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26.10.2021
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Proč zavád́ıme Wilcox̊uv test
Test

Př́ıklad dat

log-normálńı rozděleńı s jinými sťredńımi hodnotami a stejnými
rozptyly, t-test je silný v normálńım modelu
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Proč zavád́ıme Wilcox̊uv test
Test

Uspǒrádaný náhodný výběr

náhodný výběr X1, . . . ,Xn

p̌redpoklady: f << λ, spojité rozděleńı

X(Ri ) = Xi
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Proč zavád́ıme Wilcox̊uv test
Test

Wilcoxonův test

X1, . . . ,Xn a Y1, . . . ,Ym nezávislé n. v.

Model posunut́ı:
F = {FX ,FY spojité,∃δ ∈ R : FX (x) = FY (x − δ)∀x ∈ R}
H0: δXY = 0, H1: δXY ̸= 0

Sdružený výběr Z = (X1, . . . ,Xn,Y1, . . . ,Ym)

Ri pǒrad́ı Xi v Z

Testová statistika Wn,m =
n∑

i=1
Ri

U =
Wn,m− n(n+m+1)

2√
nm(n+m+1)

12

d−→
H0

N(0, 1)

Kritický obor: zaḿıtáme H0 právě, když |U| ≥ u1−α
2
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Statistika
U-statistika
Momenty a asymptotické rozděleńı
Testy

Mannova-Whitneyho statistika

X1, . . . ,Xn a Y1, . . . ,Ym ze spojitých rozděleńı

Model F ∗ = {X ∼ FX ,Y ∼ FY , spojité d. f.}
Testovaný parametr θ = P(X ≤ Y )

H∗
0: θ = 1

2 , H
∗
1: θ ̸= 1

2

Testová statistika W ∗
n,m = 1

nm

n∑
i=1

m∑
j=1

1(Xi ≤ Yj)

nmW ∗
n,m +Wn,m = nm + n(n+1)

2
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Statistika
U-statistika
Momenty a asymptotické rozděleńı
Testy

U-statistika

2 nezávislé náhodné výběry

{X1, . . . ,Xn} ∼ FX , {Y1, . . . ,Ym} ∼ FY

funkce h,

Un,m =
1

nm

n∑
i=1

m∑
j=1

h (Xi ,Yj)
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Vyjáďreńı testové statistiky

Vyjáďreńı pomoćı součtu nezávislých n. v.

W ∗
n,m =

1

n

n∑
i=1

g1(Xi ) +
1

m

m∑
j=1

g2(Yj) + rn,m,

kde g1(x) = 1− FY (x) a g2(y) = FX (y).

Testová statistika bez zbytkového členu:

W̃n,m =
1

n

n∑
i=1

g1(Xi ) +
1

m

m∑
j=1

g2(Yj)
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Rozděleńı za alternativy se lǐśı i jinak než parametrem polohy
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Statistika
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Testy

Momenty a asymptotické rozděleńı

varW̃n,m = 1
nδ0,1 +

1
mδ1,0

Z p̌redchoźıho a z Cramér-Sluckého věty dostáváme, že

W ∗
n,m − θ√
varW̃n,m

=

√
nm

mδ0,1 + nδ1,0
(W ∗

n,m − θ)
d−→ N(0, 1),

kde δ0,1 = var(g(Xi )) a δ1,0 = var(h(Yj)).
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Statistika
U-statistika
Momenty a asymptotické rozděleńı
Testy

Mannův-Whitneẙuv test

Model posunut́ı
F = {FX ,FY spojité,∃δ ∈ R : FX (x) = FY (x − δ)∀x ∈ R}

H0: δXY = 0, H1: δXY ̸= 0

za H0 je θ = 1
2 , δ0,1 = δ1,0 =

1
12

Kritický obor
√

12mn
m+n |W

∗
n,m − 1

2 | ≥ u1−α
2
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Statistika
U-statistika
Momenty a asymptotické rozděleńı
Testy

Zobecněný Mannův-Whitneẙuv test

Model F ∗ = {X ∼ FX ,Y ∼ FY , spojité d. f.}

H0: θ = 1
2 , H1: θ ̸= 1

2

Testová statistika Ũn,m =
W ∗

n,m− 1
2√

1
n
δ̂0,1+

1
m
δ̂1,0

Kritický obor |Ũn,m| ≥ u1−α
2
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Neplat́ı model posunut́ı

Zálež́ı na rozsaźıch

Zobecněný test dodržuje hladinu asymptoticky

θ = 1
2 , nap̌r. N(0, 1) a R(−1, 1)

θ ̸= 1
2 , nap̌r. N(0, 1) a R(−3

4 ,
5
4)

Katěrina Lipavská
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θ = 1
2 , zaḿıtnut́ı v %

Procento zaḿıtnut́ı pro N(0, 1) a R(−1, 1)

Rozsah X Rozsah Y Klasický test Zobecněný test

10 30 8,92 7,71
30 10 2,74 6,24
30 90 8,40 5,65
90 30 2,75 5,68
50 50 5,51 5,39

z BP T. Šlampiaka
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θ ̸= 1
2 , zaḿıtnut́ı v %

Procento zaḿıtnut́ı pro N(0, 1) a R(−3
4 ,

5
4)

Rozsah X Rozsah Y Klasický test Zobecněný test

10 30 16,71 14,59
30 10 9,53 17,08
30 90 30,89 24,78
90 30 26,76 36,97
50 50 32,10 31,82

z BP T. Šlampiaka
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Varováńı

Wilcoxonův ani Mannův-Whitneẙuv test neporovnává mediány ani
sťredńı hodnoty.

Nap̌r. X ∼ N(ln(2), 1) a Y ∼ Exp(1), θ = P(X ≤ Y )
.
= 0, 44

Zobecněný Mann-Whitney

Rozsahy p-hodnota

50 0, 62
100 0, 15
250 0, 04
500 2, 7 · 10−5

1000 5, 6 · 10−8
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Shodná pozorováńı

H0: θ = P(X < Y ) + 1
2P(X = Y )

Wilcoxon: pr̊uměrná pǒrad́ı a úprava testové statistiky

Wn,m − n(n+m+1)
2√

nm(n+m+1−kor .)
12

Mann-Whitney (i zobecněný):

W ∗
n,m = 1

nm

n∑
i=1

m∑
j=1

[
1(Xi < Yj) +

1
2 · 1(Xi = Yj)

]
+ úprava odhadu rozptylu
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Závěr

zopakováńı Wilcoxonova testu

Mannův-Whitneẙuv test a jeho zobecněńı

je poťreba myslet na to, co testujeme a za jakých p̌redpokladů
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Poděkováńı

Děkuji za pozornost.

Děkuji doc. Omelkovi za rady k úpravám prezentace a poskytnut́ı
zdroj̊u.
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