G be a regular connected graph of ordern > 1 and
let the distinct eigenvalues of G be denoted by k > Ay > --- > A¢—1. Then if

t—1

q(’\) = (’\ - Ai),

we have

The polynomial

p() = (ﬁ) an)

is the unique polynomial of lowest degree such that p(A) = J.
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Proof. Since A is symmetric we know that the zeros of the minimum
polynomial of A are distinct. Then by the proof of Lemma 5.1.2 we have
that g(A) = ¢J for some nonzero constant c¢. The eigenvalues of g(A) are
g(k) and g(X;) (i =1,2,...,t — 1) and all of these are zero with the ex-
ception of g(k). But the only nonzero eigenvalue of c¢J is cn and hence
c= gq(k)/n.

Let p()) be a polynomial such that p(A) = J. The eigenvalues of p(A)
are p(k) and p();) ({ = 1,2,...,¢t — 1). Since e, is an eigenvector of p(A)
and of J corresponding to the eigenvalues p(k) and n, respectively, we have
p(A)=0fori=1,2,...,t —1. O

The polynomial

P = (755) 4

in Corollary 5.1.4 is called the Hoffman polynomial of the regular connected
graph G.

We illustrate the preceding discussion by showing that the only connected
graph G of order n with exactly two distinct eigenvalues is the complete
graph K,,. Let A be the adjacency matrix of such a graph with eigenvalues
A1 > A2. Then we have

A? - (M +2A2)A+ M Al =0.

Since A is symmetric and of trace zero, it follows that G is regular of degree
—A1A2. Thus the Hoffman polynomial of G is of degree 1 and this implies
that J = A+ I.

In the following section we study in some detail regular connected graphs
with exactly three distinct eigenvalues, that is, graphs whose Hoffman poly-
nomial is of degree 2.

Exercises

1. Let G be a graph of order n which is regular of degree k. Prove that the sum
of the squares of its eigenvalues equals kn.

2. Determine the spectrum and Hoffman polynomial of the complete bipartite
graph Kmy m.

3. Determine the spectrum and Hoffman polynomial of the complete multipartite
graph Km m,...m(k m’s). (This graph has km vertices partitioned into k parts
of size m and there is an edge joining two vertices if and only if they belong
to different parts.)
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5.2 Strongly Regular Graphs

Throughout this section G denotes a graph of order n,(n > 3) with
vertices a1, a9, ...,an and we let A denote the adjacency matrix of G.

A strongly regular graph on the parameters (n, k, A, 1) is a graph G of
order n, (n > 3) which is regular of degree k and satisfies the following
additional requirements:

(i) If @ and b are any two distinct vertices of G which are joined by an
edge, then there are exactly A further vertices of G which are joined
to both a and b.

(ii) If @ and b are any two distinct vertices of G which are not joined
by an edge, then there are exactly p further vertices of G which are
joined to both a and b.

We exclude from consideration the complete graph K, and its com-
plement, the void graph, so that neither property (i) nor (ii) is vacuous.
Strongly regular graphs were introduced by Bose[1963] and have subse-
quently been investigated by many authors. We mention, in particular, the
studies of Seidel[1968,1969,1974,1976] and the book by Brouwer, Cohen
and Neumaier[1989].

We begin with some simple examples of strongly regular graphs.

The 4-cycle and the 5-cycle are strongly regular graphs on the parameters

(4,2,0,2) and  (5,2,0,1),

respectively. No other n-cycle qualifies as a strongly regular graph.
The Petersen graph in Figure 5.1 is a strongly regular graph on the
parameters

(10,3,0,1).

The graph with two connected components each of which is a 3-cycle is
a strongly regular graph on the parameters

(6,2,1,0).
The complete bipartite graph Koy, m, (m > 2) is a strongly regular graph
on the parameters

(2m,m, 0, m).
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Figure 5.1

Let G be a strongly regular graph on the parameters (n,k, A, 1) and let
A be its adjacency matrix. We know that the entry in the (i, j) position
of A2 equals the number of walks of length 2 with a; and a; as endpoints.
This number equals &, A or i according as these vertices are equal, adjacent
or nonadjacent. Hence we have

A2 =kI+ M A+ pu(J —1- A), (5.3)
or, equivalently,
A2 (A —p)A—(k—p)I =pJ. (5.4)
We introduce another parameter, namely,
l=n—-k—-1. (5.5)

The integer | is the degree of the complement G of G. An elementary
calculation involving (5.3) tells us that

J-T-A?=U+(1-k+p-1)J-T-A)+(1-k+1+1)A.

Hence it follows that if G is a strongly regular graph, then its complement
G is also a strongly regular graph on the parameters

PA=nk=lA=l—-k+p—-1a=1—k+A+1).
If we multiply the equation (5.3) by the column vector e, then we obtain
k2 =k+ Xk +p(n—1-k),
and we write this relation in the form
lu=k(k—X-1). (5.6)

In case p = 0, then by (5.6) we have A = k — 1. This means that
every vertex of G belongs to a complete graph Kj,;, and thus G is a
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disconnected graph whose connected components are all of the form Ky .
The requirement g > 1 is equivalent to the assertion that the strongly
regular graph G is connected. For this reason we frequently require strongly
regular graphs to have p > 1.

Theorem 5.2.1. Let G be a strongly reqular connected graph on the pa-
rameters (n, k, A, ). Let the parameters d and é be defined by

d=A—p)?+4(k—p), &= Kk+1\—p) +2k (5.7)

Then the adjacency matriz A of G has the mazimal eigenvalue k of multi-
plicity 1, and A has ezactly two additional eigenvalues

p=30—p+Vd) 20, o= O-p-Vd<-1  (58)

TR AT

Proof. Since G is a connected graph and is not a complete graph, A has
at least three distinct eigenvalues. The first assertion in the theorem follows
from Lemma 5.1.1. We next multiply (5.4) by A — kI and this implies

(A—kI)(A% = (A= p)A— (k—p)I) = 0.
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respectively.

Thus the quantities p and o displayed in (5.8) are eigenvalues of A.

If d =0 then A = p = k. But since G is regular of degree k we must have
A < k—1sothat d # 0 and p > 0. Notice that the parameters A and p
are expressible in terms of the quantities k > p > o

A=k+p+o+po, ©=k+ po.

We know that p < k so that p > 0 and ¢ < 0. But ¢ = 0 implies that
A =k + p and this contradicts A < k — 1. Hence we have p > 0 and o < 0.

We now turn to the complement G of G. An elementary calculation tells
us that for G we have

d=d, p=—-0-—1, o=-p—1.

But again for G we have g > 0 so that we may conclude that p > 0 and
o < —1, as required.

Let r and s denote the multiplicities of p and o, respectively, as eigen-
values of A. Then we have

r+s=n-—1,



5.2 Strongly Regular Graphs 151
and since A has trace zero, we have
k+rp+soc=0.
We solve these equations for 7 and s and this gives (5.9). a

The eigenvalue multiplicities 7 and s are nonnegative integers, and this
fact in conjunction with (5.9) places severe restrictions on the parameter
sets for strongly regular graphs.

Theorem 5.2.2. Let G be a strongly regular connected graph on the pa-
rameters (n, k, A, p).

(i) If § = 0, then
A=p—1, k=l=2pu=r=s5s=(n-1)/2.

(ii) If 6 # 0, then Vd is an integer and the eigenvalues p and o are also
integers. Furthermore if n is even, then V/d |6 whereas 2vd 5, and
if n is odd, then 2v/d |6.

Proof. If 6 = 0, then k+1! =2k/(p—A) > kand thus 0 < p— A < 2.
Therefore we have A = p — 1. The remaining equations of (1) now follow
from (5.6) and (5.9).

If § # 0, then the conclusion (2) follows directly from (5.8) and (5.9). O

Strongly regular graphs of the form (1) in Theorem 5.2.2 are called con-
ference graphs. They arise in a wide variety of mathematical investigations
(see Cameron and van Lint[1975], Goethals and Seidel[1967, 1970 and van
Lint and Seidel[1966]). They have the same parameter sets as their com-
plements and have been constructed for orders n equal to a prime power
congruent to 1 (modulo 4). Let F be a finite field on n elements, where n is
a prime power congruent to 1 (modulo 4). Then we may construct a graph
G of order n whose vertices are the elements of F. Two vertices a and b are
adjacent in G if and only if a — b is a nonzero square in F. Notice that —1
is a square in F so that G is undirected. The resulting graph is a strongly
regular graph on the parameters

(nk=(n-1)/2,A=(n-5)/4,p= (n—1)/4).

These special conference graphs are called Paley graphs.

We now apply the preceding theory to a proof of the friendship theorem
of Erdos, Rényi and S6s[1966]. In other terms the theorem says that in
a finite society in which each pair of members has exactly one common
friend, there is someone who is a friend to everyone else. Our account
follows Cameron[1978].

Theorem 5.2.3. Let G be a graph of order n and suppose that for any
two distinct vertices a and b there is a unique vertex ¢ which is joined to
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both a and b. Then n is odd and G consists of a number of triangles with
a common vertezx.

Proof. Let G be a graph fulfilling the hypothesis of the theorem. Let
a and b be nonadjacent vertices of G. Then there is a unique vertex c
which is adjacent to both a and b. There are also unique vertices d # b
adjacent to both a and ¢ and e # a adjacent to both b and c. If = is any
vertex different from ¢ and d which is adjacent to a then there exists a
unique vertex y different from ¢ and e which is adjacent to both = and b.
A similar statement holds with a and b interchanged. Hence the degrees of
the vertices a and b are equal.

Now suppose that G is not a regular graph. Let a and b be vertices of
unequal degrees, and let ¢ be the unique vertex which is adjacent to both
a and b. The preceding paragraph implies that a and b are adjacent.

We may suppose by interchanging a and b if necessary that the degrees
of a and c are unequal. Let d be any further vertex. Then d is adjacent to
at least one of a and b because a and b are of unequal degrees. Similarly,
d is adjacent to at least one of a and c. But d is not adjacent to both b
and c because a is already adjacent to both b and c. Hence d is adjacent
to a. It follows that G consists of a number of triangles with a common
vertex a.

Hence we may assume that G is regular of degree k. By the hypothesis
of the theorem we then have a strongly regular graph with A = u = 1. By
Theorem 5.2.1 it follows that s —r = §/v/d = k/v/k — 1 is an integer. But
then (k — 1)|k? and it follows easily that the only possibilities are k = 0
and k = 2. These yield the cases of a single vertex and a triangle. a

We look next at some further examples of strongly regular graphs. The
triangular graph T(m) is defined as the line graph of the complete graph
K, (m > 4). Thus the vertices of T'(m) may be identified as the 2-subsets
of {1,2,...,m}, and two vertices are adjacent in T'(m) provided the cor-
responding 2-subsets have a nonempty intersection. An inspection of the
structure of T(m) reveals that T(m) is a strongly regular graph on the
parameters

(m=m(m—-1)/2,k=2(m—-2),A=m—2,u=4).

The following classification theorem is due to Chang[1959, 1960] and
Hoffman[1960).

Theorem 5.2.4. Let G be a strongly regular graph on the parameters
(m(m—1)/2,2(m —2),m —2,4),(m > 4). If m # 8, then G is isomorphic
to the triangular graph T(m). If m = 8, then G is isomorphic to one of
four graphs, one of which is T(8).
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Figure 5.2

The lattice graph Lo(m) is defined as the line graph of the complete
bipartite graph Ky, m, (m > 2). These are strongly regular graphs on the
parameters

n=m?k=2(m—-2),A=m—2pu=2).

The following classification theorem is due to Shrikhande[1959)].

Theorem 5.2.5. Let G be a strongly regular graph on the parameters
(m2,2(m — 2),m —2,2),(m > 2). If m # 4, then G is isomorphic to the
lattice graph Lo(m). If m = 4, then G is isomorphic to Lo(4) or to the
graph in Figure 5.2.

A Moore graph (of diameter 2) is a strongly regular graph with A = 0 and
= 1. These graphs contain no triangles and for any two nonadjacent ver-
tices there is a unique vertex adjacent to both. Hoffman and Singleton[1960]
showed that the parameter sets of Moore graphs are severely restricted.

Theorem 5.2.6. The only possible parameter sets (n, k, A, ) of a Moore
graph are

(5,2,0,1),(10,3,0,1),(50,7,0,1) and (3250,57,0,1).
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Proof. Condition (1) of Theorem 5.2.2 occurs precisely for the parame-
ters (5,2,0,1). We next apply condition (2) of Theorem 5.2.2. We have that
d = 4k — 3 is equal to a square. Equation (5.6) asserts that k + [ = k2
and hence § = k(2 — k). Thus we have k(2 — k) =0 (mod /d). We also
have 4k —3 = 0 (mod v/d). Multiplying the first of these congruences
by 4 and the second by k and then adding we obtain 5k = 0 (mod \/c_i)
This and 4 —3=0 (mod v/d) now imply that 15 =0 (mod v/d). Thus
the only possibilities for v/d are 1,3,5 and 15. The first case is an excluded
degeneracy, and the other three values yield the last three parameter sets
displayed in the theorem. O

The first of the parameter sets in Theorem 5.2.6 is satisfied by the pen-
tagon, the second by the Petersen graph and the third by the Hoffman-
Singleton graph. They are the unique strongly regular graphs on these
parameter sets. The existence of a strongly regular graph corresponding
to the last of the parameter sets is unknown. Aschbacher(1971] has shown
that its automorphism group cannot be too large.

The Hoffman—Singleton graph may be represented by the ten cycles of
order 5 labeled as shown in Figure 5.3, where vertex ¢ of P; is joined to
vertex i + jk (mod 5) of Qx (Bondy and Murty[1976]).

We remark that Moore graphs may be defined under certain more general
conditions so that their diameter is allowed to exceed 2 (see Cameron[1978]
and Cameron and van Lint[1975]). But in this case Bannai and Ito[1973]
and Damerell[1973] have shown that the only additional graphs introduced
consist of a single cycle.

A generalized Moore graph is a strongly regular graph with g = 1. The
parameter A is allowed to take on any value in such a graph, but none has
yet been found with A > 1.
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Exercises

1. Prove that a regular connected graph with three distinct eigenvalues is strongly
regular.

2. Let G be a connected graph of order n which is regular of degree k. Assume
that G satisfies requirements (i) and (ii) for a strongly regular graph but
with the words ezactly A and ezactly p replaced by at most A and at most p,
respectively. Prove that

n<k+1+k(k—1—A)/p

with equality if and only if G is strongly regular on the parameters (n, k, A, i)
(Seidel[1979]).

3. A (0,1, —1)-matrix C of order n+1 all of whose main diagonal elements equal 0
is a conference matriz provided CCT = nl. Prove that there exists a symmetric
conference matrix of order n + 1 if and only if there exists a conference graph
of order n.

4. Construct the conference matrices of orders 6 and 10 corresponding to the
Paley graphs of orders 5 and 9.

5. Prove Theorem 5.2.4 when m > 8.

6. Let G be a regular connected graph of order n with at most 4 distinct eigen-
values. Prove that a graph H of order n is cospectral with G if and only if H
is a connected regular graph having the same set of distinct eigenvalues as G
(Cvetkovié¢, Doob and Sachs[1982]).

7. Let G be a graph with no vertex of degree 0 which is not a complete multi-
partite graph. Prove that G contains one of the three graphs in Figure 5.4 as
an induced subgraph.

8. Let G be a graph with no vertex of degree 0. Assume that G has exactly
one positive eigenvalue. Use Exercise 7 and the interlacing inequalities for the
eigenvalues of symmetric matrices to prove that G is a complete multipartite
graph (Smith[1970]).
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5.3 Polynomial Digraphs

We may directly generalize the proofs of Theorem 5.1.3 and Corollary
5.1.4 and obtain the following theorem of Hoffman and McAndrew([1965].

Theorem 5.3.1. Let A be the adjacency matriz of a digraph D of order
n > 1. Then there ezists a polynomial p(z) such that

J =p(A) (5.10)

if and only if D is a regular strongly connected digraph. Let D be a strongly
connected digraph which is regular of degree k and let m(\) be the minimum
polynomial of A. If

then the polynomial

p()) = (5(';—)) a)

is the unique polynomial of lowest degree such that p(A) = J.

By Lemma 5.1.1 the modulus of each eigenvalue of A is at most equal
to k. The roots of the polynomial p()\) are eigenvalues of A and it follows
that |p()\)| is a monotone increasing function if A is real and A > k. We
have p(k) = n and we therefore conclude that the degree k of regularity
of D equals the greatest real root of the equation p(A) = n. Extending
our definition in section 5.1 to digraphs, we call the polynomial p()) in
Theorem 5.3.1 the Hoffman polynomial of the regular strongly connected
digraph D.

Let A be the adjacency matrix of a digraph D. We say that A is reqular
of degree k provided D is regular of degree k. Similarly, two adjacency
matrices are called isomorphic provided their corresponding digraphs are
isomorphic.

We now consider the special polynomials p(A) = (A\™ + d)/c, where c is
a positive integer and d is a nonnegative integer.

Theorem 5.3.2. Let m and c be positive integers and let d be a nonneg-
ative integer. Let A be a (0,1)-matriz of order n satisfying the equation

A™ = —dI + cJ. (5.11)

Then there ezists a positive integer k such that A is regular of degree k and
k™ = —d + cn. If d = 0 then the trace of A is also equal to k.

Proof. The regularity of A is a consequence of Theorem 5.3.1. We now
multiply (5.11) by J and this gives k™ = —d+ cn. Now assume that d = 0.
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Let the characteristic roots of A be A1, A2, ..., A,. The characteristic roots
of ¢J are cn of multiplicity one and 0 of multiplicity n — 1. Hence we may
write A} = k, A2 =0,...,A, =0 and the trace of A is k. 0O

We note that if d = 0 in Theorem 5.3.2 it is essential that the digraph D
associated with A have loops because otherwise the configuration is impossi-
ble. In terms of D equation (5.11) asserts that for each pair of distinct vertices
a and b of D there are exactly c walks of length m from a to b and each vertex
is on exactly ¢ — d closed walks of length m. In the case c = 1and d = 0, a
(0,1)-matrix A satisfying A™ = J is a primitive matrix of exponent m, and
the polynomial p(A) = X™ is the Hoffman polynomial of D.

We next turn to showing that if d = 0 then the condition k™ = cn
in Theorem 5.3.2 is sufficient for there to exist a (0,1)-matrix A of order
n satisfying A™ = c¢J. A g-circulant matriz is a matrix of order n in
which each row other than the first is obtained from the preceding row by
shifting the elements cyclically g columns to the right. Let A = [a;;], (4,5 =
1,2,...,n) be a g-circulant. Then

Qij = Git1,j+g

in which the subscripts are computed modulo n. A l-circulant matrix is
more commonly called a circulant matriz. A detailed study of circulant
matrices can be found in Ablow and Brenner[1963] and in the book by
Davis[1979).

Let ag,ay,...,a,—1 be the first row of the g-circulant matrix A of order
n. The Hall polynomial of A is defined to be the polynomial

n—1 )
0a(z) = Z a;z".
=0

The following lemma is a direct consequence of the definitions involved.

Lemma 5.3.3. Let A be a g-circulant matriz of order n and let B be
an h-circulant matriz of order n. Then the product AB is a gh-circulant
matriz of order n and we have

04B(z) =04(zM)0p(z) (mod z™ —1).

Corollary 5.3.4. Let A be a g-circulant matriz of order n. Then for
each positive integer m A™ is a g™-circulant matriz and we have

Bam (z) = 04(z)04(29)---04(x9" ") (mod z™ —1). (5.12)
Proof. We apply Lemma 5.3.3 and use induction on m. O
The g-circulant solutions of the equation A™ = —dI + c¢J are character-

ized by their Hall polynomials in the following result of Lam[1977].
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Lemma 5.3.5. Let A be a g-circulant matriz. Then A™ = ¢J if and only
if
04(z)0a@9) 040" ) =c(l+z+---+2" 1) (mod z"—1). (5.13)
Ifd # 0, then A™ =dI + c¢J if and only if
04(z)04(z9) 049" ") = d+c(14+z+---+2" 1) (mod z"—1) (5.14)

and
g" =1 (mod n). (5.15)

Proof. By Corollary 5.3.4 A™ is a g™-circulant and its Hall polynomial is
given by equation (5.12). If A™ = ¢J, then the first row of A™ is (¢, ¢, . .., ¢)
and this implies (5.13). Conversely, if (5.13) is satisfied, then the first row
of A™ is (c,¢,...,c), and it follows that A™ = cJ.

Suppose that d # 0 and A™ = dI + ¢J. It follows as above that (5.14)
holds. Moreover, since dI +c¢J is a circulant, we have g™ =1 (mod n) and
(5.15) holds. Next suppose that d # 0 and (5.14) and (5.15) are satisfied.
Then the first row of A™ equals (d + ¢,¢,...,c). By (5.15) A™ is a 1-
circulant and hence we have A™ = dI + cJ. a

The following theorem is from Lam([1977].

Theorem 5.3.6. Suppose that k™ = cn. Then the k-circulant matriz A
of order n whose first row consists of k 1’s followed by n — k 0’s satisfies

A™ =cJ.
Proof. The Hall polynomial of the matrix A defined in the theorem sat-
isfies
Oa(c) =14z +---+ %L

It follows by induction on k that

04(z)04(zF)- - 04(c*" ) =142 +22+. +2F" 7.
Since k™ = cn, we have

04(z)04(zF) - 04(F" ) =1+ +2%+. -+ 27!

=c(l+z+---+2"!) (modz"—1).

We now apply Lemma 5.3.5 and obtain the desired conclusion. o

If d # 0, then the condition K™ = —d + cn is not in general sufficient
to guarantee the existence of a (0,1)-matrix A of order n satisfying A™ =
—dI+c¢J.Letd = —1.If k™ = 1+ cn, then Lemma 5.3.5 also implies that the
k-circulant matrix A constructed in Theorem 5.3.6 satisfies A™ = I + ¢J.
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The following theorem of Lam and van Lint[1978] completely settles the
existence question in the case c =d = 1.

Theorem 5.3.7. Let m be a positive integer. There ezists a (0, 1)-matriz
A of order n satisfying the equation

A =—-I+J
if and only if m is odd and n = k™ + 1 for some positive integer k.

Proof. Suppose that A is a (0,1)-matrix satisfying A™ = —I + J. Then
A has trace equal to zero and by Theorem 5.3.2 A is a regular matrix of
degree k with n = k™ + 1. First assume that m = 2. The eigenvalues of
J — I are n — 1 = k? with multiplicity 1 and —1 with multiplicity n — 1.
Hence the eigenvalues of A are k with multiplicity 1 and +i¢ with equal
multiplicities. This contradicts the fact that A has zero trace. If m is even,
then (A™/ 2)2 = I + J where A™/2 is also a (0,1)-matrix. We conclude
that m is an odd integer.

We now suppose that m is an odd integer and n = k™ + 1. Let ¢ = —k
and let A be the g-circulant matrix of order n whose first row consists of 0
followed by k 1’s and (n — 1 — k) 0’s. The Hall polynomial of A satisfies

0a(x) =z+2z%+. -4k
We have

64(z)04(z%)---04(x?

m—1

)=-1+(14z+---+2"1) (modz"-1),

and
gr=(-k)"=-km=-n+1=1 (mod n).
We now deduce from Lemma 5.3.5 that A™ = —J + J. a
Although the matrix equation A™ = —dI + ¢J has a simple form some

difficult questions emerge. A complete characterization of those integers
m,d and c for which there exists a (0,1)-matrix solution is very much un-
settled. In those instances where a solution is known to exist, virtually
nothing is known about the number of nonisomorphic solutions for general
n. If n = k2 the number of regular (0,1)-matrices of order n satisfying
A? = J is unknown (Hoffman[1967)).

If in the equation A™ = dI + ¢J, we do not regard d and c as pre-
scribed, then different questions emerge. In these circumstances we seek
(0,1)-matrices A of order n for which A™ has all elements on its main di-
agonal equal and all off-diagonal elements equal. A trivial solution is the
matrix A = J, and in this case d = 0 and ¢ = n™~1. Ma and Water-
house[1987] have completely settled the existence of nontrivial solutions in
the case d = 0.
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Theorem 5.3.8. Letm > 2 andn > 2 be integers. There ezists a (0,1)-
matriz A of order n with A # J such that A™ has all of its elements equal
if and only if n is divisible by the square of some prime number. Let g be
the product of the distinct prime divisors of n. If n is divisible by the square
of some prime number, then there exists a g-circulant matriz A # J for
which all elements of A™ are equal.

Let A be a (0,1)-matrix of order n. We now consider the more general
matrix equation

A2 =E+cJ, (5.16)

where F is a diagonal matrix and c is a positive integer. This corresponds
to the case of a digraph D of order n with exactly ¢ walks of length 2
between every pair of distinct vertices.

It is at once evident that the matrix A of (5.16) need no longer be regular.
The following matrices with ¢ = 1 provide counterexamples:

[ 1 1 1 7

1

. o |@22), (5.17)
L 1 J

where O is the zero matrix of order n — 1, and

(n >4), (5.18)

where @ is a symmetric permutation matrix of order n — 1.
In this connection Ryser[1970] has established the following.

Theorem 5.3.9. Let A be a (0,1)-matriz of order n > 1 that satisfies
the matriz equation

A2 =E +¢J,
where E is a diagonal matriz and ¢ is a positive integer. Then there exists
an integer k such that A is regular of degree k except for the (0,1)-matrices

of order n with ¢ = 1 isomorphic to (5.17) or (5.18) and the (0,1)-matriz
of order 5 with ¢ = 2 isomorphic to

0

e
O O =
O O =
—_ O = O =
—_O O =
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Furthermore, if A is regular of degree k, then

A2 =dl+cJ,
where

k> =d+cn
and

—c<d<k-c

Bridges[1971] has extended the preceding result and found all of the non-
regular solutions of

A2 —gA=E+cl.

In addition Bridges[1972] and Bridges and Mena[1981] have completely
settled the regularity question for matrix equations of the form A™ = E+cJ.

Theorem 5.3.10. Let A be a (0,1)-matriz of order n that satisfies the
equation

A" =E+c¢J,

where E is a diagonal matriz and r and c are positive integers. Then A is
regular provided n > 3 and r > 3.

Additional information on regular solutions of the various types of matrix
equations described here can be found in Chao and Wang[1987], King and
Wang([1985], Knuth[1970], Lam[1975] and Wang[1980, 1981, 1982].

Exercises

1. Determine the Hoffman polynomial of the strongly connected digraph of order
n each of whose vertices has indegree and outdegree equal to 1 (a directed
cycle of length n).

2. Determine the Hoffman polynomial of the digraph obtained from the complete

bipartite graph K ,m by replacing each edge by two oppositely directed arcs.

. Prove Lemma 5.3.3.

. Suppose that k™ = 1 + cn. Prove that the k-circulant matrix A in Theorem

5.3.6 satisfies the equation A™ =TI + ¢J.

5. Construct the digraph of the solution A of order n = 9 of the equation A3 =

—I + J given in the proof of Theorem 5.3.7.

o
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6

Existence Theorems

6.1 Network Flows

Let D be a digraph of order n whose set of vertices is the n-set V. Let
E be the set of arcs of D and let ¢ : E — Z™* be a function which assigns
to each arc a = (z, y) a nonnegative integer

c(@) = c(z,y).

The integer c¢(z, y) is called the capacity of the arc (z, y) and the function ¢
is a capacity function for the digraph D. In this chapter, loops (arcs joining
a vertex to itself) are of no significance and thus we implicitly assume
throughout that D has no loops.

Let s and t be two distinguished vertices of D, which we call the source
and sink, respectively, of D. The quadruple

N = (D,¢,s,t)

is called a capacity-constrained network. We could replace D with a general
digraph in which the arc (z,y) of D has multiplicity ¢(z,y). However, it is
more convenient and suggestive to continue with a digraph in which ¢(z,y)
represents the capacity of the arc (z,y).

A flow from s tot in the network N is a function f : E — Zt from the
set of arcs of D to the nonnegative integers which satisfies the constraints

0 < f(z,y) < c(z,y) for each arc (z,y) of D, (6.1)

and

Z f(z,y) — Z f(z,z) = 0 for each vertex z # s,t. (6.2)

Y
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a 1,[1] ¢

b 1, [1] d

Figure 6.1

In (6.2) the first summation is over all vertices y such that (z,y) is an arc
of D and the second summation is over all vertices z such that (z,z) is an
arc of D. Since

5 (z f(z,y)—Zf(z,w)) ST S e - Y fea) =0,

zeV y zeV y zeV 2

it follows from (6.2) that
S fen) - 59 =S f) - Sy (63)
y z z y

Equations (6.2) are interpreted to mean that the net flow out of a vertex
different from the source s and sink t is zero, while equation (6.3) means
that the net flow out of the source s equals the net flow into the sink ¢. We
let v = v(f) be the common value of the two quantities in (6.3) and call
v the value of the flow f. In a capacity-constrained network it is usual to
allow the capacity and flow functions (and other imposed constraints) to
take on any nonnegative real values. For combinatorial applications integer
values are required. The theorems to follow remain valid if real values are
permitted for both the capacity and flow values. With our restriction to
integer values, there are only finitely many flows.

For an example, let N be the capacity-constrained network illustrated
in Figure 6.1 where the numbers in brackets denote capacities of arcs and
the other numbers denote the function values of a flow f. The value of this
flow f is v = 3. No flow from s to ¢ in N can have value greater than 3,
since the value of a flow cannot exceed the amount of flow from the set
X = {s,a,b} of vertices to the set Y = {¢, ¢, d} of vertices and this latter
quantity is bounded by the sum of the capacities of those arcs whose initial
vertices lie in X and whose terminal vertices lie in Y. We now investigate
in general the maximum value of a flow in a capacity-constrained network.
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Let X and Y be subsets of the vertex set V of the digraph D. The set
of arcs (z,y) of D for which z is in X and y is in Y is denoted by (X,Y).
If X is a set consisting of only one vertex z then we write (z,Y) instead
of ({z},Y); a similar remark applies to Y. If g is any real-valued function
defined on the set E of arcs of D, then we define

IX, V)= Y g(zy).

(z,9)e(X,Y)

Now consider the network N = (D, ¢, s,t). Let X be a set of vertices such
that s is in X and ¢ is in the complement X. Then (X, X) is called a cut in
N separating s and t. The capacity of the cut (X, X) is ¢(X, X). We first
show that the value of a flow is bounded by the capacity of each cut.

Lemma 6.1.1.  Let f be a flow with value v in the network (D,c, s,t),
and let (X, X) be a cut separating s and t. Then

Proof. 1t follows from (6.2) and the definition of v as given by (6.3) that

0 ifx+#st
fz,V) - f(V,z) = v ifr=s
—v ifz=t

Since s is in X and t is in X, we have
v =3 ex(f(z,V) - f(V,2)) = f(X,V) - f(V,X)
= f(X,XUX)- f(XUX,X)
= f(X, X)+f(X X) - f(X,X) - f(X,X)
(X,

From (6.1) we conclude that f(X,X) < ¢(X,X) and f(X, X) > 0, and the
conclusion follows. =]

We now state and prove the fundamental mazflow-mincut theorem of
Ford and Fulkerson[1956,1962] which asserts that there is a cut for which
equality holds in Lemma 6.1.1.

Theorem 6.1.2. In a capacity-constrained network N = (D, c,s,t) the
mazimum value of a flow from the source s to the sinkt equals the minimum
capacity of a cut separating s and t.
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Proof. Let f be a flow from s to t in N whose value v is largest. By
Lemma 6.1.1 it suffices to define a cut (X, X) separating s and ¢ whose
capacity equals v. The set X is defined recursively as follows:

(i) s € X;
(ii) if z € X and y is a vertex for which (z,y) is an arc and f(z,y) <
¢(z,y), then y € X;
(iii) if £ € X and y is a vertex for which (y,z) is an arc and f(y,z) > 0,
then y € X.

We first show that (X, X) is a cut separating s and t by verifying that
t € X. Assume, to the contrary, that ¢t € X. It follows from the definition
of X that there is a sequence zg = s, z1,...,Z, = t of vertices such that
foreach i =0,1,...,m — 1 either (z;,z;4+1) or (z;+1,;) is an arc, and

(x5, xiy1) is an arc and c(x;, zi+1) — f(Zi, Tit1) >0 (6.4)

or (Ti+1,z;) is an arc and f(Zit1,2;) > 0. (6.5)

Let a be the positive integer equal to the minimum of the numbers occurring
in (6.4) and (6.5). Let g be the function defined on the arcs of the digraph
D which has the same values as f except that

9(xi, ziy1) = f(zi, Tiy1) + a if (25, 2441) is an arc,
and
9(Tiv1,%:) = f(@iy1,2:) — a if (x441,2;) is an arc.

Then g is a flow in N from s to ¢ with value v + a > v contradicting the
choice of f. Hence t € X and (X, X) is a cut separating s and ¢.
From the definition of X it follows that

f(z,y) = c(z,y) if (z,9) € (X, X)
and
fly,z) =0if (y,2) € (X, X).

Hence f(X,X) = ¢(X,X) and f(X,X) = 0. Applying Lemma 6.1.1 we
conclude that v = ¢(X, X). o

Let [ : E — Z% be an integer-valued function defined on the set E of
arcs of the digraph D such that for each arc (z,y),

0 <l(z,y) < c(z,y)-
Suppose that in the definition of a flow f we replace (6.1) with
l(z,y) < f(z,y) < c(z,y) for each arc (z,y) of D. (6.6)
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Thus ! determines lower bounds on the flows of arcs. The proof of Theorem
6.1.2 can be adapted to yield: the maximum value of a flow equals the
minimum value of ¢(X, X) — I(X, X) taken over all cuts separating s and
t provided there is a flow satisfying (6.2) and (6.6).

We now discuss the existence of flows satisfying (6.6) which satisfy (6.2)
for all vertices . More general results can be found in Ford and Fulker-
son[1962].

A function f : E — Z* defined on the set E of arcs of the digraph D
with vertex set V' which satisfies (6.6) and

flz,V)—f(V,z)=0forallz €V (6.7)

is called a circulation on D with constraints (6.6). The following fundamen-
tal theorem of Hoffman[1960] establishes necessary and sufficient conditions
for the existence of circulations.

Theorem 6.1.3. There exists a circulation on the digraph D with con-
straints (6.6) if and only if for every subset X of the vertex set V,

(X, X) > I(X, X).

Proof. We define a network N* = (D*,c*,s,t) as follows. The digraph
D* is obtained from D by adjoining two new vertices s and ¢t and all the
arcs (s,z) and (z,t) with £ € V. If (z,y) is an arc of D, then c*(z,y) =
c(z,y) — l(z,y). If z € V, then ¢*(s,z) = I(V,z) and c*(z,t) = l(z, V).

From the rules

f*(z,y) = f(z,y) — U=z, y) if (z,y) is an arc of D,
f*(s,z) =U(V,z) ifz €V,
f*(z,t)=1(z,V)ifz €V,
we see that there is a circulation f on D with constraints (6.6) if and only
if there is a flow f* in N* with value equal to I(V, V). The subsets X of V

and the cuts (X *,7*) separating s and ¢ are in one-to-one correspondence
by the rules

X*=XU{s}, X =XUuU{t})

Moreover,
(X X7) = (X U{s}, X U{t})
= ¢*(X,X)+c*(5,X) +c*(X,t)
= ¢(X,X) - UX,X) + UV, X) + (X, V)

+ (X, 7)+l( V)
+
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Hence by Theorem 6.1.2 there is a flow f* in N* with value {(V,V) if and
only if ¢(X, X) > (X, X) forall X C V. a

Theorem 6.1.3 can be used to obtain conditions for the existence of a
flow f in a network N satisfying the lower and upper bound constraints
(6.6). We add new arcs (s,t) and (¢, s) with infinite capacity (any capacity
larger than the capacity of each cut suffices) and apply Theorem 6.1.3. The
resulting necessary and sufficient condition is that ¢(X, X) > I(X, X) for
all subsets X of vertices for which {s,t} C X or {s,t} C X.

The final flow theorem that we present concerns a network with multiple
sources and multiple sinks in which an upper bound is placed on the net
flow out of each of the source vertices and a lower bound is placed on the
net flow into each of the sink vertices.

Let D be a digraph of order n with vertex set V. Let ¢ be a nonnegative
integer-valued capacity function defined on the set E of arcs of D. Suppose
that S and T are disjoint subsets of the vertex set V,and let W = V — (SUT).
Let a : S — Z1 be a nonnegative integer-valued function defined on the
vertices in S, and let b : T — Z7 be a nonnegative integer-valued function
defined on the vertices in T. For s € S, a(s) can be regarded as the supply
at the source vertex s. For t € T, b(t) is the demand at the sink vertex t.
We call

N =(D,¢S,a,T,b)

a capacity-constrained, supply-demand network, and we are interested in
when a flow exists that satisfies the demands at the vertices in T" without
exceeding the supplies at the vertices in S. Let f : E — Z% be a function
which assigns to each arc in E a nonnegative integer. Then f is a supply-
demand flow in N provided

f(s,V) = f(V,5) <a(s), (s € 5), (6.8)
f(Vit) = (£, V) 2 b(2), (¢t € T), (6.9)
f(z, V)= f(V,z) =0, (z € W), (6.10)
and
0 < f(z,y) <c(z,y), ((z,9) € E). (6.11)

The following theorem is from Gale[1957].

Theorem 6.1.4. In the capacity-constrained, supply-demand network N =
(D,c,S,a,T,b) there exists a supply-demand flow if and only if

b(TNX)—-a(SNX)<c(X,X) (6.12)

for each subset X of the vertex set V.
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Proo f We remark that if X = 0, then (6.12) asserts that 3~ _sa(s) >
Y ier b(t), that is, the total demand does not exceed the total supply

First suppose that there is a flow f satisfying (6.8)-(6.11). Let X C V.
Then summing the constraints (6.8)—(6.10) over all vertices in X and using
(6.11) we obtain

T NX)-a(SNX) < f(V,X) - f(X,V)
Hence (6.12) holds for all X C V.

Now suppose that (6.12) holds for all X C V. We define a capacity-
constrained network N* = (D*, ¢*, s*,t*) by adjoining to D a new source
vertex s* and a new sink vertex t* and all arcs of the form (s* s) with
s € S and all arcs of the form (¢,¢t*) with ¢t € T. If (z,y) is an arc of D
we define ¢*(z,y) = c(z,y). If s € S, then c*(s*, s) = a(s). If t € T, then
c*(t,t*) = b(t). Let (X*,X*)_be any cut of N* which separates s* and ¢,
and let X = X* — {s*} and X = X — {t*}. Then

(X*,XT) — ¢ (T, t%)
=c*(X,t*) + c*(s*, X) + c* (X, X) — c*(T, t*)
=(TNX)+a(SNX)+c(X,X)—bT)
= -b(TNX)+a(SNX)+c(X,X).
Hence by (6.12)
(X" XT) > (T, ")
for all cuts (X*,X") of N* which separate s* and t*. It follows that the
minimum capacity of a cut separating s* and t* equals c¢*(T,t*). By The-
orem 6.1.2 there is a flow f* in N* with value equal to ¢*(T,t*). Since
c*(t,t*) = b(t) for all ¢t in T we have f*(¢,t*) = b(t),(t € T). Let f be
the restriction of f* to the arcs of D. Then f satisfies (6.10) and (6.11).
Moreover, for s in S

a(s) = f*(s*,8) = f*(s,V) = f*(V;s) = f(s5,V) = £(V,9),
and for ¢t in T
b(t) = f*(t,t") = f* (V) - f*(t, V) = f(V, 1) - F(£, V).
Thus f also satisfies (6.8) and (6.9). m]

A reformulation of Theorem 6.1.4 asserts that a supply-demand flow
exists in NV if and only if for each set of sink vertices there is a flow that
satisfies the combined demand of those sink vertices without exceeding the
supply at each source vertex. A precise statement is given below.
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Corollary 6.1.5. Thereezistsasupply-demand flow f inN=(D,c,S,a,T,b)
if and only if for each U C T, there is a flow fy satisfying (6.8), (6.10)
and (6.11) and

fu(V,U) = fu(U,V) 2 b(U). (6.13)

Proof. If f is a supply-demand flow in N, then for each U C T we may
choose fy = f to satisfy (6.8), (6.10), (6.11) and (6.13).

Conversely, suppose that for each U C V there exists an fy satisfying
(6.8), (6.10), (6.11) and (6.13). Let X be a subset of V. By Theorem 6.1.4
it suffices to show that (6.12) is satisfied. Let ' = SNX, W =WnX
and U = TN X. Since fy satisfies (6.8), (6.10) and (6.13) we have

-a(8") < fu(V,8') - fu(S,V),
0= fu(V,\W') - fu(W',V),
b(U) < fU(V,U) - fU(Ua V)

Adding and using (6.11), we obtain

b(U) —a(S) < fu(V,X) - fu(X,V)
= fu(X,X) - fu(X, X) < (X, X). o

A corollary very similar to Corollary 6.1.5 holds if the set T is replaced
by the set S.

In the next sections we shall use the flow theorems presented here in
order to obtain existence theorems for matrices, graphs and digraphs.

Exercises

1. Let N = (D, ¢c, s,t) be a capacity-constrained network and let [ : E — Z* be
an integer-valued function defined on the set E of arcs of D. Prove that the
maximum value of a flow f satisfying I(z,y) < f(x,y) < c(z,y) for each arc
(z,y) of D equals the minimum value of ¢(X, X) — (X, X) taken over all cuts
separating s and t, provided at least one such flow f exists.

2. Use Theorem 6.1.3 to show that there is a flow f in the network IV satisfying
l(z,y) < f(z,y) < c(z,y) for each arc (z,y) if and only if ¢(X, X) > I(X, X)
for all subsets X of vertices for which {s,t} C X or {s,t} C X.

3. Suppose we drop the assumptions that the capacity function and flow function
are integer valued. Prove that Theorem 6.1.2 remains valid.

4. Construct an example of a capacity-constrained network N whose capacity
function is integer valued for which there is a flow f of maximum value, such
that f(z,y) is not an integer for at least one arc (z,y). (By Theorem 6.1.2
there is also an integer-valued flow of maximum value.)



172 6 Existence Theorems
References

L.R. Ford, Jr. and D.R. Fulkerson[1962], Flows in Networks, Princeton University
Press, Princeton.

D. Gale[1957], A theorem on flows in networks, Pacific J. Math., 7, pp. 1073-1082.

A.J. Hoffman[1960], Some recent applications of the theory of linear inequalities
to extremal combinatorial analysis, Proc. Symp. in Applied Mathematics,
vol. 10, Amer. Math. Soc., pp. 113-127.

6.2 Existence Theorems for Matrices

Let A = [a45],(i = 1,2,...,m;j = 1,2,...,n) be an m by n matrix
whose entries are nonnegative integers. Let

ri=ai1+a2+ -+apy, (=1,2,...,m)
be the sum of the elements in row ¢ of A, and let
sj=ayj+agj+--+anj, (=12...,m)
be the sum of the elements in column j of A. Then
R=(r1,r2,...,™m)
is the row sum vector of A and
S =(s1,82,---,5n)

is the column sum vector of A. The vectors R and S consist of nonnegative
integers and satisfy the fundamental equation

ri+ro+--+rm=8+82+ -+ sp. (6.14)

The matrix A can be regarded as the reduced adjacency matrix of a bipar-
tite multigraph G with bipartition {X,Y} where X = {z1,z2,...,2m}
and Y = {y1,%2,...,yn}. The multiplicity of the edge {z;,y;} equals
a;j, (1 = 1,2,...,m;j = 1,2,...,n). The vector R records the degrees of
the vertices in X and the vector S records the degrees of the vertices in Y.
Without loss of generality we choose the ordering of the vertices in X and
in Y so that

rTP>2rg>-->ry, and  8; >8> - > sp.

The vectors R and S are then said to be monotone.

Theorem 6.2.1. Let R = (r1,72,...,™m) and S = (s1,82,...,8n) be
nonnegative integral vectors. There exists an m by n nonnegative integral
matriz with row sum vector R and column sum vector S if and only if
(6.14) is satisfied.
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Proof. If there exists an m by n nonnegative integral matrix with row
sum vector R and column sum vector S then (6.14) holds. Conversely,
suppose that (6.14) is satisfied. We inductively construct an m by n non-
negative integral matrix A = [aij] with row sum vector R and column sum
vector S. If m =1 we let

A=[s s2 -+ sn].

Ifn=1welet
T
A=[rn rp - ™ ] .
Now we assume that m > 1 and n > 1 and proceed by induction on m +n.
Let

ail] = min{rl, 81}.

First suppose that aj; = r1. We then let aj2 = -+ = a1, = 0, and define
R =(rg,...,rm) and §' = (s1 — 71,82,...,85). We have

ro+ ot rm=(s1—r1)+ 82+ +sn,

and by the induction assumption there exists a nonnegative integral matrix
A’ with row sum vector R’ and column sum vector S’. The matrix

rn 0 - 0
Al
has row sum vector R and column sum vector S. If aj; = s1, a similar
construction works. m]

If m = n, the nonnegative integral matrix A of order n with row sum
vector R = (r1,79,...,7,) and column sum vector S = (s, $2,...,8p) can
also be regarded as the adjacency matrix of a general digraph of order
n. The set of vertices of D is V' = {a1,a2,...,as} and a;; equals the
multiplicity of the arc (a;,a;), (4,5 = 1,2,...,n). The vector R now records
the outdegrees of the vertices and is the outdegree sequence of D. The vector
S records the indegrees of the vertices and is the indegree sequence of D.
When dealing with digraphs we may assume without loss of generality that
R or S is monotone, but we cannot in general assume that both R and S are
monotone. Theorem 6.2.1 provides a necessary and sufficient condition that
nonnegative integral vectors R and S of the same length be the indegree
sequence and outdegree sequence, respectively, of a general digraph.

We now investigate existence questions similar to the above in which
a uniform bound is placed on the elements of the matrix. Although our
formulations are in terms of matrices, there are equivalent formulations in
terms of bipartite multigraphs (with a uniform bound on the multiplici-
ties of the edges) and, in the case of square matrices, in terms of general
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digraphs (with a uniform bound on the mutliplicities of arcs). More general
results with nonuniform bounds can be derived in a very similar way.

Theorem 6.2.2. Let R = (r1,72,...,7m) and S = (s1,82,...,5n) be
nonnegative integral vectors, and let p be a positive integer. There exists an
m by n nonnegative integral matriz A = [a;;] such that

a;; < p, (1<i<m1<j<n)
dj=1@ij <1y, (1<i<m) (6.15)
Yitiai 285, (1<j<n)
if and only if
P 2D 85— m, (IC{L,2,...,m};JC{1,2,...,n}). (6.16)
jeJ i€l

Proof. We define a capacity-constrained, supply-demand network N =
(D,¢, S,a,T,b) as follows. The digraph D has order m + n and its set
of vertices is V = SUT where S = {r1,z2,...,Zm} is an m-set and
T = {v1,¥2,-.-,Yn} is an n-set. There is an arc of D from z; to y; with
capacity equal to p for each i =1,2,...,m and each j = 1,2,...,n. There
are no other arcs in D. We define a(z;) = 3, (i = 1,2,...,m) and b(y;) =
85,(j =1,2,...,n). If f is a supply-demand flow in N, then defining

a’ij=f(ziayj)’ (Z=172,,ma]=152van)

we obtain a nonnegative integral matrix A satisfying (6.15). It follows from
Theorem 6.1.4 that there is a supply-demand flow f in N if and only if
(6.16) is satisfied. a

If in Theorem 6.2.2 both R and S are monotone, then (6.16) is equiva-
lent to

l m
phl>d"si— > mi, (0<k<m0<i<n). (6.17)
j=1 i=k+1

The special case of Theorem 6.2.2 obtained by choosing p = 1 and by
assuming (6.14) is recorded in the following corollary.

Corollary 6.2.3. Let R = (r1,72,...,7m) and S = (s1,82,...,8n) be
nonnegative integral vectors satisfying (6.14). There exists anm by n (0,1)-
matriz with row sum vector R and column sum vector S if and only if

12 s =) m, (I C{1,2,...,m};J € {1,2,...,n}).  (6.18)
JjeJ i€l
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The conditions given in Corollary 6.2.3 for the existence of an m by
n (0,1)-matrix with row sum vector R and column sum vector S can be
formulated in terms of the concepts of conjugation and majorization of

vectors. Let R = (r1,79,...,7m) be a nonnegative integral vector of length
m, and suppose that rp < n, (k = 1,2,...,m). The conjugate of R is the
nonnegative integral vector R* = (r},r3,...,75) where

ri=iiri>ki=12,...,m}.

(There is a certain arbitrariness in the length of the conjugate R* of R
in that its length m can be any integer which is not smaller than any
component of R.) The conjugate of R is monotone even if R is not. We also
have the elementary relationship

k m
Z S Z min{r;, k}. (6.19)
i=1 j=1

There is a geometric way to view the conjugate vector R*. Consider
an array of m rows which has r; 1’s in the first positions of row i, (i =

1,2,...,m). Then R* = (r},r3,...,r},) is the vector of column sums of the
array. For example, if R = (5,3,3,2,1,1) and n = 5, then using the array

11111
1 11
1 11
11
1
1

we see that R* = (6,4,3,1,1).

Now let E = (e1,€2,...,en) and F = (f1, f2,..., fn) be two monotone,
nonnegative integral vectors. Then we write £ < F and say that E is
majorized by F provided the partial sums of E and F satisfy

€1+€2+"'+ekSf1+f2+"'+fk, (k=1’2,1n)

with equality for k = n.

Theorem 6.2.4. Let R = (r1,r2,...,7m) and S = (s1,82,...,8,) be
nonnegative integral vectors, and let p be a positive integer. Assume also
thatri+ro+---+71m =81 +82+ -+ sn and that S is monotone. There
exists an m by n nonnegative integral matriz A = [aij] with row sum vector
R and column sum vector S satisfying a;; < p, (1 <i<m,1 <j<n)if
and only if

k

D s < f: min{r;, pk}, (k=1,2,...,n) (6.20)

j=1 i=1
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Proof. We consider the capacity-constrained supply-demand network
N ={(D,c,S,a,T,b) defined in the proof of Theorem 6.2.2. It follows from
Corollary 6.1.5 that the matrix A exists if and only if 71 +ro+---+7rp, =
81+ s2 + -+ + sp and for each set U C T there is a flow fy satisfying
(6.8) and (6.13) each of whose values lies between 0 and p. The set of
arcs (U,V) is empty and fy(U,V) = 0, and a flow fy that maximizes
fu(V,U) = fuy(S,U) is obtained by defining f;; so that

fU(:L'z’U) :min{rl,plU|}, (1’ = 172""’m)'

Thus the desired matrix A exists if and only if

m
Z min{r;,p|U|} > E s;j forall U CT. (6.21)
=1 {5:y; €U}

The left side of (6.21) is the same for all subsets U of a fixed cardinality k.
Since S is monotone, for fixed k the largest value of the right side of (6.21)
is Z;?:l s;. Hence (6.21) holds if and only if

m k
Z min{r;, pk} > E sj, (k=1,2,...,n). (6.22)
i=1 j=1

The special case of Theorem 6.2.4 obtained by taking p =1 is known as
the Gale-Ryser theorem (see Gale[1957] and Ryser[1957]).

Corollary 6.2.5. Let R = (r1,72,...,7m) and S = (s1,82,...,8n) be
nonnegative integral vectors. Assume that S is monotone and that r; < n,
(:1=1,2,...,m). There ezists an m by n (0, 1)-matriz with row sum vector
R and column sum vector S if and only if S < R*.

Proof. The corollary follows from Theorem 6.2.4 by choosing p = 1 and
using the relationship (6.19). m|

If m = n, Corollary 6.2.3 provides necessary and sufficient conditions
for the existence of a digraph with prescribed indegree sequence R and
outdegree sequence S. Alternative conditions are given by Corollary 6.2.5
because we may assume without loss of generality that the outdegree se-
quence S is monotone. We now determine conditions for existence with
the added restriction that the digraph has no loops. This is equivalent to
determining conditions for the existence of a square (0,1)-matrix with zero
trace having prescribed row and column sum vectors. Following the proce-
dure used in the proof of Theorem 6.2.4 we obtain the following theorem
of Fulkerson[1960].
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Theorem 6.2.6. Let R = (r1,72,...,7n) and S = (s1,82,...,5n) be
nonnegative integral vectors and let p be a positive integer. There ezxists a
nonnegative integral matriz A = [aij] of order n such that

aij <p, (Li=12,...,n),

a;; =0, (i=1,2,...,n),

n
Zaij <r, ((=12,...,n),
Jj=1

n
Zaij >s;, (1=12,...,n)
i=1

if and only if
Z 55 < Emin{rj,p(lJl -1} + Zmin{rj,plﬂ}, J €{1,2,...,n}).

jeJ jeJ ]ej
(6.23)
Now assume that p = 1, and that both R and S are monotone. (This
assumption entails some loss of generality because of the requirement that
the trace is to be zero.) Then conditions (6.23) simplify considerably. Let
k be an integer with 1 < k < n. For J C {1,2,...,n} with |J]| = k, the left
side of (6.23) is maximal if J = {1,2,..., k} and the right side is minimal
if J ={1,2,...,k}. Thus (6.23) holds if and only if

k k n
ZS]‘ < Zmin{rj,k—1}+ Z min{r;,k}, (k=1,2,...,n). (6.24)
=1 =1 k1

Consider an array of n rows which has 7; 1’s in the first positions of row ¢
with the exception that there is a 0 in position i of row i if r; > 4, (1 <i <
n). For example, if R = (5,3,3,2,1,1) the array is

011111
011
1 01
1

[ SO G W W Wy

Let R** = (r}*,73*,...) be the vector of column sums of the array. Then
R* is called the diagonally restricted conjugate of R, and it follows that

k k n

Z it = Z min{r;,k -1} + Z min{rj, k}.
i=1
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We thus obtain from Theorem 6.2.6 the following result of Fulkerson[1960].

Theorem 6.2.7. Let R and S be monotone, nonnegative integral vectors
of length n. There exists a (0,1)-matriz of order n with row sum vector R
and column sum vector S and trace zero if and only if S < R**.

Theorems 6.2.6 and 6.2.7 have been generalized in Anstee[1982] by replac-
ing the requirement that the matrix have zero trace with the requirement
that there be a prescribed zero in at most one position in each column.
Existence theorems more general than Theorem 6.2.2 can be derived from
more general flow theorems than those presented in section 6.1.

Algorithms for the construction of the matrices considered in this section
can be found in the references. In addition they will be discussed in the
book Combinatorial Matriz Classes.

Exercises

1. Prove that the matrix A constructed inductively in the proof of Theorem 6.2.1
contains at most m + n — 1 positive elements and is the reduced adjacency
matrix of a bipartite graph which is a forest.

2. Let A be an m by n (0,1)-matrix with row sum vector R and column sum
vector S. Interpret the quantity

I =) s+ )
jeJ ieT

appearing in Corollary 6.2.3 as a counting function.

3. Prove that there exists an m by n (0,1)-matrix with all row sums equal to the
positive integer p and column sum vector equal to the nonnegative integral
vector S = (s1,82,...,8-) if and only if p < n, s; <m,(j =1,2,...,n) and
pm = Z;:l sj'

4. Generalize Theorem 6.2.2 by replacing the requirement a;; < p with a;; < ¢;;
where ¢;;, (1 £1 < m,1 <j < n) are nonnegative integers.

5. Let 0 < 7{ < 7,0 < 85 <sj,¢i5 > 0,(1 <é<m,<j<n) be integers. Prove
that there exists an m by n nonnegative integral matrix A = [a;] such that

aij <cij, (1<i<m,1<j<n),

n
<Y a;<n, (1<i<m),
j=1

m
;<Y ay<s;, (1<j<n)
i=1

if and only if
/ /
E Cij 2> max E Ti_E Sj,E sj—E Ti
i€l,j€J i€l jeT  i€J ieT

(Mirsky[1968]).
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6.3 Existence Theorems for Symmetric

Matrices
Let A = [a;;] be a symmetric matrix of order n whose entries are non-
negative integers, and let R = (r1,72,...,7n) be the row sum vector of A.

Since A is symmetric R is also the column sum vector of A. The matrix A
is the adjacency matrix of a general graph G of order n. The vertex set of
G is an n-set V = {a1,a9,...,an}, and a;; equals the multiplicity of the
edge {a;,a;}, (4,7 = 1,2,...,n). The vector R records the degrees of the
vertices and is called the degree sequence of G. A reordering of the vertices
of G replaces A by the symmetric matrix PT AP for some permutation
matrix P of order n. Thus without loss of generality we may assume that
R is monotone.

Let R = (r1,79,...,7n) be an arbitrary nonnegative integral vector of
length n. The diagonal matrix
rn 0 -~ 0
0 ro -+ 0
0 0 - 1y

is a symmetric, nonnegative integral matrix of order n with row sum vector
R. We obtain necessary and sufficient conditions for the existence of a sym-
metric, nonnegative integral matrix with a uniform bound on its elements
and with row sum vector equal to R from Theorem 6.2.2. We first prove a
lemma which allows us to dispense with the symmetry requirement.

For a real matrix X = [z;;] of order n we define

n n
a(X) =" |aij — zjil-
i=1j=1

We note that ¢(X) = 0 if and only if X is a symmetric matrix.
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Lemma 6.3.1. Let R = (r1,72,...,Tn) be a nonnegative integral vector
and let p be a positive integer. Assume that there is a nonnegative integral
matriz A = [a;;] of order n whose row and column sum vectors equal R
and whose elements satisfy a;; < p,(i,j = 1,2,...,n). Then there ezists
a symmetric, nonnegative integral matriz B = [b;j] of order n whose row
and column sum vectors equal R and whose elements satisfy b;; < p, (4,5 =
1,2,...,n).

Proof. Let B = [b;;] be a nonnegative integral matrix of order n whose
row and column sum vectors equal R and whose elements satisfy b;; < p,
(3,7 = 1,2,...,n) such that g(B) is minimal. Suppose that ¢(B) > 0. Let
D be the digraph of order n whose vertex set is V = {a1,a2,...,an} in
which there is an arc (a;, a;) if and only if b;; > bj;, (4,5 = 1,2,...,n). The
digraph D has no loops and since ¢(B) > 0, D has at least one arc. Let
a; be a vertex whose outdegree is positive. Since r; equals the sum of the
elements in row ¢ of B and also equals the sum of the elements in column
i of B, the indegree of a; is also positive. Conversely, if the indegree of a;
is positive, then the outdegree of a; is also positive. It follows that there
exists in D a directed cycle

Ay = Ay, =0 Ay, 0y

of length k for some integer k with 2 < k < n. We now define a new
nonnegative integral matrix B’ = [b’ ] of order n for which bgj <p(i,j=
1,2,...n) and for which R is both the row and column sum vector. If k is
even then B’ is obtained from B by decreasing the elements b;,i,, bigiy, - - -
bi._,i. by 1 and increasing the elements by i;, bigis- - s ip _yin_o» birix bY 1.
Now suppose that k is odd. If b;;;, = p then B’ is obtained from B by
decreasing bj,i, ;, bizigs bigisy-- > bir_,i by 1 and increasing bi,i,, bigigs-- -
bir_yix_2>iyix by 1. If b5, < p, then B’ is obtained from B by increasing
biyiy > Digins Digigs - - - » Digir_, by 1 and decreasing bi sy, bigiys - - -5 Ui i1+ bisiy
by 1. The matrix B’ satisfies q¢(B’) < ¢(B) and this contradlcts our choice
of B. Hence ¢(B) = 0 and the matrix B is symmetric. o

Theorem 6.3.2. Let R = (r1,72,...,Tn) be a nonnegative integral vec-
tor and let p be a positive integer. There exists a symmetric, nonnegative
integral matriz B = [b;;] whose row sum vector equals R and whose ele-
ments satisfy bij < p, (i, = 1,2,...,n) if and only if

PN 2 ri =Y r, (1, S{1,2,...,n)). (6.25)

jeJ i€l

Proof. The theorem is an immediate consequence of Lemma 6.3.1 and
Theorem 6.2.2. o
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If R is a monotone vector then (6.25) is equivalent to

4 n
phi> "ri— Y m, (kI=12...,n) (6.26)
j=1 i=k+1
Corollary 6.3.3. Let R = (r1,r2,...,7n) be a monotone, nonnegative

integral vector. The following are equivalent:

(i) There exists a symmetric (0, 1)-matriz with row sum vector equal to
R.
(i) kL> b =Sy, (k1=1,2,...,n).
(iii) R < R*.

Proof. The equivalence of (i) and (i7) is a consequence of Theorem 6.3.2.
The equivalence of () and (zi7) is a consequence of Lemma 6.3.1 and Corol-
lary 6.2.5 and the observation that R < R* implies that r1 < n. o

We now consider criteria for the existence of a symmetric, nonnegative
integral matrix with zero trace having a prescribed row sum vector R =
(r1,72,...,7n) and a uniform bound on its elements. Since the sum of the
entries of a symmetric integral matrix with zero trace is even, a necessary
condition is that r1 +r2 + - - - + 7, is an even integer. The following lemma
is a special case of a more general theorem of Fulkerson, Hoffman and
McAndrew[1965].

Lemma 6.3.4. Let R = (r1,72,...,7n) be a nonnegative integral vector
such that r1+ro+---+rn is an even integer, and let p be a positive integer.
Assume that there ezists a nonnegative integral matriz A = [a;j] of zero
trace whose row and column sum vectors equal R and whose elements satisfy
a;j < py(i,j = 1,2,...,n). Then there exists a symmetric, nonnegative
integral matriz B = [b;;] of zero trace whose row and column sum vectors
equal R and whose elements satisfy b;; < p.

Proof. Let B = [b;;] be a nonnegative integral matrix of zero trace such
that R equals the row and column sum vectors of B, b;; < p, (1,7 =
1,2,...,n) and ¢(B) is minimal. Suppose that ¢(B) > 0. Let D be the gen-
eral digraph of order n whose vertex set is V = {a1,a2,...,a,} in which
there is an arc (a;, aj) of multiplicity a;;—aj; if a;; > ajs, (3,5 = 1,2,...,n).
The digraph D has no loops and has exactly gq(B) arcs. Since R is both
the row and column sum vector of B, the indegree of each vertex equals its
outdegree. It follows that the arcs of D can be partitioned into sets each of
which is the set of arcs of a directed cycle.

First suppose that there exists in D a closed directed walk v: a;, — a;, —

-+ — a;, — a;, of even length k in which the multiplicity of each arc on the
walk does not exceed its multiplicity in D. We obtain a matrix B’ from B as
follows. We increase the elements b;,;, , b;, i, - - - , b, 4, _, by 1 and decrease the
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elements bjy;,, - - ., bi, _,ix_, s bipi, Dy 1. The resulting matrix B’ is a nonnega-
tive integral matrix of zero trace whose row and column sum vectors equal R
and whose elements do not exceed p. Moreover, q(B’) < q(B) contradicting
our choice of B. It follows no such directed walk  exists in D. We now con-
clude that the arcs of D can be partitioned into directed cycles of odd length
and no two of these directed cycles have a vertex in common.

Let a;, — a;, — --- — a;, — a;, be a directed cycle of D of odd length
k. Since r; + 79 + - - - + 7 is an even integer, D has another directed cycle
aj, — aj, — -+ — aj, — aj, of odd length L Neither of the arcs (a;,,a;,)
and (a;, ,a;,) belongs to D and hence b;,j, = bj,;,.

First suppose that b; j, = bj,;, > 1. Let B’ be the matrix obtained from
B by decreasing each of bi1j1 s bjlil , b‘l:z'l:a’ ey b‘ik—l,ik y b_’izja’ vy bjl—ljl by 1
and increasing b, ;- -, b5, _1ix_55 0iyigr Bjggis - -+ » D5i_15i_0> 0515 by 1. Then
B’ is a nonnegative integral matrix of zero trace whose row and column
sum vectors equal R and whose elements do not exceed p, and B satisfies
q(B’) < q(B) contradicting our choice of B. A similar construction results
in a contradiction if b; ; = b;;, = 0. We conclude that ¢(B) = 0 and
hence that B is symmetric. O

We now obtain the conditions of Chungphaisan[1974] for the existence
of a symmetric nonnegative integral matrix with a uniform bound on its
elements and with prescribed row sum vector.

Theorem 6.3.5. Let R = (r1,r2,...,mn) be a monotone, nonnegative
integral vector such that ry + 19 + -+ +ry, is an even integer, and let p be
a positive integer. There exists a symmetric, nonnegative integral matrizc
A= [aij] of order n with zero trace whose row sum vector equals R and
whose elements satisfy a;; < p, (3,5 =1,2,...,n) if and only if

n

k
Zri <pk(k—-1)+ Z min{r;,pk}, (k=1,2,...,n). (6.27)
=1 i=k+1

Proof. It follows from Theorem 6.2.6 and Lemma 6.3.4 that a matrix
satisfying the properties of the theorem exists if and only if

k k n
Z r; < Z min{r;,p(k — 1)} + Z min{r;,pk}, (k=1,2,...,n).
=1 i=1 i=k+1

(6.28)

Suppose that (6.27) holds but (6.28) does not hold for some integer k.
Clearly k > 1. Let g be the largest integer such that ry > p(k — 1). Then
q < k and hence

k k n
Zri>pq(k—1)+ z ri + Z T
i=1

i=q+1 i=k+1
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Hence
q

Zrz>pq -1) Z T3

=1 i=k+1
On the other hand by (6.27) we have

q n
Y ri<pglg—1)+ Y_ min{r;,pq}
i=1 i=gq+1
k n
<pglg—1)+ Y min{ri,pg}+ Y
i=q+1 i=k+1
n
<palg—1)+(k—qpg+ Y
i=k+1
< pq(k Z .
i=k+1

This contradiction shows that (6.27) implies (6.28). The converse clearly
holds and the theorem follows. m]

We now deduce the theorem of Erdés and Gallai[1960] for the existence
of a symmetric (0,1)-matrix with zero trace and prescribed row sum vector
(a graph with prescribed degree sequence).

Theorem 6.3.6. Let R = (r1,rs,...,mn) be a monotone, nonnegative
integral vector such that r1 +ro + -+ + rp is an even integer. Then the
following statements are equivalent:

(i) There ezists a symmetric (0,1)-matriz with zero trace whose row
sum vector equals R.
(%) R X R**.
(i) XK 11 <k(k—1)+ X0 4y min{k,r;}, (k=1,2,...,n).
Proof. The theorem is a direct consequence of Theorem 6.3.5, Theorem
6.2.7 and Lemma 6.3.4. o

Algorithms for the construction of the matrices considered in this sec-
tion can be found in Havel[1955], Hakimi[1962], Fulkerson[1960], Chung-
phaisan[1974] and Brualdi and Michael{1989).

Exercises

1. Prove the following generalization of Lemma 6.3.4: Let C be a symmetric,
nonnegative integral matrix with zero trace. Let D be the general digraph
of order n whose adjacency matrix is C. Assume that for each pair of cycles
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~ and v’ of D of odd length, either v and 7' have a vertex in common or
there is an edge joining a vertex of 4 and a vertex of 4. If there exists a
nonnegative integral matrix B of order n with row and column sum vector
R such that B < C (entrywise), then there exists a symmetric, nonnegative
integral matrix A of order n with row and column sum vector R such that
A < C (Fulkerson, Hoffman and McAndrew([1965]).

2. Prove that there exists a symmetric, nonnegative integral matrix of order n
with row sum vector R = (r1,72,...,7») which is the adjacency matrix of a
tree of order n if and only if r; > 1,(i =1,2,...,n) and 2" 1T =2(n—1).

i=
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6.4 More Decomposition Theorems

Several decomposition theorems for matrices have already been estab-
lished in section 4.4. In this section we obtain additional decomposition
theorems by applying the network flow theorems of this chapter. We recall
that Theorem 4.4.3 asserts that the m by n nonnegative integral matrix
A with maximum line sum equal to k can be decomposed into k (and no
fewer) subpermutation matrices Pi, Py, ..., Py of size m by n. The ranks
of these subpermutation matrices are unspecified.

Theorem 6.4.1. Let A be an m by n nonnegative integral matriz, and
let k and [ be positive integers. Then A has a decomposition of the form

A=P +Py+---+P

where Py, Py, ..., P; are subpermutation matrices of rank k if and only if
each line sum of A is at most equal to | and the sum of the elements of A
equals lk.
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Proof. 1t is clear that the conditions given are necessary for there to
exist a decomposition of A into ! subpermutation matrices of rank k. Now
suppose that no line sum of A exceeds [ and that the sum of the entries
of A equals lk. If necessary we augment A by including additional lines of
zeros and assume that m = n. Let the row and column sum vectors of A

be (r1,72,...,7n) and (s1, S2, . - -, Sn ), respectively. By Theorem 6.2.1 there
exists an n by n — k nonnegative integral matrix A; with row sum vector
(l-r1,l —re,...,l —ry) and column sum vector (l,1,...,!). There also
exists an n — k by n nonnegative integral matrix Az with row sum vector
(1,1, ...,1) and column sum vector (! — sy,l —sa,...,l —sy). Let
A A
o[ 5]

where O denotes a zero matrix of order n — k. Then B is a nonnegative
integral matrix of order 2n — k with all line sums equal to .. By Theorem
4.4.3 B has a decomposition

B=Qi+Q+ +Q

into [ permutation matrices of order 2n — k. Each of the permutation matri-
ces @; has n—k 1’s in positions corresponding to those of A; and n—k 1’s in
positions corresponding to those of A;. Let P; be the leading principal sub-
matrix of Q; of order n, (i = 1,2,...,1). Then each P; is a subpermutation
matrix of rank k and A=Py+ Py +---+ P,. O

For each positive integer k£ a nonnegative integral matrix has a decompo-
sition into subpermutation matrices of rank at most equal to k. However,
not every nonnegative integral matrix can be expressed as a sum of sub-
permutation matrices of rank at least equal to k.

Recall that the sum of the elements of a matrix A is denoted by o(A).

Corollary 6.4.2. Let A be an m by n nonnegative integral matriz and let
l be the mazimum line sum of A. Let k be a positive integer. Then A has a
decomposition into subpermutation matrices each of whose ranks is at least
equal to k if and only ifo(A) > lk. Moreover, if 5(A) > lk, then there exists
an integer k' > k such that A has a decomposition into subpermutation
matrices where the rank of each subpermutation matriz equals k' or k' + 1.

Proof. If A has a decomposition of the type described in the theorem,
then o(A) > lk. Now suppose that o(A) > lk. Let I’ = |0(A)/k]. Then
I’>1and

Uk <o(A) < (' + 1)k,
and there exists an integer k¥’ > k such that

Uk <o(A) <UV(K' +1).
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Let 0(A) = 'k’ + p where 0 < p < !’ and define

0

A= A :
0
0 - 0 U'-p

Then A’ is a nonnegative integral matrix with all line sums at most equal
to I’ and with sum of elements o(A’) = I'(k’ + 1). By Theorem 6.4.1 A’ has
a decomposition into !’ subpermutation matrices of rank &’ 4+ 1. Hence A
has a decomposition into I’ subpermutation matrices of rank k' or k¥’ + 1.

a

Let A be an arbitrary nonnegative integral matrix. We now consider
decompositions of A of the form

A=Pi+P+.---+P+X

where Pi, Py, ...,P; are subpermutation matrices of a prescribed rank k
and X is a nonnegative integral matrix. We define 73 (A) to be the maxi-
mum integer ! for which such a decomposition exists and we seek to deter-
mine 7 (A). It follows from Theorem 1.2.1 that mi(A) > 1 if and only if
A does not have a line cover consisting of fewer than k lines. By Theorem
6.4.1 7 (A) equals the maximum integer ! such that A has a decomposition
of the form

A=B+X,

where B is a nonnegative integral matrix with sum of elements o(B) =
kl and with line sums not exceeding !/, and X is a nonnegative integral
matrix. The following theorem is from Folkman and Fulkerson[1969] (see
also Fulkerson[1964]).

Theorem 6.4.3. Let A = [a;;] be an m by n nonnegative integral matriz
and let k be a positive integer. Then

7e(A) = min {

a(A)
e+f+k—-m-—n

where the minimum is taken over all e by f submatrices A’ of A with
e+ f>m+n—k.

Proof. Let [ be a nonnegative integer. We define a network N = (D, ¢, s, t)
as follows. The digraph D has order m+n and its set of verticesis V = XUY

where X = {z1,z9,...,zm} isan m-set and Y = {y1,¥2,...,yn} isan n-
set. There is an arc from z; to y; of capacity a;;, (1 = 1,2,...,m;j =
1,2,...,n). There are also arcs from s to z;, (1 = 1,2,...,m) and from y;

tot,(j =1,2,...,n) each of capacity I. By Theorem 6.4.1 m3(A) > ! if and
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only if there exists a flow in N with value lk. Applying Theorem 6.1.2 we
see that a flow with value lk exists if and only if

a(AY+lm—e)+lln-f) >k

for every e by f submatrix A’ of A,(e = 0,1,...,m;f =0,1,...,n). The
theorem now follows. =]

In Theorem 6.4.1 we determined when a nonnegative integral matrix
has a decomposition into subpermutation matrices of a specified rank k.
A more general question was considered by Folkman and Fulkerson[1969).
Let K = (ki,ko,...,k;) be a monotone vector of positive integers, and let
A be an m by n nonnegative integral matrix. A K-decomposition of A is a
decomposition

A=P+Py+---+ B

where P; is an m by n subpermutation matrix of rank k;, (i = 1,2,...,1).
Theorem 6.4.1 determines when the matrix A hasa (k, , . . . , k)-decomposi-
tion. Since every nonnegative integral matrix is the sum of subpermutation
matrices of rank 1, we can obtain from Theorem 6.4.3 necessary and suffi-
cient conditions for A to have a K-decomposition if the vector K has the
form (k,k,...,k,1,1,...,1), that is, if K has at most two different com-
ponents one of which equals 1. The general case in which K has only two
different components is settled in the following theorem of Folkman and
Fulkerson[1969], which we state without proof.

Theorem 6.4.4. Let K = (k1,k2,...,k;) be a monotone vector of posi-
tive integers, and let K* = (kT,k3,...) be the conjugate of K. Let A be an
m by n nonnegative integral matriz. If A has a K-decomposition, then

a(A') > > ks (6.29)
j>m—e+n—f+1

for all e by f submatrices A’ of A, (e = 0,1,...,m; f =0,1,...,n) with
equality for A’ = A. If the components of K take on at most two dif-
ferent values and (6.29) holds, with equality for A’ = A, then A has a
K -decomposition.

We conclude this section by stating without proof another decomposition
theorem of Folkman and Fulkerson[1969] which is used in their proof of The-
orem 6.4.4. It can be proved using the network flow theorems of Section 6.1.

Theorem 6.4.5. Let A be an m by n nonnegative integral matrix with

row sum vector R = (r1,72,...,7m) and column sum vector S = (s, s2,...,
/"N /" ) / / /

sn). Let R = (r},rh,...,mh,), R = (r{,ry,...,m), ' = (8],85,...,5,),

and S” = (sY,s5,...,5n) be nonnegative integral vectors such that r; <

ri+rl,(i =1,2...,m) and s5; < si+8],(j =1,2,...,n). Let o’ and
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o” be nonnegative integers such that o(A) = o' + o”. Then there ezist
m by n nonnegative integral matrices A’ and A” such that A = A’ + A"
where o0(A') = o/, a(A") = o”, the components of the row and column sum
vectors of A’ do not exceed the corresponding components of R’ and S’,
respectively, and the components of the row and column sum vectors of A”
do not exceed the corresponding components of R"” and S”, respectively, if
and only if

o —Eri - ng <a(A[l,J]) < ZT‘; + Z s5.
iel jeJ i€l jeJ
and
a”’ —27{ - Zsé’ <a(A[l,J)]) < Zr§'+253~
i€l jed i€l jeJ
for all I C {1,2,...,m} and all subsets J C {1,2,...,n}. Here A[l,J]
denotes the submatriz of A with row indices in I and column indices in J.

The proof of the Theorem 6.4.5 proceeds by defining a digraph with cer-
tain lower and upper bounds on arc flows and then applying the circulation
theorem, Theorem 6.1.3.

Exercises

1. Let A be an m by n nonnegative integral matrix and let p be the maximal line
sum of A. Let k be a nonnegative integer. Prove that A has a decomposition
into subpermutation matrices of ranks k or k + 1 if and only if

pk < o(A) < |o(A)/k] (k +1).

2. Prove Theorem 6.4.5.
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6.5 A Combinatorial Duality Theorem

Let A = [a3;],(1 <4 <m;1 < j < n) be a nonnegative integral matrix
and let k£ be a positive integer. We define

Uk(A) = max{a(Pl +Py+ -4 Pk)}
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where the maximum is taken over all m by n subpermutation matrices
P, P,,..., P such that

P, + Py + .-+ P, < A (entrywise).

Thus oy (A) equals the maximum sum of the ranks of k& subpermutation
matrices whose sum does not exceed A. If A is a (0,1)-matrix, then o (A)
equals the maximum sum of the ranks of k£ “disjoint” subpermutation ma-
trices contained in A. By Theorem 4.4.3

ok (A) = max{o(X)}

where the maximum is taken over all m by n nonnegative integral matrices
X such that X < A and each line sum of X is at most equal to k. In terms
of the bipartite graph G whose reduced adjacency matrix is A, ox(A) equals
the maximum number of edges of G which can be covered by & matchings.
The integer o1 (A) equals the term rank p(A) of A. If k equals the maximum
line sum of A, then o;(A) equals 0(A), the sum of the entries of A. We
define og(A) to be equal to 0, and let

a(A) = (o0(A),01(4), 02(4),....).

The sequence g(A) is an infinite nondecreasing sequence with maximal ele-
ment equal to 0(A) and is called the matching sequence of A. In this section
we discuss some elegant results of Saks[1986] concerning the matching se-
quence of a nonnegative integral matrix.

The following theorem of Vogel[1963] contains as a special case an eval-
uation of the terms of the matching sequence.

Theorem 6.5.1. Let A = [a;;] be an m by n nonnegative integral ma-
triz, and let R = (r1,72,...,7m) and S = (s1, 82,...,5n) be nonnegative
integral vectors. Then the mazimum value of 0(X) taken over all m by n
nonnegative integral matrices X = [x;;] such that

n m
X <A Z:szsru (7':1’2’17”’)1 szjss]’ (]=1)2,,n)

equals

min Zri+23j+ Z aij
IC{1,2,..,m},JC{1,2,.m} | 47 ) iTaeT
Proof. The proof is a straightforward consequence of the maxflow-mincut
theorem, Theorem 6.1.2. We define a capacity-constrained network N =

(D, c,s,t) as follows. The digraph D has order m + n + 2 and its set of
vertices is V = {s,t} UX UY where X = {z1,22,...,Zm} and
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Y = {y1,¥2,.-.,Yn}. There is an arc from s to z; of capacity c(s,z;) =
ri, (¢ = 1,2,...,m), an arc from y; to t of capacity c(y;,t) = s;,
( = 1,2,...,n) and an arc from z; to y; of capacity c(z;,y;) = asj,

(¢ =1,2,...,m;7 = 1,2,...,n). There are no other arcs in D. If f is a
flow in N of value v, then defining

xij=f($i,yj), (i=1,2,...,m;j=1,2,...,n)

we obtain an m by n nonnegative integral matrix X = [z;;] such that
Zij < aj; for all i and j, the row sum vector R’ and column sum vector S’
of X satisfy R' < R and S’ < S, and ¢(X) = v. Conversely, given such an
X there is a flow with value o(X). Let (Z,Z) be a cut separating s and ¢
where

ZNX ={z;:i€l} and ZnY={y;j:jeJ}.
Then the capacity of (Z, Z) is
(Z,2)=) _ri+> si+ Y, ay.
i€l jeJ iel,jed
The theorem now follows. o
Let I C {1,2,...,m} and J C {1,2,...,n}. Then we define
o1,0(A) = 0(A) - o(A[1, 7)),

the sum of the elements of A which belong to the union of the rows in-
dexed by I and the columns indexed by J. Recall that AlT, J]_denotes the
submatrix of A with row indices in I and column indices in J. For p > 0,
we let

7p(A) = max{oy j(A): I € {1,2,...,m},J C{1,2,...,n},|I| + |J| = p},
(6.30)

the maximum sum of the elements of A lying in the union of p lines. We
note that 7,(A) = o(A) for all p > m + n. The infinite nondecreasing
sequence

1(A) = (10(A), 11(A4), 72(A4), ....)

is called the covering sequence of A. The matching sequence of a nonnega-
tive integral matrix can be obtained from its covering sequence.

Corollary 6.5.2. Let A be an m by n nonnegative integral matriz and
let k be a nonnegative integer. Then

0k (A) = min{o(A) + kp —7p(A) : p >0}, (k>0).
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Proof. By Theorem 6.5.1 with r; = k, (i = 1,2,...,m), and s; = k,(j =

1,2,...,n), ox(A) equals the minimum value of the quantities
k(I + 1T+ > aij = o(A)+ k(1] + |J]) —o1,5(A),
iel,jed

over all subsets I of {1,2,...,m} and J of {1,2,...,n}. Setting p = |I|+|J|
we see that o (A) equals

{1,2,...,m};
{1,2,...,n},|I| +|J| = p},

and the result follows from (6.30). m]

min,>o min{o(A) + kp — o7 y(A) : I
J

NN

We now digress and study some properties of integer sequences. Let n
be a nonnegative integer. We denote by T, the set of all infinite integer
sequences

L = (tO,tlyt2a‘ .. )
satisfying

(i) 0=to<t1 <tz <---<n,and
(ii) t; = n for some integer ! (and hence for all integers greater than [).

We partially order the set Tn, by defining s <7 t provided s < tj for all
k > 0. This partial order determines a lattice with meet and join given as
follows:

s A7 t = (min{so, to}, min{s1,t1}, min{s2, t2},....),
s Vr t = (max{sg, to}, max{s1,t1}, max{sg,t2},....).

We note that (0,n,n,n,....) is the unique maximal element of Tr.
A composition of a positive integer n is an infinite sequence

A=(A1,2,A3,....)

of nonnegative integers with sum ) ;5; Ax = n. Notice that there is no
monotonicity assumption on the terms of a composition. The set of all
compositions of the integer n is denoted by Cr,. We partially order the set
Cn by defining p <¢ A provided

k k

domi<Y N (k1)

i=1 i=1
Let t = (to,t1,t2,....) be a sequence of integers. The difference sequence

6§ = ((6t)la (692) (6E)37 e )
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is defined by (6t)x = tx — tk—1,(k > 1). If t is in T}, then 6t is in C,,.
Conversely, if A is in C, and we define t = (0, A1, A1 + Ag,....), then
6t = A Moreover it follows that s <7 ¢ if and only if s <¢ 6t. Hence
6 : T, — Cp, defines an isomorphism of the partially ordered sets T, and
Cr. Since T}, is a lattice, Cp, is also a lattice and we denote its meet and
join by A¢ and Vo, respectively.

A partition of the integer n is a composition A of n which satisfies the
monotonicity assumption A1 > Ag > A3 > --- . The partitions of n form a
finite subset P, of the set Cy of compositions of n. A sequence t in Tp, is
called conver provided that

2k >ty Hte—1, (k=1,2,....).

The set of convex sequences in T, is denoted by X,. A sequence t in Tp,
belongs to Xy, if and only if the difference sequence 6t belongs to P,. Thus
6 : Xy, — P, defines an isomorphism of the partially ordered sets X, and
Py, In particular, X, is a finite set.

The join V7 of two convex sequences in X, need not be a convex se-
quence. For instance, the join of the convex sequences

5=1(0,4,8,12,12,12,....), t=(0,5,7,9,11,12,12,....)
in X12 is
sVrt=(0,5,8,12,12,12,....)

and is not convex. Thus X, is not in general a sublattice of the lattice T,
and P, is not in general a sublattice of Cy,. However, X, is closed under the
meet operation At of Tp,, and hence P, is closed under the meet operation
A¢ of Cp.

Lemma 6.5.3. Ifs andt arein Xy then their meet sArt is also in Xn,.
If X and p are in P, then their meet A Ac u is also in Pp.

Proof. We have
2(s AT t)k = 2min{sg,t;}
= min{2sk,2tx} > min{sg41 + Sk—1, tkt1 + te—1}
min{sk41,tk+1} + min{sg—_1,tk—1}
= (AT Dk+1+ (SAT B)k-1

v

and the result follows. m]

Let ¢ belong to T, and consider the nonempty set

{s:5€ Xn,t <r 8} (6.31)
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of convex sequences above t. It follows from Lemma 6.5.3 that the set (6.31)
has a unique minimal element, namely

tX = Ar{s:s € Xn,t <7 s},

and this minimal element is convex. The convex sequence tX is called the
convez closure of t. Similarly it follows that for a composition A in Cy, there
is a unique minimal partition AP >c A, called the partition closure of A.
We have

@) =6t%, (teTn). (6.32)

We next determine the relationship between two convex sequences whose
difference sequences are conjugate partitions.

Lemma 6.5.4. Lets andt be convex sequences in Xn,. The following are
equivalent:

(i) 6s and 6t are conjugate partitions of n;
(i) sy =min{n+ kp—t, : p >0}, (k=0,1,2,....);
(ii) tx = min{n + kp —sp: p 20}, (k=0,1,2,....).

Proof. For p > 0 we have t, = Zfzo(éz)i and hence
P
ntkp—tp=> k+ Y (6t);.
i=1  i>ptl

It follows from this equation that

k

min{n + kp—tp : p > 0} = Z min{(6t);, k} = Zmax{j : (6t); > i}
1>1 =1

Thus (i¢) is equivalent to
(68)k = max{j : (6t); > k} = ((6)*)k, (k=0,1,2,....).

This proves the equivalence of (i) and (iz) and hence also the equivalence
of (i) and (7). ]

By Lemma 6.5.4 the function ® : X;;, — X, defined by
(®t)r =min{n+ kp—t,:p >0}, (k>0); t€ X,

is the bijection on X, corresponding to the bijection ¥ : P, — P, deter-
mined by conjugation on P, that is,

®=6w6"1,
where U\ = \*, (A € Pp).
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The function ® can be extended to all of Ty, by defining
(®t)y =min{n+kp—tp,:p>0}, (k>0),
for each t in T,. We now show that ®t is always convex.
Lemma 6.5.5. For allt inTy, ®t isin X,.

Proof. We have
(®t)o = min{n —tp : p > 0} =0,
since tp = n for some p > 0;
(®t)x = min{n + kp —t,} <n+k0—ty=mn,
with equality holding for k = n;
(®)es1 = min{n+ (k+1)p—tp: p> 0}
> min{n+kp—tp:p >0} =(Pt)g, (k=0).
Hence ®t is in T,,. We also have
2(®t)x = 2min{n+kp—tp:p >0}
min{n+ (k+1)p—tp+n+ (k—1)p+tp:p >0}
min{n + (k+ 1)p — tp;p > 0} + min{n + (k — 1)p — tp : p > 0}
(®)k+1 + (Bt)g—1, (k 2 1).

Hence &t isin X,,. a

v

In summary, ® : T, — X, is a function which is a bijection on Xj.
Moreover, it is a consequence of the definition of ® that ® is order-reversing,
that is, s <7 t implies that &t < ®s.

Lemma 6.5.6. Forallt inT,,

t <p &%t

Proof. We have
(®2t)r = min{n+kp— (®t)p : p > 0}
= min{n + kp — min{n + pg —tg: ¢ > 0} : p > 0}
= min{max{p(k — q) +tq: ¢ > 0};p > 0}
> min{ty:p >0} =tx, (k>0). u]



6.5 A Combinatorial Duality Theorem 195
We now show that ®2¢ is the convex closure of a sequence ¢ in Tj,.
Theorem 6.5.7. ForalltinT,,
%t = tX.

Proof. Using Lemma 6.5.5 and Lemma 6.5.6 we see that ®2¢ is a convex
sequence and

t<rt* <r .
Since ® is order reversing we have
ot <p &t <7 ot <r ot.

Thus <I>3§ = ®tX. Since ® is a bijection on X, we conclude that ®2¢ = tX.
m]

The isomorphism 6 of T, and C,, now yields the following,
Theorem 6.5.8. Lett be a sequence in Ty,. Then
60t = ((6t)F)*.

Proof. By Theorem 6.5.7 2t = tX and hence §®2t = 6tX. By Lemmas
6.5.4 and 6.5.5, §®%t = (6®t)* and hence

(6®t)* = 6t%.
By (6.32) 6tX = (6t)F and thus (6®t)* = (61)F. o

We now return to the m by n nonnegative integral matrix A and its
matching sequence g(A) = (og(A),01(A),02(A),....) and covering se-
quence 7(A) = (10(A),71(A), 72(A),....). The sequences g(A) and 7(A)
belong to T 4)-

Theorem 6.5.9. Let A be an m by n nonnegative integral matricz. Then
sa(A) = ((6z(4)")*.

In particular, the sequence of differences of the matching sequence g(A) is
conver.

Proof. By Corollary 6.5.2, g(A) = ®7(A), and hence by Lemma 6.5.5,
o(A) is a convex sequence. The theorem now follows by applying Theorem
6.5.8. O
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In words, Theorem 6.5.9 says that the sequence of differences of the
matching sequence is the conjugate of the partition closure of the sequence
of differences of the covering sequence. The sequence of differences of the
covering sequences is not in general convex. For instance, let

O OO - ==
OO - O =
O = O O = =
—_— OO0 O M -

Then
7(A) = (0,4,8,9,12,12,....)
and
67(A) = (4,4,1,3,0,0,....).
The partition closure of 67(A) is
(4,4,2,2,0,0,....),

which is self-conjugate and equals the sequence of differences of the match-
ing sequence g(A).
More general results can be found in Saks[1986).

Exercises

1. Show how Koénig’s theorem (Theorem 1.2.1) follows from Theorem 6.5.1.

2. Let A be a composition of nn. Prove that the following procedure always results
in the partition closure A” of A: Choose any j such that A\; < Aj+1. Replace
Aj by Aj +1 and Aj+1 by Aj+1 — 1. Repeat until a partition of n is obtained
(Saks[1986]).

. Determine the partition closure of the composition (2, 3,6,2,4,4,5,0,0,...) of26.

. Determine the matching sequence and covering sequence of the m by n matrix
of all 1’s. Verify Theorem 6.5.9 in this case.

5. Determine the matching sequence and covering sequence of the matrix

W

11001
00110
110011
A=17 1 00 0
00110
1100 1

and verify Theorem 6.5.9 in this case.
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The Permanent

7.1 Basic Properties

Let A = [a5], (¢ =1,2,...,m;j =1,2,...,n) be a matrix of size m by n
with elements in a field F' and assume that m < n. As defined in Chapter
1 the permanent of A is

per(A) = Z 014, 0245 * * * Qmi,, (7.1)
where the summation extends over all the m-permutations (¢y,a,...,%m)
of the integers 1,2,...,n. There is a nonzero product in the summation

(7.1) if and only if there exist m nonzero elements of A no two of which are
on the same line. By Theorem 1.2.1 all of the products in the summation
(7.1) are zero if and only if A has a p by ¢ zero submatrix with p+¢ = n+1.

The permanent of A is unchanged under arbitrary permutations of the
lines of A and also under transposition of A if m = n. The permanent of
the matrix obtained from A by multiplying the elements of some row by
the scalar ¢ equals cper(A). In addition, if the kth row a of A is the sum
of two row vectors o’ and o, then per(A) = per(A’) + per(A”) where A’
is obtained from A by replacing a with o’ and A” is obtained from A by
replacing a with . Thus the permanent is a linear function of each of the

rows of the matrix A.
If A has the block form
A1 O
A3 A,
where A; is a square matrix, then
per(A) = per(A;)per(A4z).

For a square matrix the definition of the permanent is the same as that
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of the determinant apart from a factor of £1 preceding each of the products
in the summation (7.1). However, this similarity of the permanent to the
determinant does not extend to an effective computational procedure for
the permanent which is analogous to that for the determinant. This is
because the permanent is in general greatly altered by the addition of a
multiple of one row to another.

The Laplace expansion for the determinant has a simple counterpart for
the permanent. Let A(7, ;) denote the matrix of size m—1 by n—1 obtained
from A by deleting row ¢ and column j,(i =1,2,...,m;j =1,2,...,n). It
follows as a direct consequence of the definition of the permanent that

per(4) =Y " aijper(A(i, ), (i=1,2,...,m). (7.2)
j=1

The expansion of the permanent in (7.2) is called the Laplace expansion
by row i. If m = n there is also a Laplace expansion by column ¢ for the
permanent.

We now describe a procedure of Ryser[1963] for the evaluation of the
permanent. It is the best known general computational procedure for the
permanent (see Nijenhuis and Wilf[1978]).

Theorem 7.1.1. Let A = [ai;] be a matriz of size m by n withm < n.
For each integer r between n — m and n — 1 let A, denote anm byn —r
submatriz of A obtained by deleting T columns of A. Let [[(A,) denote the
product of the row sums of A.. Let Y [[(Ar) denote the sum of the products
[1(A;) taken over all choices for A,. Then

per(d) = - [J4nm) - ("7 D)) (CHnE:
(") S emsadorm (271 ) S

(7.3)
Proof. Let U denote the set of all sequences
J1,J2y.+sJm where 1< j; <n, (i=1,2,...,m). (7.4)
For each sequence (7.4) let
f(1,52,- -2 Jm) = 015,025, -+ Amjp, -

Let P; denote the set of all sequences (7.4) that do not contain the integer
i,(1=1,2,...,n). Then

per(A) = Zf(jlaj%' .- ajm)
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where the summation extends over all those sequences (7.4) which belong

to exactly n — m of the sets P, Ps,..., P,. For each choice of i1, 3,...,1,
with

1<i1<ip <+ <ip <, (75)
let

f(Pil)Piz’-“)Pi,-)=Zf(j11j21'~-yjm)

where the summation extends over all those sequences (7.4) which are in
the intersection P;, N P, N---N P; . Let A, denote the submatrix of A
obtained by deleting columns 4;,%s,...,%.. Then

[T = Py, Py, P,)
and the sum
> f(Py,P,,...,P,)
taken over all 41, 13,..., i, satisfying (7.5) equals

)3 | (5!

We now apply the inclusion-exclusion principle (Ryser(1963]) and use the
fact that

per(A) = Z f(})il,Piza'--)-P‘in—m)

1<i1<i2<<in-m <N

to obtain the equation (7.3). m]

Corollary 7.1.2. Let A be a square matriz of order n. Then the perma-
nent of A equals

T - S TIA) + S [142) - -+ (~1)* 2 3 [[(Ancs). (7.6)
If A is the 2 by 2 matrix
[ ailz a2 ] ,
G21 G22
then (7.6) gives the following formula for the permanent:

per(A) = (a11 + a12)(a21 + az2) — (a11a21 + a12a22).



7.2 Permutations with Restricted Positions 201
Exercises

1. Use Corollary 7.1.2 in order to evaluate the permanent of the matrix J, of all
1’s thereby obtaining an identity for n!.

2. Use Corollary 7.1.2 in order to evaluate the permanent of the (0,1)-matrix of
order n all of whose elements equal 1 except for p elements in the first row.

3. Compare the number of multiplications required to evaluate the permanent of
a matrix using the definition (7.1) of the permanent and the formula (7.3).

4. Let A be a (0,1)-matrix of order n and let a and 8 denote, respectively, the
first row and second row of A. Let A; denote the (0,1)-matrix obtained from
A by replacing a by the row which has 1’s in those positions in which at least
one of @ and 8 has a 1 and replacing 8 by the row which has 1’s in those
positions in which both @ and 3 have 1’s. Let A2 be the (0,1)-matrix obtained
from A by replacing a by the row which has 1’s in those positions in which o
has a 1 and 3 has a zero and replacing 3 by the row which has 1’s in those
positions in which 8 has a 1 and a has a 0. Prove that

per(A) = per(A1) + per(4;)
(Kallman[1982]).
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7.2 Permutations with Restricted Positions

We now let A be the incidence matrix for m subsets X1, Xa,..., Xy of
the n-set X = {1,2,...,n}. As noted in Theorem 1.2.3, per(A) equals the
number of distinct SDR’s for this configuration of subsets, that is, per(A)
equals the number of m-permutations i1, 2,...,mn of the n-set X in which
i; is restricted by the condition

;€ X, (=1,2,...,m).

This simple observation accounts for the importance of the permanent as
a counting function in combinatorics.

A classical combinatorial enumeration problem known as “le probleme
des recontres” asks for the number of permutations i1, i2,...,i, of the n-
set {1,2,...,n} such that i; # j,(j = 1,2,...,n). Such permutations have
no element in their natural position and are called derangements of order
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n. Let D, denote the number of derangements of order n, (n > 1). If we
choose

X; ={1,2,...,n}—{i}, (i=1,2,...,n),
then D, equals the number of SDR’s of this configuration of sets and hence

D,, = per(J, — I,),

the permanent of the n by n matrix

01 --- 1
10 -~ 1
In—In=|. . . .
11 --- 0

Applying (7.6) we obtain the formula

n—1

D, = Z(—l)’ ( 7: ) m=r)(n=r—-1)""7", (n>1). (7.7)

r=0

A different formula for D, can be obtained by applying the inclusion-
exclusion principle to the set of all permutations of {1,2,...,n} and the
sets P1, Py, ..., P, where P; consists of those permutations which have 7 in
position ¢, (i =1,2,...,n). This yields

= n!Z(—l)T%. (7.8)

r=0

Another classical combinatorial enumeration problem that can be for-
mulated as a permanent of a (0,1)-matrix is the “probléme des ménages.”
This problem asks for the number M,, of ways to seat n married couples
at a round table with men and women in alternate positions and with no
husband next to his wife. The wives may be seated first and this may be
done in 2(n!) ways. Each husband is then excluded from the two seats next
to his wife. The number of ways the husbands may be seated is the same
for each seating arrangement of the wives. Let

A;={1,2,...,n} - {i,i+1}, (i=1,2,...,n)
where n + 1 is interpreted as 1. Then
My, =2(nUy, (7.9)

where Uy, is the number of permutations 1,12, ...,i, of {1,2,...,n} sat-
isfying i; € A;,(i = 1,2,...,n). The numbers Uy, are called the ménage
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numbers. Let Cp, denote the permutation matrix of order n with 1’s in
positions (1,2),(2,3),...,(n —1,n), (n,1). We have

Un = per(.]n - In - Cn).

Before obtaining a formula for the ménage numbers U, by evaluating
the permanent of the matrix Jp — I, — Cp, we derive a general formula for
the evaluation of permanents of matrices of 0’s and 1’s.

Let k be a nonnegative integer and let n be a positive integer. The
collection of all k-subsets of the n-set {1,2,...,n} is denoted by Py . Let
A be an m by n matrix over a field F. As usual for  in Py, and 3 in Py ,
Ale, 3] is the k by k submatrix of A determined by rows ¢ with ¢ € @ and
columns j with j € 8. The permanent per(A[a, J]) is called a permanental
k-minor of A, or sometimes a permanental minor of A. The sum of the
permanental k-minors of A is

pe(4)= Y > per(Afe,f)). (7.10)

,Bepk‘n QEPk,m

We define pg(A) = 0, and note that if m < n then pp,(A) = per(A) and
pr(A) =0 for k > m. If the matrix A is a (0,1)-matrix, then py(A) counts
the number of different selections of k¥ 1’s of A with no two of the 1’s on
the same line.

The next theorem allows us to evaluate the permanent of an m by n
(0,1)-matrix A in terms of the permanental minors of the complementary
matric Jym o — A.

Theorem 7.2.1. Let A be an m by n (0,1)-matriz satisfying m < n.
Then

(n —k)!

et (7.11)

m
per (4) = Y (=1)*px(Jm,n — 4)
k=0

Proof. Let A be the incidence matrix of the configuration X1, X2, ..., Xm
of subsets of the n-set X = {1,2,...,n}. We shall apply the inclusion-
exclusion principle to the set Sy, , of all m-permutations of {1,2,...,n}.
Let P; denote the subset of Sy, n consisting of all those m-permutations
11,%2,...,im such that

i;j€X;={1,2,...,n}-X;, (G=12,...,m).

Then per(A) equals the number of m-permutations in Sy, » which are in
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none of the sets Py, Py, ..., Pp. Let a be a k-subset of {1,2,...,m} and
let g(a) denote the number of m-permutations in N;cq P;. Then

g(a) = ((Tn_:}%))!_!per((*]mm - A)[a’ {1’ 2. n}])

= BN S per(Fmn — e ).

(n B m) ﬂepk.n

Hence

Y g(e)=

aepk.m

Lo S S perllUmn - Do) = o iU - A)

(n -mr aePk,m ,Bepk,n
The formula (7.11) now follows from the inclusion-exclusion principle. O

The formula (7.8) for Dy, = per(J, — Ip,) follows from (7.11) by taking
m =n and A = Jp — I. The matrix J;n — A in the right-hand side of
(7.11) is then I and pi(In) = (%)-

We now return to the ménage numbers Up. In obtaining a formula for
the numbers Uy, we shall make use of the results of Kaplansky[1943] given
in the next lemma.

Lemma 7.2.2. Let f(n, k) denote the number of ways to select k objects,
no two adjacent, from n objects arranged in a line and let g(n, k) denote
the number of ways when the objects are arranged in a circle. Then

f(n,k)=(n_]]:+1>, (k=1,2,...,n) (7.12)
and

g(n,k)=n—g-—lz(n;k), (k=1,2,...,n). (7.13)

Proof. First suppose that the n objects are arranged in a line. We have
fn,1)=n=(7),(n >1),and f(n,n) =0= ( d) , (n > 2). Now assume
that 1 < k < n. The selections may be partitioned into those that contain
the first object [there are f(n — 2,k — 1) of these] and those that do not
[there are f(n — 1, k)]. Hence

fln,k) = f(n—1,k) + f(n - 2,k - 1).
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Using this recurrence relation and arguing inductively we obtain

- () (120)-(" 1)

Now suppose that the objects are arranged in a circle. Partitioning the
selections as above, we obtain

gn, k) = f(n—-3,k—1)+ f(n—1,k)
- () ()
= ﬁ(n;k> o

The following formula is due to Touchard[1934].

Theorem 7.2.3. The ménage numbers are given by the formula

Up = "(—1)’° n_(2n—k (n — k). (7.14)
I;) 2n—k( k )

Proof. We apply Theorem 7.2.1 and obtain

Un = per(Jn — In — Cn) = Y _ (—=1)¥pg(In + Cn)(n — k).
k=0

But p(In + Cn) = ¢g(2n, k) where the function g was defined in Lemma

7.2.2. By (7.13)
2n 2n—k
2n,k) = 2"
9(2m k) 2n—k< k >

and (7.14) follows. 0

We return to a general m by n (0,1)-matrix A satisfying m < n. We
may identify A with an m by n chessboard in which the square in row i
and column j has been removed from play for all those ¢ and j satisfying
a;j = 0. The number ry = pi(A) counts the number of ways to place k
identical rooks on this board so that no rook can attack another (that is,
no two rooks lie on the same line), and is called the kth rook number of
A, (k=0,1,...,m). The (m+ 1)-tuple (rg,71,--.,7m) is the rook vector of
A and

r(z)=ro+mnz+- - +rmz™
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is the rook polynomial of A. The rook polynomial of A = I, is

n n n n
(5)+(1)e++(7)
and that of A=1I,+C, is

9(2n,0) + g(2n, 1)z + - - - + g(2n,n)z"

Theorem 7.2.1 shows how to compute the mth rook number of A from
the rook vector of the complementary matrix J,, — A The entire rook
vector of the matrix A may be obtained in this way.

Theorem 7.2.4. Let A be anm by n (0,1)-matriz with m < n. Then

t
= kZ:O(—l)kpk(Jm,n —A)( T:kk ) % t=01,...,m).

(7.15)
Proof. Using Theorem 7.2.1 we calculate that
pt(A) = Z per(Ale, {1,2,...,n}])
a€Pe,m
t
= 2 SV e -l 12 L
a€P,,m k=0 )
- Z T Vil Al (2. )
_ _ B m—k\ (n—k)!
= kg%( l)kpk(Jmn A)( t—k ) (n—t)!' o

The computation of the rook vector of an m by n (0,1)-matrix is in gen-
eral a difficult problem. There is, however, a special class of (0,1)-matrices
whose rook polynomials have an exceedingly simple form.

Let b1, b2,...,bm be integers with 0 < b < by < -+ < byp. The m by by,
(0,1)-matrix A = [a;;] defined by

a;j=1ifandonlyif1<j<b;, (i=12,...,m)

is a Ferrers matriz and is denoted by F(b1, bs,...,bm). In what follows the
number of columns of the Ferrers matrix can be taken to be any integer
n > by, with no change in the conclusions. We define

g =x(x—-1)---(x—k+1), (k>1) and [z]p=1.



7.2 Permutations with Restricted Positions 207
Theorem 7.2.5. Let F(by,ba,...,by) be a Ferrers matriz with rook vec-
tor (ro,7T1,.--,Tm). Then

m m

Y relalmk = [[@+a) (7.16)

k=0 i=1

where ¢; =b; —i+1,(i=1,2,...,m).
Proof. Let = be a nonnegative integer and consider the Ferrers matrix
F(z+bi,z+bg,..., x4+ bp) = [Jm,x A] .

We evaluate the mth rook number r/, of F(z + b1,z + ba,...,z + bm)
in two different ways. Counting the number of ways to select m 1’s of
F(z + b1,z +b2,...,2+ bp), no two from the same line, according to the
number of 1’s selected from Jp, 5, we obtain

m

rin = Z Tk [m]m—k-

k=0

We may also evaluate 7}, by first choosing a 1 in row 1, then choosing a
1in row 2, ..., then a 1 in row m in such a way that no two 1’s chosen
belong to the same column. Because

z+b <z+by<.---<z+bpy

we obtain
T = (+b)(z+by—1) - (z+bn—(m-1))
= @+a)le+a) - (T+am)
Equating these two counts we obtain (7.16). a

The following two corollaries are direct consequences of Theorem 7.2.5.

Corollary 7.2.6.

m

per (F(by,bg,...,bm)) = [[ (i =i +1).

i=1

Corollary 7.2.7. Let F(b1,bs,...,by) and F(c1,ca,...,cm) be two Fer-

rers matrices, and let ¢; = b; —i+ 1 and qz’- =c¢—1i+1 fori=1,2,...,m.
Then F(b1,b2,...,bm) and F(ci,co,...,cm) have the same rook polyno-
mial if and only if the numbers q1,q2 .. ., gm are identical with the numbers

91,9, - - -, @by including multiplicities.
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One may also define the rook polynomial of an m by n matrix A over a
field F by

r(e) = pr(A)z*
k=0

We conclude this section with the statement of the following theorem of
Nijenhuis[1976].

Theorem 7.2.8. If A is a nonnegative matriz then all the roots of its
rook polynomial are real numbers.

Exercises

1. Obtain formula (7.8) directly from the inclusion-exclusion principle.
2. Determine the rook vector of the matrix

COO0COCOOO -
COOCOCOO =
COOCOO~=O
COO0CO~=OOO
OCOO~MHFOOO
CO~HOOOOO
=H=_OOOOOO
H=_OOOOOO

3. Let A be the (0,1)-matrix of order n = 2m given by
A=Jp— (202D - J2).

Use Theorem 7.2.1 to obtain a formula for per(A).

4. Let ai, (1 = 1,2,...,7) and b;, (¢ = 1,2,...,7) be positive integers such that
ai+az+---+ar =nand bs+b2+-- +br < n. Let A = A(a; as,....ar;b1,b2..
denote the (0,1)-matrix of order n obtained from the matrix J, of all 1’s of
order n by choosing for each 7 = 1,2,...,7 “line disjoint” submatrices of sizes
a; by b; and replacing their 1’s by 0’s. Prove that

™

per(A) = Z(_l)i1+iz+-..+ir (n—i —dg — - —iy) (‘::) (i’:) i

k=1

where the summation extends over all 41,12,...,i, satisfying ix < ax, (k =
1,2,...,7) (Kaplansky[1939,1944] and Chung, Diaconis, Graham and Mal-
lows[1981)).

5. Prove that the rook vector of the Ferrers matrix F(0,1,2,...,m — 1) of order
m equals (S(m,m),S(m,m —1),...,S(m,1),S(m,0)) where S(m, k) denotes
a Stirling number of the second kind (see Stanley[1986] for the definition of
the Stirling numbers of the second kind).
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7.3 Matrix Factorization of the
Permanent and the Determinant

Let

a1l a2 a3
A= | an a2 a2
a3y a3z ass

be a matrix of order 3. We observe that the result of the following matrix
multiplication

az2 a3 0 ass
[@1 a12 a3 ]| a1 0 a3 a32 (7.17)
0 a21 a2 a3y

is a matrix of order 1 whose unique element equals the permanent of A.
Each of the three matrices in this factorization of per(A) depends only on
one row of the matrix A. A matrix factorization for the determinant of A
is given by

a2 a3 0 a33
[e11 a2 a3 ]| —an 0 a3 -a32 |- (7.18)
0 —ag1 —ax asy

The factorization (7.18) is obtained from the factorization (7.17) by affix-
ing minus signs to some of the elements of the matrix factors. These two
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factorizations for the permanent and the determinant of a matrix of order
3 are instances of factorizations of the permanent and determinant that
exist for all square matrices. These factorizations were discovered by Jurkat
and Ryser[1966], but we shall follow the simplified account of Brualdi and
Shader[1990] (see also Brualdi[1990]).

Let n be a positive integer. We partially order the collection P, = Pp
of all subsets of {1,2,...,n} by inclusion and thereby obtain a partially
ordered set. A chain in this partially ordered set is a sequence of distinct
subsets

XoCXyC---C Xy (7.19)

which are related by inclusion as shown. The length of the chain (7.19) is
k. The maximal length of a chain is n. Let

YocYiCc.--CY, (7.20)

be a chain of length n. Then Y; is in Pj,(j = 0,1,...,n), and there is a
unique element ¢; such that

Y;=Y;10{i}, (G=12,...,n). (7.21)

Moreover,
i1,02,- . in (7.22)
is a permutation of {1,2,...,n}. Conversely, given a permutation (7.22)

of {1,2,...,n}, if we define Yy = 0 and recursively define Y; using (7.21)
then we obtain a chain (7.20) of length n. Thus the chains (7.20) of
length n are in one-to-one correspondence with the permutations (7.22)
of {1,2,...,n}.

Now assume that the collection P;, of subsets of {1,2,...,n} of size
j have been linearly ordered in some way for each j = 0,1,...,n. To fix
the notation, let us choose for each j the lexicographic order and let the
elements of P; , in the lexicographic order be

29,29,...,25 | (=01,...,n)

where g, denotes 7?).

Let A = [aj;],(4,J = 1,2,...,n) be a matrix of order n over a field F
(a ring will do). We use the elements of the matrix A in order to define a
weighted incidence matriz

W(]) = [w](c{[) ) (k = 172" . ;Qj—l,n;l = 1s2a . ',Qj,n)
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of size gj—1,n by gj,» for the inclusions that hold between the setsin P;_1
and the sets in P;p, (j = 1,2,...,n). We define

it 701 4 z0)
0 ifZ z
= { 5 A (7.23)
@

wy = . )
! o it 29Uty =29,
We remark that only the elements of row j of A are used to define the
matrix W),

We now define the weight of the chain (7.20) corresponding to the per-
mutation (7.22) to be

Q14,024 * * * Qni, -

Thus the sum of the weights of all the chains (7.20) of length n in P, equals
the permanent of the matrix A.
We now compute the matrix product

wOw® .. .wh), (7.24)

The matrix (7.24) is a matrix of size 1 by 1 whose unique element equals
q1,n q2,n n 1) (2) ( )
n
Z Z Z Wig Wiy " Wi i1 (725)
i1=1 12=1 ‘L" 1—1

The product

wﬁl)wl(i)z “’z(:lz;l (726)
equals zero if
20 =020,z 2" =(1,2...,n) (7.27)

is not a chain. If, however, (7.27) is a chain, then the product (7.26) equals
its weight. Hence the matrix (7.24) of order 1 has unique element equal to
per(A) and

per(A4) = W(I)W(z) . W(") (728)

is a matrix factorization of the permanent of A.
We now alter the definition of the weighted incidence matrices W) as
given in (7.23) by defining

ie (1) (7)

; fZ V4

wd) = 0! kD 74 ) (7.29)
(=D%ay if Zg u{t} =z’
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where c; elements of Z,Ej -1 are greater than t. The weight of the chain
(7.20) corresponding to the permutation (7.22) is now

(_l)an(il,iz,...,in)alil a2i2 .. a‘n,‘i,,
where inv(i1, 2, ...,in) equals the number of inversions in the permutation
(41,%2, ..., n). Thus the sum of all the weights of the chains (7.20) of length
n in Py, equals the determinant of A. Arguing as above we now obtain the
matrix factorization

det(4) = wOW® ... (7.30)

of the determinant of A.

The matrices W(9) which occur in the factorizations (7.28) and (7.30) of
the permanent and determinant have an inductive structure which facili-
tates their computation. We first treat the W (9)’s that arise in the factor-
ization of the permanent. The matrix w depends only on row j of A,
and we now denote row j of A by

z = (x1,%2,-.-,%n)

and write
w@) = w0 (z).
We have
w(z) = [21 22 -+ 2n ]
and
Tn
W(") (3;) _ Tn—1
o

Let j be an integer with 1 < j < n. Let

vG-b yy=n . y-h

v Ugyaiy
be the sets of P;_ , containing 1, arranged in lexicographic order, and let

e R N

) ¥qj—1,n-1

be the sets in P;j_1, not containing 1, arranged in lexicographic order.
Then

7 N B I G IR P )

qi—-2,n-1" Yy ¥Qi—1,n—1
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are the sets in P;_ ,, arranged in lexicographic order. In a similar way we
obtain the sets

ud gl o)

UYL 43—1,-1—11‘/1(])"/2(])7"'1 ©)]

Gn-1
of Pjn arranged in lexicographic order. Let

z* = (r2,23,...,%n).
It now follows from (7.23) that
wi=1(z*) 0
x1ly, w@(z*) |’

j—1,n~1

W(j)(x)=[ (G=1,2...,n—1) (7.31)
where O denotes a zero matrix of size gj_2n—1 by gjn—1. The inductive
structure of WU (z) given in (7.31) implies that exactly n— (j —1) compo-
nents of z occur in each row of W () () and they occur in the same order as
their occurrence in z. Also exactly j components of z occur in each column
of W(j)(a:) and they occur in the reverse order to their occurrence in z.

There is a similar inductive structure for the matrices W) (z) that occur
in the factorization of the determinant. In this case we have

W(l)(x) = [ xl :1;2 “ee zn ]
and
Tn
W(n)(x) _ —Zn-1
(-1)n~1zy

The j components of z that occur in each column of w() (x) occur in
the reverse order to their occurrence in z. It follows from (7.29) that the
signs in front of these j components of x alternate and that the sign of the
topmost component is +1 whereas the sign of the bottommost component
is (=1)7~L. These observations allow us to obtain the inductive structure

wG=1) (z*) 0
(-1) 1211, w(z*) |’

ji—1,n—1

W(j)(x)=[ (G=1,2,...,n—1)
in this case.

Let C be a rectangular complex matrix. The lo-norm of C is the square
root of the largest eigenvalue of the positive semidefinite matrix CC* and
is denoted by ||C||. Here C* denotes the conjugate transpose of the matrix
C. The l3-norm is a matrix norm, that is, ||C1C2|| < [|C1]]||C2|| whenever
the product C1C; is defined. Jurkat and Ryser[1966] used the factoriza-
tion (7.28) of the permanent and an evaluation of ||W()(z)|| in the case
that z is a (0,1)-vector to obtain an upper bound for the permanent of a
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(0,1)-matrix of order n in terms of its row sum vector (r1,73,...,7s). This
bound is not as good as the one given in Theorem 7.4.5 in the next sec-
tion. They also used the factorization (7.30) of the determinant and the
evaluation

WO @) = fo?+ 23+ +23, (G=12...,n)

for z a complex vector in order to obtain Hadamard’s determinant inequal-
ity

| det(A |<H\/ +a+ - +al,.

Exercises

1. Compute the matrix factorizations of the permanent and determinant of a
matrix of order 4.

2. In the matrix factorizations WOW® ... W) of the permanent and the de-
terminant, determine the elements of the matrix W ... W) where r and s
are integers with 0 <r < s < n.
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7.4 Inequalities

Let A be a (0,1)-matrix of size m by n with m < n. The permanent of
A satisfies the inequality

0<per(4) <n(n-1)---(n—-m+1) (7.32)

Equality holds on the right in (7.32) if and only if A is the matrix Jmn
of all 1’s. Equality holds on the left if and only if the term rank of A is
strictly less than m. In this section we shall improve the inequalities (7.32)
by taking into account the number of 1’s in each row of A, the number of
1’s in each column of A, or the total number of 1’s of A.

The following theorem of Ostrand[1970] is a strengthening of earlier re-
sults of Hall[1948], Jurkat and Ryser[1966] and Rado[1967].
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Theorem 7.4.1. Let A = [a;;] be a (0,1)-matriz of size m by n with
per (A) > 0. Let the row sums of A be 71,T2,...,Tm and assume that the
rows of A have been arranged so that ry <19 < --. <ryy. Then

m
per (A) > H max{l,7; —i+1}. (7.33)
i=1
Proof. We prove (7.33) by induction on m. If m = 1 then (7.33) clearly
holds. Now assume that m > 1. Because per(A) > 0, if P and Q are
permutation matrices such that

4 0 } (7.34)

PAQ = [ A A

the number k of rows and the number ! of columns of A; satisfies | > k.
We consider two cases.

Case 1. Whenever (7.34) holds with k < m we have | > k.

Without loss of generality we assume that the 71 1’s in the first row of
A occur in the first 7; columns. The Laplace expansion by row 1 yields

per(4) = 3" a1;per(A(1, ) (7.39)

where A(1, j) is the submatrix of A obtained by deleting row 1 and column
j- The assumption in this case and Theorem 1.2.3 imply that

per(A(1,7)) >0, (=1,2,...,m).

The number 7;(j) of 1’s in row ¢ of A(1, j) satisfies

rij)>riy1—-1, (=12,....m—-1;j= 1,2,...,m). (7.36)
Let
(5, 75(5)s - s Tm-1(4)
denote a rearrangement of r1(j), ( i)y ...y Tm—1(j) satisfying

1) <m() < <rpa(d), (=12,...,m). (7.37)
Applying the inductive hypothesis to each of the matrices A(1,7),(j =

1,2,...,71), we obtain

m—
per(A H max{1,7}(j) —i+1}

m-—1

>H{1 rz+1—1—z+1}—Hmax{1 i —i+1}. (7.38)
=1 =2
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The second inequality in (7.38) follows from (7.36) and the fact that the
rearrangement of the rows that achieves (7.37) can be accomplished by
rearrangements only among those rows of A(1,j) that correspond to rows
of A with the same number of 1’s. Combining (7.35) and (7.38) we obtain

m
per(A) > r H max{1,r; —i+ 1}

=2
and (7.33) holds in this case.

Case 2. There exist permutation matrices P and @ and an integer k
with 1 <k <n —1 such that (7.34) holds where A; has order k.

There exists a k-subset o of the rows of A and a k-subset 3 of the columns
such that the submatrix A[a, 8] of A determined by the rows in a and the
columns not in 3 is a zero matrix. We have

per(4) = per(A[a, B))per(Ala, B]). (7.39)

Let o = {iy,42,...,ik} and let @ = {ig41,%42,...,im} Where 43 <ip <
<+ < i and tgy] < tgy2 < -+ < ip. Because Afa, 5] =0 and 11 < g <
-+ <rm wehaver; <k (i =1,2,...,i) and hence

max{l,r; —i+1} =1, (i=kk+1,...,ik). (7.40)

Applying the inductive hypothesis and using (7.40) we obtain

k
per(Ala, 8]) > H max{1,7r;, —j+1}
i=1

k i
> Hmax{l,rj —-j+1}= Hma.x{l,rj—jJrl}. (7.41)
i=1 i=1
Let the row sums of A[@,B] be % +1,r;c 421+ Tm arranged so that

Tht1 < Thyo < -+ < 7. Applying the inductive hypothesis again and
using (7.40) we obtain
_ m—k
per(A[@,B)) > [[ max{1,rfy; —i+1}
=1

m m
> [ max{lLrj-(G-k)+1}> J] max{l,rj—j+1}. (7.42)
J=t+1 J=ie+1

Using (7.39), (7.41) and (7.42) we obtain (7.33). Hence the theorem holds
by induction. m]
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Let A be a Ferrers matrix F (b, b, ..., bm) as defined in section 7.2. The
row sums of A satisfy by < by < --- < by, and per(A) > 0 if and only if
b > i, (i = 1,2,...,m). By Corollary (7.2.6), per(A) = [Tiz,(b; —i+1)
and hence equality holds in (7.33). Equality also holds in (7.33) for all
permutation matrices.

The following result is due to Hall[1948].

Corollary 7.4.2. Let A be a (0,1)-matriz of size m by n with m < n,
and let t be a positive integer such that each row of A contains at least t
1’s. If t < m and per(A) > 0, then per(A) > tl. Ift > m, then per(A) >
t!/(t —m)l.

Proof. If t < m and per(A) > 0, then by Theorem 7.4.1

m
per(A) > H max{l,t —i+ 1} =t.
i=1
Now suppose that ¢ > m. It follows from Theorem 1.2.3 that per(A4) > 0.
By Theorem 7.4.1

m
per(A4) > [[ max{1,t —i+ 1} = ¢1/(t — m)L. -

i=1
Inequality (7.33) gives the best known general lower bound for the per-
manent, if not zero, of a (0,1)-matrix in terms of the numbers r; of 1’s in its
rows. We now obtain the best known general upper bound [J; (r;!)!/™
for the permanent of a (0,1)-matrix A of order n in terms of the r;’s. This
bound was conjectured by Minc[1963] as a generalization of a conjecture of
Ryser[1960]. Minc[1974] proved the conjecture under the assumption that
no row of A has more than eight 1’s. Weaker upper bounds were obtained
by Jurkat and Ryser[1966], Minc[1963,1967], Wilf[1968] and Nijenhuis and
Wilf[1970]. The conjecture was first proved by Brégman [1973]. A simpler
proof was obtained by Schrijver[1978] and it is this proof that we present.

We first prove two lemmas. We adopt the convention that 00 = 1.

Lemma 7.4.3. Letty,to,...,tm be nonnegative numbers. Then

1 m :n=1 ti m
t;
<E Zt,) <II&- (7.43)
=1 i=1

Proof. The function f(z) = zlogz is a convex function on (0,00) and

hence satisfies
1 & 1 &
f (a >) <2350
1= 1=
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This yields

1 (& 1 & 1 &
o (E ti) log (E E ti) < E tilogt;,
1=1 =1 =1

from which (7.43) for positive t;’s follows. By taking limits we see that
(7.43) holds for nonnegative t;’s. m]

Lemma 7.4.4. Let A = [a;;] be a (0, 1)-matriz of order n. Let T be the
set of all permutations o of {1,2,...,n} satisfying [T7—; Qig(s) = 1. Then

per (A(i, k)) per(A(z k) = H H per (A (7.44)
{(,k):a:x =1} oeT i=1

Proof. The only factors per(A(i, k)) that occur on either side of (7.44)
are those for which a;; = 1. If a;; = 1, then the number of times that
per(A(i, k)) occurs as a factor on the right of (7.44) equals the number of
permutations o of {1,2,...,n} satisfying o(i) = k and i, ajp) = 1;
this number equals per(A(z, k)). ]

Theorem 7.4.5. Let A = [a;;] be a (0,1)-matriz with row sums T1,72,. ..,
Tn. Then

per(A) < H(ri!)'%. (7.45)
=1

Proof. The inequality holds if n = 1. We suppose that n > 1 and proceed
by induction on n. Let T be defined as in Lemma 7.4.4. The Laplace expan-
sion of the permanent by rows and the inequality (7.43) and the identity
(7.44) yield

(per(4))"Per(4) = [ (per(4))Per()
=1
n /n > i _, @ik PEr(A(s,k))
=11 <Z aikper(A(i,k))>
i=1 \k=1

IN
—

Il
—

<rzper(A) H per(A(i,k))per(A(i’k)))

{k::a,-k =1}

?

AT per(AG, k)P
1 {(5,k):ai=1}

H rper(A) H H per(A(i,o(z (7.46)

o€T i=

Il
E:

~.
I
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Let o0 be a permutation in 7. Applying the inductive hypothesis to
per(A(i,0(?)), (i =1,2,...,n) we obtain

n

I] per(AG, o(0)))

i=1

ﬁ ( H (,..!)l/rj) ( H ((rj - 1);)1/(1‘1—1))

1=1 \ {j:5#%,a50)=0} {776,850y =1}

H( 11 (r-!)l/rf)< II ((n-—l)!)l/(ra--l))

J=1 \ {#:j#i,a50:)=0} {574,050 )=1}

I/\

I"I =T/ (s — 1)1y =D/ -1

n

H |)(n—n )/75 (rj — 1 (7.47)

Using (7.47) in (7.46) we obtain

per(4)
(per(A)"per(A) < H rper(A) (H(T .)(n r5)/7; ('r _ 1)|)

i=1 j=1

n per(A) n nper(A)
= (H(rj!)(n—rf)/r"rj!) = (H(rj!)l/fj)
=1

j=1
Hence per(A) < H 1(rih) )1/, and the theorem follows by induction. O

The inequality (7.45) is an improvement for (0,1)-matrices of the upper
bound

per(A) <rirg---rp

which is valid more generally for nonnegative matrices of order n. We re-
mark that the inequalities obtained from these inequalities by replacing the
row sums r1,73,...,7n of A with its column sums sy, s2, ..., s, also hold.
Thus for A a (0,1)-matrix we have

per(A) <mm{H(r AL H(s 1/3’}.

i=1
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If A is a nonnegative matrix, then

n n
per(A) < min {H s, H Sj} .
=1 =1

The following theorem of Jurkat and Ryser[1967] improves this last inequality.

Theorem 7.4.6. Let A = [a;j] be a nonnegative matriz of order n with
Tow sums T1,7T2,...,Tn and column sums s1,S89,...,Sp. Assume that the
rows and columns of A have been arranged so that 11 <19 < --- <rp and
s1 <89 <:--<38p. Then

n
per (4) < [] min{ry, s;}.
=1
Proof. We first observe that an easy induction shows that
n n
[T min{ri,s3.} < ][ min{ri,s:)
=1 i=1

holds for each permutation j1,j2,...,Jn of {1,2,...,n}.

The theorem holds if n = 1. We assume that n > 1 and proceed by
induction on n. Without loss of generality we assume that r; < s;. From
the Laplace expansion by row 1 we obtain

per(4) =) " ayjper(A(L, 7).
j=1

Let the row sums and the column sums of A(1, j) be, respectively,
T‘2(j),7‘3(j),...,Tn(j), (j=1a2a"'vn)
and

sl(j)v ey Sj—l(j),sj+1(j), e ,Sn(j), (] = 1327 e ,’Il).
Leti1,49,...,in—1 beapermutationof {2, 3, ..., n} such that

T”:l(j) < riz(j) <0< rin—1(j)'

Let k1,k2,...,kn—1 be a permutation of {1,...,j — 1,5+ 1,...,n} such
that

Sk, (J) < 8k, () < -+ < sk, _, (9)-
We have 7;,(j) < 75, and sk, (j) < sg, for t = 1,2,...,n—1and j =

1,2,...,n. Hence by the inductive hypothesis

n—1

per(A(1,5)) < [] min{ri,, s}, (G =1,2,...,n).
t=1
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Therefore

per(A Zaljper (1,5) < (Z alj) H min{r;, , sk, }
n—1
=r H min{r;, , Sk, }
t=1

<n l_[mln{'r,,s2 1} H min{r;, s;}

i=j+1

j n
<n H min{r;, s;} H min{r;, s;}

i=2 i=j+1

n
=n H min{r;, s;}.

=2
Because 71 < s1 the theorem now follows. (m]

Theorem 7.4.5 implies the validity of a conjecture of Ryser[1960]. Let
n and k be integers with 1 < k < n, and let A, ; denote the set of all
(0,1)-matrices of order n with exactly k 1’s in each line. By Theorem 7.4.2
the permanent of each matrix A in A, j satisfies per(4) > k!.

Theorem 7.4.7. Ifk is a divisor of n, then the mazimum permanent of
a matriz i Ay equals (kNyn/k,

Proof. Suppose that k is a divisor of n and that A is a matrix in A, 4.
By (7.45), per(A) < (k!)*/k. The matrix A = Ji ® -+ - @ Jy, which is the
direct sum of n/k matrices each of which equals the all 1’s matrix Jj, of
order k, satisfies per(A) = (k!)*/. a

Brualdi, Goldwasser and Michael[1988] generalized Theorem 7.4.7 by
showing that per(4) < (k!)*/* provided that k is a divisor of n and A
is a (0,1)-matrix of order n and the average number of 1’s in each row
equals k.

Now let

B(n, k) = max{per(A) : A € A, x}

denote the largest permanent achieved by a matrix in A, . If k is a divisor

of n, then by Theorem 7.4.7, B(n, k) = (k!)™*. If k = 2 then Merriell[1980]
proved that

B(n,2) = 2"/
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holds for all n. Brualdi, Goldwasser and Michael[1988] showed that if A €
Ap 2 satisfies per(A) = 2ln/ 2J, then there are permutation matrices P and
Q of order n such that either

PAQ=J®Jo®---@®Jy, (neven)
or
PAQ=(J3-5)®J2®---®J2, (nodd).

If k = 3 and 3 is not a divisor of n, then Merriell determined 3(n, 3) as
follows:

B(3t+1,3) =619, (t>1),
B(5,3) =13,8(3t +2) = 67292, (¢t > 2).
The matrix
(Ja—L)®J3d---dJ3

in A3¢+1 3 has permanent equal to 6719, (¢ > 1). The matrix

O MH=O
- - o
- O
—_—O O =
OO =

in As 3 has permanent equal to 13. The matrix
(M- (Js—I)dJ3d---DJ3

in A3¢42 3 has permanent equal to 6t=292 (¢t > 2).
If k = 4 then Bol’shakov|[1986] determined that

B4t +1,4) = 2417144, (¢t >1).

The matrix
(J5—I5)EBJ4€9"'€BJ4

in A441 has permanent equal to 24t—144,

If k = n —1 then B(n,n — 1) = Dy, the nth derangement number, and
every matrix in A, ; has permanent equal to D,. Now let kK = n — 2.
If n > 8, then Brualdi, Goldwasser and Michael[1988] showed that if A
is a matrix in Ap,—2 satisfying per(4) = B(n,n — 2), then there exist
permutation matrices P and @ of order n such that

PAQ=Jp—(J2® J2®--- D J2), (n even), (7.48)
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or
PAQ=Jp,—(J3—-DB)® 2 ---dJ2), (nodd). (7.49)

A simple expression for 3(n,n — 2) is not known, but recurrence rela-
tions can be obtained from (7.48) and (7.49). If n < 8 the matrices A in
Ann—2 with per(4) = B(n,n — 2) are given in Brualdi, Goldwasser and
Michael[1988].

Now let

A(n, k) = min{per(4) : A€ A}, (k=1,2,...,n)

denote the smallest permanent achieved by a matrix in A, ;. We have
A(n, 1) = 1 and because the matrix I + Cnlin Ap 2 has permanent equal
to 2, A(n,2) = 2. We also have A\(n,n) = n! and A(n,n — 1) = Dy, the nth
derangement number. Henderson[1975] has shown that A(n,n — 2) = Up,
the nth ménage number, if n is even and A(n,n — 2) = -1+ Uy if n is
odd. The matrix Jp — I, — Cp in Ap n—2 has permanent equal to Up. If n
is odd and n = 2k + 1, the matrix J, — ((Ix + Ck) ® (Ix4+1 + Ck+1)) has
permanent equal to —1 + Up,.

The exact value of A(n, 3) is not known in general. However the following
bound of Voorhoeve[1979] gives the exponential lower bound

A(n,3) > 6 (g)n_a, (n>3).

This bound holds for a wider class of matrices whose introduction facilitates
its proof.

Let By, . denote the class of all nonnegative integral matrices of order
n each of whose line sums equals k. The class A, x consists of all (0,1)-
matrices in By, . Let

A*(n,k) = min{per(A) : A€ B}, (k=1,2,...,n)

denote the smallest permanent achieved by a matrix in By, ;. We have
A(n, k) > A*(n, k).

Theorem 7.4.8. Foralln > 3,

M(n,3)> 6 (g)n_s. (7.50)

Proof. Let 3;1,3 denote the class of matrices obtained by subtracting
1 from a positive entry of matrices in By 3. Thus a nonnegative integral
matrix of order n belongs to 3;1,3 if and only if its row sums and its

1 Recall that C, is the permutation matrix of order n with 1's in positions
(1,2),(2,3),...,(n—1,n),(n,1).
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column sums are 3,...,3,2 in some order. We denote the smallest perma-
nent achieved by a matrix in 341,3 by XN(n,3). We prove (7.50) by showing
that

N(n,3) 2 SN(n3), 023) (7.51)
and
N(n,3) > g,\’(n -1,3), (n>4). (7.52)

Let A be a matrix in By, 3. Without loss of generality we assume that
the first row of A equals

ai,a2,a3,0,...,0

where a),a2 and a3 are nonnegative integers with a; + a2 + a3z = 3. We
have

(2a1,2a2, 2a3)

=aj(a; — 1,a2,a3) + az(ay,a2 — 1,a3) + az(a1,a2,a3 —1).  (7.53)

Because the permanent is a linear function of each of the rows of a matrix,
it follows from (7.53) that

2per(A) = ajper(A1) + agper(As) + agper(As) (7.54)

where Aj, A2 and Ag are obtained from A by subtracting one, respectively,
from the elements of A in positions (1,1), (1,2) and (1,3). We note that one
or two of the a;’s may be zero, but then the term a;per(4;) = 0. If a; #0
then A; belongs to the class B’:l,f}’ and it follows from (7.54) that

2per(A) > (a1 + a2 + a3) N (n,3) = 3N (n,3).

Hence (7.51) holds.

Now assume that n > 4, and let A denote a matrix in B:l’3 satisfying
per(A) = X(n,3). Without loss of generality we assume that the first row
sum of A equals 2 and that the first row of A is either 1,1,0,...,0 or
2,0,...,0.

First assume that the first row of A is 1,1,0,...,0. We write
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Because the permanent is a linear function of each of the columns of a
square matrix, we have per(A) = per(C) where

C=[u+v B],

a matrix of order n — 1. The sum s of the entries of u + v equals 3 or 4. If
s = 3, then C is in the class B,_1,3 and by (7.51)

XN (n,3) = per(A) = per(C) > \*(n — 1,3)
>3Nm-1,3) > 3Nn-13).
2 3
Now suppose that s = 4. Without loss of generality we assume that
utv=[dy dp d3 dg¢ 0 --- 0]T,

where dj, da, d3, d4 are nonnegative integers satisfying d;+do+d3+dy4 = 4.
We have

(31, 3d, 33, 3d4)
= dl (dl - 15d2)d3, d4) + d2(d1ad2 - 13d3)d4) + d3(d1)d2’d3 - 1)d4)
+d4(dlad2yd3yd4 - 1)

Using the linearity of the permanent again we obtain
4
3per(C) = Y _ diper(C;)
=1

where C; is the matrix obtained by subtracting one from the element d; in
the first column of C,(i = 1,2,3,4). If d; # 0 then C; is a matrix in the
class B;z—l,B and hence

4
3X'(n,3) = 3per(A4) = 3per(C) > Y " d;N(n - 1,3) = 4N (n - 1,3).
=1

Therefore X (n, 3) > (4/3)N(n — 1,3) if s = 4.
Now assume that the first row of A is (2,0, ...,0). We then write
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We have per(A) = 2per(B) where either B is in the class B,_1 3 or B is in
the class B;l_lﬁ. Hence

XN (n,3) = per(4) > 2min{\(n — 1,3), X (n — 1,3)} = 2)(n — 1,3)
and hence
N(n,3) > g)\'(n -1,3).

Thus (7.52) holds for all n > 4. The proof of the theorem is completed
by noting that X (3,3) = 4. a

Let A be a matrix in the class Bn,k where n > 3 and k > 3. Then there
exist matrices A; in By 3 and A3 in By, x_3 such that A = A; + A3. Hence

4 n—3
per(d) > per(d) > X'(n,3) 26 (3)
and it follows that

M(n,k)> 6 (%)M > (‘-;)n (n>3,k>3). (155

Let

6 = liminf X*(n, k)", (k 2 3). (7.56)
The number 6}, gives the best exponential lower bound

per(A) > 6

for matrices A in By, x with n sufficently large. It follows from (7.55) that
4
3 b
The following upper bound for 6y, is due to Schrijver and Valiant[1980].

Ok > (k > 3). (7.57)

Theorem 7.4.9. Forallk > 3,

(k — 1)k-1

Ok < Kk—2

Proof. Let X = {1,2,3,...,nk} and let X, denote the collection of
“all ordered partitions U = (U, Us,...,Up) of X into n sets of size k. An
elementary combinatorial count shows that the number ¢(n, k) of ordered
partitions in X;, r satisfies
(nk)!

c(n, k) = ®)P (7.58)
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Let V = (W, Va,...,V,) denote another ordered partition in Xk A
set R = {z1,x2,...,zn} of size n which consists of one element from each
of the sets Uy,Us,...,Uy is called a transversal of U. The collection of
transversals of U is denoted by 7py. A transversal of Y which is also a
transversal of V is called a common transversal of U and V. (Thus the
elements of a common transversal can be ordered to give an SDR of U, and
they can also be ordered to give an SDR of V.) We denote the collection of
all common transversals of / and V by 7;, ), and denote their number by
tu,v- The number ¢y, can be computed as a permanent. Let E = [e;;] be
the nonnegative integral matrix of order n defined by

eij =|UsNVy, (5,5,=1,2,...,n).

The matrix E belongs to the class By, k. If j1, jo,. .., jn is a permutation of
{1,2,...,n}, then ey, e2j, - - - €nj, counts the number of common transver-
sals {Z1,72,...,2n} of U and V in which z; € U; NV}, (i = 1,2,...,n).
Hence

tu,y = per(E) > 6. (7.59)

We now fix the ordered partition I/ and allow the ordered partition V to
vary over the set A;, . It follows from (7.58) and (7.59) that

5 () oy
ve;ﬂ ., tuy > (o bl (7.60)

We also have

2owy= 3 3 1= > 1

VGX,._k VEX,.,k REL‘V RE7Z4 {V:VEX»,:;,RE'R;}
= Z nle(n, k — 1) = k™nle(n, k — 1). (7.61)
ReTy

In the previous calculation we have used the facts that a transversal of
U is a common transversal of U and V for exactly nlc(n,k — 1) ordered
partitions V in A;,  and that U has exactly k™ transversals. We now use
(7.58) (with k replaced with k — 1), (7.60) and (7.61) and obtain

(nk — n)! (nk)
(k=1 = &im

k™n! 0%

and hence
k2n

(%)

Applying Stirling’s formula in (7.62) we obtain 6, < (k — 1)¥~1/kk—2, o

or < (7.62)
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Corollary 7.4.10.

4
03 = -.
573
Proof. By (7.57), 63 > 4/3. By Theorem 7.4.9, 63 < 4/3. m]

It has been conjectured by Schrijver and Valiant[1980] that
O = (k— 1)k~ 1/kk2 k> 3.

The solution of the van der Waerden conjecture for the minimum perma-
nent of a doubly stochastic matrix of order n (Egorycev[1981] and Falik-
man(1981]) yields the bound 6, > k/e which is better than the bound in
(7.57) for all k > 4. In addition, Schrijver[1983] has shown that 64 > 3/2
and 6 > 20/9.

We now consider lower and upper bounds for the permanent of a (0,1)-
matrix which depend on the total number of 1’s in the matrix (and not on
how these 1’s are distributed in the rows and columns of the matrix).

We recall from Chapter 4 the definitions of a fully indecomposable and
nearly decomposable matrix. A (0,1)-matrix A of order n is fully indecom-
posable provided A does not have an 7 by n — r zero submatrix for any
integer » with 1 < r < n — 1. The fully indecomposable matrix A is nearly
decomposable provided the replacement of a 1 of A with a 0 always results
in a matrix which is not fully indecomposable. By Theorem 1.2.1 (cf. The-
orem 4.2.2) the (0,1)-matrix A of order n is fully indecomposable if and
only if

per(A(i, 7)) > 0, foralli,j =1,2,...,n. (7.63)

A fully indecomposable (0,1)-matrix has a nonzero permanent. Moreover,
it follows from (7.63) that if the fully indecomposable matrix A has row
sums 71,79, ..., and column sums sj, 82, ..., Sn, then

per(A) > max{ry,72,...,7n,51,82,...,5n} (7.64)

Now let A be a (0,1)-matrix of order n with a nonzero permanent, and
let Ay, Ag,...,At,(t > 1), be the fully indecomposable components of A
(cf. Theorem 4.2.6). Then

t
per(A) = H per(A;). (7.65)
=1

Hence bounds for the permanent of a fully indecomposable matrix will
give bounds for the permanent of any matrix with a nonzero permanent.
Minc[1969] obtained the following lower bound for the permanent of a fully
indecomposable (0,1)-matrix. We follow the proof of Hartfiel[1970].
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Theorem 7.4.11. Let A be a fully indecomposable (0, 1)-matriz of order
n with exactly o(A) 1’s. Then

per(A) > o(A) — 2n + 2. (7.66)

Proof. We first establish (7.66) for nearly decomposable matrices A by
induction on n. If n = 1 then (7.66) clearly holds. Now assume that n > 2.
It follows from Theorem 4.3.4 that we may assume that

[ 1. 0 0 --- 0 O i
110 --00
o111 --- 00

A= SR .. R
0 0 O 1 0
o 00 --- 11

i £ B |

where B is a nearly decomposable matrix of order m with 1 <m <n — 1,
and F} and F3 each contains exactly one 1. Applying the inductive hypothesis
and (7.63) to B we obtain

per(A) > per(B)+1>0(B) —2m+2+1=0(A) —2n + 2.

Hence (7.66) holds if A is nearly decomposable.

Now assume that A is not nearly decomposable. Because A is fully in-
decomposable there exists a (0,1)-matrix C of order n such that A — C
is a nearly decomposable (0,1)-matrix. Applying (7.63) to A and (7.66) to
A — C, we obtain

per(A) > per(A—C)+0(C) > 0(A—C)—2n+2+0(C) =a(A) —2n+2.
a

Corollary 7.4.12. Let A be a fully indecomposable, nonnegative integral
matriz of order n the sum of whose elements equals 0(A). Then

per (A) > o(A) — 2n + 2. (7.67)

Proof. If Aisa (0,1)-matrix we apply Theorem 7.4.11. Suppose that some
entry ars of A is greater than 1. Let B be the matrix obtained from A by
subtracting 1 from ars. Then 0(B) < 0(A) and B is a fully indecomposable,
nonnegative integral matrix. Arguing by induction on the sum of elements
we obtain

per(A) = per(B) + per(A(r,s)) > o(B) —2n+2+1=0(A) — 2n+2.
a
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Brualdi and Gibson[1977] characterized the fully indecomposable, non-
negative integral matrices A of order n for which equality holds in (7.67)
as follows. Assume that n > 2. Then per(A) = 0(A) — 2n + 2 if and only if
there exists an integer p with 0 < p < n — 1 and permutation matrices P
and @ of order n such that

43 A ] (7.68)

PAQ:[AQ 0

where A3 is a nonnegative integral matrix of size n — p by p + 1, and
AT and Aj are (0,1)-matrices with exactly two 1’s in each row. The full
indecomposability assumption on A implies that the matrices A{ and Aj
are incidence matrices of graphs which are trees.

We now turn to an upper bound of Foregger[1975] for the permanent of
a fully indecomposable, nonnegative integral matrix. The following lemma
is a step in its proof.

Lemma 7.4.13. Let A = [a;;] be a fully indecomposable, nonnegative
integral matriz of order n > 2. Then there exists an integer j > 0 and a
fully indecomposable (0,1)-matriz B of order n with B < A such that

per (A) < 27per(B) — (27 — 1) where o(A) — o(B) = j. (7.69)

Proof. If A is a (0,1)-matrix, then B = A and j = 0 satisfy (7.69). Now
suppose that there exist an element a,s of A with ars > 2. Let A’ be
the matrix obtained from A by subtracting 1 from a,s. Because A is fully
indecomposable and n > 2, there exists an integer ¢ # s such that a,¢ > 1.

From the Laplace expansion by row r we obtain
n
per(4) = 3 argper(A(r, k)
k=1

> arsper(A(r, s)) + artper(A(r,t)) > 2per(A(r,s)) + 1.

Hence
per(A(r,s)) < PX =D, (7.70)
We also have
per(A) = per(A’) + per(A(r, 5)). (7.71)
From (7.70) and (7.71) we get
per(A) < 2per(A’) — 1. (7.72)

The proof of the lemma is now completed by induction on the sum

Z(aij—l:a,;jZ2,i=1,2,...,'n,,j=1,2,...,n). o
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Theorem 7.4.14. Let A be a fully indecomposable, nonnegative integral
matriz of order n, the sum of whose elements equals o(A). Then

per (4) < 29(A)—2n 4 ¢ (7.73)

Proof. If n = 1 the inequality holds. We now assume that n > 2, and
proceed by induction on n. If A is a (0,1)-matrix and each row sum of A
is at least equal to three, then (7.45) implies that we have strict inequality
in (7.73).

First suppose that A is a (0,1)-matrix with at least one row sum equal to
2. Without loss of generality we assume that row 1 of A equals 1,1,0,...,0.
The linearity of the permanent implies that

per(A) = per(A(1,1)) + per(A(1,2)) = per(A’)

where A’ is the matrix of order n — 1 obtained from A by adding column 1
to column 2 and then deleting row 1 and column 1. The matrix A’ is fully
indecomposable and o(A’) = 0(A) — 2. Using the inductive assumption we
obtain

per(A) = per(A’) < 20(4)=2(n—1) L 7 — 9o(A)=2n 4

Now suppose that A has at least one element which is strictly larger than
1. Let B be a (0,1)-matrix and j an integer satisfying the conclusions of
Lemma 7.4.13. Applying what we have just shown to the fully indecom-
posable (0,1)-matrix B, we obtain

per(A) < 27per(B) — (2 - 1)
<2i(29(B)=2n 1) (27 1) = 20(A)-2n 4,

Hence the theorem follows by induction. m]

The fully indecomposable, nonnegative integral matrices A for which
equality holds in (7.73) have been characterized by Foregger[1975]. Up to
row and column permutations such matrices are equal to a matrix of the
form

Iy, +Cy, 0 e o E,
E, Iy, + Cp, -+ (0] 0]
0] 0] Ik,,_1 +Ck,,_1 0]
o o - E, I, + Gy,

where p is a positive integer, E; is a (0,1)-matrix containing exactly one 1,
and Cj, as usual denotes the permutation matrix of order k; with 1’s in
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positions (1,2),(2,3),..., (ki — 1, k;), (k;, 1). (If k; = 1, then Cy, = [1] and
Iki + Cki = [2])

As noted in the proof of Theorem 7.4.14, if A is a fully indecomposable
(0,1)-matrix with all row sums at least equal to three, then (7.73) is implied
by (7.45). If some row sum equals two, then (7.73) may be better than
(7.45). For example, let

OO =
O~ KO
O =
o = O

Then per(A) = 3 and (7.73) gives per(A) < 3. However, (7.45) gives
per(A) < 23/231/3 = 4.079.... The inequality (7.73) holds for integral
matrices A, but (7.45) need not hold if A is not a (0,1)-matrix.

Donald et al.[1984] have improved (7.7.3) by showing that a fully inde-
composable, nonnegative integral matrix A with row sums ry,...,r, and
column sums sy, ..., 8, satisfies

per(4) <1+ min{n('ri - 1),H(si - 1)} .

To conclude this section we derive the following theorem of Brualdi and
Gibson[1977] in which the full indecomposability assumption in Theorem
7.4.14 is replaced by the assumption of total support. We recall from sec-
tion 4.2 that a matrix of total support is, up to permutation of rows and
columns, a direct sum of ¢ > 1 fully indecomposable matrices, and these ¢
matrices are the fully indecomposable components of A.

Theorem 7.4.15. Let A be a nonnegative integral matriz of order n with
total support, and let t be the number of fully indecomposable components
of A. Then

per (A) < 20(A)—2n+t, (7.74)

Proof. Without loss of generality we assume that A = A1 A2 --- D A

where A; is a fully indecomposable matrix of order n; > 1, (i = 1,2,...,1).
We have

t
per(A) = [] per(4).
i=1

If for some ¢ we have n; = 1 and A; = [1], then 20(A:)=2n+1 = 1 apd
per(A;) = 1. It follows that we may assume that o(A;) —2n; > 0, (¢ =
1,2,...,t). If for some : we have n; = 1 and A; = [2], then 20(A:)=2m+1 — 9
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and per(4;) = 2. Hence we may now assume that 0(4;) — 2n; > 1,
(i=1,2,...,t). Using Theorem 7.4.14 we obtain

t t
per(4) = H per(4;) < H(2U(Ai)_2ni +1)
i=1

=1

< 2(Z:=1 o(Ai)—2n;)+t-1 +1= 90(A)—2n+t-1 +1< 90(A)—2n+t -

It follows from the proof of Theorem 7.4.15 that equality holds in (7.74)
if and only if each fully indecomposable component of A is either a matrix
of order 1 whose unique element is 1 or 2, or I} + C}, for some k > 2.

Exercises
1. Let A be a (0,1)-matrix of size m by n with m < n. Prove that
per(A) <n(n—1)---(n—m+1)

with equality if and only if A = Ju,n-

2. Let A be a fully indecomposable (0,1)-matrix of order n and let r be the
maximum row sum of A. Prove that per(A) > r with equality if and only if at
least n — 1 of the row sums of A equal 2 (Minc[1973]).

3. Let A be a fully indecomposable (0,1)-matrix of order n and let r be the
minimal row sum of A. Prove that

per(A) > o(A) —2n+2 + i(k! -1)
k=1
(Gibson[1972]).

4. Use Theorem 7.4.5 to show that if A is a (0,1)-matrix of order n with row
sums 71,72,...,Tn, then

- ri+1
per(4) < [[ =5
i=1

(Minc[1963)).
. Determine all fully indecomposable (0,1)-matrices with permanent equal to 3.
. Determine all fully indecomposable (0,1)-matrices with permanent equal to 4.
. Let k be an integer with 0 < k < 2”1, Show that there is a (0,1)-matrix of
order n with permanent equal to k (Brualdi and Newman[1965]).
8. Let p be a prime number and let A be a circulant, nonnegative integral matrix
of order p. Let r be the common value of the row sums of A. Prove that

N O D

per(A) =r (mod p)

(Brualdi and Newman([1965]).

9. Let Abea (0,1)-matrix of order n with exactly n 0’s. Prove that per(A) < Da,
the nth derangement number, with equality if and only if there are permuta-
tion matrices P and @ such that PAQ = J — I (Brualdi, Goldwasser and
Michael[1988]).
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10. Let A be a (0,1)-matrix of order n of the form

Az A
A2 O

where O denotes a zero matrix of size p by n — p — 1, and AT and A, are
incidence matrices of trees. Prove that per(A) = o(As), the number of 1’s of
As (Brualdi and Gibson[1977]).

11. Let n = 2k + 1. Show that the permanent of the matrix J, — ((Ix + Cx) ®
(Ix+1 + Ck+1)) of order n with exactly two 0’s in each row and column equals
—1+ Un, where U, denotes the nth ménage number (Henderson[1975]).

12. Let B be a nonnegative matrix of order n each of whose line sums is at most
1. Use Corollary 7.1.2 to prove that per(I — B) > 0 (Gibson[1966]).
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7.5 Evaluation of Permanents

Let X = [z45], (¢, = 1,2,...,n) be a real matrix of order n. The defini-
tion

per(X) =Y T1r(1)T2m(2) *** Tnm(n)

of the permanent of X is very much like the definition

det(X) =) " (signm)T1,(1)T2r(2) ** * Trr(n)
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of the determinant. Both summations are over all permutations  of {1, 2,

..,n}. In the case of the determinant a negative sign is affixed to those
summands which correspond to even permutations. The similarity of the
two definitions and the existence of efficient computational procedures for
determinants suggest the possibility of directly affixing negative signs to
some of the elements of the matrix X in order to obtain a matrix X’ = [z},
with zgj = +a;5, (4,5 = 1,2,...,n) which satisfies

det(X’) = per(X).

Let E = [e;;] be a matrix of order n each of whose elements equals 1 or
—1, and let

ExX = [e‘ijmij]a (2,] = 1,2,...,n),

be the elementwise product of E and X. We say that the matrix E converts
the permanent of n by n matrices into the determinant provided

per(X) = det(E x X) (7.75)

for all matrices X of order n. If (7.75) holds then we have an effective
procedure to calculate the permanent of any real matrix X of order n.
Since (7.75) is to hold for all matrices X of order n, (7.75) is a polynomial
identity in the n? elements of the matrix X. Hence the (1,—1)-matrix
FE converts the permanent of n by n matrices into the determinant if and
only if

e1n(1)€2n(2) " * €nn(n) = sign(m(1),7(2),...,7(n)) (7.76)
for each permutation (7(1),7(2),...,w(n)) of {1,2,...,n}. Equivalently,

the (1, —1)-matrix E converts the permanent of n by n matrices into the
determinant if and only if

det(E) = nl.

1 -1
e=[1 1]
Then det(E) = 2 and it follows that (7.75) holds. Pélya[1913] (see also

Szeg6[1913]) observed that for n > 3 there is no matrix E which converts
the permanent of n by n matrices into the determinant.

Let n =2 and let

Theorem 7.5.1. Let n > 3. Then there does not exist a (1, —1)-matriz
E which converts the permanent of n by n matrices into the determinant.

Proof. First suppose that n = 3 and that E = [e;;] is a (1, —1)-matrix of
order 3. There are three even permutations of {1, 2, 3} and also three odd
permutations, and both the even permutations and the odd permutations
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partition the elements of F. Since the even permutations partition the
elements of E we have

3

I eis = (e11e22e33)(e12e3e31) (e13e21€31) = (1)(1)(1) = 1.
ij=1

Since the odd permutations partition the elements of E we also have

3

H eij = (e11e23e32)(e13e22€31)(e12e21€33) = (—1)(—1)(—1) = —1.
ij=1

Hence E does not convert the permanent of 3 by 3 matrices into the deter-
minant. If n > 3, then by considering matrices of the form X = I,_3 @ X’,
where X’ is a matrix of order 3, we also conclude that there is no (1, —1)-
matrix F which converts the permanent of n by n matrices into the deter-
minant. m]

Let M, denote the linear space of n by n matrices over the real field.
Let E be a (1, —1)-matrix of order n. The mapping T : M, — My, defined
by T(X) = Ex X forall X in M, is an instance of a linear transformation.
Marcus and Minc[1961] generalized Theorem 7.5.1 by showing that for
n > 3 no linear transformation T : M, — M, satisfies

per(X) = det(T(X)), X € Mn. (7.77)

Theorem 7.5.1 was further generalized by von zur Gathen[1987a] who
showed that there is no affine transformation T' on M,, for which (7.77)
holds. These results all hold for matrices over an arbitrary infinite field of
characteristic different from 2.

We now consider the possibility of converting the permanent into the
determinant on “coordinate” subspaces of the linear space My,. Let A =
[a;;] be a (0,1)-matrix of order n. Then

Mp(A) = {A*xX : X € My}

is the linear subspace of My consisting of the matrices which have 0’s
in those positions in which A has 0’s (and possibly other 0’s as well). If
per(A) = 0, then per(A* X) = det(A*X) = O for all X in M,,. As a result
we henceforth assume that per (A) # 0. Let E be ann by n (0, 1, —1)-matrix,
and assume that an element of E equals 0 if and only if the corresponding
element of A equals 0. Thus if |E| denotes the matrix obtained from E
by replacing each element with its absolute value, then |E| = A. We say
that the matrix E converts the permanent of matrices in Myn(A) into the
determinant provided

per(Y) =det(E*Y) (7.78)
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for all matrices Y in Mp(A). Since A and E have 0’s in exactly the same
positions, (7.78) is equivalent to

per(A x X) = det(E * X) (7.79)

for all matrices X in M. Equation (7.79) is a polynomial identity in the
elements of X corresponding to the 1’s of A. Hence (7.79) holds if and
only if

per(A) = det(E).
Since |E| = A, we conclude that E converts the permanent of matrices in
My (A) into the determinant if and only if

per(|E|) = det(E). (7.80)

Thus the problem of finding coordinate subspaces of My on which the
permanent can be evaluated as a determinant is equivalent to the problem
of finding (0, 1, —1)-matrices E of order n satisfying (7.80).

For n = 3 the matrix

1 10
E=] -1 11
1 -1 1

satisfies (7.80) and hence converts the permanent of 3 by 3 matrices with
a 0 in position (1,3) into the determinant.
For a real number z, the sign of z is defined by

1 ifz>0
sign(z) = 0 ifz=0
-1 ifz<0.

The sign pattern of the real matrix X = [z;;] of order n is the (0,1, -1)-
matrix

sign(X) = [sign(zs;)], (4,5 = 1,2,...,n)

obtained by replacing each of the elements of X with its sign. The matrix X
is sign-nonsingular provided that each matrix with the same sign pattern
as X is nonsingular. A matrix obtained from a sign-nonsingular matrix
by arbitrary line permutations or by transposition is also sign-nonsingular.
In discussing sign-nonsingular matrices there is no loss in generality in
restricting our attention to (0,1, —1)-matrices X, that is matrices X for
which X = sign(X). We now show the equivalence of sign-nonsingular
matrices and matrices which convert the permanent into the determinant
(Brualdi[1988] and Brualdi and Shader[1991]).

Theorem 7.5.2. The (0,1, —1)-matriz X of order n is sign-nonsingular
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if and only if X converts the permanent of matrices in Mn(|X|) into the
determinant or the negative of the determinant, that is if and only if

per (| X|) = £ det(X) # 0. (7.81)

Proof. If (7.81) holds then there is a nonzero term in the determinant
expansion of X and all nonzero terms have the same sign, and it fol-
lows that X is sign-nonsingular. Now suppose that X = [z;;] is sign-
nonsingular. Let (¢1,%2,...,%,) be a permutation of {1,2,...,n} for which
T14, %24, * * * Tni, # 0. Let Y = [y;;] be a nonnegative matrix for which y;;,
equals 1 for ¢ = 1,2,...,n and yrs equals a positive number € otherwise.
Then Z = X xY has the same sign pattern as X and for e sufficiently small

sign(det(Z)) = sign(i1,42, - - -, n)%14, %2, * ** Tni, -

It now follows by continuity that each nonzero term in the determinant
expansion of X has the same sign, and hence (7.81) holds. O

It follows from Theorem 7.5.2 that a sign-nonsingular matrix gives both
a coordinate subspace Mp(A) of My, on which the permanent can be eval-
uated as a determinant and a prescription for doing so. We now turn to
demonstrating that under the assumption of full indecomposability this pre-
scription is unique up to diagonal equivalence. First we prove the following
lemma which contains a result first proved by Sinkhorn and Knopp[1969]
(see also Ryser[1973] and Engel and Schneider[1973]).

Lemma 7.5.3. Let A = [a;;] be a fully indecomposable matriz for which
there ezists a nonzero number d such that for each permutation (i1,12,...,

in) 0f{1,2,...,n}
a14,a2;, ***Ani, =0 or d.

Then there exist nonsingular diagonal matrices D1 and Do such that D1 ADy
is a (0, 1)-matriz. Moreover, the matrices D1 and Do are unique up to mul-
tiplication of D1 by a nonzero scalar 8 and multiplication of Dy by 6~ 1.

Proof. We prove the lemma by induction on n. If n = 1 the lemma clearly
holds. Now assume that n > 1. By Theorem 4.2.8 we may assume that

Ay O --- (0] Ey
Ey Ay --- 0] 0]
e R R P
O O --- Ap1 O
O O .--- E, A,
where m > 2, A; is fully indecomposable of order n;,(i = 1,2,...,m),

and E; contains at least one nonzero element e;,(i = 1,2,...,m). By the
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induction hypothesis we may assume that each of the matrices A; is a (0,1)-
matrix and that d = 1. Since each A; is fully indecomposable it follows from
Theorem 4.2.2 that the nonzero elements of E; have a common value e; and
that ejes - - - ey = 1. Letting

Dy =eylp, ®(e1e2)ln, ®-- D (e162 - em)In,, and Dy = DEI,

we see that D1AD; is a (0,1)-matrix. The uniqueness statement in the
lemma follows easily from the inductive hypothesis. m|

The following three theorems are from Brualdi and Shader(1991).

Theorem 7.5.4. Let A be a (0,1)-matriz with total support and let X
and Y be sign-nonsingular matrices with | X| = |Y| = A. Then there ezist
diagonal matrices D1 and Dy of order n whose diagonal elements equal +1
suchthatY = D1 XDs. If A is a fully indecomposable matriz then D1 and
Do are unique up to a scalar factor of —1.

Proof. Assume that A is fully indecomposable. It follows from Theorem
7.5.2 that both X and Y satisfy the hypotheses of Lemma 7.5.3 with d = 1.
Hence there exist nonsingular diagonal matrices D; and Ds, unique up to
multiplication by 8 and 67!, respectively, such that X = DY Ds. Let

D; = diag(dy,ds,...,dn) and Dy = diag(d}, d5,...,d})

be diagonal matrices, and let K = {i: |d;| = |d1|,1 <i<n}and L ={j:
Id;.l =|d1]71,1 < j <n}. Since X and Y are (0,1, —1)-matrices, it follows
that the submatrices A[K, L] and A[K, L] of A in rows K and columns L
and rows K and columns L, respectively, are zero matrices. Because A is
fully indecomposable, we have K = L = {1,2,...,n}. Let D} = dl'lDl and
D3 = dyDj. Then D} and D3 are diagonal matrices whose main diagonal
elements equal £1 such that Y = D} X Dj. The theorem now follows. O

Theorem 7.5.5. Let A be a fully indecomposable (0,1)-matriz of order
n, and let X = [z;5] be a sign-nonsingular matriz with | X| = A. Let B be
a (0, 1)-matriz obtained from A by replacing a 0 in position (u,v) with a 1.
Then the following are equivalent:

(i) There exists a sign-nonsingular matriz Z = (2] with |Z| = B.
(ii) There ezists a sign-nonsingular matriz Z = (2:5] which can be ob-
tained from X by changing T, to 1 or —1.
(iii) The matriz obtained from X by deleting row u and column v is a
sign-nonsingular matriz.

Proof. Statements (ii) and (44¢) are clearly equivalent and (ii) implies
(). Now suppose that (i) holds. Let Z be the matrix obtained from Z by
replacing zy, with 0. Then |Z| = A and Z is a sign-nonsingular matrix.
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By Theorem 7.5.4 there exist diagonal matrices D; and Dy with diagonal
elements equal to x1 such that D1 ZDy = X. The matrix DyZDy now
satisfies (7). m]

A similar proof allows one to extend Theorem 7.5.5 to matrices with
total support.

Theorem 7.5.6. Let A = [a;;] be a (0, 1)-matriz with total support and
assume that A = A1 @ --- ® A ® Agy1 where the matrices Ey,...,Ey
are fully indecomposable. Let X = [z;;] = X1 @ --- ® X & Xg41 be a
sign-nonsingular matriz with |X| = A. Let

A4 O O 0 F
R Ay O 0] (0]
O F, Az --- (0] 0
B=| . 7 . ) .| Ak
0O 0 O - A, O
0 0 0 - Fy A |

where the matriz F; is a (0,1)-matriz with ezactly one 1 and this 1 is in
position (u;,v;) of F;, (i =1,2,...,k). Then the following are equivalent:

(i) There ezists a sign-nonsingular matriz Z with |Z| = B._
(i) There ezists a sign-nonsingular matriz Z = [2;;] with |Z| = B such
that z;; = x5 for all (i, j) for which a;; # 0.
(iii) Fori=1,2,...,k the matriz obtained from X; by deleting row u;—1
and column v; is a sign-nonsingular matriz (here we interpret ug
as ug ).

Let A be a (0,1)-matrix of order n with total support. It follows from
Theorem 4.3.4 that there exist permutation matrices P and @ of order n such
that starting with the identity matrix I, we can obtain PAQ by applying
the constructions for the matrices B in Theorems 7.5.5 and 7.5.6. Let By =
I,,B,...,B; = PAQ be one such way. Theorems 7.5.5 and 7.5.6 imply that
given any conversion B; of B;, there is a conversion of B;+1 ifand only if there
is a conversion Bi+1 of B;+1 which extends the conversion Bi. Starting with
the conversion By = I, of Ag, we attempt to extend a conversion of A; to a
conversion of A;41. If at some point we are unable to do so, then Theorems
7.5.5 and 7.5.6 imply that no conversion of A exists. This provides us with
an algorithm which avoids backtracking to determine whether or not there
exists a sign-nonsingular matrix X with | X| = A, equivalently to determine
whether or not the permanent of the matrices in My (A) can be converted
into the determinant and a prescription for doing so.

Little[1975]) characterized the coordinate subspaces Mn(A) of Mp on
which the permanent can be converted into the determinant, and thus the
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(0,1)-matrices |E| which result from sign-nonsingular (0, 1, —1)-matrices E.
We now describe without proof his characterization.

Let Y = [y,-j] be a matrix of order n, and suppose that there exist
integers p, ¢,7, and s with 1 < p, ¢,r,s <n and p # g and r # s such that
Ypj = 0, (J 3& T,S), Yir = 0, (Z # pr)v Ypr = 1 and Ygs = 0. Let Y’ be
the matrix of order n — 1 obtained from Y by replacing y4s by ypsygr and
deleting both row p and column ¢. The matrix Y is said to be obtained from
Y by contraction. It follows from the Laplace expansion for the permanent
that

per(Y) = per(Y’).

If Y is a (0,1)-matrix then Y’ is also a (0,1)-matrix.
Theorem 7.5.7. Let A be a (0,1)-matriz of order n. There exists a
(0,1,-1)-matriz E of order n such that |E| = A and per(A) = det(E)

if and only if there do not exist permutation matrices P and Q of order n
and a (0,1)-matriz B with B < A such that for some integer k <n — 3,

I, O
PBQ:[ C’; B ] (7.82)
where the all 1’s matriz J3 of order 3 can be obtained by a sequence of
contractions starting with the matriz B’.

For example, let

(7.83)

=

I
SO O = =
OO+~ O
= =]
Ll e N )
[ = R =)

Then with B = A in Theorem 7.5.7, P = Q = I5 and k = 0 [the identity
matrix I, in (7.82) is vacuous|, we obtain

OO - =
== O
—_— = O
= O

after one contraction and J3 after two contractions. Thus there is no ma-
trix which converts the permanent into the determinant on the coordinate
subspace M5(A).

It follows from Theorem 7.5.7 that the permanent can be converted into
the determinant on a coordinate subspace My (A) if and only if it can be
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converted on each coordinate subspace My (B) where B is a (0,1)-matrix
with B < A and per(B) = 6.

We now discuss some connections between sign-nonsingular matrices and
digraphs. Let E = [e;;] be a (0,1, —1)-matrix of order n. A necessary
condition for E to be sign-nonsingular is that per(|E|) # 0. Since neither
line permutations nor the multiplication of certain lines by —1 affect the
sign-nonsingularity of F, we henceforth assume that the elements on the
main diagonal of E are all equal to —1. Let D(E) be the digraph of E with
vertices 1,2,...,n. We use the elements of E in order to assign weights to
the arcs of D(FE). The resulting weighted digraph D,,(FE) has an arc i — j
from vertex ¢ to vertex j if and only if e;; # 0 and the weight of this
arc equals e;;,(i,j = 1,2,...,n). The weight of a directed cycle is defined
to be the product of the weights of the arcs of the cycle. The following
characterization of sign-nonsingular matrices is due to Bassett, Maybee
and Quirk[1968].

Theorem 7.5.8. Let E = [e;;] be a (0,1, —1)-matriz of order n with
ei = —1,(0 = 1,2,...,n). Then E is sign-nonsingular if and only if the
weight of each directed cycle of Dy(FE) equals —1.

Proof. The matrix F is sign-nonsingular if and only if for each permu-
tation (w(1),7(2),...,7(n)) of {1,2,...,n}

e1n(1)€2n(2) * ** €nn(n) # O implies sign(m)e1r(1)€2x(2) ** *€nn(n) = (—1)™

Let v : 43 — i3 — -+ — i3 — 11 be a directed cycle of Dy, (F). Then

m(ij) =441 for j = 1,2,...,k and n(i) = i, otherwise defines a permuta-
tion of {1,2,...,n} with sign(m)er(1)€2x(2) - * - €nn(n) €qual to the (-1)n-1
times the weight of 4. The theorem readily follows. (m]

If in Theorem 7.5.8 we assume that all main diagonal elements of F equal
1, then the criterion for sign-nonsingularity is that the weight of each cycle
have the opposite parity of its length.

Another characterization of (0,1)-matrices A for which there exists a
(0,1,—1)-matrix E such that |E| = A and per(A) = det(FE) is contained
in the work of Seymour and Thomassen[1987] and we now describe this
characterization.

Let D be a digraph which has no loops. A splitting of an arc (z, y) of D
is the result of adjoining a new vertex z to D and replacing the arc (z,y)
by the two arcs (z,2) and (2,y). A subdivision of D is a digraph obtained
from D by successively splitting arcs (perhaps none). The digraph D is even
provided every subdivision of D (including D itself) has a directed cycle
of even length. The digraph is even if and only if for every weighting of
the arcs of D with weights 1 and —1 there exists a directed cycle whose
weight equals 1. A splitting of a vertez u of D is the result of adjoining a new
vertex v and a new arc (u,v) and replacing each arc of the form (u, w) with
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an arc of the form (v, w). A splitting of the digraph D is a subdivision of a
digraph obtained from D by splitting some (perhaps none) of its vertices.
Let k be an integer with k£ > 3 and let Dy, denote the digraph which is ob-
tained from an (undirected) cycle of length k by replacing each of its edges
{z,y} with two oppositely directed arcs (z,y) and (y,z). The following
characterization of even digraphs is due to Seymour and Thomassen[1987].

Theorem 7.5.9. The digraph D is even if and only if it contains a split-
ting of Dy, for some odd integer k > 3.

Now let A be a (0,1)-matrix of order n with a nonzero permanent.
Permuting lines if necessary, we may assume that all of the main diago-
nal elements of A equal 1. If there exists a (0,1,—1)-matrix E such that
|[E| = A and |det(E)| = per(A) then we may assume that all of the
main diagonal elements of E equal —1. It follows from Theorem 7.5.8 that
|det(E)| = per(A) if and only if the digraph D’(A) obtained from D(A)
by removing the loops at each of its vertices is even. We thus have the
following characterization of coordinate subspaces on which the permanent
can be converted into the determinant.

Theorem 7.5.10. Let A be a (0,1)-matriz of order n with all of its main
diagonal elements equal to 1. There exists a (0,1, —1)-matriz E such that
|E] = A and per (A) = det(E) if and only if the digraph D'(A) does not
contain a splitting of D}, for any odd integer k > 3.

The direct equivalence of the characterizations for converting the per-
manent into the determinant contained in Theorems 7.5.7 and 7.5.10 is
discussed in Brualdi and Shader[1991].

The largest dimension of a coordinate subspace of My on which the
permanent can be converted into the determinant is determined in the fol-
lowing theorem of Gibson[1971]. This result was independently obtained
by Thomassen[1986] in the context of sign-nonsingular matrices. The de-
scription of the case of equality is due to Gibson.

Theorem 7.5.11. Let A be a (0, 1)-matriz of order n such that per (A) #
0 and suppose that there ezxists a (0,1, —1)-matriz E such that |[E| = A
and det(E) = per(A). Then the number of 1’s of A is at most equal to
(n2+3n—2)/2, with equality if and only if there exist permutation matrices
P and Q such that

110 00
111 0 0
PAQ=| @ * : :
111 10
111 11
111 11
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Thomassen[1986] has observed that an algorithm which decides whether
or not a square (0,1)-matrix A is sign-nonsingular, that is which satis-
fies per(A) = det(A), can be used to determine whether or not a square
(0,1, —1)-matrix is sign-nonsingular. The reason is as follows. Let B be a
(0,1, —1)-matrix and asssume without loss of generality that B has all 1’s
on its main diagonal. Let D,,(B) be the weighted digraph associated with
B. We construct an (unweighted) digraph D(B) by replacing each weighted
arci = J with two arcs forming a path i — k;; — j of length 2, where k;;
is a new vertex. The number of vertices of D(B) is n plus the number of
arcs of weight —1 of Dy,(B) (the number of —1's of B). Let B be the (0,1)-
matrix with all 1’s on its main diagonal which satisfies D(B) = D(B). By
Theorem 7.5.8 B is sign-nonsingular if and only if D(B) = D(B) has no di-
rected cycle of even length. By Theorem 7.5.8 again, D(B) has no directed
cycle of even length if and only if the (0,1)-matrix B is sign-nonsingular.

We conclude this section by discussing the work of Valiant[1979] con-
cerning the algorithmic complexity of computing the permanent of a (0,1)-
matrix. We begin with a brief and informal discussion of the classes of
decision problems known as P and NP.

A decision problem P has one of the two answers “yes” or “no.” Assume
that there is some “natural” way to measure the size of the problem P.
For example, consider the decision problem, known as the Hamilton cycle
problem: Does a graph have a cycle whose length equals the order of the
graph? An instance of this problem is a specification of a graph, and we
measure the size by the order n of the graph, that is by the number of its
vertices. An algorithm to solve a decision problem P is a nondeterministic
polynomial algorithm provided there exists a polynomial p(n) such that if
the solution to an instance of the problem of size n is “yes,” then there is
some guess which when input to the algorithm answers “yes” in a number
of steps which is bounded by p(n), while if the solution is “no,” then for
every guess either the algorithm answers “no” or does not halt. The set of
decision problems which can be solved by a nondeterministic polynomial al-
gorithm is denoted by NP. A nondeterministic algorithm can be converted
to a deterministic algorithm by inputting all possible guesses. However,
such an algorithm requires a number of steps which are not bounded by a
polynomial in the size n.

The problems in NP have the property that they can be “certified” in a
polynomial number of steps. The Hamilton cycle problem is in NP, since
specifying a graph of order n and guessing a sequence of vertices <y, one
can check in a number of steps bounded by a polynomial in n whether v
is a cycle of length n, that is whether « is a cycle through all the vertices
of the graph. Another problem in NP is the problem: Is an integer N not
a prime number? A nondeterministic algorithm to solve this problem in a
polynomial number of steps in the size n, the number of decimal digits in
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N, can be described as follows. Specifying a factor F' we divide N by F
and obtain a remainder R. If R = 0, the answer is “yes”; if R # 0, the
answer is “no.” If N is not a prime, then a “certification” is a factor of N
and such a factor can be checked in a polynomial number of steps.

Let P be the set of decision problems which can be solved determin-
istically in a number of steps bounded by a polynomial in the size of the
problem. Thus for a problem P in P there exists an algorithm to determine
(not just to check the correctness of a guess) whether the answer is “yes” or
“no.” The set P is contained in the set NP because given any guess, we set
it aside and apply the polynomial deterministic algorithm. This results in
a nondeterministic polynomial algorithm for the problem P. The question
of whether P=NP has not yet been resolved, although the general belief
is that P # NP.

A decision problem P; is said to be polynomially reducible to another
decision problem P» provided there is a function f from the set of inputs
of P} to the set of inputs of P, such that the answer to the input I; for P
is “yes” if and only if the answer to the corresponding input f(I7) of P; is
“yes,” and there is a polynomially bounded algorithm to compute f(I;). If
P, is polynomially reducible to Py and if P is in P, then it follows that
P is also in P. A decision problem in NP is NP-complete provided every
problem in NP can be polynomially reduced to it. It follows that a problem
in NP to which an N P-complete problem can be polynomially reduced is
also NP-complete. Also if some NP-complete problem belongs to P then
P = NP.

It was a fundamental contribution of Cook[1971] that there exist NP-
complete problems. The problem that Cook established as N P-complete is
the satisfiability problem SAT of conjunctive normal forms:

SAT

Given a finite set U of variables and a finite set C' of clauses each of
which is a disjunction of variables in U and their negations, is there a truth
assignment for the variables in U for which all clauses in C are true?

There are many fundamental problems which are now known to belong
to the class of NP-complete problems. These include the combinatorial
problems of the existence of a coloring of the vertices of a graph with &
colors, the existence of a complete subgraph of order k£ of a graph, and
the existence of a Hamilton cycle in a graph. For more examples of N P-
complete problems and a more formal description of the class NP we re-
fer the reader to Karp[1972] and the books by Garey and Johnson[1979],
Even[1979], and Wilf[1986].

Associated with a decision problem is the counting question: How many
solutions does the problem have? The answer to the counting question is
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to be a number; a complete listing of all the solutions is not required. An
NP-problem P is called sharp P complete, written # P-complete, provided
the counting question for every other N P-complete problem is polynomi-
ally reducible to the counting question for P. Most “natural” N P-complete
problems are also # P-complete (although it is not known whether this is
always the case). The reason is that the reductions used to establish poly-
nomial reducibility “preserve” the number of solutions. Thus, for instance,
counting the number of satisfying assignments in SAT is # P-complete. The
set of all problems in NP which are #P-complete is denoted by #P.

It was a fundamental contribution of Valiant[1979a,b] that there exist
#P-complete problems for which the decision question can be decided in
a number of steps which is bounded by a polynomial in the size of the
problem, that is, there exist problems in P which are in #P. Thus unless
P= NP, and perhaps even if P#NP, there are N P-problems for which the
decision question can be answered in a number of steps bounded by the size
of the problem but the counting question cannot. The problem identified
by Valiant is the problem of finding a system of distinct representatives:

SDR

Given a family (X1, X2,...,Xn) of subsets of the set {1,2,...,n}, does
the family have a system of distinct representatives?

There are algorithms which show that SDR is in P (see, e.g., Even[1979)]).
A system of distinct representatives of (Aj, Ag,...,An) corresponds to a
perfect matching in the associated bipartite graph of order 2n.

Let A be the incidence matrix of order n of the family (Aj, A2,...,An)
of subsets of {1,2,...,n}. The problem SDR is equivalent to the problem

Is per(A) # 07

The counting question for SDR is: How many systems of distinct represen-
tatives does (A1, Aa, ..., An) have? In terms of the incidence matrix A, the
counting question is

What is the value of per (A) ?

Thus determining the permanent of a square (0,1)-matrix is a #P-
complete problem. It follows that the computation of the permanent of
square matrices of 0’s and 1’s is a fundamental counting problem. The
existence of an algorithm to compute the permanent of a (0,1)-matrix of
order n in a number of steps bounded by a polynomial in n would imply
the existence of polynomially bounded algorithms to compute the number
of satisfying truth assignments in SAT, to compute the number of ways
to color the vertices of a graph with k colors, to compute the number of
Hamilton cycles in a graph and so on. However, Valiant’s hypothesis is that
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no polynomially bounded algorithm ezists for computing the permanent of
a (0,1)-matriz (see also von zur Gathen[1987b)].

Valiant showed that permanents of matrices X = [z;;] of order n can
be calculated by determinants if one is allowed to increase the size of the
matrix. Specifically he showed that it is possible to find an m by m ma-
trix Y each of whose entries is either a constant or one of the elements
Z11,.-+,Z1n,--.,Inn of X such that per(X) = det(Y). The size m of the
matrix Y is, however, exponential in n, roughly a constant times n22".
Thus although the determinant of Y can be computed in a number of steps
which is bounded by a polynomial in 7, this number is exponential in n. It
is shown in von zur Gathen[1987a] that every Y of the above type has order
m > v/2n — 6,/n, even if one allows the elements of Y equal to negatives of
elements of X. A matrix Y of order m where m is bounded by a polyno-
mial in n would imply a polynomially bounded algorithm to compute the
permanent of a matrix.

In closing we note that Everett and Stein[1973] have shown that the
number of (0,1)-matrices of order n with zero permanent is asymptotic to
n-27*=2n+1 Hence it follows that almost all (0,1)-matrices of order n have a
nonzero permanent. Komlés[1967] has shown that almost all (0,1)-matrices
of order n have a nonzero determinant.

Exercises
1. Determine whether the matrix
1 01 100
1 1 1.0 00
01 1 001
01 01 0O
1 00010
0 0 0 0 11

is sign-nonsingular.

2. Show how to affix minus signs to some of the 1’s of the matrix in Theorem
7.5.11 so that the determinant of the new matrix is the permanent of the
original matrix.

3. Show that the incidence matrix A of the projective plane of order 2 given in
(1.16) of Chapter 1 is a sign-nonsingular matrix (with no —1’s). Show that
each matrix obtained from A by replacing a 0 with +1 is not sign-nonsingular
(thus A is a mazimal sign-nonsingular matrix). (The matrix A, after line per-
mutations, is the circulant matrix Iy + C7 + C2.) (Brualdi and Shader[1991]).

. Prove Theorem 7.5.6.

. Prove that a digraph which contains a splitting of D} for some odd integer
k > 3 is even.

U
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Latin Squares

8.1 Latin Rectangles

Let S be a finite set with n elements. A latin rectangle based on S is an
r by s matrix

A=ai], (=12,...,m55=1,2,...,5)

with the property that each row and each column of A contain distinct
elements of S. The number r of rows and the number s of columns of the
latin rectangle A satisfy » < n and s < n. Usually the set S is chosen to be
the set {1,2,...,n} consisting of the first n positive integers. The matrix

1 2 3 45
3 5 2 1 4
4 3 5 21

is a 3 by 5 latin rectangle based on {1,2,3,4,5}. If s = n, as it does in this
example, then each row of the latin rectangle A contains a permutation of
S and these permutations have the property that no column contains a re-
peated element. If the first row contains the permutation (1,2,...,n), then
the r by n latin rectangle is called normalized. An n by n latin rectangle
based on the set S of n elements is a latin square of order n. Thus in a
latin square each row and each column contains a permutation of S. The
elements of S can always be labeled to normalize a latin square.

Let G be a group of order n whose set of elements in some order is
ai,asg,...,a,, and let the binary operation of G be denoted by *. A Cayley
table of G is the matrix A = [a;;] of order n in which

aij = a; *xa;, (4,7 =1,2,...,n).
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The axioms for a group imply that A is a latin square of order n based on
the set {a1,as,...,an}. Cyclic groups of order n give particularly simple
examples of latin squares of order n. If P is a permutation matrix of order
n, then PAPT is also a Cayley table of G. If a; is the identity element of
G, then the first row of A contains the permutation aj,as,...,a,. Let P
and @ be permutation matrices of order n. It is common to also call PAQ
a Cayley table for G. Not every latin square is a Cayley table of a group
because the axiom of associativity for a group imposes a further restriction
on a Cayley table of a group. The algebraic systems whose Cayley tables
are latin squares are called quasigroups. A Cayley table of a commutative
group (or commutative quasigroup) is a symmetric latin square.

Let A be a latin square of order n based on {1,2,...,n}. Let P, be
the (0,1)-matrix of order n whose 1’s are in those positions which in A are

occupied by i. Then P; is a permutation matrix of order n, (i = 1,2,...,n).
Moreover,
Jn=Pi+P+.---+PF, (8.1)
and
A=1P+2P,+---+nP, (8.2)

are decompositions of the all 1’s matrix J, and A, respectively. Conversely,
if (8.1) is a decomposition of J, into n permutation matrices, then (8.2)
defines a latin square A.

The matrix J, is the reduced adjacency matrix of the complete bipar-
tite graph K, . The latin square A assigns a color from the color set
{1,2,...,n} to each of the edges of K, , in such a way that adjacent edges
are assigned different colors. Thus the set M; of edges of color ¢ is a perfect
matching of K, ». The permutation matrix P; is the reduced adjacency
matrix of the spanning bipartite subgraph of K, , whose set of edges is
M;. Conversely, an assignment of a color from the color set {1,2,...,n}
to each of the edges of K, » produces a latin square of order n provided
adjacent edges are assigned different colors.

Let A = [a;;] be a latin square of order n based on a set S. A partial
transversal of size t of A is a set of ¢t positions such that no two of the
positions are on the same line and these positions are occupied in A by
distinct elements. A transversal of A is a partial transversal of size n. Thus
a transversal is a set of positions

{(1,0(1)),(2,0(2)),..., (n,0(n))}
where o is a permutation of {1,2,...,n} and
{ala(1)1 A25(2)) -+ am,(n)} =S.

Transversals are also known as complete mappings of quasigroups.
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In terms of the decompositions (8.1) and (8.2) a transversal of A can be
viewed as a permutation matrix @ of order n which foreachi=1,2,...,n
has exactly one 1 in common with P;. Thus in a coloring of the edges of
the complete bipartite graph K, , with n colors, a transversal corresponds
to a perfect matching with all edges colored differently.

Let A be a Cayley table for a group of odd order n with elements
a1,0as,...,a,. Then each element of G has a unique square root and thus
{a?,d3,...,a2} = {a1,a2,...,a,}. Hence the set of positions of the main
diagonal is a transversal of A. A group of even order need not have a
transversal as the group of order 2 shows. Conditions for the existence and
the nonexistence of transversals in Cayley tables of groups of even order
are discussed in Dénes and Keedwell[1974].

Let A = [a;;] be a latin square of order n based on the set {1,2,...,n}. A
matrix obtained from A by row permutations and by column permutations
is also a latin square as is the transposed matrix A7. We may also apply
a permutation to the elements of the set {1,2,...,n} and obtain a latin
square. There is one further basic transformation of latin squares which is
less obvious and which we now discuss. To the latin square A of order n
there corresponds a three-dimensional array

C= [Cijk], (i,j,k = 1,2,...,7),) (83)

of 0’s and 1’sin which ¢;;x = 1 if and only if a;; = k. A lineofthearray C'isa
set of positions (3, j, k) obtained by fixing two of ¢, j, and k and allowing the
other index to vary from 1 to n. The array C obtained from the latin square
of order n has the property that each line contains exactly one 1. Such an
array is a 3-dimensional line permutation matriz of order n. Conversely, from
a 3-dimensional line permutation matrix C' = [c;x] of order n one obtains a
latin square A = [a;;] of order n by defining a;; = k if ¢;jx = 1.

Let C be the 3-dimensional line permutation matrix of order n corre-
sponding to the latin square A. Let (p, ¢,7) be a permutation of the three
indices 4, j and k of C and let C(, ) be the 3-dimensional matrix ob-
tained from C by taking the indices in the order p, g, 7. Thus, for instance,
Cii2) = [€:jx) where z;jk = ckij for ¢, and k between 1 and n. The ma-
trix C(p,q,r) is a 3-dimensional line permutation matrix of order n and thus
there corresponds a latin square A, 4 -y of order n. We have A(; 53) = A
and A@2,1,3) = AT . The latin square A(3,2,1) is the latin square obtained
from A by interchanging row indices with elements. The (%,j)-entry of
A(3,1,2) is k provided ax; = i. Similarly, A; 3 2) is the latin square obtained
from A by interchanging column indices with elements. For example, let

123 4
31 4 2

A=14 3 2 1 (84)
2 4 1 3
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Then
1 2 4 3
Asen=|3 3 1 4
3 4 21
and
1 2 3 4
Avsn=|§ 3 2 1
31 4 2
Two latin squares A and B of order n based on {1, 2, ..., n} are equivalent

provided there is a permutation (p,q,r) of {1,2, 3} such that B can be
obtained from A, 4 ) by permutation of its rows, columns and elements.
Any two latin squares of order 3 are equivalent. A latin square of order 4
is equivalent to one of the two latin squares

123 4 1 2 3 4
2 1 4 3 2 3 41
341 2 and 3 41 2 (8.5)
4 3 21 412 3

The first of these latin squares C has the property that C(, 4, = C for
each permutation (p,q,r) of {1,2,3}. More generally, let G be an elemen-
tary abelian 2-group with elements {a;, a3, ...,an} where q; is the identity
element. The Cayley table C of G has the property that C(, ) = C for
each permutation (p,q,7) of {1,2,3}.

Higher dimensional latin configurations are discussed by Jurkat and
Ryser[1968].

Exercises

1. Find an example of a latin square A such that for no permutation matrices P
and Q is PAQ a Cayley table of a group.

2. Find an example of a group of even order n > 2 whose Cayley table does not
have a transversal.

3. Prove that all latin squares of order 3 are equivalent. Also prove that a latin
square of order 4 is equivalent to one of the two latin squares given in (8.5).

4. Construct a Cayley table for the group of permutations of {1, 2, 3} and obtain
a latin square of order 6.

5. Let A be the latin square given in (8.4). Construct all the latin squares A(p g ).
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8.2 Partial Transversals

Let A = [a;;] be a latin square of order n. If A has a transversal then each
latin square equivalent to A also has a transversal. The following theorem
of Mann[1942] shows in particular that a Cayley table of a cyclic group of
even order (a circulant matrix of even order) does not have a transversal.

Theorem 8.2.1. A Cayley table of an abelian group of even order with
a unique element of order two does not have a transversal.

Proof. Let n be an even integer and let G be an abelian group with

elements a1, a9, ...,an. Assume that G has a unique element z of order 2.
We have £ = a1 *ag *--- x an. Let A = [a;;] be the Cayley table of G in
which a;; = a; * aj, (4,5 = 1,2,...,n). Suppose that A has a transversal.

Then there exists a permutation (j1,J2,...,Jn) of {1,2,...,n} such that
{a1,a2,...,an} = {a1 * aj,,a2 * aj,,...,an * a;, }.
Since G is abelian, we obtain
z = (a1 *aj,) * (a2 xaj,) * -+ * (an * aj,)
= (a1 >o<ag>|<---a,ﬂ)>|<(ajx *ajz*"'*aj,,)=$*$,

and this contradicts the fact that = has order 2. Therefore A does not have
a transversal. m]

As noted in the previous section a Cayley table of a group of odd order
always has a transversal. It has been proved by Paige[1947] that a Cayley
table of an abelian group G of even order n has a transversal if G does
not have a unique element of order two. Thus a Cayley table of an abelian
group of even order has a transversal if and only if it does not have a unique
element of order two. We now state without proof a more general theorem
of Hall[1952].

Theorem 8.2.2. Let G be an abelian group with elements a1,a2,...,an
and let A be a Cayley table of G. Let k1,ka,...,kn be a sequence of non-
negative integers with k1 + ko + --- + kn = n. Then there exists in A n
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positions no two on the same line such that in these positions a; occurs
exactly k; times if and only if a'fl * a’rj? Xk afl" is the identity element

of G.

If kf = kg = -+ = kn = 1, then Theorem 8.2.2 asserts that A has a
transversal if and only if

ap xag *---xap =1, (8.6)

the identity element of G. If G has odd order, (8.6) is satisfied. If G has
even order, (8.6) is satisfied if and only if G has more than one element of
order two.

It has been conjectured by Ryser[1967] that every latin square of odd
order n has a transversal and by Brualdi (see Dénes and Keedwell[1974])
that every latin square of even order n has a partial transversal of size
n — 1. These conjectures remain unsettled (see Erdos et al.[1988]). The
remainder of this section concerns the progress that has been made toward
the resolution of these conjectures. First we remark that Theorem 8.2.2
implies at once that the Cayley table of an abelian group of order n has
a partial transversal of size n — 1 containing any specified subset of n — 1
elements of G.

Let A be a matrix of order n whose elements come from a set S. A
weak transversal of A is a set W of n positions of A no two from the same
line with the property that each element of S occurs at most twice in the
positions of W.

Theorem 8.2.3. A matriz of order n with no repeated element in a row
or in a column has a weak transversal. In particular, a latin square of order
n has a weak transversal.

Proof. We prove the theorem by induction on n. If n = 1 the conclu-
sion is trivial. Suppose that n > 1 and let A be a matrix of order n
such that each row and each column contains distinct elements. Let A’
be the matrix obtained from A by deleting the first row and the first
column. By the inductive hypothesis A’ has a weak transversal. With-
out loss of generality we assume that the n — 1 diagonal positions of A’
form a weak transversal, and that the elements in these positions are
1,1,22,...,r,7,r+1,7+2,...,7+ s where 2r + s = n — 1. If the element
in position (1,1) does not equal any of 1,2,...,r, then the n diagonal po-
sitions of A form a weak transversal. Otherwise we assume without loss
of generality that 1 is in position (1,1). Because row 1 of A contains dis-
tinct elements, row 1 contains r+1 distinct elements z1, 22, ...,Z, each of
which is different from 1,2, ..., 7. Because column 1 has distinct elements,
there is an element z; in row 1 such that the element y in column 1 which
is symmetrically opposite z; is different from 1,2,...,r. Let this z; and
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y occupy positions (1,k) and (k, 1), respectively. The set of n positions

{G,9) : i # 1,k}U{(1,k), (k,1)}
is a weak transversal of A. m]

It is an immediate consequence of Theorem 8.2.3 that a latin square
of order n has a partial transversal of size [n/2]. Koksma[1969] proved
that for n > 3 there is a partial transversal of size at least [(2n + 1)/3].
Koksma’s method was refined by de Vries and Wieringa[1978] who ob-
tained the lower bound of [(4n — 3)/5] for the size of a partial transversal
of a latin square of order n if n > 12. Woolbright[1978] and independently
Brouwer, de Vries and Wieringa[1978] showed that a latin square of order
n has a partial transversal of size at least [n — /n]. We rely on the proof
of Brouwer et al.

Theorem 8.2.4. A latin square of order n has a partial transversal of
size t for some t satisfying the inequality (n —t)(n —t + 1) < n.

Proof. Let A = [a;;] be a latin square of order n based on {1,2,...,n}
and let ¢ be the largest size of a partial transversal of A. Without loss
of generality we assume that T = {(1,1),(2,2),...,(¢,t)} is a partial
transversal of A and that axx = k,(k = 1,2,...,t). Let r = n — ¢ and
let R={t+1,t+2,...,n}. We inductively define subsets Wy, W1, ..., W;
of {1,...,n} as follows:

Wi={j:ajt+i € Wis1UR}, (i=1,2,...,7).
Let
Vi={(Gt+9):5eWs}, (i=12,...,r)
and let
V=1nuWu---uV,.

We define a digraph D with vertex set V by putting an arc from (j,¢ + 7)
to (k,t+1) if and only if i <! and j = aj ¢ 4.

Suppose that in D there is a path from a vertex (j,t + i) to a vertex
(k,t +1) such that ajt4; € R and k € R. Let

(4,t+14) = (Jo,t +10) = (j1,t + 1) = -+ = (p, t +4p) = (k,t +1)

be such a path v of smallest length. This path is pictured schematically in
Figure 8.1, in which u denotes an element of R.
Let

T = (T_{(jO)jO)a ER) (jp—lajp—l)})u{(jOa t+i0)7 (jl, t+i1)’ ceey (jp7 t""p)}'
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Figure 8.1

No two of the positions in T’ belong to the same column. Suppose that two
positions in 7’ belong to the same row. Then there are integers r and s
with 0 <r < s < p and with jr = js. If s = p then j, = j, = k and

is a path which contradicts the choice of v. If s < p then j, = js =
5+1,t+j,4, a0d
(Jost+1i0) = - = (ryt +1r) = (Jss1,t + Js41) = -+ = (p, t +1p)

is a path which contradicts the choice of v. We therefore conclude that
no two positions in 7" belong to the same row. The elements in the ¢ + 1
positions of T/ are the numbers 1,2,...,t and u. Because u is an element
of R, T’ is a partial transversal of size t+ 1, and this contradicts our choice
of T. We now conclude that there is no path in D satisfying the condi-
tions of the path +. The definition of the sets W; now implies that

WouWu---UW, C{1,2,...,t}
and
|Wi| = |Wi—1|+rn, (G=1,2,...,7).
Hence |W;.| = 72 and therefore
r? <t=n-r.
Because 7 = n — t the theorem follows. o

Theorem 8.2.4 has been extended by Csima[1979] to more general com-
binatorial configurations. In addition Shor[1982] has shown that every latin



258 8 Latin Squares

square of order n has a partial transversal of size at least n — 5.53(¢n n)2.
This number is greater than n — /n for n > 2,000, 000.

As already remarked a latin square of order n corresponds to an assign-
ment of one of n colors to each edge of the complete bipartite graph K, 5,
so that adjacent edges are assigned different colors, and a transversal cor-
responds to a perfect matching of n differently colored edges. Woolbright
and Fu[1987] have obtained a coloring theorem for the complete graph Ko,
with an even number 2n of vertices which answers a question which is anal-
ogous to the question of the existence of a transversal in a latin square. This
theorem asserts the following: Suppose that each edge of Koy, is assigned a
color from a set of 2n—1 colors so that adjacent edges are assigned different
colors. If n > 8, then there exists a perfect matching of n differently col-
ored edges. In contrast to the case of bipartite graphs, not all of the colors
appear as colors of the edges of the perfect matching.

Finally we remark that Ryser[1967] conjectured that the number of
transversals of a latin square of order n is congruent to n modulo 2. If n is
odd, then this conjecture is stronger than the conjecture that a latin square
of odd order has a transversal. If n is even then the conjecture has been
proved by Balasubramanian[1990], but notice that there is no implication
concerning the existence of a transversal in a latin square of even order n.
According to Parker [ private communication], there are many latin squares
of order 7, the number of whose transversals is an even positive integer.
One such is

1 23 45 6 7
2 36 7 4 51
347 5 1 2 6
4 6 1 2 3 7 5
5 7 2 1 6 4 3
6 54 3 71 2
| 715 6 2 3 4 j
Exercises

1. Let A be a latin square of order n. Let ¢t be the maximal size of a partial
transversal of A. Prove that t is the maximal size of a partial transversal of
each latin square equivalent to A.

2. Prove that the condition given in Theorem 8.2.2 is a necessary condition for
there to exist n positions in a Cayley table of an abelian group with the stated
properties.

3. Prove that Theorem 8.2.2 implies that a Cayley table of an abelian group G
has a partial transversal of size n — 1 containing any specified subset of n — 1
elements of G.

4. Prove that the number of transversals of a latin square of even order is an even
nonnegative integer (Balasubramanian[1990]).



8.3 Partial Latin Squares 259
References

K. Balasubramanian[1990], On transversals in latin squares, Linear Alg. Applics.,
131, pp. 125-129.

A.E. Brouwer, A.J. de Vries and R.M.A. Wieringa[1978], A lower bound for the
length of partial transversals in a latin square, Nieuw Archief voor Wiskunde
(3), XXVI, pp. 330-332.

J. Csima[1979], On the plane term rank of three dimensional matrices, Discrete
Math., 28, pp. 147-152.

J. Dénes and A.D. Keedwell[1974], Latin Squares and Their Applications, Aca-
demic Press, New York.

P. Erdés, D.R. Hickerson, D.A. Norton and S.K. Stein[1988], Has every latin
square of order n a partial transversal of size n — 1?, Amer. Math. Monthly,
95, pp. 428-430.

M. Hall, Jr.[1952], A combinatorial problem on abelian groups, Proc. Amer. Math.
Soc., 3, pp. 584-587.

K.K. Koksma[1969], A lower bound for the order of a partial transversal, J.
Combin. Theory, 7, pp. 94-95.

H.B. Mann[1942], The construction of orthogonal latin squares, Ann. Math.
Statist., 13, pp. 418-423.

L.J. Paige[1947], A note on finite abelian groups, Bull. Amer. Math. Soc., 53, pp.
590-593.

H.J. Ryser[1967], Neuere Probleme in der Kombinatorik (prepared by D.W.
Miller), Vortrdge iber Kombinatorik, Oberwolfach, pp. 69-91.

P.W. Shor[1982], A lower bound for the length of a partial transversal in a latin
square, J. Combin. Theory, Ser. A, 33, pp. 1-8.

A.J. de Vries and R.M.A. Wieringa, Een ondergrens voor de lengte van een par-
tiele transversaal in een Latijns vierkant, preprint.

D.E. Woolbright[1978], An n x n latin square has a transversal with at least
n — y/n distinct symbols, J. Combin. Theory, Ser. A, 24, pp. 235-237.
D.E. Woolbright and H.-L. Fu[1987], The rainbow theorem of 1-factorization,

preprint.

8.3 Partial Latin Squares

Let S be the set {1,2,...,n}. We now consider matrices A of order n
whose elements come from S U {0} where each occurrence of ¢ is to be
regarded as an unspecified element of A. Such a matrix A is called a partial
latin square of order n provided that each element of S occurs at most once
in each row and in each column. Notice that in a partial latin square there
is no restriction on the number of times the symbol ¢ may occur in a row or
column. If each occurrence of the symbol ¢ can be replaced by an element
of S in such a way that the resulting matrix B is a latin square, then we
say that the partial latin square A can be completed to a latin square and
we call B a completion of A. A completion of A is a latin square which
agrees with A in the elements specified.

Not every partial latin square of order n can be completed. Two simple
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examples with n specified elements which have no completion are

1 R e
: : 8.7
< 1 ¢ ( )
o o 2
and
1 2 n—1 ¢
o o o n
. . (8.8)
O O .- o o

There does not exist a latin square of order n which agrees with (8.7)
or with (8.8). Notice that if we extend the construction for latin squares
which interchanges row indices and elements so that it applies to partial
latin squares, then (8.8) can be obtained from (8.7) in this way.

We now regard an r by s latin rectangle based on the set S = {1,2,...,n}
as a partial latin square of order n in which only the elements in the r
by s rectangle in the upper left corner have been specified. The following
theorem is from Hall[1945].

Theorem 8.3.1. Let A be anr by n latin rectangle based on {1,2,...,n}.
Then A can be completed to a latin square of order n.

Proof. Let C = [c;;] be the (0,1)-matrix of order n in which ¢;; = 1if and
only if the element ¢ does not occur in column j of A4, (i,j = 1,2,...,n).
Because A is an r by n latin rectangle each element of {1,2,...,n} occurs
once in each row of A and once in each of r different columns of A. It
follows that each line sum of C equals n — r. We now apply Theorem 4.4.3
to C and conclude that there is a decomposition

C=Pi+Pp++Pur

in which each P; is a permutation matrix of order n. Let the 1’s of P,
occur in positions (1, k1), (2, k2),...,(n,kn). Then ki, kg, ..., ky is a per-
mutation of {1,2,...,n} and we may adjoin this permutation to the r by
n latin rectangle A to obtain an 7 + 1 by n latin rectangle. Repeating with
Py, ..., P,_, we obtain a latin square of order n. a

Now suppose that A is a partial latin square of order n based on {1, 2, ...,
n} in which each specified element lies in one of rows 1,2, ...,7+1. Suppose
further that all the elements in rows 1,2,...,r have been specified and
that exactly d elements in row 7 + 1 are specified where 1 < d < n —1.
Then Brualdi and Csima[1986] proved that for fixed n, 7 and d each partial
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latin square with the above properties can be completed to a latin square
of order n if and only if either d=1,r=n—1ord <n — 2r.

If s < n, an r by s latin rectangle A need not have a completion to a
latin square of order n. For example, the 2 by 2 latin rectangle

2 1]

based on {1, 2, 3} has no completion to a latin square of order 3. Ryser[1951]
obtained necessary and sufficient conditions in order that an r by s latin
rectangle have a completion to a latin square.

Theorem 8.3.2. Let A be anr by s latin rectangle based on {1,2,...,n},
and let N(j) denote the number of times that the element j occursin A,(j =
1,2,...,n). Then A can be completed to a latin square of order n if and
only if

N@G)zr+s-n, (j=1,2,...,n). (8.9)

Proof. First suppose that there is a latin square B of order n which is a
completion of A. Let j be an element of {1,2,...,n}. Then j occurs n —r
times in the last n — r rows of B and n — s times in the last n — s columns,
and hence at least n — (n — r) — (n — §) = r + s — n times in the upper left
r by s rectangle of B. Because this 7 by s rectangle is A (8.9) holds.

Now suppose that (8.9) is satisfied. It suffices to show that A may be
extended to an r by n latin rectangle B based on {1,2,...,n}, for then we
may apply Theorem 8.3.1 to B and obtain a completion of A. Let D = [d;;]
be the 7 by n (0,1)-matrix in which d;; = 1 if and only if the element j
does not occur inrow i of A, (i =1,2,...,7m;5 =1,2,...,n). Each row sum
of D equals n — s. The sum of the entries in column j of D equals r — N(5)
which by (8.9) is at most equal to n — s. We now apply Theorem 4.4.3 to
D and conclude that there is a decomposition

D=Q1+Q2+"'+Qn—s

where each Q; is an 7 by n subpermutation matrix. Since the number of 1’s
in D equals r(n — s) each Q; is a subpermutation matrix of rank r. Let the
I’s of Qi occur in positions (lei)a (2)j2i)a ey (T, jri)' Then jliaj2ia ey Jri

is an r-permutation of the set {1,2,...,n}. We now adjoin j1;, 323, - - - , jri
as a column to the r by s latin rectangle A for each i = 1,2,...,n — s and
obtain an r by n latin rectangle B. m]

Corollary 8.3.3. Let A be a partial latin square of order n whose specified
elements all belong to the r by s rectangle L in its upper left corner. Assume
thatr + s < n. Then A can be completed to a latin square of ordern.
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Proof. Suppose that the element in position (i, j) of A is unspecified
where 1 < ¢ < rand 1 < j < s. The number of distinct integers that
occur in row ¢ or row j of A is at most r + s —2 < n — 2. Hence there is a
partial latin square of order n which can be obtained from A by specifying
the element in position (i,7). Proceeding like this we conclude that there
is a partial latin square B of order n which can be obtained from A by
specifying all the unspecified elements in the r by s rectangle L. Because
r + s < n it now follows from Theorem 8.3.2 that B and hence A can be
completed to a latin square of order n. O

When it happens that a partial latin square of order n does not have
a completion to a latin square of order n, there are two natural ways to
proceed. One is to embed the partial latin square in a latin square of larger
order. The other is to partition the partial latin square into parts each
of which has a completion to a latin square of order n. The next two
theorems address these two possibilities. The first is due to Evans[1960]
and the second is due to Opencomb[1984)].

Theorem 8.3.4. Let A be a partial latin square of order n. Then there
is a latin square of order 2n which contains A in its upper left corner.

Proof. We enlarge A to a partial latin square of order 2n in which all of
the specified elements belong to the upper left n by n rectangle and then
apply Corollary 8.3.3. =]

Theorem 8.3.5. Let A = [a;;] be a partial latin square of order n. Then
there ezist four latin squares By, Bs, B3 and B4 of order n such that for
each specified element a;; of A at least one of By, By, B3 and By has the
property that the element in position (3,5) equals a;;.

Proof. First suppose that n is even, and let

_| A1 A
A—[As AJ

be a partition of A into four submatrices of order n/2. Let A} be the
partial latin square of order n which is obtained from A by replacing all
specified elements in A1, A2, A3 and A4 with ¢ except for those specified in
A;, (i = 1,2,3,4). By Corollary 8.3.3 each A, can be completed to a latin
square of order n.

Now assume that n = 2m + 1 is odd. If every element of A is specified
then we let By = A and let By, B3 and B4 be arbitrary latin squares of
order n. Now suppose that some element of A is unspecified. Without
loss of generality we assume that the element in position (m + 1,m + 1)
is not specified. Except for this position, A can be partitioned into four
submatrices Aj, Az, A3 and Ay of sizes m by m + 1, m + 1 by m, m by
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m + 1 and m + 1 by m, respectively. By Corollary 8.3.3 each A; can be
completed to a latin square of order n. o

It has been conjectured by Daykin and Haggvist[1981] that a partial latin
square of order n can always be partitioned into two parts each of which
can be completed to a latin square of order n.

The partial latin squares (8.7) and (8.8) of order n have n specified ele-
ments and cannot be completed to a latin square of order n. Evans[1960)
conjectured that a partial latin square of order n with at most n — 1
specified elements can always be completed to a latin square of order
n. Higgvist[1976] proved this conjecture provided n > 1111. The con-
jecture was proved in its entirety by Smetaniuk[1981] and Anderson and
Hilton[1983]. The remainder of this section is devoted primarily to Smeta-
niuk’s proof of the conjecture of Evans.

First we make the following definition. Let X be a matrix of order m.
The set {(1,m),(2,m — 1),...,(m,1)} of positions of X is called the back
diagonal of X. Now let A be a latin square of order n based on the set
{1,2,...,n}. We define a partial latin square P(A) of order n + 1 based
on {1,2,...,n+ 1} as follows. The elements on the back diagonal of P(A)
are all equal to n + 1. The triangular part of P(A) above its back diagonal
is the same as the triangular part of A on and above its back diagonal
All elements of P(A) below its back diagonal are equal to ¢ and thus are
unspecified. For example, if

1 2 3
A=13 1 2|,

2 31

then

1 2 3 4
3 1 4 o
P(4) = 2 4 o o
4 o o o

Theorem 8.3.6. Let A = [a;] be a latin square of order n based on
{1,2,...,n}. Then the partial latin square P(A) can be completed to a
latin square of order n+ 1.

Proof. We define inductively a sequence L1, La, . .., Lp41 of partial latin
squares of order n + 1. First we let L; equal P(A) and we observe that
all the elements in column 1 are specified. For k = 1,2,...,n, L, is to

be obtained from Lj by specifying those elements in column k + 1 below
its back diagonal. Thus L will have all its elements in columns 1,2,...,
k + 1 specified, and Ly, 41 will be a completion of P(A) to a latin square of
order n + 1.
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Suppose that the partial latin squares L1, La,..., Ly have been defined
where k < n—1. Let ¢ be one of the k—1 integersn+2—k,n+3—k,...,n.
We define the deficiency d(i, L) of row i of Ly to be the set of those
integers j such that j occurs in the first k& positions of row ¢ of A but not
in row 7 of Ly. It follows from the definition of P(A) that

d(n +2 - k, Lk) = {an+2_k,k}, (k = 2, 3, cee ,n). (810)

We now define Ly by specifying the last element in column 2 of L; to be
ana. We note that Ly is a partial latin square. We assume inductively that

d(i, L) contains a unique element foreachi=n+2—k,...,n

and these k — 1 elements are distinct. (8.11)

If d(i, Ly) = {y} we now write d(, L) = y. We also assume inductively that

the specified elements in row n + 1 of Lj, are (8.12)
{n+1}U{d(y, L) :j=n+2—k,...,n}. '
Properties (8.11) and (8.12) hold if £ = 2. We now show how to define a
partial latin square Lg,j by specifying the elements of column k + 1 of
L, below its back diagonal in such a way that properties (8.11) and (8.12)
hold with k replaced by & + 1.

We begin with the element a1 x41 and determine the longest se-
quence of the form

Qi ,k+1> d(il’ Lk)7 i, k+1, d(i2’ Lk)a Qiy k415 -+ ’d(ipa Lk)’ Qi,,k+1s (813)

where ig = n+ 1 — k,41,...,1p are distinct integers from the set {n+ 1 —
k,n+2—k,...,n} satisfying

d(i1,Ly) = @i k41,
d(iz, Lg) = @j k+1s (8.14)
d(ip,Lk) = @i, k+1-

Because the sequence (8.13) is the longest sequence satisfying (8.14) it fol-
lows from the inductive property (8.11) that a; k. does not equal d(j, L)
for any integer j with n+2—k < j < n. We now specify the element below
the back diagonal in row ¢ of column k + 1 of Lg, 1 to be

d(i,Ly), ifiisoneofiy,ig,..., ip,
@i, k+15 ifi=n+1,
a;k+1, if i is not one of iy,ia,...,ip,n + 1.
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It follows from the construction and the inductive property (8.12) that
Ly, is a partial latin square of order n + 1 with all of its elements in the
first k + 1 columns specified. Moreover,

d(i,Lx4+1) = a; k41 if ¢ is one of 41,142,...,7; and
d(i,Lk41) =d(i,Lg) ifn+1—-k<i<nandiisnotone
of i1,49,...,ip.

The inductive properties (8.11) and (8.12) now hold with k replaced by
k + 1. Hence we obtain a sequence L1, Lo, ..., L, of partial latin squares
of order n + 1. The partial latin square L, has all of its entries specified
except for those below the back diagonal in column n + 1. If we specify the

element in row ¢ of column n+1 of L, to be the element in {1,2,...,n+1}
which does not yet appear in row i, (i = 2,3,...,n+ 1), then we obtain a
completion L, of P(A). a

If A is a latin square of order n, then the latin square E 4 of order n + 1
obtained by completing P(A) as in the proof of Theorem 8.3.6 is called the
enlargement of A. As an illustration we construct the enlargement of the

latin square

3 51 7 6 2 4
6 73 2 415
5 2 4 6 1 7 3
A=|1 6 5 4 7 3 2
216 5 3 47
4 3 71 2 5 6
| 7 4 2 3 5 6 1 |
for which
(35176248'
6 73 2 41 8 o
5 2 4 61 8 o o
1 6 5 4 8 o o o
P(4) = 216 8 ¢ o o o
4 3 8 0 0 o o o
7 8 6 0 0 0o o o
| 8 0 0 0 0 0o o o

In the enlargement E,4 of A below, the superscript preceding elements
in positions (Z,j) on and below the main diagonal equals the element in
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position (z,5) of 4, (1 < i < j < n). These elements are used in carrying
out the construction of E 4.

(3 5 1 7 6 2 4 8
6 7 3 2 4 1 58 5
5 2 4 6 1 78 37 3
E,—|1 6 5 4 8 37 23 2
A=l 2 1 6 58 33 44 75 7
4 3 78 11 27 55 63 ¢
7 48 22 33 55 66 11 4
|8 4 7 5 2 3 6 1|
If, for instance, k = 6 the sequence (8.13) in the proof of Theorem

8.3.6 is
57 d(5a L6)1 7’ d(3a L6)7 37 d(47 LG)) 2’ d(67 LG), 6.

Theorem 8.3.6 provides the key step in an inductive proof of the Evans
conjecture. The following lemma is also used in the inductive proof.

Lemma 8.3.7. Let X be an n by n array with at most n — 1 of its
elements specified, and let z be one of its specified elements. Then it is
possible to permute the rows and the columns of X so that in the resulting
array Y, z occurs on the back diagonal and the other specified elements of
Y occur above the back diagonal.

Proof. If n = 2 the lemma holds. We assume that n > 2 and proceed
by induction on n. If all of the specified elements of X are in one row, we
permute the rows of X so that the specified elements are in row 1, and then
permute the columns so that z is in the last position of the first row. The
resulting array Y satisfies the conclusions of the lemma. We now assume
that there is an i such that row i does not contain z but contains at least
one specified element. Since X has only n — 1 specified elements, there is a
j such that column j of X has no specified element. We now permute the
rows of X so that row 7 of X becomes the first row and we permute the
columns so that column j becomes the last column. Let X’ be the n —1 by
n — 1 array in the lower left corner. Then X’ has at most n — 2 specified
elements and one of these is z. Applying the inductive hypothesis to X’ we
complete the proof. ]

The following theorem contains the solution to the Evans conjecture.

Theorem 8.3.8. A partial latin square of order n with at most n — 1
specified elements can always be completed to a latin square of order n.

Proof. Let A be a partial latin square of order n based on the set
{1,2,...,n} with at most n — 1 specified elements. If A has less than n —1
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specified elements, then it is possible to specify another element so as to
obtain a partial latin square. Hence we assume that A has n — 1 specified
elements. We prove the theorem by induction on n. If n = 1 or 2, the
theorem holds. Now assume that n > 2.

First suppose that some integer in {1,2,...,n} occurs exactly once in A.
Without loss of generality we assume that n occurs exactly once in A. By
Lemma 8.3.7 we also assume without loss of generality that n occurs on the
back diagonal of A and that the other specified elements of A occur above
the back diagonal. Let B be the n — 1 by n — 1 array obtained by deleting
the last row and the last column of A and deleting the element n on A’s back
diagonal. Then B is a partial latin square of order n — 1 based on the set
{1,2,...,n—1} with n— 2 prescribed elements. By the inductive hypothesis
B can be completed to a latin square C of order n — 1. By Theorem 8.3.6
P(C) can be completed to a latin square E¢ of order n — 1 based on the set
{1,2,...,n}. The enlargement E¢ has n throughout its back diagonal and
hence is a completion of A to a latin square of order n.

Now suppose that every integer that occurs in A occurs at least twice.
Thus the number of different integers that occur in A is at most [(n—1)/2].
Suppose that there exists an integer 7 such that row i of A contains ex-
actly one specified element. Then we replace A by the equivalent! partial
latin square A3 9 1) in which the row indices and the elements have been
interchanged. The integer ¢ occurs exactly once in A(3 2,1) and hence as
proved above A(3 2,1) has a completion to a latin square U. The latin square
Uz, is a completlon of A. Thus we may now assume that no row of A
contains exactly one specified element. Similarly, we may now also assume
that no column of A contains exactly one specified element. Thus the spec-
ified elements of A lie in an r by s rectangle where r < |(n — 1)/2] and
s < |(n—1)/2]. By Corollary 8.3.3 A can be completed to a latin square
of order n. a

Theorem 8.3.8 has an equivalent formulation in terms of (0,1)-matrices.

Theorem 8.3.9. Let B be a (0, 1)-matriz with at most n —1 1’s, and let
k be a positive integer with k <n—1. Assume that B= Q1+ Q@2+ - +Q

is a decomposition of B into subpermutation matrices Q1,Q2,--->Qk of
order n. Then there exist subpermutation matrices Py, Py, ..., Py of order
n such that

C=P+P+ - +P
is a (0,1)-matriz and Q; < P;, i = 1,2,...,k).
Proof. The array

A=1Q1+2Q2 + -+ kQx

1 We owe to B.L. Shader the observation that replacing A by an equivalent partial
latin square enables one to avoid the theorem of Lindner[1970].
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is a partial latin square of order n with at most n — 1 specified elements.
By Theorem 8.3.8 A can be completed to a latin square. This latin square
is of the form

1P+ 2P+ -+ nP,

where P1, Po,..., P, are permutation matrices of order n and where Q; <
P;,(i=1,2,...,k). The matrix

C=P+P+:--+PF
is a (0,1)-matrix satisfying the conclusions of the theorem. o

Finally we remark that Andersen and Hilton[1983] showed that a partial
latin square A of order n with n prescribed elements can be completed to
a latin square of order n if and only if A is not equivalent to

1 2 ... k o o
o -+ o k+1 ... o
: .o (8.15)
o O .- O o e k41

forany k = 1,2,...,n — 1. Damerell[1983] showed that Smetaniuk’s proof of
the Evans conjecture could be extended to yield a proof of this result as well.

Colburn([1984] has proved that the decision problem Can a partial latin
square of ordern be completed to a latin square? is an N P-complete problem.

Exercises

1. For each integer n > 4 show that there exists a partial latin square of order n
which cannot be embedded in a latin square of any order strictly less than 2n
(Evans[1960]).

2. Prove that the partial latin squares of order n given by (8.15) can be partitioned
into two parts each of which can be completed to a latin square of order n.

3. Determine the enlargement of a Cayley table of a cyclic group of order 7.

4. Complete the partial latin square A given below to a latin square:

OO0 00O+
QOO OoOON
QO OO OW
C OO OO
QOO Uo O
OO0 0O OO

5. Let n be a positive integer. Show that Lemma 8.3.7 does not hold in general
if the array X has more than n specified elements.

6. Prove that a symmetric latin square of odd order has a transversal.

7. Let A be a partial latin square of order n whose specified elements all belong
to an r by r square L in its upper left corner. Assume that each element of
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L is specified and that L is symmetric. Prove that A can be completed to a
symmetric latin square if and only if the number N(j) of times the element j
occurs in L satisfies the following two conditions:

() NG) =2 2r—n,(i=1,2,...,n);
(ii) N(j) =n (mod 2) for at least r of the integers j = 1,2,...,n (Cruse[1974]).

8. Let A be a symmetric partial latin square of order n. Prove that there is a
symmetric latin square of order 2n which contains A in its upper left corner.
(A symmetric partial latin square is a partial latin square which, considered as
a matrix with elements from {1,2,...,n, 0}, is symmetric.) For each integer
n > 4 show that there exists a symmetric partial latin square of order n which
cannot be embedded in this way in any symmetric latin square of order strictly
less than 2n(Cruse[1974]).
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8.4 Orthogonal Latin Squares
Let A be a latin square of order n based on theset S = {1,2,...,n}. Welet

X={@Gj):i,7=12...,n}
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denote the set of n? positions of A, and we now call the elements of X
points. The set of points

{G,1),(5,2),...,(,n)}, (E=1,2,...,n)
in a row is a horizontal line. The set of points

{(l’j)a(2aj)a'--v(n1j)}, (j=132v-"’n)

in a column is a vertical line. Each horizontal line contains n points, and
the set H(A) of horizontal lines partitions the set X of points. A similar
statement holds for the set V(A) of vertical lines. Because A is a latin
square, there are permutation matrices P, Py, ..., P, of order n such that

Jn=P+P+- -+ P

and
A=1Pi+2Py+ -+ nP,.

Each permutation matrix P; determines a set of n points which we call a
latin line of A. The set L(A) of the n latin lines of A also partition the n?
points of X. Unlike H(A) and V(A) the set L(A) of latin lines depends on
the elements of A. The latin squares obtained from A by permuting the
lines within each of the three classes and by permuting the three classes
are the latin squares which are equivalent to A.

We now seek to arrange the elements of S in an n by n array B in such
a way that each line of each of the classes H(A), V(A) and L(A) contains
each element of S exactly once. Such an array B is a latin square with the
additional property that each latin line of A contains each element of S
exactly once. For example, let

123 4

341 2

A=143 2 1

9 1 4 3
1000 0100
0010 0001
o o0 1|%2l001 0
0100 100 0
0010 000 1
1000 0100
Blo1o0o0|T 1000
000 1 0010
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The latin square

1 2 3 4

2 1 4 3

B=13 41 2

43 21
1 000] [01 007
0100 100 0
=lloo0o10|%%00 01
(0o001)] |oo01 0]
00107 [000 17
000 1 0010
Bliooo|t*| o100
lo100] [100 0]

is of the desired type because each latin line of B has exactly one point in
common with each latin line of A.

We define two latin squares A and B to be orthogonal provided each latin
line of A and each latin line of B have exactly one point in common. Thus
the latin squares A = [a;j] and B = [b;;] of order n are orthogonal if and
only if the n2 ordered pairs

(aijrbij), (5,5 =1,2,...,n)

are distinct. If A and B are orthogonal latin squares then each is an or-
thogonal mate of the other. The latin squares A and B of order 4 above
are orthogonal latin squares. It follows from the definition that if A has an
orthogonal mate, then A has a transversal and indeed the n? positions of A
can be partitioned into n transversals (such a partition is the set of n latin
lines of an orthogonal mate B). A latin square with no transversal cannot
therefore have an orthogonal mate. Thus two latin squares of order 2 are
never orthogonal. More generally, we conclude from Theorem 8.2.1 that a
Cayley table of an abelian group of even order with a unique element of
order two does not have an orthogonal mate.

The question of the existence of orthogonal latin squares was raised by
Euler[1782] in the following problem of the 36 officers:

Is it possible to arrange 36 officers of 6 different ranks and from 6
different regiments in a square formation of size 6 by 6 so that each
row and each column of this formation contains exactly one officer of
each rank and exactly one officer from each regiment?

If we label the 6 ranks and the 6 regiments from 1 through 6, then this
problem asks for two orthogonal latin squares of order 6. Euler was unable
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to find such a pair of latin squares and conjectured that no pair existed.
Tarry[1901] verified that there was no pair of orthogonal latin squares of
order 6. While the notion of orthogonal latin squares originated in this
recreational problem of Euler, it has since become important in the design
of statistical experiments (see, e.g., Raghavarao[1971] and Joshi[1987]). Or-
thogonal latin squares are also of fundamental importance in the study of
finite projective planes.

We now extend our definition of orthogonality of latin squares to any
finite set of latin squares of the same order. The latin squares A1, Ag, ..., A;
of order n are mutually orthogonal provided A; and A; are orthogonal for
all i different from j. If A1, Ao, ..., A; are mutually orthogonal latin squares
of order n and A; is a latin square equivalent to A;, (i = 1,2,...,t), then
A}, A, ..., A] are also mutually orthogonal latin squares.

Let N(n) denote the largest number of mutually orthogonal latin squares
of order n. Thus N(1) = 2 (because a latin square of order 1 is orthogonal
to itself) and N(2) = 1. By Tarry’s verification N(6) = 1. It is not difficult
to show that N(n) > 2 for every odd integer n > 3.

Theorem 8.4.1. If A is a Cayley table of an abelian group of odd order
n > 3, then A has an orthogonal mate. In particular, N(n) > 2 for each
odd integer n > 3.

Proof. Let a1,a2,...,an be the elements of an (additive) abelian group
of odd order n > 3. Let A = [a;;] be the Cayley table of G in which

a;j =a; +a5, (5,j=1,2,...,n).
Let the matrix B = [b;;] of order n be defined by
bij=a;i—aj, (5,5=12,...,n).

Then B is a latin square (B is a column permutation of a Cayley table for
G). Because G has odd order each element of G can be written in the form
ay, + ay, for some integer k = 1,2,...,n. Let  and y be arbitrary elements
of G. Then there exists i and j such that a;+a; = z+y and aj+a; =z -y
implying that

a;ta;j =z and a; —aj; =y.
Therefore A and B are orthogonal latin squares. o

We also have the following elementary result.

Theorem 8.4.2. If A1, Ag,..., At are mutually orthogonal latin squares
of ordern > 2, thent <n—1. Thus N(n) <n -1 forn > 2.
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Proof. Without loss of generality we assume that the first row of each of
the latin squares A; is 1,2,...,n. Thus no A; has a 1 in the (2,1) position
nor can two of the latin squares have the same element in the (2, 1) position.
Hence t <n —1. m]

The upper bound for N(n) in Theorem 8.4.2 is attained if n is a power
of a prime number. The verification of this statement uses the existence of
the Galois fields GF(p®) where p is a prime and « is a positive integer.

Theorem 8.4.3. Let n = p® where p is a prime and « is a positive
integer. Then there exist n — 1 mutually orthogonal latin squares of order
n and hence N(n) =n — 1.

Proof. Let the elements of the Galois field GF(p®) be denoted by a1 =
0,a9,...,an. For k =2,3,...,n we define n by n matrices

A® =), (5 =10m)
where
agc) = aga; + a;.

Suppose that A() has two equal elements in row i. Then there exist integers
j and j’ such that

aia; + aj = aga; + aj,

implying that a; = aj and hence j = j’. Now suppose that A has two
equal elements in column j. Then there exist integers 7 and ¢’ such that

aka; + aj = agay + aj,

which implies, because a; # 0, that a; = a; and hence i = i'. It follows
that each A s a latin square.

Now let k and ! be integers with 2 < k < I < n. We show that A®) and
AW are orthogonal. Suppose that

(a9,09) = (a8, 0).
Then
aia; +aj = agay + ajr (8.16)
and
aa; +a; = aja; + aj. (8.17)
Subtracting (8.17) from (8.16) we obtain

(a; — ag)a; = (a; — a)ai. (8.18)
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Because a; # ak, (8.18) implies that a; = a;/. Substituting into (8.16) we
also get a; = aj. Hence i =4’ and j = j’ and it follows that AK) and A®)
are orthogonal. o

We now show how to combine two pairs of orthogonal latin squares to
obtain a pair of orthogonal latin squares of larger order. Let X = [z;;] and
Y = [y;;] be matrices of orders m and n, respectively. The matrix

X®Y = ((zi,um), (i=12,...,m;kl=12,...,n)

of order mn is called the symbolic direct product of X and Y. Its rows
and columns are indexed by the ordered pairs (r,s),(r = 1,2,...,m;s =
1,2,...,n) in lexicographic order. The elements of X ® Y are the ordered
pairs of the elements of X with the elements of Y. The following theorem
is from MacNeish[1922].

Theorem 8.4.4. Let A = [a;;] and B = [b;;] be orthogonal latin squares
of order m, and let C = [cg;] and D = [dy;] be orthogonal latin squares of
order n. Then AQ C and B ® D are orthogonal latin squares of order mn.

Proof. Letthelatin squares A and B be basedontheset S = {1,2,...,m}
and let the latin squares C and D be based on the set T = {1,2,...,n}.
Then A ® C and B ® D are latin squares based on the cartesian product
S x T with rows and columns indexed by the elements of S x T. We now
show that A ® C' and B ® D are orthogonal.

Suppose that

((asj, i), (big dkr)) = ((@irje, cprr ), (birge, digrrr)).-

Then
(aijr ki) = (airjrscpp)  and (b, diy) = (birgr, diy),
and hence
a;j = ayj and b = by (8.19)
and
Ckl = Cprp and dy = dgp. (8.20)

Because A and B are orthogonal, (8.19) implies that i = i’ and j = j.

Because C' and D are orthogonal, (8 20) implies that k =k and ! =10
Hence (i,7) = (¢,5') and (k,l) = (k’,1’), and it follows that A ® C and
B ® D are orthogonal. m]

Corollary 8.4.5. Let mj, ma,...,my be positive integers. Then

N(mimg---mg) > min{N(m;) : i = 1,2,...,k}. (8.21)
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Proof. The inequality (8.21) follows from repeated application of Theo-
rem 8.4.4. m]

By applying Theorem 8.4.3 and Corollary 8.4.5 we obtain the following
lower bound for the number N (n) of mutually orthogonal latin squares of
order n.

Corollary 8.4.6. Letn > 2 be an integer and let n = p}*p3? ---pp*
where p1,p2, . ..,Dk are distinct primes. Then

N(n) >min{p{* —1:i=1,2,...,k}. (8.22)
In particular, if n is not of the form 4m + 2, then N(n) > 2.

It was conjectured by MacNeish[1922] that equality holds in (8.22) for
every integer n > 2. By Theorem 8.4.3 MacNeish’s conjecture holds if n
is a power of a prime. MacNeish’s conjecture has its origin in a conjecture
of Euler[1782] which asserts that there does not exist a pair of orthogonal
latin squares of order n for any integer n which is twice an odd number.
Euler’s conjecture thus asserts that if n > 6 and n is of the form 4m + 2,
then N(n) = 1, which isin agreement with MacNeish’s conjecture for these
integers n. While Tarry [1901] verified the validity of Euler’s conjecture for
n = 6, the combined efforts of Bose, Shrikhande and Parker[1960] disproved
Euler’s conjecture in all other cases.

Theorem 8.4.7. Let n > 6 be an integer of the form 4m+2. Then there
erists a pair of orthogonal latin squares of order n.

We shall not give a complete proof of Theorem 8.4.7. We shall only
discuss some of the techniques of construction which are used in its proof.

Parker[1959a] disproved MacNeish’s conjecture by showing that N(21) >
3. Then Bose and Shrikhande[1959, 1960b] disproved Euler’s conjecture by
showing that N(50) > 5 and N(22) > 2. Parker[1959b] constructed a pair
of orthogonal latin squares of order 10 thereby showing that N(10) > 2 and
thus settling negatively the smallest unsolved case of the Euler conjecture
since Tarry[1901] had verified that N(6) = 1.

The following two orthogonal latin squares of order 10 based on the set
{0,1,2,...,9} are those constructed by Parker[1959b).

[0 6 5 4 78 9 1237 [09 8713524 6]
9 106 5 7 8 2 3 4 6 1 9 87 2 4350
8 92106 7 3 435 50 2 9 8 7 3 46 1
7893 210 456 4 6139 8750 2
1 78 9 432560 7502 49 86 13
3 278954601 8 76 1 35 9 0 2 4
54 37 8 96 0 1 2 9 8 70 2 46 1 35
2 3 45601789 1 23 45607 89
4 56 01 239 7 8 2 345601897

L6012345897_ |3 4 56 01 2 9 7 8
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This construction for a pair of orthogonal latin squares of order 10 was
generalized by Bose, Shrikhande and Parker[1960] and by Menon[1961] to
give a pair of orthogonal latin squares of order n = 3m + 1 for every m > 3
satisfying N(m) > 2.

Theorem 8.4.8. Let m be an integer for which there exists a pair of
orthogonal latin squares of order m. Then there exists a pair of orthogonal
latin squares of order n = 3m + 1.

Proof. Let o be the permutation of {0,1,...,2m} defined by o(i) = i +
1 (mod 2m + 1). Let P denote the permutation matrix of order 2m + 1
corresponding to 0. Then P¥ is the permutation matrix corresponding to
ok, (k=0,1,...,2m). We first construct a matrix X = [z5] of order 2m +1
as follows. The elements on the main diagonal of X (the positions in which
PO = Iy+1 has1's)are0,1,...,2m. Fork = 1,2,...,mthe elements of X in
those positions in which P¥ has 1’sare 2m— (k—1),2m—(k—2),...,0,1,...,
2m —k (mod 2m + 1) in the order of their row index. For k = m+1,m +2,
...,2m the elements of X in those positions in which Pk has 1’s are 2m + 1,
2m + 2,...,3m again in the order of their row index.

Next we construct a 2m + 1 by m matrix Y as follows. The elements in
the first column of Y are 1,2,...,2m,0 in the order of their row index. The
elements in column k of Y are obtained by cyclically shifting upwards by
one row the elements in column k —1 of Y, (k = 2,3,...,m).

Finally we construct an m by 2m + 1 matrix Z. The elements in the
first row of Z are 2,3,...,2m,0,1 in the order of their column index. The
elements in row k of Z are obtained by cyclically shifting to the left by two
columns the elements in row k — 1 of Z, (k = 2,3,...,m).

Let U and V be orthogonal latin squares of order m based on the m-
element set {2m + 1,2m + 2,...,3m}. Then it can be verified that

XY xT z7T
Zo] e [ V]

are orthogonal latin squares of order 3m + 1 based on {0,1,2,...,3m}. O

Corollary 8.4.9. Letn be a positive integer satisfyingn =10 (mod 12).
Then there exists a pair of orthogonal latin squares of order n.

Proof. Let n be an integer satisfying the hypothesis. Then there exists a
nonnegative integer k such that n = 3(4k + 3) + 1. By Theorem 8.4.1 there
exists a pair of orthogonal latin squares of order 4k + 3. We now apply
Theorem 8.4.8 with m = 4k + 3. a

To further discuss constructions of orthogonal latin squares, we continue
with the geometric interpretation of latin squares given at the beginning
of the section. Let Aj, Ag,..., At be a set of ¢ mutually orthogonal latin
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squares of order n based on the set {1,2,...,n}, and let L; denote the set
of latin lines of A;, (i = 1,2,...,t). Let H denote the set of horizontal lines
(of each A;) and V the set of vertical lines. Thus each of the t + 2 sets

H,V,Ly, Ls,...,Lt

consists of n pairwise disjoint lines of n points each of which partition the
point set X = {(¢,7) : 4,5 = 1,2,...,n}. We call each of these sets a parallel
class of lines. Because Aj, Ag,..., A are mutually orthogonal, lines from
different parallel classes have exactly one point in common. We are thus
led to make the following general definition (Bruck[1951,1963]).

Let n > 2 be an integer. Let X be a set of n2 elements called points, and
let B={T1,T5,...,Tr} where

T, =T T7,..., T}

1

is a partition of X into n sets of n points each. The sets TiJ ,G=12,...,n)
in T; are called lines and each T; is a parallel class of lines. The pair (X, B)
is an (n,r)-net provided that lines in different parallel classes intersect in
exactly one point. It follows from our previous discussion that if there exists
a set of ¢ mutually orthogonal latin squares of order n, then there exists an
(n,t + 2)-net. The converse also holds.

Theorem 8.4.10. Letn > 2 and r > 2 be integers. Then N(n) >r —2
if and only if an (n,r)-net ecists.

Proof. If N(n) > r—2, then an (n, r)-net exists. Now suppose that (X, B)
is an (n, r)-net where B = {T1,T%,...,T;}. We may label the n? points of
X so that

X ={(,j):4,7=1,2,...,n},
Ti={{(5):7=1,2...,n}}, (1<i<n)
and
T = {{(i,j):i=1,2,...,n}}, (i<j<n)
Let
P(l), (k=3,4,...,1=1,2,...,n)

be the (0,1)-matrix of order n whose 1’s are in those positions (,j) for

which (4, ) is a point of the [th line of T},. Then each Plgl) is a permutation
matrix of order n and the » — 2 matrices

A, =1PM +2P® 4. 4 nPM™, (k=3,4,...,r)

are mutually orthogonal latin squares of order n. m
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AN

Bose and Shrikhande[1960a] defined another combinatorial configuration
as follows. Let X be a finite set of elements called points, and let A be a
collection of subsets of X called lines (or blocks). Then the pair (X, .A) is
a pairwise balanced design provided:

Figure 8.2

(L1) Each line in A contains at least two points.
and

(L2) For each pair z,y of distinct points in X, there is eractly one
line in A containing both x and y.

A simple example of a pairwise balanced design is obtained by letting
X ={1,2,3,4,5}

and

A={{1,2,3,4},{1,5},{2,5},{3,5},{4,5}} .

Another simple example is obtained by letting X = {1,2,3,4} and A =
P2(X), the collection of all two element subsets of X. These two examples
are pictured geometrically in Figure 8.2.

An affine plane is a pairwise balanced design (X,.4) which satisfies the
additional properties:

(L3) (Playfair’s axiom or the parallel postulate) For each point z in
X and each line A in A not containing z, there is a unique line B in
A which contains x but has no points in common with A.

and

(L4) (A nondegeneracy condition) There ezist four points in X no
three of which are together in a line of A.

The pairwise balanced design in Figure 8.2 which has four points is an
affine plane.
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Let p be a prime number and let o be a positive integer. The finite field
GF(p®) with n = p® elements can be used to construct an affine plane.
This construction, which mimics the analytic representation of the real
Euclidean plane, proceeds as follows.

Let the set of n2 points be

X = {(a,d) : a,b in GF(p®)}.

A line in A is defined to be a set of points which satisfies a linear equation
az + by + ¢ = 0 where a, b and ¢ are elements of GF(p®) with not both a
and b equal to 0. Thus the lines are in one-to-one correspondence with the
set of n? + n linear equations of the form

T=a (a in GF(p®))
y=mz+b (m,bin GF(p*))

It is now entirely straightforward to verify that the pair (X,.A) is an affine
plane. We call a plane constructed in this way a Galois affine plane and
denote it by AP(p®). The affine plane AP(p®) has n? points and n2 + n
lines; in addition, each line contains n points and each point is contained
in n+ 1 lines. In the next theorem we show that arithmetic conditions like
these hold for affine planes in general.

Let (X, A) be an affine plane. Two lines in A are called parallel provided
the lines are identical or have no point in common. It follows from the
definition of an affine plane that the relation of parallelism is an equivalence
relation on A. Hence the lines in A are partitioned into parallel classes of
lines. Two lines in the same class are parallel while lines from each of two
different classes have exactly one point in common.

Theorem 8.4.11. Let (X, A) be an affine plane. Then there exists an
integer n > 2 for which the following properties hold:

X has n? points. (8.23)

A has n? + n lines. (8.24)

Each line in A contains n points. (8.25)
Each point in X is contained in n + 1 lines. (8.26)
There are n + 1 parallel classes of lines. (8.27)
Each parallel class contains n lines. (8.28)

Proof. We first show that (8.25) holds. Let B and B’ be distinct lines
in A. First suppose that B and B’ have a point z in common. By (L1)
and (L2) there exist a point @ # = on B and a point b # z on B’, and
a line B” containing both a and b. By Playfair’s axiom (L3) there exist a
line containing z which is parallel to B” and hence there exists a point 2z
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contained in neither B nor B’. It follows from (L2) and Playfair’s axiom
(L3) that exactly one line containing z intersects B but not B’ and exactly
one line containing z intersects B’ but not B. We thus conclude that B
and B’ have the same number of points. Now suppose that B and B’ are
parallel. Let ¢ be a point on B and let d be a point on B’. Then there
is a line B* containing both ¢ and d. As above B and B* have the same
number of points, and B’ and B* have the same number of points. Thus in
this case also B and B’ have the same number of points. Therefore there
exists an integer n > 2 such that (8.25) holds. By (L2) and Playfair’s axiom
(L3), (8.26) also holds. From (L2) and (8.26) we obtain (8.23). From (8.26)
we conclude that there are n + 1 parallel classes of lines and each of these
parallel classes contains n lines. Hence (8.24), (8.27) and (8.28) also hold.

[m]

Let (X, .A) be an affine plane. The integer n > 2 satisfying the conclu-
sions of Theorem 8.4.12 is called the order of the affine plane. The Galois
affine plane AP(p®) has order n = p®. It is not known whether there ex-
ist affine planes whose orders do not equal a prime power, although there
exist affine planes which are not Galois affine planes.

Theorem 8.4.12. Letn > 2 be an integer. Then the following are equiv-
alent:

(i) There is a set of n — 1 mutually orthogonal latin squares of order n.
(it) There is an (n,n + 1)-net.
(i) There is an affine plane of order n.

Proof. The equivalence of (i) and (i7) follows from Theorem 8.4.10. It
follows from Theorem 8.4.11 that (i4¢) implies (¢). Now supppose that (i%)
holds and let (X, B) be an (n,n + 1)-net. Let A be the set of all lines in the
net. One may directly show that (X, .A) is an affine plane of order n. o

A projective plane is a pairwise balanced design (X, .A) which satisfies
the nondegeneracy condition (L4) and the additional property

(L5) (The no-parallels postulate) Two distinct lines in A have ezactly
one point in common.

Let the parallel classes of lines of an affine plane (X, A) be T1, Ty, ..., Tht1.
Let Y = {y1,y2,-..,Yn+1} be a set of n + 1 points which is disjoint from
X. By adjoining y; to each line of T;, (i = 1,2,...,n + 1) and adjoining Y
as a new line to A we obtain a projective plane (X UY,A’) with n2 +n+1
points and n2 + n + 1 lines. Each line of A’ contains exactly n + 1 points of
X UY, and each point of X UY is contained in exactly n + 1 lines of A’
Conversely, upon removing from a projective plane the set of points on any
prescribed line B and removing the line B we obtain an affine plane. The
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order of the projective plane is defined to be the order of the resulting affine
plane. Hence by Theorem 8.4.12 a projective plane of order n > 2 exists
if and only if there exist n — 1 mutually orthogonal latin squares of order
n. These connections between orthogonal latin squares and projective and
affine planes are due to Bose[1938].

We now describe two constructions of Bose, Shrikhande and Parker which
combine a set of mutually orthogonal latin squares and a pairwise balanced
design in order to obtain another set of mutually orthogonal latin squares.

A latin square of order n based on an n-set S is idempotent provided
its main diagonal is a transversal. A latin square with a transversal is
equivalent (under row and column permutations only) to an idempotent
latin square. Let Ag, Ay, ..., Ay be k+ 1 mutually orthogonal latin squares
of order n. Without loss of generality, we assume that the elements on the
main diagonal of Ag are identical. Then for ¢ > 1 the main diagonal of 4; is
a transversal of A;, and hence A; is an idempotent latin square. Thus from
the set Ag, Ay, ..., Ag of k+1 mutually orthogonal latin squares of order n
we obtain a set A’I,A' y+.., A}, of k mutually orthogonal idempotent latin
squares of order n.

Theorem 8.4.13. Let(X,.A) be a pairwise balanced design with n points
and m blocks By, Bo, ..., Bm. Let n; denote the number of points in B;, (i =
1,2,...,m). If there exists a set of t > 2 mutually orthogonal idempotent
latin squares of order n; for each i = 1,2,...,m, then there exists a set of
t mutually orthogonal idempotent latin squares of order n.

Proof. Without loss of generality we assume that the set of points is
X ={1,2,...,n}. Suppose that

@ .,49 i=12,...,m) (8.29)

Az(l)’ Az‘ ’
is a set of ¢ mutually orthogonal idempotent latin squares of order n; based

on the set B; of n; points. We assume that the rows and columns of each AET)

are indexed by the elements of B; in the same order and that for each z in B;
the element x occurs in the main diagonal position of Agr) corresponding to
z. Foreach k = 1,2,...,t we define a matrix A®) of order n by

the element in position (p,p) of A®) isp, (p=1,2,...,n)
and

the element in position (p, q) of AK) equals the element in position

(p,q) of Agk) where ¢ is chosen so that B; is the unique line in A
containing both p and gq.

We first show that each A) is a latin square, and hence an idempo-
tent latin square. Suppose that the element u occurs in both the (p,q1)
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and (p, g2) positions of A®) where ¢; # g2. The idempotence of the latin
squares in (8.29) implies that none of ¢1,92 and u equals p. Thus there ex-
ists a unique block of A which contains both p and ¢; and a unique block
containing both p and ¢o, and these two blocks also contain u. Hence p and
u are in two distinct blocks contradicting the axiom (L2) for a pairwise
balanced block design. Thus no element occurs twice in a row of AK) and
in a similar way one shows that no element occurs twice in a column. Hence
A®) is a latin square.

We now show that A®) and A(®) are orthogonal for k # . Let ¢ and j
be points in X. We show that there exist p and ¢ such that the element
in position (p, g) of A) is i and the element in position (p,q) of AW is
j. If j = 4, then we choose p and g equal to i. Now suppose that i # j
Then there exists a unique block B, containing both ¢ and j. Because AS- )
and Ag) are orthogonal, there exist p and ¢ in B, such that the element in
position (p, q) of As‘k) is ¢ and the element in position (p, ¢) of Ag) is 7. It
now follows that the element in position (p, ¢) of A®) is i and the element
in position (p, q) of AW s j. Hence A®) and AD are orthogonal if k& # I.

]

We illustrate the application of Theorem 8.4.13 in obtaining mutually
orthogonal latin squares.

Let (X,.A) be a projective plane of order 4. Thus X has 21 points and
A has 21 lines, and each line contains 5 points. Since 5 is a prime number,
there exists an affine plane of order 5. Therefore by Theorem 8.4.12 there
exist four mutually orthogonal latin squares of order 5. Hence there exist
three mutually orthogonal idempotent latin squares of order 5. Applying
Theorem 8.4.13 we obtain three mutually orthogonal latin squares of order
21. Thus N(21) > 3. We observe that MacNeish’s conjecture asserted that
N(21) =2.

Now let (X,.A) be a projective plane of order 8. Thus X has 73 points
and 73 lines, and each line contains 9 points. Let a, b and ¢ be three points
of X not all on the same line. Let X’ be obtained from X by removing
the three points a, b and c, and let A’ be obtained from A by removing the
points a,b and ¢ from those lines containing them. Then the pair (X, A)
is a pairwise balanced design with 70 points and 73 blocks, and each block
contains 7, 8 or 9 points. Because N(9) = 8 > N(8) =7 > N(7) = 6,
there exist 5 mutually orthogonal idempotent latin squares of each of the
orders 7, 8 and 9. Applying Theorem 8.4.13 we conclude that N(70) > 5.
We observe that Euler’s conjecture asserted that N(70) = 1.

Theorem 8.4.14. Let (X, .A) be a pairwise balanced design with n points
and m blocks By, Ba,...,Bmn. Let n; equal the number of points in B;, (i =
1,2,...,m). Suppose that for some positive integer s with s < m, the blocks
B1, Bs,..., Bs are pairwise disjoint. If there exists a set of t > 2 mutually
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orthogonal latin squares of order n; for eachi =1,2,...,s and there exists
a set of t mutually orthogonal idempotent latin squares of order n; for each
1=s+1,84+2,...,m, then there exists a set of t mutually orthogonal latin
squares of order n.

Proof. We continue with the notation used in the proof of Theorem
8.4.13, but now the mutually orthogonal latin squares

A 4D A0

of order n; based on the set B; of points are assumed to be idempotent
only for i = s + 1,5 + 2,...,m. The matrices A¥) are defined as in the
proof of Theorem 8.4.13 with, however, the following change: If p is a point
which belongs to By for some r = 1,2,...,s the element in position (p,p)

of A(K) equals the element in position (p, p) of Ask). One may modify the
proof of Theorem 8.4.13 to show that A(l),A(2), .. .,A(k) are orthogonal
latin squares of order n. m]

The pairwise balanced design (X', .A’) with 70 points and 73 lines defined
in the paragraph immediately preceding Theorem 8.4.14 has exactly three
blocks with 7 points and these blocks are pairwise disjoint. The other lines
have 8 or 9 points. Hence Theorem 8.4.14 implies that N(70) > 6. Applying
Theorem 8.4.14 to the pairwise balanced design obtained by removing three
noncollinear points from a projective plane of order 4 we obtain N(18) > 2.

A “complete disproof” of the Euler conjecture can be found in Dénes
and Keedwell[1974], Hall[1986], Raghavarao[1971] and Zhu[1982].

Exercises

. Construct a pair of orthogonal latin squares of order 9.

. Construct a pair of orthogonal latin squares of order 12.

. Use the construction in the proof of Theorem 8.4.8 in order to obtain a pair
of orthogonal latin squares of order 16.

4. Prove that there exists a symmetric, idempotent latin square of order n if and

only if n is odd.

5. Prove that a set of n — 2 mutually orthogonal latin squares of order n can be
extended to a set of n — 1 mutually orthogonal latin squares of order n. (In
fact Shrikhande[1961] has shown that a set of n — 3 mutually orthogonal latin
squares of order n can be extended to a set of n — 1 mutually orthogonal latin
squares of order n.)

6. Show that the latin squares of order 3m + 1 constructed in the proof of The-
orem 8.4.8 are indeed orthogonal.

7. Let (X,.A) be a projective plane of order n. Let Y be obtained from X by
removing four points, no three of which are together on a line in 4 and let
A’ be obtained by intersecting the lines in .4 with Y. Show that (Y, 4’) is a
pairwise balanced design in which each line contains n — 1, n or n + 1 points.

. Use Exercise 7 and Theorem 8.4.13 to show that N(69) > 5.

. Let N;(n) denote the largest number of mutually orthogonal idempotent latin

W N =

© oo
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squares of order n. Prove that for all positive integers m and n, Ni(mn) >
N (m)N I (n) .
10. Complete the proof of Theorem 8.4.14.
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8.5 Enumeration and Self-Orthogonality

In this final section we discuss without proof some results concerning
the enumeration of latin squares, and latin squares which are orthogonal
to their transpose.

One of the major unsolved problems in the theory of latin squares is the
determination of the number L,, of distinct latin squares of order n based
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ontheset S = {1,2,...,n}, and more generally the number L, ,, of distinct
T by n latin rectangles based on S.

The number ¢, of normalized latin squares and the number ¢ of nor-
malized latin rectangles satisfy, respectively,

Ly, =nlé, and Lrpn = nlyyp.

We have {1, = 1 and {3 ,, = D, where

n!

Dnzn!<1_l+i_...+(_1)”_l>

isthe number of derangements of {1,2,. .., n}. The formula of Riordan[1946]

ln/2]

0= () Dn-kDiUn 2
k=0

gives the number of 3 by n normalized latin rectangles in terms of binomial
coeflicients, derangements and ménage numbers Uy, _o;. The number /3 ,
is also known (see Goulden and Jackson[1983]) to be the coefficient of
z"/n! in

22 z"
x bz
e 1;)71'(1+z)3"+3'

This exponential generating function for ¢3, was generalized by Gessel
(1985]). An explicit formula for L(4,n), and thus for £(4,n), is given in
Athreya, Pranesacher and Singhi[1980] and Pranesachar[1981]. Nechvatal
[1981], Athreya, Pranesachar and Singhi[1980], Pranesachar[1981] and Ges-
sel[1987] obtained formulas for L(r,n) in terms of the Mobius function for
the partitions of a set. Formulas for the numbers £,,(n = 1,2,...,9) are
given in Ryser[1963] and Bammell and Rothstein[1975].
Hall[1948] proved that

Lryin>2(n—1)lrpn, (r=12,...,n-1) (8.30)
from which it follows that
L, >nl(n—1)!..21L (8.31)

The inequality (8.30) is a consequence of Theorem 7.4.1. Smetaniuk[1982]
improved (8.31) by showing that in fact

L, >nlLy_1, (n>2). (8.32)

It follows from (8.32) that L, is a strictly increasing function of n. Jucys
showed that L, is a structure constant of an algebra defined on magic
squares of order n from which he was then able to express L, in terms
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of the eigenvalues of a certain element of the algebra. Euler, Burkhard
and Grommes[1986] investigated the facial structure of a certain polytope
associated with latin squares of order n.

It follows from results in section 8.4 that the number N(n) of mutually
orthogonal latin squares of order n satisfies

N(”)S"-l, (nZZ)

with equality if and only if there exists a projective (or affine) plane of
order n. In particular, N(n) = n — 1 if n is a power of a prime number.
Thus we have

Nn)=n-1ifn=2,3,4,5,7,8,9

and by Tarry’s verification we also have N(6) = 1. The first undecided
value of N(n) is N(10). From the construction of Parker we know that
N(10) > 2. As noted in section 1.3 it has recently been concluded by an
extensive computer calculation that there does not exist a projective plane
of order 10. Hence it follows that N(10) < 8. But a little more can be said.

Theorem 8.5.1. Let A1, Ag,..., An_2 be n—2 mutually orthogonal latin
squares of order n > 3. Then there ezists a latin square An_1 of order n
such that Ay, A2,...,An_2, An_1 are mutually orthogonal latin squares of
order n. In particular, N(n) # n —2 for all n > 3.

Proof. Let
A — [ag) :i,j=1,2,...,n], t=1,2,...,n—2).

Let Ly, Lo, ..., L,_o be the sets of latin lines of these latin squares, and let
H and V be, respectively, the set of horizontal and the set of vertical lines.
Each point belongs to one line of each of these n classes, each class consists
of n pairwise disjoint lines and each line contains n points. It follows that
the relation defined on points by

(6,4) ~ (',5")

if and only if i = i’ and j = j/, or there does not exist a line containing
both (4, j) and (¢, ;') is an equivalence relation. This equivalence relation
partitions the set {(4,7) : 4,5 = 1,2,...,n} of points into n equivalence
classes

e e (8.33)

and each equivalence class #/ contains n points. The equivalence classes
(8.33) are the latin lines of a latin square

A(n—l) — l:az(;_l—l)]



8.5 Enumeration and Self-Orthogonality 287
orthogonal to each of A(l), AQ) . ,A("‘2). More specifically, if we define

-1
ag-l ) = k
if (4,7) belongs to £%, (i, =1,2,...,n), then A" 1 is a latin square which
is orthogonal to each of A A(2), o, An=2) o

We therefore have that N(10) < 7 and more generally that N(n) <n—3
whenever there does not exist a projective (affine) plane of order n. We
remark that the inequality N(10) > 2 has never been improved. However,
the general inequality N(n) > 2, (n > 6) has been improved. For example,
Guérin has proved that N(n) > 4, (n > 53), Hanani[1970] has proved that
N(n) > 5, (n > 63) and Wilson[1974] has proved that N(n) > 6, (n > 91).
In addition, Beth[1983], improving a result of Wilson[1974], has shown that

N(n) > n1/14.8 -9

for all n sufficiently large.

A latin square A is called self-orthogonal provided A is orthogonal to
its transpose AT. The main diagonal of a self-orthogonal latin square is
necessarily a transversal. Because there does not exist a pair of orthogonal
latin squares of either of the orders 2 and 6, no latin square of order 2 or 6
can be orthogonal to its transpose. A simple examination reveals that there
does not exist a self-orthogonal latin square of order 3. Modifying existing
techniques and using some special constructions, Brayton, Coppersmith
and Hoffman[1974] have shown how to construct a self-orthogonal latin
square of order n for each positive integer n different from 2, 3 and 6. It
follows that for those integers n for which there exists a pair of orthogonal
latin squares of order n, there exists a self-orthogonal latin square of order
n except if n = 3.

We now describe a construction of Mendelsohn for a self-orthogonal latin
square of order n for all prime powers n # 2, 3.

We begin with the Galois field GF(q) where ¢ # 2,3. There exists an
element )\ in this field with A different from 0,1 and 2~1. Let the elements
of GF(q) be denoted by aj,a2,...,aq. We define a matrix A = [a;;] of
order q by

a;j = Aa; + (1 —ANaj, (i,j=1,2,...,n).

Because A # 0, 1, A is a latin square of order g based on the set of elements
of GF(q). We now show that A is orthogonal to AT. If not then there exist
1,7, k and [ such that

Ag; + (1= Naj = dag + (1 = Vg (8.34)

and
Aa; + (1= Aa; = Aag + (1 — Nag. (8.35)
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Adding (8.34) and (8.35) we obtain

a; +aj = ax +q. (8.36)
Substituting (8.36) into (8.34) and using the fact that A # 27!, we get
a; = ax and a; = a;. Hence i = k and j = [, and A is orthogonal to AT,

A self-orthogonal latin square of order 5 constructed in this way using the
field GF(5) = {0,1,2, 3, 4} of integers modulo 5 and A = 2 is

A = laj;] =

W A NO
O W
oA N O W
O W= AN
_NO W

Here a;; = 2i — j mod 5,(4,j = 0, 1,2,3,4).

The symbolic direct product X ® Y of matrices X and Y of orders m
and n, respectively, satisfies (X ® Y)T = XT @ YT. Hence the preceding
construction and Theorem 8.4.4 can be used to obtain a self-orthogonal
latin square of order n for each integer n > 1 whose prime factorization
does not contain exactly one 2 or exactly one 3.

We conclude with an application of self-orthogonal latin squares to spouse-
avoiding mized doubles round robin tournaments as described by Brayton,
Coppersmith and Hoffman[1974).

It is desired to arrange a schedule of mixed doubles matches for n married
couples which has the following four properties:

(i) In each match two teams, each composed of one man and one woman,

compete.

(ii) A husband and wife pair never appear in the same match, as either
partners or opponents.

(iii) Two players of the same sex oppose each other exactly once.

(iv) Two players of the opposite sex, if not married to each other, play
in exactly one match as partners and in exactly one match as op-
ponents.

In such a tournament each person plays n — 1 matches and hence there
are a total of n(n — 1)/2 matches.

Let the couples be labeled 1, 2,...,n and let the husband and wife of cou-
ple i be M; and W;, (i = 1,2,...,n). Let A = [a;;] be a self-orthogonal
latin square of order n based on the set {1, 2, ...,n}. The main diagonal of A
is a transversal and without loss of generality we assume that a;; = ¢,
(i=1,2,...,n). Then(n — 1)/2 matches

{M;, W, } versus {M;,W,,.}, (1<i<j<n)



8.5 Enumeration and Self-Orthogonality 289

determine a spouse-avoiding mixed doubles round robin tournament. Con-
ditions (i)—(iv) follow from the fact that A is a self-orthogonal latin square
of order n with main diagonal 1,2,...,n.

Conversely, given a spouse-avoiding mixed doubles round robin tourna-
ment, a self-orthogonal latin square A = [aij] of order n is obtained by
defining a;; to be i, (i = 1,2,...,n) and defining a;; to be k provided Wy,
is the partner of M; in the match in which M; opposes M;.

Exercises

. Show that (8.30) is a consequence of Theorem 7.4.1.

. Construct a self-orthogonal latin square of order 7.

. Construct a self-orthogonal latin square of order 20.

. Verify that a spouse-avoiding mixed doubles round robin tournament with n
couples gives a self-orthogonal latin square as described at the end of this
section.

W N =
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9

Combinatorial Matrix Algebra

9.1 The Determinant

We begin this chapter by examining in more detail the definition of the
determinant function from a combinatorial point of view.
Let

A=[a,-j], (i,j=1,2,...,n)

be a matrix of order n. Then the determinant of A is defined by the formula

det(A) =) (signm)air(1)02x(2) *** Gnm(m) (9.1)

™

where the summation extends over all permutations 7 of {1,2,...,n}.
Suppose that the permutation 7 consists of k permutation cycles of sizes
£1,45,. .., ¢, respectively, where £; + €3 + - - - + £, = n. Then sign7 can be
computed by

signm = (—1)f 71—l +b -1 — (_n—k — (_1)n(—1)k, (9.2)

Let D, be the complete digraph of order n with vertices {1,2,...,n} in
which each ordered pair (%, j) of vertices forms an arc of D,,. We assign to
each arc (i, j) of D, the weight a;; and thereby obtain a weighted digraph.
The weight of a directed cycle

Vil ol o i
is defined to be
—Qiyip ttt Qiy iy Qigiy s

the negative of the product of the weights of its arcs.
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Let 7 be a permutation of {1,2,...,n}. The permutation digraph D(r)
is the digraph with vertices {1,2,...,n} and with the n arcs

{G,m(3):i=1,2,...,n}.

The digraph D(7) is a spanning subdigraph of the complete digraph D,,.
The directed cycles of D(w) are in one-to-one correspondence with the
permutation cycles of 7w and the arc sets of these directed cycles partition
the set of arcs of D(w). The weight wt(D(w)) of the permutation digraph
D() is defined to be the product of the weights of its directed cycles.
Hence if m has k permutation cycles,

wt (D(7)) = (=1)*a1r(1)a2x(2) * * - On(n)-
Using (9.1) and (9.2) we obtain

det(—A4) =) wt(D (9.3)

where the summation extends over all permutation digraphs of order n.
Let o denote a permutation of a subset X of {1,2,...,n}. The digraph
D(o) is a permutation digraph with vertex set X and is a (not necessarily
spanning) subdigraph of D,, with weight equal to the product of the weights
of its cycles. (If X = 0, the weight is defined to be 1.) Since det(I,, — A)
is the sum of the determinants of all principal submatrices of — A, we also
have

det(I, — 4) =Y wt(D()), (9.4)
where the summation extends over all permutation digraphs whose vertices
form a subset of {1,2,...,n}.

Similar formulas hold for the permanent. If we define the weight of a
directed cycle to be the product of the weights of its arcs, and define the
weight wt’(D(o)) of a permutation digraph to be the product of the weights
of its directed cycles, then we have

per(4) = 3" wt/(D(r))

and

per(I, + A) Zwt

We remark that the fact that the determinant of a matrix is equal to
the determinant of its transpose is a direct consequence of the formula
(9.3) for the determinant. This is because assigning weights to the arcs of
D,, using the elements of AT is equivalent to assigning weights using the
elements of A and then reversing the direction of all arcs. The resulting
involution on the permutation digraphs of D,, is weight-preserving and
hence det(A) = det(AT).
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Exercises

1. Let A be the tridiagonal matrix of order n

a b 0 00
c a b 00
0 ¢ a 0 0
00 0 a b
0 0 O c a
Verify that
[n/2] n—k
_ - n—2k/_p \k
det(A) = g ( & )a (—=bc)".

2. Let A and B be two matrices of order n. Prove that
det(AB) = det(A) det(B).

3. Prove that the determinant of a matrix with two identical rows equals 0.
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9.2 The Formal Incidence Matrix
Let
X ={z1,z2,...,Zn}
be a nonempty set of n elements, and let
X1,X0,..., Xm (9.5)

be a configuration of m not necessarily distinct subsets of the n-set X. We
recall from section 1.1 that the incidence matrix for these subsets is the
(0,1)-matrix

A=a), (i=12,...,m;j=12,...,n)
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of size m by n with the property that row ¢ of A displays the subset X; and
column j displays the occurrences of the element x; among the subsets.
The matrix A may be regarded as a matrix over any field F', although we
generally think of A as a matrix over the rational or real field.

A more general incidence matrix for our configuration may be obtained
by replacing the 1’s in A by not necessarily identical nonzero elements of the
field F. Thus the nonzero elements of A now play the role of the identity
element of F'. In this generality every m by n matrix A over F may serve as
an incidence matrix of some configuration of m subsets of the n-set X. In the
discussion that follows A is an arbitrary matrix over F of size m by n.

Let

Z=z4], (=12,...,m;j=12,...,n)

be a matrix of size m by n whose elements are mn independent indetermi-
nates z;; over the field F. The Hadamard product

M=A*Z:[aijzij], (:=1,2,...,m;j=1,2,...,m)

is called a formal incidence matriz of the configuration (9.5). The elements
of M belong to the polynomial ring

F* = Flz11, 212, - - - » 2mn);

and the nonzero elements of M are independent indeterminates over F.
We now call an m by n matrix

M =[my), (i=1,2,...,m;j=12,...,n)

a generic matriz, with respect to the field F, provided its nonzero elements
are independent indeterminates over the field F. Every generic matrix with
respect to F' may serve as a formal incidence matrix. In that which follows
we frame our discussion in terms of generic matrices with respect to a field
F and work in the polynomial ring F* obtained by adjoining the nonzero
elements of M to F'.

The term rank of the (0,1)-matrix A has been defined as the maximal
number of 1’s in A with no two of the 1’s on a line. This important combi-
natorial invariant is equal to an algebraic invariant of the formal incidence
matrix A * Z. The rank of A x Z equals the maximal order of a square sub-
matrix with a nonzero determinant. A square submatrix of A * Z of order
r has a nonzero determinant if and only if the corresponding submatrix
of A has term rank 7. Thus the term rank of A equals the rank of A x Z.
(The term rank of an arbitrary matrix is defined as the maximal number
of its nonzero elements with no two of the elements on a line.) The above
argument implies the following observation of Edmonds[1967].

Theorem 9.2.1. The term rank of a generic matriz equals its rank.
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The next theorem, already evident in the work of Frobenius[1912,1917]
(see also Ryser[1973] and Schneider[1977]), shows that the combinatorial
property of full indecomposability of a matrix also has an algebraic char-
acterization. We first prove two simple lemmas about polynomials.

Lemma 9.2.2. Let uj,u9,...,ur be k independent indeterminates over
a field F. Let p(uy,ug,...,ux) be a polynomial in Fluy,us,...,ux] which
is linear in each of the indeterminates uy,us, ..., ur. Suppose that there is
a factorization

p(ulau21 oo auk) = pl(ulau2, ey Uk)P2(ula U2,. .. auk)
where p1(uy,u2,...,ux) and pe(ug,ug,...,ux) are polynomials of positive
degree in F(uy,u2,...,ug). Then there is a partition
{ul,u2,... ,uk} = {uil,. ..,uir} U {ujl,... ,u]'k_r}
of the set of indeterminates into two nonempty sets such that p; is a poly-
nomial in the indeterminates {u;,,...,u;_ }, p2 is a polynomial in the inde-
terminates {u;,,...,uj,_ } and each of the polynomials p and ps is linear

in its indeterminates.

Proof. Foreachi=1,2,...,k we may regard the polynomials p, p; and

p2 as polynomials over the integral domain Fluy,...,u;—1,U%it1,-.., Uk in
the indeterminate u;. These polynomials so regarded are linear polynomials
and the conclusions follow. o

Let M = [m;;] be a generic matrix of order n. A polynomial with coeffi-
cients in F' of the form

f(M) = Z CrM1z(1)M2r(2) *** Mnx(n)

where the summation is over all permutations 7 of {1,2,...,n} is called a
generalized matriz function over F. A nonzero generalized matrix function
is linear in each of its indeterminates and is homogeneous of degree n.
The determinant and the permanent are examples of generalized matrix
functions.

Lemma 9.2.3. Let M = [m;;] be a generic matriz of order n and let
f(M) be a nonzero generalized matriz function. Suppose that there is a
factorization in F* of the form

f(M) =pq

where p and q are polynomials in the nonzero indeterminates m;; with
positive degrees v and n — r, respectively. Then there are complementary
square submatrices My and Myp_, of M of ordersr and n —r, respectively,
such that p is a generalized matriz function of M, and q is a generalized
matriz function of Mp_,.
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Proof. 1t follows from Lemma 9.2.2 that p and q are homogeneous poly-
nomials of degree r and n — r, respectively, in distinct indeterminates. Let
p; be a typical nonzero term that occurs in p. Then, apart from a scalar
factor, p; is a product of r elements of M no two from the same line, and
hence a product of r elements no two from the same line from a submatrix
M, of M of order r. It follows from the factorization f = pq that a typical
nonzero term g; that occurs in ¢ is, apart from a scalar, a product of n —r
elements no two on a line from the complementary submatrix My, —,. Hence
q is a generalized matrix function of Myp_,. Returning to p we now also see
that p is a generalized matrix function of M;. o

Theorem 9.2.4. Let M be a generic matriz of order n. Then M is fully
indecomposable if and only if det(M) is an irreducible polynomial in the
polynomial ring F*.

Proof. First assume that M is not fully indecomposable. Then there exist
positive integers r and n — r and permutation matrices P and @ of order

n such that
_ Mfr O
pig=[ ¥ 0 ]

where M, and My, _, are square matrices of order r and n — r, respectively.
Hence :

det(M) = tdet(M;) det(Mp—r)

and it follows that det(M) is not an irreducible polynomial.
Now assume that M is fully indecomposable. Suppose that det(M) is
reducible and thus admits a factorization

det(M) = pq (9.6)

into two polynomials p and ¢ of positive degree. By Lemma 9.2.3 there
exist complementary submatrices M, and Myn_, of M of orders r and
n — r, respectively, such that p is a generalized matrix function of M, and
q is a generalized matrix function of My,_,. Let P and @ be permutation
matrices such that
M, *

PMQ = [ . M,_, ] . (9.7
Since M is fully indecomposable it follows (see Theorem 4.2.2) that each
nonzero element of M appears in det(M). Since p and ¢ are generalized
matrix functions of M, and M,,_,, respectively, it now follows from the

factorization (9.6) that the asterisks in (9.7) correspond to zero matrices
and this contradicts the assumption that M is fully indecomposable. o
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Theorem 9.2.4 remains true if we replace the determinant function with
the permanent function. Almost no change is required in its proof.

It was established in Theorem 4.2.6 that the fully indecomposable com-
ponents of a matrix of order n with term rank equal to n are uniquely
determined to within arbitrary permutations of their lines. As noted by
Ryser[1973] this fact follows from the algebraic characterization of full inde-
composability given in Theorem 9.2.4. The following corollary is equivalent
to the uniqueness conclusion of Theorem 4.2.6.

Corollary 9.2.5. Let M be a generic matriz of order n such that det(M) #
0. Then the set of fully indecomposable components of M is uniquely deter-
mined apart from arbitrary permutations of the lines of each component.

Proof. Supposethat Ey, Fo, ..., Erand F1, Fy, ..., Fsaretwo sets of fully
indecomposable components of M. Then by Theorem 9.2.4 we have that

det(M) = +p1p2---pr = £q192-- - gs

where the p; and the g; are irreducible polynomials equal to the determi-
nant of appropriate submatrices of M. Since F* is a unique factorization
domain, we conclude that 7 = s and that the p; and the g; are the same
apart from order and scalar factors. Hence the fully indecomposable com-
ponents are the same apart from order and line permutations. m]

The property of irreducibility of a matrix also admits an algebraic char-
acterization. We now let

yi 0 - 0
0 yo -~~~ O
Y = e .
0 0 - yn

be the diagonal matrix of order n whose main diagonal elements are inde-
pendent indeterminates over the field F. The polynomial det(A +Y) is a

polynomial in the polynomial ring F* = F(y;1,¥2,. .., ys] which is linear in
each of the indeterminates y;,y2,...,yn. If f is a polynomial in F* which
is linear in the indeterminates, then for a C {1, 2,...,n} the coefficient of

[licq ¥i in f is denoted by fq. The following lemma and theorem is from
Schneider[1977].

Lemma 9.2.6. Let f(y1,¥y2,...,Yn) be a polynomial in F* which is lin-
ear in each of the indeterminates. Suppose that for some integer r with
1<r<n

f(ylay2a'~'ay‘n) :p(y17~'-ay’l‘)Q(y‘l‘-l-la"'ayn)
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where p and q are polynomials that are linear in the indeterminates which
they contain. Then

fﬂf{1,2,...,n} = f{l,...,r}f{r+1,...,n}'
Proof. We have

f{1,2,...,n} =P{1,...,r}9{r+1,...,n} and fo = ppap

and

fa,.ry=Pu,..n% and  foin o n) =Pod(r41,..n)- m]

Theorem 9.2.7. Let A be a matriz of order n over the field F. Then A
is irreducible if and only if det(A +Y) is an irreducible polynomial in the
polynomial ring F*.

Proof. The polynomial det(A+Y) contains the nonzero term y1y2 - - - yn
and hence is a nonzero polynomial. First assume that A is reducible. Then
there exist positive integers 7 and n — r and a permutation matrix P of
order n such that

A1+Y1 0

T _
P(A+Y)P _[ M

where A; and Ao are square matrices of order r and n — r, respectively,
and Y7 and Y7 are diagonal matrices the union of whose diagonal elements
is {y1,¥2,-..,¥n}- The factorization

det(A+Y) = det(A; + Y1) det(A2 + Y?)

of det(A + Y) into two nonconstant polynomials in F* implies that the
polynomial det(A + Y) is reducible. '

Now assume that the matrix A = [a;;] is irreducible. Suppose that
det(A +Y) is reducible. Then it follows from Lemma 9.2.2 that there is a

partition of the set of indeterminates {y;,y2,...,¥yn} into two nonempty
sets U and V and a factorization
det(A+Y) =pq (9.8)

where p is a polynomial in the indeterminates of U of positive degree r
and q is a polynomial in the indeterminates of V' of positive degree n — r.
The polynomials p and ¢ are linear in the indeterminates of U and V,
respectively. Without loss of generality we assume that

U={y1,---,yr} and V={y1‘+1v-'-ayn}

and hence that

p=p(¥,---,9) and  ¢=q¥Yrt1,---,Yn)-
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We now consider the digraph Dg(A) associated with the off-diagonal ele-
ments of A. The set of vertices of Dg(A) is taken to be {y1,¥2,...,yn} and
there is an arc from y; to y; if and only if ¢ # j and a;; # 0. Since A is irre-
ducible, the digraph Dgy(A) is strongly connected. It follows that there is a
directed cycle v containing at least one vertex from {y1,¥y2,...,¥r} and at
least one vertex from {Yr41,¥Yr+2,---,yn}. We choose such a cycle v of min-
imal length. Let o be the set of vertices of v, and let a; = aN{y1,¥2,...,¥r}
and a2 = a N {Yr+1,Yr+2;---,Yn}. The minimality of v implies that the
principal submatrix of A +Y determined by the indices in « satisfies

det(Afa] + Y[a]) = det(Ala1] + Y[a1]) det(Alag) + Y]eg]) + ¢ (9.9)

where c is a nonzero scalar. Let
det(Afa] + Y[a]) = Z ca H Ui
BCa i€B
It follows from (9.8) that
det(Ala] + Y]e]) = p'd’
where p' is the coefficient of [[;c(12,....r}—a, % in p and ¢’ is the coefficient
of [Tje{r+1,r+2,....n}—a; ¥j in ¢- By Lemma 9.2.6 we have
Cp = CpCa = Ca, Cary-
By (9.9) we may also apply Lemma 9.2.6 to det(A[e] + Y(a]) — ¢ and
conclude that
Cg — € = Ca, Cay-

Combining these last two equations we obtain ¢ = 0, a contradiction. Hence

det(A +Y) is irreducible. ]

Ryser[1975] has obtained a different algebraic characterization of irre-
ducible matrices.

The following corollary gives another algebraic characterization of fully
indecomposable matrices. It is a direct consequence of Theorem 9.2.7 and
Theorem 4.2.3.

Corollary 9.2.8. Let A be a matriz of order n over F' and assume that
the main diagonal of A contains no 0’s. Then A is a fully indecomposable
matriz if and only if det(A +Y) is an irreducible polynomial in F*.

We now show how the fundamental theorem of Hall[1935](Theorem 1.2.1)
on systems of distinct representatives (SDR’s) can be proved algebraically.
The proof is taken from Edmonds[1967] (see also Mirsky[1971]). As already
noted in section 1.2, the fundamental minimax theorem of Konig[1936]
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(Theorem 1.2.1) can be derived from Hall’s theorem. A direct algebraic
proof of Konig’s theorem is given at the end of this section.

Theorem 9.2.9. The subsets X1, Xo,...,Xm of the n-set X have an
SDR if and only if the set union X; U X;, U---U X, contains at least
k elements for k = 1,2,...,m and for all k-subsets {i1,12,...,i} of the
integers 1,2,...,m.

Proof. The necessity part of the theorem is obvious, and we turn to the
sufficiency of Hall’s condition for an SDR. Let M be a generic matrix of
size m by n associated with the given subsets of X. The existence of an
SDR is equivalent to M having term rank equal to m. By Theorem 9.2.1
it suffices to show that the rows of M are linearly independent over the
polynomial ring F* (equivalently, its quotient field) obtained by adjoining
to the field F' the nonzero elements of M.

Suppose that the rows of M are linearly dependent. We choose a minimal
set of linearly dependent rows, which we assume without loss of generality
are the first k rows of M. By Hall’s condition M has no zero row and hence
k > 1. The submatrix of M consisting of its first k rows has rank k£ — 1
and hence contains k — 1 linearly independent columns. Without loss of
generality we assume that
Mz My

o[t 2

where M is a k by k — 1 matrix of rank k — 1. The rows of M are linearly

dependent and hence there exists a row vector u = (up,u2,...,ux) whose
elements are polynomials in the indeterminates of M; such that
uM; = 0.

Since the columns of M» are linear combinations of the columns of M;, we
also have

u[ My Mz ] =0.

Since the first k rows of M form a minimal linearly dependent set of rows,
each element of u is different from 0. Let

C1

c2

Ck
be any column of Ms. Then

uic] + ugcp + -+ +ugcx = 0.
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Since the u; are polynomials in the indeterminates of M; and since the
nonzero elements of M are independent indeterminates, we now conclude
that each of the ¢;’s equals 0 and hence that My = O. This means that
A UAg U ---U Ag contains at most kK — 1 elements, contradicting Hall’s
condition. o

We conclude this section by giving the proof of Kung[1984] of the Konig
theorem. This proof makes use of a classical determinantal identity of Ja-
cobi[1841]. We include a proof of Jacobi’s identity. The adjugate of a square
matrix A is denoted by adj(A).

Lemma 9.2.10. Let A be a nonsingular matriz of order n with elements
in a field F. Let B be a submatriz of order v of adj(A) and let C be the
complementary submatriz of order n —r in A. Then

det(B) = det(A)"! det(C).
In particular, B is nonsingular if and only if C' is nonsingular.

Proof. Without loss of generality we assume that A and adj(A) are in
the form

. B F
A=[:é],adJ(A)=[* *]
We now form

[B F ]A=[det(A)1, 0]‘

O In, * o
Taking determinants we obtain
det(B) det(A) = det(A)" det(C). a

We now prove the theorem of Konig in the following equivalent form.

Theorem 9.2.11. Let M be a generic matriz of size m by n. Then the
minimal number of lines in M that cover all the indeterminates of M equals
the mazimal number of indeterminates of M with no two on the same line.

Proof. By Theorem 9.2.1 the rank of M equals its term rank, and we let
this number be r. Let N be a submatrix of M of order and rank r. Without
loss of generality we may assume that N occurs in the upper left corner of
M. We permute the first 7 rows and the first r columns of M so that M
assumes the form

* * M1
M= *x U O |,
M, O O
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where the matrix M) of size e by n — r has nonzero rows and the matrix
M, of size m — r by f has nonzero columns.

We first deal with certain degeneracies. In case 1 = min{m, n} the theo-
rem is clearly valid so that we may take

r < min{m,n}.

In case e = 0 we have zero columns in M and we may cover M with the first
r columns. A similar situation holds for f = 0. Consider the case in which
e = r. Suppose that f > 0. There is some submatrix of N of order and
rank 7 — 1 within its last 7 — 1 rows. This submatrix along with a nonzero
element in column 1 of My and a nonzero element in an appropriate row
of M; implies that M has rank greater than r. Thus if e = r then f =0,
and similarly if f = r then e = 0. Hence we may now assume that all nine
blocks displayed in our decomposition of M are actually present.
We next write adj(/N) in the form

adj(N)=[W ]

x %
where the matrix W is of size e by f. We assert that
W = [wij] = 0.

Suppose that some w;; # 0. Now adj(N) is nonsingular, and by Lemma
9.2.10, w;; # 0 implies that the submatrix N;; of order r—1 of N in the rows
complementary to ¢ and the columns complementary to j is nonsingular.
But now we may take r — 1 nonzero elements no two on a line in N;; and
add two nonzero elements from M; and Ms. We thus increase the term
rank of M and this is a contradiction. Hence W = O.

We note that

e+ f<r

For if e + f > r then the nonsingular matrix adj(/N) of order r has a zero
submatrix of e by f with e+ f > r, and this contradicts the nonsingularity
of adj(N).

We now prove that

rank(U) <7 — (e + f).
We deny this and suppose that
rank(U) > g where g=r — (e + f) + 1.

This means that U contains a nonsingular submatrix U’ of order g. We
return to the nonsingular matrix adj(/N). The complementary matrix of U’
in adj(N) is a matrix V of order e + f — 1. But by Lemma 9.2.10 V is
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nonsingular and at the same time contains a zero submatrix of size e by f.
This is again a contradiction.

The theorem now follows by induction on the (term) rank of M. By the
induction hypothesis we may cover U with r — (e + f) lines and hence M
with 7 lines. o

We remark that Perfect[1966] has given an algebraic proof of a sym-
metrized form of Theorem 9.2.11 due to Dulmage and Mendelsohn[1958]. A
generalization of Theorem 9.2.4 to mixed matrices, matrices whose nonzero
elements are either indeterminates or scalars, has been given by Murota
[1989]. Hartfiel and Loewy[1984] show that a singular mixed matrix con-
tains a submatrix with special properties.

Exercises

1. Let A and B be fully indecomposable matrices of order n with elements from a
field F. Let M = AxZ and N = BxZ be formal incidence matrices associated
with A and B, respectively. Suppose that det(M) = cdet(N) # 0 where c is
a scalar in F. Use Lemma 7.5.3 and prove that there exist diagonal matrices
D; and D; with elements from F such that Dy AD; = B (Ryser[1973]).

2. Let A be an m by n matrix. Let r and s be integers with 1 < r < m and
1 < s < n. Assume that the r by n submatrix of A determined by the first r
rows has term rank r and that the m by s submatrix determined by the first s
columns has term rank s. Prove that there exists a set T' of nonzero elements
of A, no two on the same line, such that T contains one element from each of
the first » rows of A and one element from each of the first s columns of A
(Dulmage and Mendelsohn[1958] and Perfect[1966]).
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9.3 The Formal Intersection Matrix
We again let
{z1,z2,...,Zn} (9.10)

be a nonempty set of n elements. Now we consider two configurations
X1,X2,...,Xm (9.11)

and
n,Ys,...,Y, (9.12)

of subsets of (9.10). Let F be a field. Let A be a general m by n incidence
matrix for the subsets (9.11) and let B be a general p by n incidence matrix
for the subsets (9.12). Thus the elements of A and B come from the field
F, and there is a nonzero element in position (7, j) if and only if z; is a
member of the ith set of the configuration. We now regard the elements

T1,T2,...,ZTy as indeterminates over the field F' and consider the diagonal
matrix
1 O 0
0 g .- 0
X = . . . (9.13)
0 0 Tn

of order n. We then form the matrix product
Y =Y(z1,%2,...,%,) = AXBT. (9.14)

The matrix Y is of size m by p and we know the structure of Y quite
explicitly. Indeed the matrix Y has in its (¢, j) position a linear form

C1T1 + c2x2 + -+ -+ CpZTn

in the indeterminates z1,x2,...,zn in which the coefficient ¢, of zj is
nonzero if and only if x is in the intersection X; NY;. The matrix Y is a
formal intersection matriz of the configurations (9.11) and (9.12).
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Two special cases of (9.14) are of considerable importance in their own
right. We set p = m and assume that the configurations (9.11) and (9.12)
are identical. Then B = A and (9.14) becomes

Y = AXAT. (9.15)

The matrix Y in (9.15) is now a symmetric matrix of order m and has in
its (4, 7) position a linear form in the indeterminates in the set intersection

X,;ﬂXj

in which each of these indeterminates appears with a nonzero coefficient.
In this case Y is called a formal symmetric intersection matriz of the con-
figuration (9.11).

Now let (9.12) be the complementary configuration

717723-“a7m

whose sets are the complements of the sets of the configuration (9.11). The
matrix Y now has in its (¢, j) position a linear form in the indeterminates
in the set difference

X; - X;

in which each of these indeterminates appears with a nonzero coefficient.
In this case we call Y a formal set difference matriz of the configuration
(9.11).

Now suppose that A and B are the (0,1)-adjacency matrices of the con-
figurations (9.11) and (9.12), respectively. Then the element in the (Z,5)

position of Y is
>

Tk eX.»ﬁXJ-

the sum of the indeterminates in the intersection of X; and X;. If we set
r1=I9=--+=Ip=1,
then we obtain the basic equation
Y(1,1,...,1) = ABT, (9.16)

which reveals the cardinalities of the set intersections X; N X;. If Y is
the formal symmetric intersection matrix of the configuration, then (9.16)
reveals the cardinalities of the set intersections X;NX;. If Y is the formal set
difference matrix, then (9.16) reveals the cardinalities of the set differences
X; — Xj.

The basic matrix equations (9.14), (9.15) and (9.16) allow one to apply
the methods of matrix theory to the study of the intersection pattern of
a configuration of sets. The vast area of combinatorial designs is primarily
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concerned with these equations. We make no attempt in this volume to
study this equation in general or to develop the basic theory of combina-
torial designs. These topics will be included in a subsequent volume to be
entitled Combinatorial Matriz Classes. We briefly discuss some applications
of these matrix equations.

An application of standard theorems on rank to the formal symmetric
intersection matrix Y in (9.15) yields that

rank(AAT) = rank(Y(1,1,...,1)) <rank(Y(z1,z2,...,Zn))

< rank(A) = rank(A4A7T).

Hence in the case of a formal symmetric intersection matrix we have
rank(Y) = rank(A).

The following two theorems are from Ryser[1972].
Theorem 9.3.1. Let X1, Xo,...,Xm be a configuration of subsets of the
n-set
{x11 $21 M ] -Tn}

and let A be the m by n incidence matriz for this configuration. Assume
that the number of distinct nonempty set intersections

XinXj, (#7)
is strictly less than n. Then there ezxists an integral nonzero diagonal matriz
D such that
ADAT = E
is a diagonal matriz.
Proof. We consider the formal symmetric intersection matrix
AXAT =y.

Let ¢t denote the number of distinct nonzero elements occurring in the
positions of Y not on the main diagonal. The assumption in the theorem
implies that ¢ < n. We equate to zero these ¢ nonzero elements and this gives
us a homogeneous system of ¢ equations in the n unknowns z, s, ..., Zn.
This system of equations has a nonzero rational solution and hence an
integral solution dj,do,...,d, with at least one d; different from zero. The
desired matrix D is the diagonal matrix whose main diagonal elements are
dy,do,...,dn. a

Theorem 9.3.2. Let A be a (0,1)-matriz of order n. Assume that A
satisfies the matriz equation

ADAT = E (9.17)
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where D and E are complez diagonal matrices and E is nonsingular. Then
A is a permutation matriz of order n.

Proof. The assumption that F is nonsingular implies that both A and D
are nonsingular matrices. The equation (9.17) implies that we may write

ADATE! = DATE 1A =1,.

Hence it follows that

ATE-14=D1, (9.18)
Let the elements on the main diagonal of D and E be di,ds,...,d, and
€1,€2,...,en, respectively. Then inspecting the main diagonal of (9.18) and
using the fact that A is a (0,1)-matrix we see that
e} 't
62_1 dz_1
AT 2 =1 . (9.19)
el d;!

We now multiply (9.19) by AD and this gives

1 1
1 1
Al .| =] .
1 1

Thus each of the row sums of A equals 1. Because A is a nonsingular (0,1)-
matrix, A is a permutation matrix. @]

We now consider set differences and first prove a theorem of Marica and
Schénheim[1969).

Theorem 9.3.3. Let X1,Xo,...,Xm be a configuration of m distinct
subsets of {x1,z2,...,z}. Then the number of distinct differences

Xz_X], (Z’J=1’2”m)
is at least m.

Proof. We prove the theorem by induction on m. If m < 2, the theorem
clearly holds. Now let m > 3. We denote our configuration by C, and we let

A(C) = {X'z —X'_7 1,J = 1,2,.--,771}
be the collection of differences of the configuration C. Let

k = min{|X; N X;|}.
rg;;;.l{l iN X}
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Without loss of generality we assume that X; N Xy = F where |F| = k.
We partition C into three configurations:

(i) C1 consists of those X; satisfying F € X;.

The remaining sets of the configuration C contain F and for these sets
we write X] = X, — F.

(ii) C2 consists of those X; not in C; for which
/ ! !
X; N X #0 for all Xj.
(iii) C3 consists of those X; not in C; for which
! ! _ !
X; N X; =0 for some X.
The configuration C3 contains ¢t > 2 sets, since X; and X» are in C3.

Let X; be a set in C3 and let X ; be a set not in C; satisfying X NX J’ =0.
Then Xj is also in C3. Since X; — X; = X; it follows that for each set X;
in C3, X/ is a difference in A(C3). We now show that no such X is a
difference of the configuration C; U Cy consisting of the sets in C; and the
sets in Ca. It follows from the definition of Cy that each set in Co has a
nonempty intersection with X;. Since a set in C1 does not contain F' but
has at least k elements in common with Xj, it follows that each set in C;
also has a nonempty intersection with X/. Therefore the difference of two
sets in C1 U Cy cannot equal X/. We thus have the inequality

IAC)] = |A(CL UCy)| +1.

Applying the induction hypothesis to the configuration C; UC of m —t <
m — 2 sets we complete the proof. o

The following theorem of Ryser[1984] demonstrates how an assumption
on the rank of a formal set intersection matrix implies a stronger conclusion
than that given in Theorem 9.3.3.

Theorem 9.3.4. Let
Y =Y(z1,22,...,2) = AXBT

be a formal set intersection matriz of size m by p, and assume that the
rank of Y equals m. Then Y contains m distinct nonzero elements, one
in each of the m rows of Y.

Proof. Let R; denote the set consisting of the nonzero elements in row
i of the matrix Y,(: = 1,2,...,m). The theorem asserts that the sets
Ry, Ry,..., Ry have a system of distinct representatives. By Theorem 9.2.9
it suffices to prove that every k rows of Y contain in their union at least k
distinct nonzero elements.
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Assume to the contrary that there is an integer k£ with 1 < k < m and a
k by p matrix Y of k rows of Y with the property that Y} contains fewer
than k distinct nonzero elements. Let the distinct nonzero elements in Y}
be denoted by aj,as,...,as where s < k. Suppose that the element «; of
Yy occurs exactly e;; times in row j of Y. We consider the system of s
linear homogeneous equations

€121 tepzo+ - +exz =0, (i=1,2,...,5) (9.20)
in the unknowns 21, 22,..., 2. Since s < k this system has an integral
solution with not all of the z; = 0. We let 21,29,...,2; denote such a

solution and we multiply (9.20) by «; and obtain
;12105 + €;2220; + - - + ez =0, (i=1,2,...,5). (9-21)

We return to the matrix Yj and multiply row j of Yy by z;, (i=1,2,...,k).
We call the resulting matrix Zj. It follows from (9.21) that the sum of all
of the elements of Z equals 0. Because each «; is a sum of certain of the
indeterminates z1, 32, ..., Tn, all terms of the form z;z; in Zj involving a
particular indeterminate x; must also sum to 0.

We now consider the location of these terms within Zj. It follows from
the nature of the formal set intersection matrix that the element z; is
confined to a certain submatrix of Y and appears in every position of that
submatrix. (The possibility that z; does not appear in Y is not excluded.)
An entirely similar situation holds concerning the location of all terms of
the form z;z; in Zy involving a particular indeterminate z;. Now we have
noted that all such terms within Z;, sum to 0. The location of these terms
within Z;, implies that all such terms within a particular column of Z; must
also sum to 0. Hence all of the column sums of Zj are 0. This implies that
there is a dependence relation among the rows of Y; and this contradicts
the hypothesis that Y is of rank m. o

Daykin and Lovasz[1976] have refined Theorem 9.3.3 by proving that if
in the formal set difference matrix Y = AX(J — A)T of order m > 2, the
incidence matrix A has distinct rows, then Y has m distinct nondiagonal
elements with no two of the nondiagonal elements on a line. Ahlswede
and Daykin[1979] (see also Baston[1982]) have extended Theorem 9.3.3 to
include more general intersection matrices.

Ryser[1982] has studied the determinant and characteristic polynomial
of the formal symmetric intersection matrix. In addition, Ryser[1973] has
solved the “inverse problem” for the formal intersection matrix.

Theorem 9.3.5. LetY be a matriz of order n > 3, and assume that each
element of Y is a linear form in the n indeterminates 1,2, ...,Tn with
respect to a field F. Let X be the diagonal matriz of order n whose elements
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on the main diagonal are z1,x2,...,Tn. Assume that the determinant of
Y satisfies

det(Y) = cz129 -+ 212

where ¢ is a nonzero element of F. Assume further that each element of
Y1 is a linear form in .7:1_1,372_1, ...,z L with respect to the field F. Then
there exist matrices A and B of order n with elements in F' such that

Y = AXB.
Exercise
1. Let Y = Y(z1,22,...,Zn) be a matrix of size m by p such that every element
of Y is a linear form in the indeterminates z1, z2, ..., Z, over a field F. Assume
that the rank of the matrix Y (0, ..., 0, z;,0,...,0) equals 0 or 1 for each i =
1,2,...,n. Prove that Y is a formal intersection matrix, that is, prove that

there exist matrices A and B of sizes m by n and p by n, respectively, with
elements from the field F such that Y = AX BT (Ryser[1973)).
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9.4 MacMahon’s Master Theorem

Let A = [a;5), (4,5 = 1,2,...,n) be a matrix of order n over a field F.
As in section 9.2 we let
v 0 - 0
0 Y2 - 0
Y= . . . .
0 0 - yn
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be the diagonal matrix of order n whose main diagonal elements are indepen-
dent indeterminates over the field F', and we let F™* denote the polynomial ring
Fly1,92, ..., yn]. The Master Theorem for Permutations of MacMahon[1915)

identifies the coefficients A(mj, ma, ..., my) in the expansion
det(I, — AY)™ ! = Z A(my,ma,...,mp)yi Y52 -y
(ma,ma,...,my)
(9.22)
where the summation extends over all n-tuples (mj,ma,...,my) of non-

negative integers. The combinatorial proof of the Master Theorem given
below is due to Foata[1965] (see also Cartier and Foata[1969]), as it is
described by Zeilberger[1985].

Theorem 9.4.1.  The coefficient A(my1,ma,...,my) in (9.22) equals the

my, M2

coefficent of y"'yy** -+ -yp™ in the product

n

[T(cay + aiyz + -+ + ainyn)™:. (9.23)
i=1
Proof. We consider general digraphs whose vertex sets are {1,2,...,n},

and we denote by D the collection of all general digraphs D of order n
for which each vertex has the same indegree as outdegree. We assume that
the arcs of D with the same initial vertex have been linearly ordered. We
denote by H the collection of all digraphs H of order n for which each
vertex has the same indegree as outdegree and this common value is either
Oor 1 (H consists of a number of pairwise disjoint directed cycles and hence
is a permutation digraph on a subset of {1,2,...,n}).
The weight of an arc (i, j) is defined by

wt(i,J) = a;5y;.
The weight wt(D) of a digraph D in D is defined to be the product of the
weights of its arcs. The weight wt(H) of a digraph H in H is defined to be
(—1)¢(H) (the product of the weights of its arcs),

where c(H) equals the number of directed cycles of H. Notice that a digraph
in H is also in D, and thus the computation of its weight depends on
whether it is being regarded as a member of D or of H. We define

wtD = Z wt(D)
DeD
and
wtH = ) wt(H).

HeH
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We consider the cartesian product
G6=DxH={(D,H):DeD,HecH}
and define the weight of the pair (D, H) by
wt(D, H) = wt(D)wt(H).
The weight of G is

wtG= Y wt(D,H) = (wtD)(wtH).
(D,H)eg

It follows from section 9.1 that

wtH = det(I, — AY).

Let B(m1,ma,...,mn) denote the coefficient of y7* y5"* - - -y in the
product (9.23). We now show that
wtD = Z B(m13m2v"’mn)y;nly;n2 _,,y;’znn’ (924)

(ma,ma,...,mn)

where the summation is over all n-tuples of nonnegative integers (mp, mo,
.oy M)

Let Dy, me,...,m,) De the subset of D consisting of those general digraphs
in which vertex ha.s outdegree (and hence indegree) m;, (i = 1,2,...,n).
Each term in the expanded product (9.23) is the weight of a general di-
graph with outdegrees mj, mg,...,my,. In order that the general digraph
have indegrees equal to m1,mg,...,my, as well, we take only those terms
containing y7™y5"> -~ yp~. It follows that the weight of D my . m.)
equals

B(mlamQ" .’mn)yi'ruyglz y'rT{ln
Therefore (9.24) holds and hence
wtG = Z B(my,ma,...,mp)y1 Yy - ynm | det(ln — AY).

(77'I.1,m2,...,mn)

To complete the proof we show that wtG = 1.
We now define a mapping

c:G-{(0,0)} - G—-{(0,0)},

where () denotes the digraph with vertices {1,2,...,n} and with an empty
set of edges. Given a pair (D, H) # (0,0), we determine the first vertex u
whose outdegree in either D or H is positive. Beginning at that vertex u
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we walk along the arcs of D, always choosing the topmost arc, until one of
the following occurs:

(i) We encounter a previously visited vertex (and thus have located a
directed cycle vy of D).

(ii) We encounter a vertex which has positive outdegree in H (and thus
is a vertex on a directed cycle 6 of H).

We note that if u is a vertex with positive outdegree in H then we are
immediately in case (ii). We also note that cases (i) and (ii) cannot occur
simultaneously. If case (i) occurs, we remove v from D and put it in H.
If case (ii) occurs, we remove § from H and put it in D in such a way
that each arc of v is put in front of (in the linear order) those with the
same initial vertex. Let (D’, H') be the pair obtained in this way. Then D’
is in D and H’ is in M, and hence (D', H') is in G. Moreover, since the
number of directed cycles in H’ differs from the number in H by one, it
follows that wt(D’, H') = —wt(D, H). We define o(D, H) = (D', H') and
note that o(D’,H') = (D,H). Thus 0 : G — {(0,0)} — G — {(0,0)} is an
involution which is sign-reversing on the weight. It follows that

wtG = wt(0,0) = 1,
and the proof of the theorem is complete. =]

By Theorem 9.4.1 the coefficient B(m1,mo,...,my) of y] ™ m’ e eymn
in the product (9.23) equals A(mj,mg,...,my). We now show that this
coefficient can be expressed in terms of permanents. Let R denote the set of
all nonnegative integral matrices R = [r;;] of order n with row sum vector
and column sum vector equal to (my,my, ..., my). Thinking of 7;; as the
number of times the y; term is selected from the factor (a;1y1 + ajoy2 +

-+ a;nyn)™ in (9.23), we see that

B(mi,mg,...,mp) = Y (H W) Il & (9:25)

ReR 3,j=1

The quantity on the right-hand side of (9.25) is easily seen to be equal to
1
ml !m2| PP mn!per(mlym2a“‘1mn)(A)

where per(m, m,,..,m,)(A) equals the permanent of the matrix of order
mj +mg + - - - + my obtained from A by replacing each element a;; by the
constant matrix of size m; by m; each of whose elements equals a;;. We
thus obtain the following identity of Vere-Jones[1984].

Corollary 9.4.2.

_ 1
det(Ip — AY)™ =3 mper(ml,mz,...,mn)(fl)yi”‘ Y32 Yp"



314 9 Combinatorial Matrix Algebra

where the summation extends over all n-tuples (mj,ma,...,my) of non-
negative integers.

We conclude this section by presenting an expansion for the determinant
of a matrix in terms of the permanents of its principal submatrices and an
expansion for the permanent in terms of the determinants of its principal
submatrices.

Let S be a subset of the set {1,2,...,n} and as usual let A[S] denote the
principal submatrix of A with rows and columns indexed by the elements
of S. The set of ordered partitions of S into nonempty sets is denoted by
As. Let a = (a1,az2,...,a;) be in Ag. The number j of nonempty parts
of a is denoted by p,. We define dety(A) and per,(A) by

deto(A) = ﬁ det(A[as))
i=1
and
Pa
pery(A) = H per(Afa]).
i=1

The following identity is from Chu[1989).

Theorem 9.4.3. The matriz A and the diagonal matriz Y of order n
satisfy

det(A+Y) = Z E (—=1)I8l+Pa H yi | pera(A4).  (9.26)

SC{1,2,...,n} a€As i€S
Proof. The equation (9.26) asserts that for each subset S of {1,2,...,n}
we have
det(A[S]) = Y (-1)I51Peper,(A). (9.27)
a€lAs

Clearly it suffices to prove (9.27) in the case that S = {1,2,...,n}, that is
to prove that

det(4)= > (=1)™*Peper,(A). (9.28)
a€A1,2,...,n}
Let 0 be a permutation of , 2,...,n and suppose that o has k permutation

cycles in its cycle decomposition. We verify (9.28) by showing that the
coefficient ¢(o) of

210(1)220(2) " " Cno(n)

in the expression on the right-hand side is the same as its coefficient
sign o = (—1)"** in det(A).
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Let a € A1 9 .. n}- If there is some cycle of o which is not wholly con-
tained in a part of e, then per, (A) does not contribute to the coefficient
¢(o). Therefore
k
e(0) = 32 (~1)"p(k, )

j=0
where p(k,j) equals the number of partitions of a set of k distinct ele-
ments (the k cycles of o) into j distinguishable boxes (the parts of a) with
no empty box. It follows from the inclusion-exclusion principle (see, e.g.,

Brualdi[1977] or Stanley[1986]) that

p(k, ) = i(—l)f-i (j ) *

1=0
Hence
(o) = Z( 1)”+f§( i (1)
= ;) -1 kZ( )
- zz:;(_n"-i i (f:ll) = (~1)mH,

The penultimate equation follows from a basic identity for the binomial co-
efficients. The last equation follows from the identity for divided differences
(see, e.g., Stanley[1986)):

k+1
S (1) s =0
i=0 :

for a polynomial of degree at most k, in particular for the polynomial
f(z) = (@ — DE. 0

The next identity, obtained by interchanging the determinant and per-
manent in (9.26), can be proved in a similar way.

Theorem 9.4.4. The matriz A and diagonal matriz Y of order n satisfy

per(A+Y) = E E 1)I51+Pe (H y1> deto(A).  (9.29)

S$C{1,2,...,n} a€As i€S

The following recurrence relation involving both the determinant and the
permanent was established by Muir[1897].
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Theorem 9.4.5. Let A be a matriz of order n. Then

S (-1)!51 per(A[S]) det(A[S]) = 0. (9.30)
SC{1,2,...,n}

Proof. Using the identity (9.27) in the left-hand side of (9.30), we obtain
Y Y (—Peper(A[S)pera(4)

S§{1,2,...,n} a€ls

= Y (-DPpera(A)+ Y Y (=1)Peper(A[S])pery(4)

a€A1,2,...,n} Sc{1,2,...,n} a€As
= > (-lPperg(A)+ D (~1)P="Tpery(4) =0.
aGA{1 2,...,n} aGA{l 2,...,n} [m]

Further identities for per(I, — AY)~! and det(I, — AY)~! and their re-
lation to MacMahon’s master theorem can be found in Chu[1989]. We also
mention the identity of Vere-Jones[1988] for arbitrary powers of det(I,—AY').

Exercises

1. Prove Theorem 9.4.4.
2. Let A and B be two matrices of order n. Prove that

per(A)det(B) = E sign(o) det(A x (P> B))

(-4

where the sum extends over all permutations o of {1,2,...,n} and P, denotes
the permutation matrix of order n corresponding to o (Muir[1882]).
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9.5 The Formal Adjacency Matrix

Let G denote a graph of order n with vertex set
V={L2,...,n} (9.31)

As defined in section 2.2 the adjacency matrix A = [ay;], (1,5 =1,2,...,n)
of G is a symmetric (0,1)-matrix of order n of trace zero. Row ¢ of A displays
the vertices which are adjacent to vertex <. We now let

Z=[Z1;j], (i,j:l,z,.,.’n)

be a skew-symmetric matrix of order n whose elements z;;, (1 <i < j < n)
above the main diagonal are independent indeterminates over the field F'.
Since Z is skew-symmetric we have z;; = 0,(i = 1,2,...,n) and 2; =
—2ji, (4,5 = 1,2,...,n). The Hadamard product

M=A*Z=[aijzij], (i,j=1,2,...,n)

is called the formal adjacency matriz of the graph G. The nonzero elements
of the skew-symmetric matrix M above the main diagonal are independent
indeterminates over F. We call such a matrix a generic skew-symmetric
matriz with respect to the field F. Every generic skew-symmetric matrix is
the formal adjacency matrix of a graph. We let F* denote the polynomial
ring obtained by adjoining the nonzero elements above the main diagonal
of M to F.

If G is a bipartite graph, the formal adjacency matrix of G can be taken
in the form

(9.32)

M=[ o Ml].

-Mf O

The matrix M is a generic matrix of size k by ! for some integers k and
| with £k +1 = n. Conversely, a generic matrix M; determines a formal
adjacency matrix of a bipartite graph by means of the equation (9.32).

Let M = [my;]. (i,5 = 1,2,...,n) be a generic skew-symmetric matrix of
order n. Then MT = —M and hence det(M) = (—1)"det(M). Hence if n
is odd then det(M) = 0 and M is a singular matrix. We henceforth assume
that n is even.
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Let Ky, denote the complete graph with vertex set (9.31). Let a = {4, j}
be an edge of K, where i < j. We define the weight of o by

wta = wifi,j} = mgj, (1<i<j<n).
Let
L= {{i13i2}a {iaai-'l}a ey {in—lain}}

be a perfect matching (1-factor) of Ky. To standardize the notation, we
assume that

11 < 19,13 < igy...rin_1 <ipjt <23 <+ - <tp_1.
To the perfect matching L we let correspond the permutation
L = (il»i2,i37i4) cee 1in—1’in)

of {1,2,...,n}. The weight of the perfect matching (1-factor) L is defined
to be

wt(L) = (signry) J] wt(a),
a€Ll

the signed product of the weights of its edges. Since M is skew-symmetric,
the weight of a perfect matching L depends only on L and not on the order
in which the vertices are listed in the edges or the order in which its edges
are listed. We denote the set of perfect matchings in Ky, by F. The size of
theset Fis1-3-5..-(n—1).

The classical definition of the pfaffian of the matrix M is equivalent to
the following:

pf(M) = > wt(L), (9.33)
LeF

the sum of the weights of the perfect matchings of K;,. The pfaffian of
M is a linear form in the indeterminates m;; that appear in M and is
homogeneous of degree n/2. Since the weight of a perfect matching in F
is zero if it contains an edge not belonging to the graph G, it suffices in
(9.33) to sum only over the perfect matchings in G. The following theorem
is now a consequence of the definitions involved.

Theorem 9.5.1. The graph G has a perfect matching if and only if the
pfaffian of its formal adjacency matriz is not identically zero.

Pfaffians occupy an obscure position in matrix theory. The pfaffian of
the skew-symmetric matrix M = [m;;] of order n = 4 is

m12M34 — M13M24 + M14M23,
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the three terms corresponding, respectively, to the three perfect matchings
of K,

{{1,2}, {3,4}}, {{1,3}, {2,4}}, {{1, 4}, {2,3}}.

Unlike determinants, pfaffians lack a simple multiplication formula. Their
usefulness in combinatorial problems is demonstrated by the original proof
of Tutte[1947] of his theorem for the existence of a perfect matching in a
graph (cf. Theorem 2.6.1) and the solution by Kasteleyn[1961] of the dimer
problem.

We now present the proof of Kasteleyn[1967] of the theorem of Cay-
ley[1854] that the determinant of a skew-symmetric matrix is the square of
its pfaffian.

Theorem 9.5.2. The skew-symmetric matriz M of even order n satisfies
det(M) = (pf(M))?.

Proof. Let T denote the set of permutations of {1,2, ..., n} which contain
at least one (permutation) cycle of odd length, and let 7 denote the set of
permutations of {1,2,...,n} each of whose cycles has even length. Since n
is even, (9.3) implies that

det(M) = Y~ wt (D(m)) + Y wt (D(x)). (9.34)
el meJ

We show that the first summation in (9.34) equals zero and the second
summation equals (pf(M))2.
We define a mapping

0:I-71
as follows. Let 7 be a permutation in Z, and consider the cycle of 7 of odd
length which contains the smallest integer ¢ € {1,2,...,n}. Let o(m) be

the permutation obtained from 7 by reversing the direction of that cycle.
Then o(r) is in Z. Moreover, since M is skew-symmetric, it follows that

wt (D(m)) = —wt (D(o()))-

We have o(o(r)) = m, and hence o is an involution on Z which is sign-
reversing on the weight. [Note that if the cycle defined above has length
one, then o(m) = m and wt D((m)) = 0 follows since the main diagonal
elements of M are all equal to zero.] We conclude that

)" wt (D(m)) =0.
el

We now define a mapping

T: FXxXF-J
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for which
wt (L1)wt (L) = wt (1((L1, L2))), (L1, L2 € F).

Let L; and L be perfect matchings in F. We define a multigraph G(Lq, L2)
with vertex set {1,2,...,n} in which {%,j} is an edge of multiplicity 1 or
2 according as {%,j} is an edge of exactly one or both of L1 and Ls. Each
vertex of the multigraph G(Lj, L) has degree equal to 2, and, since L;
and L2 are perfect matchings, G(L1, L2) decomposes into ¢ > 1 cycles
7; of even length k;,(j = 1,2,...,t) no two of which pass through the
same vertex. This same collection of cycles results from 2¢ pairs (L1, Ly) of
perfect matchings in F. Each of the cycles y; can be oriented in two ways
and this gives us 2! permutations ¢ in J each of which has sign equal to
(—1)%. Each permutation in J arises in this way and this gives us a one-to-
one corrrespondence 7 between F x F and J. It follows from the definition
of weight of perfect matchings and the definition of weight of permutation
digraphs that

(wt Fy)(wt Fp) = +wt (D(0)).

However, by an appropriate choice of the listing of the edges of L and Lo
and an appropriate choice of the listing of the vertices in their edges, we
obtain that

m(L)m(L2) ' =0

and hence
sign(m(L1))sign(m(Lg)) = sign o.
Therefore
wt (F1)wt (F2) = wt (D(0))
and hence (pf(M))? = det(M). o

We now turn to Tutte’s algebraic proof of the theorem characteriz-
ing graphs with a perfect matching. We first derive some consequences
of Lemma 9.2.10, the identity of Jacobi, for a skew-symmetric matrix
M = [myj;] of even order n. Let M; ; denote the matrix obtained from
M by deleting row ¢ and column j and let C; ; = (—1)**J det(M; ;) be
the cofactor of the element m;; of M, (i,j = 1,2,...,n). Each princi-
pal submatrix of M is a skew-symmetric matrix. Let M(iy,19,...,14) de-
note the principal submatrix of M obtained by deleting rows and columns
i1,%2,...,%k. If k is odd, then det(M(iy,12,...,7)) = 0. If k is even, then
det(M (i1, ig,...,ik)) = (pf(M(i1,32,...,ik)))2. We note that M; ;= M(5).
It follows from Lemma 9.2.10 and the skew-symmetry of M that for ¢ # j,

det(M) det(M (i, )) = det(M(i)) det(M(j)) ~ Ci ;Cs: = (Ci)?, (9.35)
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and
0 G GCix Cy
(det(M))° det(M (3, j, k, 1)) = det Civ ~Cix 0 Ciy

W —Cii —Cki 0

= (C;,jCky — Ci xCj1 + Ci1C; 1), (3,7, k, 1 distinct). (9.36)
Applying (9.35) and (9.36), we obtain
pf(M)pf(M (i, j, k,1)) = +pf(M (i, 5))pf(M (k, 1))

+pf(M (i, k))pf(M(5,1)) + pf(M (3, 1) )pf(M (4, k),
(9.37)

for all distinct ,j, k and . The actual choice of signs in (9.37) is of no
consequence in what follows.

Next we recall some notation from Chapter 2. If S is a subset of the set
V ={1,2,...,n} of vertices of the graph G of order n, then G(V — S) is the
induced subgraph obtained from G by removing the vertices in S and all
incident edges. The set of connected components of G(V — S) with an odd
number of vertices is denoted by C(G; S) and the cardinality of C(G; S) is
p(G; S).

Theorem 9.5.3. The graph G has a perfect matching if and only if
p(G;S) <|S|, forall SC V. (9.38)

Proof. The condition (9.38) is clearly a necessary condition for the exis-
tence of a perfect matching. Now assume that G does not have a perfect
matching. We use Lemma 9.2.10, the identity of Jacobi, to show that there
exists a set Sp of vertices for which (9.38) does not hold. If n is odd, we
may choose Sg = 0. We now suppose that n is even. By Theorems 9.5.1
and 9.5.2 the formal adjacency matrix M = [m;;] of G satisfies

det(M) = pf(M) = 0.

If {7, 7} is an edge of G, then the graph G(V —{3, j}) cannot have a perfect
matching and hence pf(M (4, j)) = 0. A vertex k of G is called a singularity
of G provided that for all vertices 7 # k the graph G(V — {i, k}) does not
have a perfect matching. Suppose that there is a chain 3, j, k joining distinct
vertices 7 and j such that j is not a singularity. Then there exists a vertex
| different from i, j and k such that G(V — {j,1}) has a perfect matching.
Then it follows from (9.37) that

pf(M (3, k))pf(M(j,1)) = 0.
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Since pf(M(j,1)) # 0, we must have pf(M(i,k)) = 0. Hence the graph
G(V — {4, k}) does not have a perfect matching. We now conclude that if ¢
and j are distinct vertices of G which are joined by a chain each of whose
interior vertices is not a singularity, then the graph G(V — {3, j}) does not
have a perfect matching.

Suppose that there are distinct vertices 7 and j such that {3, j} is not an
edge of G but G(V — {4, j}) does not have a perfect matching. Adding the
edge {7,j} to G we obtain a graph which, like G, does not have a perfect
matching. It follows that there exists a graph G’ of order n of which G is
a (spanning) subgraph such that (i) G’ does not have a perfect matching,
and (ii) G(V — {3, j}) has a perfect matching if and only if {%,;} is not an
edge of G',i # j.

For each set S of vertices we have

p(G,8) > p(G',9).
Hence it suffices to show there exists a set Sy of vertices for which
p(G’,S0) > |S]. (9.39)

Let Sy be the set consisting of those vertices which are singularities of G'.
Then each pair of vertices, at least one of which is in Sy, forms an edge
of G’. Moreover, it follows from the above arguments that the connected
components of the graph G(V — Sy) are complete graphs. Since G’ does
not have a perfect matching (9.39) holds, and the proof of the theorem is
complete. o

Lovész[1979] has observed that Theorem 9.5.1 provides a random algo-
rithm for deciding whether a graph of even order has a perfect matching.
Let the number of edges of G be m. If a randomly generated m-tuple of real
numbers does not cause the pfaffian of the formal adjacency matrix of G to
vanish, then with probability one G has a perfect matching. P1a[1965] (see
also Little and Pla[1972]) and Gibson[1972] have used pfaffians in order
to count the number of perfect matchings of a graph. Identities involving
pfaffians are given in Heymans[1969] and Lieb[1968].

Exercises

1. Verify that the weight of a perfect matching depends neither on the order in
which the vertices are listed in the edges nor on the order in which the edges
are listed.

2. Let a = (a1,az2,...,ap)T and B = (b1,b2,...,bp)T be two real p-vectors. De-
fine their wedge product a A B to be the skew-symmetric matrix of order p
for which the element in position (i,j) equals a;b; — ajbi, (1 < 4,5 < p).
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Let a1, 2,...,0m,01,02,...,0m be 2m real 2n-vectors. Prove that
m
pf (Z Tk (e A /@k))
k=1
is linear in each of the variables =1, z2,...,Zm.

3. (Continuation of Exercise 2) Prove that there exist n pairs of vectors {a, Bk}
whose union is a linearly independent set if and only if

det (Z zi(ok A ﬂk))

k=1
is not identically O in the variables 1, z2,...,zm (Lovdsz[1979]).
4. Prove that the square of
1 1 1 1
T1 T2 3 Tn
det .
P! 22! xg_l zn!
equals
S0 S1 S2 rrr Sp-1
S1 S2 83 e Sn
det . . . . ’
Sn—1 Sn  Sn+1 't S2n-2

where sy = 25 + 5 + --- + z, (k > 0).
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9.6 The Formal Laplacian Matrix

In this section we consider digraphs D of order n with vertex set
V={12,...,n}

and we assume that D has no loops. The possible lengths of directed cycles
in such a digraph D are 2,3,...,n. A spanning arborescence! of D is a
subdigraph D’ of D with vertex set V with the two properties: (i) D’ has
no directed cycles and (ii) there exists a vertex u such that every vertex
different from u has outdegree equal to one in D’. The vertex u is called
the root of D’ and we say that D’ is rooted at u. The collection of spanning
arborescences of D which are rooted at u is denoted by A, (D).

Let G be a graph with vertex set V, and let 8 denote the digraph
obtained from G by replacing each edge {i,j} with the two oppositely
directed arcs (¢,5) and (j,7). The adjacency matrix of the graph G equals
the adjacency matrix of tl‘le digraph 6 Let u be a vertex in V. The
spanning arborescences of G rooted at u are obtained from the spanning
trees T of G by orienting the egges of T toward the vertex u. The number
of spanning arborescences of G rooted at w is thus the number ¢(G) of
spanning trees of G (the complexity of G) and hence does not depend on
the choice of vertex u. In section 2.5 we showed that the adjugate of the
Laplacian matrix of G is a constant matrix with each element equal to
the complexity of G.

Let

Z =z, (,j=12,...,n)

be a matrix of order n whose elements are independent indeterminates over
the field F. Let

A=laij], (43=12,...,n)

be the adjacency matrix of the digraph D of order n. Since D has no loops,
each main diagonal element of A is zero. The Hadamard product

M = [mij] =Ax7 = [aijzij]
is called the formal adjacency matriz of the digraph D. Any generic matrix
of order n with main diagonal elements equal to zero may serve as the

! In section 3.7 we defined a spanning directed tree with root r of a digraph D. In a
spanning arborescence with root u the arcs are directed toward the root; in a spanning
directed tree with root r the arcs are directed away from the root.
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formal adjacency matrix of a digraph D of order n with no loops. The
matrix

> j£1 M1 z—mm R (5P
—mg] i22™2j -+ —M2p
L(D) = . e .
—Mn1 —Mn2 T Zj#n Mnj

is the formal Laplacian matriz of the digraph D. The determinant of the
formal Laplacian is identically zero. The matrix obtained from L(D) by
setting each of the nonzero elements m;;, (i # j) equal to 1 is the Laplacian

«—

matriz of the digraph D. If D is the digraph G then the Laplacian matrix
of D is the Laplacian matrix of G as defined in section 2.3.

The matriz tree theorem asserts that the cofactor of the uth diagonal ele-
ment of the Laplacian matrix of D equals the number of spanning arbores-
cences of D which are rooted at vertex u. This theorem was apparently first
proved by Borchardt[1860] and independently by Tutte[1948]. In its more
general form it gives the weight of the arborescences of D which are rooted
at u. Combinatorial proofs of the theorem have been given by Orlin[1978]
and Chaiken[1982]. These proofs use the inclusion-exclusion principle. We
follow the combinatorial proof of Zeilberger[1985).

Let I?n denote the complete digraph (with no loops) of order n. The
digraph D of order n is a spanning subdigraph of I? n. Let M = [my;] be
the formal ag;iacency matrix of order n of the digraph D. The weight of an
arc (i, j) of Kn is defined to be

wt (4, 5) = mij.

Thus if (4, j) is not an arc of D then its weight is equal to zero. The weight

wt(H) of a subdigraph H of I? n is defined to be the product of the weights
of its arcs. If H is not a subdigraph of D its weight is equal to zero.

Theorem 9.6.1. The determinant of the principal submatriz L(D)(u) of
the formal Laplacian matriz L(D) obtained by deleting row u and column

u equals
TeA, (I?n) TeA, (D)

the sum of the weights of the spanning arborescences of D which are rooted
at u.

Proof. Without loss of generality we assume that « = n. Let D be the
set of pairs (Dj, D7) of digraphs D; and Dy such that D; is a (possibly
empty) set of vertex-disjoint directed cycles of length at least 2 whose
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vertices form a subset X of {1,2,...,n — 1}, and D5 is a digraph with
vertex set V = {1,2,...,n} and with n — 1 — |X| arcs, one issuing from
each vertex in X = {1,2,...,n — 1} — X (the arcs may terminate at any
vertex in V). The weight of (D;, D3) is defined by

wt(D1, Da) = (—1)*wt(D1)wt(D2),

where k is the number of directed cycles of D;. It follows from formula
(9.3) applied to L(D)(n) that

det(L(D)(n)) =wtD= Y  wt(Dy, Dy).
(D1,D2)€D

Let Dy be the subset of D consisting of those pairs (Dj, D2) for which
at least one of D1 and Dy has a directed cycle. We define a mapping
o : Dy — Dy as follows. Let (D;, D2) be in Dy. Let 4 be the directed cycle
containing the smallest numbered vertex of all directed cycles in D1 and
Ds. If v is a directed cycle of D; we remove the arcs of v from D; and put
them in Dy resulting in digraphs D} and D) for which (D}, Dj) is in Dy. If
v is a directed cycle in Dy then we move the arcs of v from D3 to D; and
obtain a pair (D}, Dj) in Dg. We define o(D1, D2) = (D}, D4) and observe
that o is an involution which is sign-reversing on the weight. Hence

> wt(D1,D2) =0
(D1,D2)€EDo
and therefore
det(L(D)(n)) = Y wt(D1,Dy).
(Dl,Dz)GD—Do

But a pair (Dj, D2) belongs to D — Dy if and only if D; is an empty graph
(X = 0) and Dy is an arborescence rooted at vertex n. Moreover, for such
(D1, D) we have

wt(D1, D3) = wt(Da),
and the theorem now follows. a

A combinatorial interpretation of the determinant of each square sub-
matrix of the formal Laplacian matrix has been given by Chen[1976] and
Chaiken[1982].

Exercises

1. Prove that a digraph has a spanning arborescence if and only if it satisfies
the following property: For each pair of vertices a and b there is a vertex ¢
(possibly ¢ equals a or b) such that there are directed walks from a to ¢ and
from b to c.
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2. Let D be a digraph of order n which has no directed cycles. Prove that all
spanning arborescences of D (if any) have the same root.

3. (Continuation of Exercise 2) Let D be a digraph of order n which has no di-
rected cycles. Let u be a vertex of D such that there is a spanning arborescence
of D rooted at u. Determine the sum of the weights of the spanning arbores-
cences of D rooted at u. Show that the number of spanning arborescences of
D which are rooted at u equals the product of the outdegrees of all vertices
different from wu.
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9.7 Polynomial Identities

In this section we let R denote a commutative ring with identity 1 and
consider the ring My (R) of all matrices of order n with elements in R. Let
z1,Z2,...,Zk be k independent noncommuting indeterminates over R, and
let

f(xlaz2’ < ,.Tk)

be a polynomial in the polynomial ring R[z1,z2,...,Zx). The polynomial
f(z1,z2,...,zx) is called an identity of My (R) provided that

f(A1,As,...,A) =0

for all matrices A1, Ag,...,Ag in Mn(R). The general theory of polyno-
mial identities is developed in Rowen[1980]. Our goal in this section is to
show how combinatorial arguments can be used to prove three important
identities of My, (R). One of these is a polynomial identity known as the
standard polynomial identity of My (R). Another is a trace identity known
as the fundamental trace identity of M, (R). The third is the identity known
as the Cayley—-Hamilton theorem. Although the Cayley—Hamilton theorem
asserts that a certain polynomial of one variable x yields a zero matrix
upon replacing x by a matrix A, the coefficients of the polynomial depend
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on the elements of A and thus the polynomial is not a polynomial identity
as defined above.

Let A = [ay], (4,7 = 1,2,...,n) be a matrix in Mn(R), and let = be
an indeterminate over R. The characteristic polynomial of A is the monic
polynomial in R[z] of degree n given by

xa(z) =det(zly —A) =z" + 012" 1+ +opa™ F 4+ on_17 + 0n,

where o, equals the sum of the determinants of all the principal subma-
trices of —A of order k, (k = 1,2,...,n). Rutherford[1964] first discovered
a combinatorial proof of the Cayley—Hamilton theorem. This proof was re-
discovered by Straubing[1983] and given an exposition by Zeilberger[1985]
and Brualdi[1990].

Theorem 9.7.1. The matriz A of order n satisfies its characteristic
polynomial x 4(z), that is,

A"+ oA o AV o, 1At opl, =0, (9.40)
Proof. We prove (9.40) by showing that each element of the matrix in
the left-hand side equals 0. We assign the weight

Wt(’i,j) = a5, (’L,] =1,2,.. .,n)

to the arcs (i, j) of the complete digraph D, of order n, and, as in section
9.1, we use these weights to assign weights to the directed cycles of D, and
to the permutation digraphs whose vertices form a subset of {1,2,...,n}.
We also define the weight of a walk to be the product of the weights of its
arcs.

It follows from (9.3) [see also (9.4)] that ox equals the sum of the
weights of all permutation digraphs whose vertices form a subset of size
k of {1,2,...,n}. The element in the (4,5) position of A"~* equals the
sum of the weights of all walks in D, of length n — k from vertex i to
vertex j. Let §2;; be the set of all ordered pairs (v, 7) for which v is a walk
in Dy, from ¢ to j of length at most n, 7 is a collection of vertex disjoint
directed cycles in D, and the number of arcs of v plus the number of arcs
of 7 equals n. We assign a weight to each pair (v, 7) in Q;; by

wt(7,7) = (=1)t x (product of all arc weights of v and of =),

where t is the number of directed cycles in . The element in position (%, 7)
of the matrix on the left-hand side of equation (9.40) equals

wt(Qi) = > wi(y,m).
(7,m)EQ;
Hence the Cayley—Hamilton theorem asserts that

wt(Qi;) =0, (4,j=1,2,...,n). (9.41)
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Let 7 and j be integers with 1 <4, j < n. We define a mapping 7 : (;; —
Q;; as follows. Let (v, m) be in §;;. Since the total number of arcs in v
and 7 equals the number n of vertices in D, either there is a vertex of
~ which is also a vertex of one of the directed cycles in 7 or the directed
walk 7 contains a repeated vertex and hence “contains” a directed cycle
(possibly both). We walk along + until we first arrive at a vertex v which
has been previously visited or is a vertex of a directed cycle in 7. (Note
that these two events cannot occur simultaneously.) In the first instance,
contains a directed cycle yg whose vertices are disjoint from the vertices of
the directed cycles in m; we then “remove” 7 from - and include 7 in 7.
In the second instance, 7 contains a directed cycle 7o one of whose vertices
is a vertex of v; we remove 7y from 7w and join it to 7. In each instance
we obtain a pair (7, 7’) which belongs to ;;. We define 7(v,7) = (7/, 7).
The mapping 7 is sign-reversing on weight and we have 7(y/, ') = (v, m).
Hence 7 is a sign-reversing involution on €;; and hence (9.41) holds. O

We next turn to the fundamental trace identity. The standard polynomial
of degree k is the polynomial in R[zj,z2,...,Tk]

(1,22, ,2klk = D _ (SIgNT)Tr(1)Tr(2) -~ Tr(k)

™

where the summation extends over all permutations 7 of {1,2,...,k}. The
standard polynomials satisfy the relations
k .
[131,.’1?2, ey xk]k = Z(_l)l_lzi[zlv ey Ti—1,Ti41, - - - axk]k—li (942)
i=1
and

k
[1‘1,11:2, .. 1zk]k = Z(_l)k_z[zla ey Ti—1,Ti41, - - - ,zk]k—lzia (943)
=1

where we adopt the convention that [f]o = 1. We have
[z1, z2]2 = z122 — Zom)
and hence
tr([A1, A2)2) = tr(A1 42 — A2A1) = 0.

Thus tr[z1,2]2 is a trace identity of Mn(R) for all n > 1. More generally,
it follows from the above relations that

tr[(Ul,CL'Q,...,(IZk]k, (k 2 2)

is a trace identity of M, (R) for all n > 1. These identities are sometimes
called the trivial trace identities since they hold for all n. The following
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trace identity, which is not trivial in the sense just described, goes back
to Frobenius[1896]. It was also discovered by Lew([1966] and Procesi[1976).
We give the combinatorial proof of Laue[1988], which is also presented in
Brualdi[1990]. For n = 2 and k = 3 this identity asserts that if A;, Ay, A3
are matrices of order 2 with elements in R, then

tr(A1 AgA3) + tr(A1A3Ag) — tr(Ag)tr(AgA3) — tr(Ag)tr(A; As)
—tr(As)tr(A1A2) + tr(Ap)tr(Az)tr(A3z) = 0.

Theorem 9.7.2. Let k and n be integers with k > n and let Ay, Ao, ...,
Ay be matrices in Mp(R). Then

Z sign(m) H tr (H Ap) =0, (9.44)

i pET;
where the summation extends over all permutations 7 of {1,2,...,k}.

Proof. First we clarify the expression on the left hand side in (9.44). The
first product is over all cycles 7; of the permutation 7. The second product
is over all elements p of the cycle m; taken in the cyclical order of ;.

The ring Mp(R) is actually an R-module, and the function on the left-
hand side of (9.44) is an R-multilinear function of its arguments A;As, ...,
Ag. Hence the validity of (9.44) for all matrices in Mp(R) follows from
its validity for all matrices chosen from the standard basis {E;; : 4,j =
1,2,...,n} of the R-module Mp(R), where E;; denote the matrix in M, (R)
whose only nonzero element is a 1 in position (i, 7).

Let At = E; j,,(t =1,2,..., k). We define a general digraph D with ver-
tex set V ={1,2,...,n} in which (3, 5) is an arc of multiplicity r provided
(,4) occurs r times among the elements (41, j1), (¢2,72), - - -, (¢k, jk)- The
general digraph D has n vertices and k > n arcs. Let 7 be a permutation
of {1,2,...,k} and let m; be a cycle of m. Then tr([Ipen, Ap) equals 1 if the
arcs (ip, jp),p € m;, taken in the cyclical order of 7;, determine a directed
closed trail of D and equals 0 otherwise. Hence

Htr H Ap

s PET;
equals 1 if the cycles m; of m determine a partition 6 of the arcs of D into
directed closed trails, and equals 0 otherwise. (We note that each permu-
tation 7 of {1,2,...,k} determines a permutation of the arcs of D, but
only some of the permutations determine a partition of the arcs into di-
rected closed trails.) It now follows that (9.44) is equivalent to the following
combinatorial statement:

(*) If D is a general digraph of order n with £ > n arcs, then the
number of partitions of the arcs of D into directed closed trails which
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correspond to even permutations of {1,2,...,k} equals the number
of partitions which correspond to odd permutations of {1,2,...,k}.

We now verify (). Since D has more arcs than vertices, there are two arcs
a and S with the same initial vertex u (a and 3 might also have the same
terminal vertex).

Let © be the set of partitions of the arcs of D into directed closed trails.
We define a mapping o : © — O as follows. Let 8 be a partition in ©. First
suppose that a and 3 are in the same directed closed trail 6, g of 6. We
may assume that the arc a is written first in 6, g:

aa"'a’Ya:Hi"'a&'

We then replace 6 in © with the two directed closed trails

Q, -y
and

ﬁ"“’é’

resulting in a partition #’ in ©. Now suppose that the arcs o and 3 are in
different directed closed trails 6, and 63 of 6. We may assume that « is
written first in 6, and 8 is written first in 63. We then follow 6, with 63
resulting in a closed directed trail 6, g. In this case we let 6’ be the partition
in © obtained by replacing 6, and 63 with 6, 3. We define o(6) to be ¢'.
It follows from the construction that o is a sign-reversing involution on ©
and () holds. ]

Procesi[1976] proved that every trace identity is a consequence of the
trace identity (9.44) and the trivial trace identities.

We now turn to the theorem of Amitsur and Levitzki[1950,1951]. This
theorem asserts that the standard polynomial of degree 2n

[1,22,...,Z2n]2n

is a polynomial identity of My(R). This implies that matrices of order n
satisfy a weakened form of the commutative law. We follow the combi-
natorial proof of Swan[1963,1969], an exposition of which is also given in
Bollob4s[1979].

Theorem 9.7.3.  For all matrices Ay, Az, ..., Ay in Mp(R), we have
[A1, A2, ..., A2n]on = O. (9.45)

Proof. As in the proof of (9.44) we need only verify (9.45) for matrices
A1, Aa, ..., A2n chosen from the standard basis {E;; : i,j = 1,2,...n} of



332 9 Combinatorial Matrix Algebra

My, (R). Let A; = E;,;,,(t = 1,2,...,2n). Let D be the general digraph
with vertex set V = {1,2,...,n} and the 2n arcs

a = (i, J¢.), (t=1,2,...,2n).
Let 7 be a permutation of {1,2,...,2n}. We have
Ar(1)An(2)  An(2n) = Eingyincan (9.46)
if
Qr(1), Ar(2)s - - - 1 Om(2n) (9.47)

is a directed trail in D from vertex (1) to vertex jr(an). Such a trail
includes each arc of D exactly once and is called an Fulerian trail. The
product on the left-hand side of (9.46) equals a zero matrix if (9.47) is not
an Eulerian trail. Each Eulerian trail in D is a permutation of the 2n arcs
a1,09,...,a, of D. It is convenient to identify the Eulerian trail (9.47)
with the permutation 7 of {1,2,...,2n}. Thus each Eulerian trail has a
sign which is equal to the sign of the permutation 7. Let I'y, denote the
set of permutations m which are Eulerian trails from vertex u to vertex v.
Let

e(D: u,v) = Z sign .
Wer‘uv

It then follows that (9.45) is equivalent to the combinatorial statement:

(%) For each pair of vertices u and v of the directed multigraph D of
order n with 2n arcs,

€(D :u,v)=0.

By introducing a new vertex w and the arcs (w,u) and (v,w) from w to
u and v to w, respectively, we see that it suffices to prove (*) under the
additional assumption that v = w. In addition it suffices to verify (*) for
any one vertex u.

We verify (x) by induction on n. If n = 1 then (x) holds. Now suppose
that n > 1. We assume that for each vertex of D the indegree equals the
outdegree, for otherwise I'y,, is empty and the assertion holds trivially. We
distinguish three cases.

Case 1. There is a verter a # u with indegree and outdegree equal to 1.
Let (a1,a) be the unique arc entering a and let (a,a2) be the unique arc
issuing from a. If a1 = a2, the assertion follows by applying the induction
hypothesis to the digraph obtained by removing the vertex a and the arcs
(a1, a) and (a, a2). Now suppose that a; # a2. We may assume that u # as.
Let a3 = (ag,b1), a2 = (a2,b2),...,a: = (a2, bt) be the arcs issuing from
ag. Let D; be the general digraph obtained from D by removing the vertex
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a and the arcs (a1,a),(a,a2) and (ag, b;) and adding the arc (aj,b;), (2 =
1,2,...,t). By the induction hypothesis ¢(D; : u, u) = 0 and hence

€(D :u,u) = €(D; : u,u) = 0.

t
=1

Case 2. There is a loop at a vertex a # u whose indegree and outdegree
equal 2. Let the arcs incident with a be (a,a), (b, a) and (a,c). Let D’ be
the general digraph obtained from D by removing the vertex a and its
incident arcs and adding the arc (b, c). Applying the induction hypothesis
we obtain

€D :u,u) =€¢(D':u,u) =0.

Since the total number of arcs of D is 2n, if Cases 1 and 2 do not apply,
then the following case applies.

Case 3. Either each verter has indegree and outdegree equal to 2, or u
has indegree and outdegree equal to 1, there is a vertex with indegree and
outdegree equal to 3 and every other vertez has indegree and outdegree equal
to 2. Since Case 2 does not apply, there exist vertices a and b such that
a = (a,b) is an arc and a and b have indegree and outdegree equal to 2. Let
the two arcs entering a be a; = (¢1,a) a2 = (c2,a). Let D; be the general
digraph obtained from D removing the arcs a and a; and adding the arcs
(c;,b) and (b,b), (i = 1,2). Each Eulerian trail from u to u in D is an
Eulerian trail in exactly one of D; and Do. However, the general digraphs
Dj and D5 contain Eulerian trails that do not correspond to Eulerian trails
in D. Let the two arcs of D leaving b be 81 = (b,d1) and B2 = (b, d2). Let
D} be the general digraph obtained from D by removing the arcs a and ;
and adding the arcs (b, b) and (a,¢;), (i = 1,2). It can be verified that the
Eulerian trails from u to u in D; and D9 that do not arise from Eulerian
trails in D correspond exactly to the Eulerian trails in D] and Dj from u
to u. Moreover, we have

€(D:uyu) = €(D1:u,u) +€e(Da: u,u) — (D] : u,u) — e(Dfy : u,u).

The general digraphs D; and D, satisfy the requirements of Case 1 and
the general digraphs D] and Dj satisfy the requirements of Case 2. Hence
€(D : u,u) =0 in this case also. m]

Razmyslov[1974] has shown that the Amitsur-Levitzki theorem can be
deduced from the Cayley—Hamilton theorem and indeed that every polyno-
mial identity (in the case of characteristic zero) is a “consequence” of the
Cayley—Hamilton theorem. Amitsur and Levitzki have shown that My (R)
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does not satisfy the standard identity of degree 2n — 1 and that every
multilinear identity of M, (R) (again in the case of characteristic zero) of
degree at most 2n is a multiple of the standard identity of degree 2n.

Exercises

. Verify the relations (9.42) and (9.43).

. Write out (9.44) in the case that n = 3 and k = 4.

. Let the 2n — 1 matrices A, Az,...,A2n—1 of order n be defined by: A; =
E11,A2 = E12,A3 = E22, Ay = Ea3,...,A2n—1 = E,,. Let m be a permutation
of {1,2,...,2n — 1}. Prove that Ar1)Anr(2) ‘- Ar(2n-1) €quals En, if w is the
identity permutation and O otherwise.

4. Prove that the standard polynomial of degree 2n — 1 is not a polynomial

identity for M, (R).

5. (Newton’s formulas) Let A be a matrix of order n and let o« be the coefficient

of ™% in the characteristic polynomial of A. Prove that

wN =

k
(-1)*kox = Z(—l)i_lak_itr(Ai), (1<i<k).

i=1
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9.8 Generic Nilpotent Matrices
Let

M =[my), (i,j=1,2,...,n)

be a generic matrix of order n whose nonzero elements are independent
indeterminates over a field F, and let D(M) be the digraph corresponding
to M. The vertex set of D(M) is V ={1,2,...,n} and there is an arc (3, j)
from vertex i to vertex j if and only if m;; is an indeterminate. We assign
to each arc (3, j) the weight

Wt(i,j) = my;.

The matrix M is nilpotent provided that there exists a positive integer k
such that MF is a zero matrix. The smallest such integer k is the nilpotent
index of M. The matrix M is nilpotent if and only if each of its eigenvalues
is equal to zero.

The digraph of the nilpotent generic matrix M does not have any directed
cycles and thus D(M) is an acyclic digraph of order n. It follows from
Lemma 3.2.3 that without loss of generality we may assume that each arc
of D(M) is of the form (i,j) where 1 < i < j < n. With this assumption
the matrix M has 0’s on and below its main diagonal and is a strictly
upper triangular matriz. For each positive integer k the element in position
(3,j) of M k equals the sum of the weights of all directed walks from i to
j of length k. Because D(M) is acyclic there exists a nonnegative integer
r equal to the length of its longest path (directed chain). The acyclicity of
D(M) implies there is no directed walk of length 7 + 1 or greater in D(M)
and hence M"™t! is a zero matrix. Because M is a generic matrix, M" is
not a zero matrix and we conclude that the nilpotent index of M is r + 1.

We remark that a nilpotent matrix with elements from the field F' may
have a digraph which is not acyclic. For example, the matrix

=[]

is nilpotent of index 2 and the digraph D(A) is the complete digraph of
order 2.
Let A be a nilpotent matrix of order n. The Jordan canonical form
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JCF(A) of A is a direct sum of (nilpotent) Jordan blocks of order t > 1 of
the form

[0 10 0 0]

001 0 0

000 00
By = :

000 -0 1

000 - 0 0]

The ordering of the Jordan blocks in the Jordan canonical form can be
chosen arbitrarily. In order that the Jordan canonical form of A be unique,
we assume that the Jordan blocks are ordered from largest to smallest.
Thus there exists a partition

jp(A) = (n1,n2,...,ns)
of n into s > 1 parts such that
JCF(A) = Bn, ® Bp, ©--- © Bn,. (9.48)

[Recall that (ny,ng,...,ns) is a partition of n means that n = n; + ng +
--++ngand n; >ng > .-+ >ng > 1. In section 6.5 a partition is regarded
as an infinite nonincreasing sequence of nonnegative integers with only a
finite number of nonzero terms. In the partition (ny,ng,...,ns) we have
suppressed the trailing terms equal to zero.] As in section 6.5 the set of all
partitions of n is denoted by P,. We call the partition jp(A) the Jordan
partition of the nilpotent matrix A. The length s of the Jordan partition
equals the nullity of A, equivalently s equals the number of linearly in-
dependent eigenvectors for the eigenvalue 0. The order n; of the largest
Jordan block equals the nilpotent index of A. Thus the order of the largest
Jordan block of the Jordan canonical form of a generic nilpotent matrix
M equals r + 1 where 7 is the length of the longest path in D(M). We
shall show how the entire Jordan partition of M can be determined by the
digraph D(M).

Let D be a digraph of order n with vertex set V. Let k be a positive
integer. A k-path of D is a set X of vertices which can be partitioned into &k
(possibly empty) sets X7, X2, ..., Xk such that each X; is the set of vertices
of a path of D. (We allow a trivial path consisting of a single vertex.) The
largest number of vertices in a k-path of D is called the k-path number of
D and is denoted by pi (D). We define pg(D) = 0 and note that there is a
smallest positive integer s < n such that

0=po(D) <p1(D) <--- <psg(D)=---=pp(D)=--- =n.
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The sequence

p(D) = (PO(D)»PI(D)a cee ,Pn(D))

is called the path-number sequence of D. It is sometimes convenient to
regard the path-number sequence as an infinite sequence all but a finite
number of terms of which equal n. In the notation of section 6.5 the path-
number sequence p(D) belongs to T,. We call the integer s the width of
D and denote it by width(D). If k& < width(D) then a k-path can be
partitioned into k but no fewer paths of D. Notice that p;(D) equals 1
plus the length of the longest path in D. Hence if M is a generic nilpotent
matrix, then p; (D(M)) equals the nilpotent index of M.

If D is the digraph corresponding to the Jordan canonical form matrix
in (9.48), then we see that the width of D equals the number s of Jordan
blocks and

pe(D)=n1+ng+---+ng, (k=0,1,...,s).
Hence

ng = pp(D) —pr—1(D), (k=1,2,...,5).

Gansner[1981] and Saks[1986] showed that these equations hold between
the Jordan partition of a generic nilpotent matrix and the k-path numbers
of its digraph. In order to derive their results we first recall some basic facts
concerning the Jordan invariants of a nilpotent matrix A of order n.

Let A be an indeterminate over the field F. The greatest common divisor
of the determinants of the submatrices of order k of AI, — A is called the kth
determinantal divisor of A (strictly speaking, of AI, — A) and is denoted
by di(A : A),(k = 1,2,...,n). We define dy(A : X) = 1. There exists a
positive integer ¢ < n and integers g, {1, ..., £, satisfying

O=by<li<--<bg=lyy1=--=flp=n
such that
dpk(A:N) =A% (k=0,1,...,n).
We call the sequence
d(A) = (€o,41,...,4n)

the divisor sequence of A. With the convention established above d(A)
belongs to T,,.
The polynomials

di(A:N)/di_1(A: ) = Mn-ini—bai ' (= —t+1n—t+2...,n)

are the elementary divisors, equivalently the invariant factors, of A. The
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Jordan partition of A equals the difference sequence (as defined in section
6.5) of the divisor sequence

6d(A) = (b1 — o, lp — 01,... . bt — 1)

where the difference sequence has been truncated by omitting the trailing
terms equal to 0. The nullity of A is equal to ¢, the number of nonconstant
elementary divisors of A. Thus the Jordan partition of A is determined
by the divisor sequence of A. We shall show that the divisor sequence
of a generic nilpotent matrix M equals the path-number sequence of its
digraph, and hence that the Jordan partition is the difference sequence of
the path-number sequence. First we prove three lemmas.

Lemma 9.8.1. Let A = [a;j] be a matriz of order n each of whose
main diagonal elements equals zero. Let k be a positive integer with k <
width(D(M)) and let X be a k-path of D(A) of size r. Then there is a
submatriz of A of order r — k with term rank equal to r — k.

Proof. Since k < width(D(M)) the set X can be partitioned into exactly
k paths - joining a vertex ¢ to a vertex ji, (t =1,2,...,k). Let B be the
principal submatrix of order r of A determined by the rows and columns
whose indices lie in X. Let B’ be the submatrix of B obtained by deleting
rows ji,j2,.-.,jk and columns 4y,43,...,ix. Then B’ is a submatrix of
order r — k of A and B’ has term rank equal to r — k. o

Lemma 9.8.2. Let T be a strictly upper triangular matriz of order n. Let
o and (3 be subsets of {1,2,...,n} of sizer, and suppose that the submatriz
T(a,B] of T determined by the rows with indez in o and columns with index
in B has term rank r. Then the complementary submatriz T, 5] of order
n —r s a strictly upper triangular matriz.

Proof. Let
a={i1,i2,...,ir}, a={k1,k2,...,kn_r}

and

ﬂ={j17j2,-“1j1‘}’ ﬁ={l1,l21"~7ln—1‘}'

(The elements of each of the sets are assumed to be listed in strictly in-
creasing order.)

If there exists an integer k with ji < iy, then it follows from the assump-
tion that T is strictly upper triangular that T'[c, 8] has a zero submatrix
of size (r — k+ 1) by k contradicting the assumption that T'[a, 8] has term
rank . Hence

gk >k, (k=1,2,...,7).
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This implies that
k,>l, (i=12,...,n—71)

and T[a, ()] is a strictly upper triangular matrix. m]

Lemma 9.8.3. Let T, o and 8 satisfy the assumptions of Lemma 9.8.2.
Let X be a set of r nonzero elements of T[a, 8] with no two on the same
line. Then the arcs of the digraph D(T) corresponding to the elements of
X can be partitioned into e < n — r pairwise vertex disjoint paths each of
which joins a vertez in B to a vertex in @. The vertices on these paths form
an (n —r)-path of D(T) of size e + .

Proof. By Lemma 9.8.2 T(@, 3] is a strictly upper triangular matrix. Let
T' and T[a, )’ be the matrices obtained from T and T'[&, §), respectively,
by replacing the 0’s on the main diagonal of T'[@, 3] with 1’s. Let X’ be the
union of X and the set of diagonal positions of T'[@,3]. The elements of
X' correspond to a set I' of n arcs of the digraph D(T”), one entering each
vertex and one issuing from each vertex. The arcs of I" can be partitioned
into directed cycles 71,72, - .., 7. Since T is strictly upper triangular D(T)
has has no directed cycles, and hence the removal of the n — r arcs corre-
sponding to the main diagonal elements of T'[@, 3]’ results in a collection of
pairwise vertex disjoint paths of D(T'). The removal of each arc increases
the number of paths by at most one, and the conclusions now follow. O

We now prove the theorem of Gansner[1981] and Saks[1986).

Theorem 9.8.4. Let M be a generic nilpotent matriz of order n. Then
the divisor sequence d(M) of M equals the path-number sequence p(D(M))
of the digraph D(M). Hence the Jordan partition of M equals the difference
sequence 6p(D(M)).

Proof. Let k be an integer with k < width(D(M)). The theorem asserts
that the degree n — ¢ of the determinantal divisor d,,_x(M : A) of M
satisfies

n — € =n — pp(D(M)). (9.49)

It follows from Lemma 9.8.1 that there is a submatrix of M of order
pr(D(M)) — k with a nonzero term in its determinant expansion and hence
a submatrix C of order n — k of AI, — M whose determinant expansion
contains a nonzero term of degree n—p (D(M)). Since M is generic, det(C)
contains a nonzero term of degree n — pi(D(M)). Hence

n— 4 < n—pp(D(M)).

Now let B = (A, — M)[a, 8] be a submatrix of order n — k of AI,, - M
such that det(B) has a nonzero term of degree n — ¢.. Then there exists a
set v of size n — £, with v C aN G such that there is a nonzero term in the
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determinant expansion of the submatrix M[a — v, 8 — ] of order £, — k of
the strictly upper triangular matrix M[¥,7] of order ¢;. We apply Lemma
9.8.3 where T is the strictly upper triangular matrix M[¥,7] of order ¢
and r = ¢ — k and conclude that there exists an e-path X of size ¢, —k+e
in D(M) where e < k. There are (k — e) + (n — £;) vertices not on this
e-path. Adding any k —e of them to X we obtain a k-path of size {;. Hence
pr(D(M)) > ¢ and thus

n—pe(D(M)) <n —f.
We now conclude that ¢, = pp(D(M)) forall k =0,1,...,n. 0

Corollary 9.8.5. The path-number sequence of an acyclic digraph is a
convez sequence.

Let A be a nilpotent matrix of order n. It is a direct consequence of the
Jordan canonical form that the conjugate (jp(A))* of the Jordan partition
jp(A) = (n1,n2,...,ns) of A is the partition

(m1,ma,...,mn,)

of n in which m; +mg + - - - + my, equals the nullity of Ak, (k=1,2,...,m).
(Note that A5 = O for s > nj.) For a generic nilpotent matrix M of order
n we have by Theorem 9.8.4 that the difference sequence of the conjugate of
the path-number sequence equals the sequence of nullities of powers of M.

For a matrix which is not a generic nilpotent matrix the path-number
sequence need not equal the divisor sequence. This is because of the pos-
sibility of cancellation of terms in taking determinants. The general situa-
tion is discussed in Brualdi[1987] and also in Brualdi[1985] where the above
ideas are used to derive the Jordan partition of the tensor product of two
matrices in terms of the Jordan partition of the individual matrices.

We conclude this section by showing how the existence of the Jordan
canonical form can be derived using some of the ideas of the theory of di-
graphs. The idea for this derivation goes back to Turnbull and Aitken[1932]
and the derivation was given an exposition in Brualdi[1987].

Let A be a complex matrix of order n. The Jordan canonical form of A
is a matrix JCF(A) similar to A which is a direct sum of Jordan blocks

a 1 0 00
0 al --- 00
0 0 a --- 00
alt + Bt = ..
0 0O a 1
[0 0 0 0 a
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each having a unique eigenvalue a. The existence of the Jordan canonical
form can be easily reduced to consideration of nilpotent matrices in the
following way.

By Jacobi’s theorem there is an upper triangular matrix 7" which is
similar to A. The eigenvalues of A are the n diagonal elements of T' and
T can be chosen so that equal eigenvalues of A occur consecutively on the
main diagonal of T. Suppose that A has two unequal eigenvalues. Then we
may write

[ X
T_[O T2:|

where T; is an upper triangular matrix each of whose elements on
the main diagonal equals a constant a and 75 is an upper triangular
matrix with no element on its main diagonal equal to a. The matrix
T is similar to the matrix obtained from T by replacing X by a zero
matrix. This can be seen as follows. Adding a multiple 2 of column i
of T to column j and then the multiple —h of row j to row i replaces
T with a matrix similar to 7. By means of elementary similarities
of this type we may make each element of X equal to 0. We do
this row by row, starting with the last row of X, and treating each
element in the current row beginning with its first. We may now treat
To as we did T and continue like this until we arrive at a matrix
T’ which is similar to T (and hence to A) where T’ is a direct sum
of upper triangular matrices T; each with a constant main diagonal
The reduction of A to Jordan canonical form will be complete once the
matrices Tz’ have been reduced to Jordan canonical form. Thus we need
only consider upper triangular matrices with a constant main diagonal.
By subtracting a multiple of an identity matrix we may assume that
the main diagonal elements equal 0. Therefore we have left to show
that a nilpotent upper triangular matrix N of order » has a Jordan
canonical form. We use induction on n.
If n =1 then N is in Jordan canonical form. If n = 2, then

0 b
v=15)
and N can be brought to one of the two Jordan canonical forms

K 8](b=0), E 3](#0)

by a similarity transformation. Now suppose n > 2. We apply the induction
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hypothesis to the leading principal submatrix of order n — 1 of N, and
conclude that N is similar to a matrix

N — M o (9.50)

*

0 -0 0

where N7 is a matrix of order n — 1 in Jordan canonical form. Each row of
the matrix (9.50) contains at most two nonzero elements.

We now show that by similarity transformations we can eliminate all
nonzero elements in the last column of (9.50) which are in a row containing
a 1 of Ny. Suppose that there is a nonzero element h in row i of the last
column, and that row i of N; contains a 1. Since N is in Jordan canonical
form this 1 is in column 7 + 1. The elementary similarity transformation
which adds —h times column ¢ + 1 to column n and A times row n to row
i + 1 replaces h by 0 and does not alter any other element of the matrix
(9.50). Hence we may apply a finite number of similarity transformations
of this kind and obtain a matrix N’ of the form (9.50) where Nj is a matrix
in Jordan canonical form and each row of N’ contains at most one nonzero
element.

If the last column of N’ contains only 0’s, then N’ is in Jordan canonical
form. Suppose now that there is at least one nonzero element in column
n of N'. We show that by similarity transformations we can eliminate all
but one nonzero element in column n without changing any other element
of N’. We consider the digraph D(N’) with vertex set {1,2,...,n}. This
digraph consists of ¢ > 0 vertex disjoint paths vi,...,7t, and s > 1 paths
m1,...,Ts which are vertex disjoint except for the fact that they all termi-
nate at vertex n. Moreover the set of ¢ paths and the set of s paths have
no vertex in common. If £ > 0, then the inductive assumption applies to
the principal submatrix of N’ obtained by deleting the rows and columns
corresponding to the vertices of ;. We now assume that ¢ = 0 so that
D(N') consists of paths 71,7, ..., ms of lengths ¢1, 42, ..., s, respectively,
all terminating at vertex n. We now show that by a sequence of similarity
transformations we can eliminate all the nonzero elements in column n of
N’ except for one corresponding to an arc of a longest path, again without
changing any other element of N’. Let h be a nonzero element in the last
column n of NV corresponding to the last arc of a longest path 7. We may
simultaneously permute rows and columns if necessary and assume that
7, corresponds to the last block in the Jordan canonical form Nj. The
similarity transformation which multiplies the last row by h and the last
column by h~1 allows us to assume that h = 1. Let

Mg idg —> - — g _1 — i =N
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Let

Trijo— > Jo, -1 Jg, =N
be any other path with r # k. Let p be the nonzero element in position

(Je. —1,n) of N’. We successively perform the following elementary similar-
ity transformations:

(1) Add —p times row iy, _; to row iy _; and add p times column i, _;
to column 7y, _;.

(ii) Add —p times row iy, _ to row jp, _ and add p times column jp _o
to column 2y, _o.

(4r) Add —p times row 75, _p to row jo and add p times column jg to
column %p, g .
The result of this sequence of similarity transformations is to replace p with
0 and leave all other elements of N’ unchanged. We may repeat until all
the nonzero elements in column n of N/, other than the nonzero element
corresponding to the arc of the longest path 7, have been replaced with
0. The digraph of the resulting matrix N/ consists of the path 7; and the
paths 7). obtained by deleting the last arc of =y, (r # k). It follows that
the matrix N’ is similar to our given matrix A and is in Jordan canonical
form with Jordan blocks of sizes ¢1,...,€,_1,8k + 1,€k41,...,%s.
In closing we remark that the above argument only establishes the exis-
tence (and not the uniqueness) of the Jordan canonical form.

Exercises

1. Construct an acyclic digraph D which does not have a 2-path « of maximal
size p2(D) such that v can be partitioned into two 1-paths one of which has
size p;(D). Thus a 2-path (and more generally a k-path) cannot always be
obtained by successively choosing 1-paths of maximal size (Stanley[1980]).

2. Show by example that Theorem 9.8.4 does not hold in general for nilpotent
matrices.

3. Let T be a tree of order n and let T be the digraph obtained by assigning a
direction to each edge of T. Let A be the (nilpotent) adjacency matrix of T*.
Prove that the Jordan partition of A equals the difference sequence 6p(T*)
(Brualdi[1987]).

4. Determine the Jordan canonical form of the matrix

(O 1 0000 0 0 01
0 01 00 O0O0O0TU 01
0 0 0 00O O0OO0OOUO1
0 00 01 0O0O0O0T1
0 00 00 O0O0OTO0OTUO1
0 00 0O O0OT1O0TO0T1
0 00 0 O0O0O0OT1TOUO01
0 000 0 O0O0OO0OTI11
0 000 0 O0OOUO 1
| 0 0 0 0O OO OO0 O 0
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Playfair’s axiom, 278
Poincaré’s theorem, 31
points, 270, 278
polynomial algorithm, 245-8
polynomial digraph, 157-63
polynomial identity, 327-34
primitive matrix, 70, 73-4, 78-87,
117, 158
exponent of, 74, 78-87
problem of the 36 officers, 271-2
projective plane, 15-17, 20~1, 2801,
282, 283
order of, 281

quasigroup, 251

reduced adjacency matrix, 107, 178
reducible matrix, 55

regular graph, 145-7, 155

rook numbers, 2056

rook polynomial, 205-6

rook vector, 205-6, 206—8
row-linear set, 139

Ryser’s permanent formula, 199-200

satisfiability problem (SAT), 246-7
Search, 97
SearchComp, 101
set differences, 307
set difference matrix
formal, 305, 309



Index

set intersections, 11
sets of imprimitivity, 70
sharp P-complete problem, 247
skew-symmetric matrix, 317, 319-20
sign of number, 238
sign-nonsingular matrix, 238-44, 248
maximal, 248
sign pattern, 238
singularity, 321-2
sink, 164
Smith’s matrix, 21-2
Smith’s theorem, 21-2
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root of, 324
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spectrum, 26, 27
splitting of arc, 243-4
splitting of vertex, 243-4
standard polynomial, 317, 329, 331-4
star, 28
algebraic connectivity, 43
spectrum, 28
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strongly connected digraph, 157
strongly regular graph, 148-55
complement, 149
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existence theorems for, 179-84
exponent, 80, 85
index of imprimitivity, 78

system of distinct represenatives (SDR),

7, 10, 201, 227, 247
Hall’s theorem, 7
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tree, 32, 37, 38, 39, 230, 343
adjacency matrix of, 184
algebraic connectivity, 43
directed, 65-6, 96—9: spanning, 97
incidence matrix of, 37
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spanning, 38
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tridiagonal matrix, 393
trivial trace identities, 329
Tutte’s theorem, 45-8, 320-2
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