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1 Clippings from the asymptotic theory

1.1 The convergence of random vectors

Let X be a k-dimensional random vector (with the cumulative distribution function Fx) and
{Xn},2, be a sequence of k-dimensional random vectors (with the cumulative distribution

functions Fx,,).

Definition. We say that X, 4 x (i.e. X, converges in distribution to X), if

n—oo

lim Fx (x)= Fx(x)

n—oo

for each point x of the continuity of Fx.

Example 1. Let U be a random variable with a uniform distribution on the interval (0, 1).
Put X,, = U/n. Show that that X, —% 5 0. But at the same time Fx, (0) does not converge
n—o0

to Fix(0), where Fx is the cumulative distribution corresponding to the random variable that

is equal to zero almost surely.

Let d be a metric in R*, e.g. the Euclidean metric d(x,y) = \/Z;?:l (zj —yj)?.

Definition. We say that

e X, P x (i.e. X, converges in probability to X), if

n—00

Ve >0 lim P [w (X (), X (w)) > 5} = 0;

n—oo

e X, 2 X (ie. X, converges almost surely to X), if

n—o0

P [w; lim d(X(w), X (w)) = 0} ~1.

n—o0

Remark 1. For random vectors the convergence in probability and almost surely can be defined
also component-wise. That is let X, = (Xpn1,...,Xuk)!" and X = (X1,...,X;)". Then

X, o X (X, 225 X) i Xy —— X (X =25 X;), Vi=1,... .k
n—oo n—oo n—oo n—o0

But this is not true for the convergence in distribution for which we have the Cramér-Wold

theorem that states

X, 15 X = ATX, L5 ATX, VAcR~

n—oo n—oo



Theorem 1. (Continuous Mapping Theorem, CMT) Let g : R* — R™ be continuous
in each point of an open set C C R* such that P(X € C) = 1. Then

(i) Xn > X = g(X,) —— g(X);
n—oo

n—o0

y P P
(ii) X, m X = g(X,) — g(X);

n—oo

(iii) Xn —% X = g(X,) —2— g(X).
n—oo

n—oo

Proof. (i) Almost sure convergence.

Plw: lim d(g(X,(w)),g(X(w)) = 0]

n—00

> P [w L lim d(g(X (@), g(X ())) =0, X(w) € C}

n—oo

> P [w : lim d(Xp(w), X (w) =0, X (w) € C} =1,

n—oo

as C' is an open set and P(X € C) = 1.
(ii) Convergence in probability. Let € > 0. Then for each § > 0
Plo: d(g(Xn()), g(X(w)) > ]
<P [d(g(X,), 8(X)) > &,d(Xn, X) < 6| +P [d(X,, X) > 9]

<P [X eBﬂ 4P [d(Xn,X) >5},

—0,¥5>0

where B® = {x € R¥;3y € R¥ : d(x,y) < 6, d(g(x),g(y)) > ¢}. Further

PXeB|=P[XeB XecC]+P[XeB X ¢C]

=P
=P[XeB°nC]+0

and P [X € BN C] can be made arbitrarily small as B> N C' — ) for § \, 0.

(iii) See for instance the proof of Theorem 13.6 in Lachout (2004).

Theorem 2. (Cramér-Slutsky, CS) Let X, 4 X, Y, RN c, then
n—oo

n—o0

(i) Xn+Yn%>X+c;

(ii) Y Xn —2 ¢ X,
n—oo



where Y, can be a sequence of random variables or vectors or matrices of appropriate dimen-
sions (R or R¥ or R™**) and analogously c can be either a number or a vector or a matriz

of an appropriate dimension.

Proof. Note that it is sufficient to prove

(X, Y,) —2 (X, ). (1)

n—oo

Then the statement of the theorem follows from Continuous Mapping Theorem (Theorem 1).

To prove (1) note that

d((X 0, V), (Xn,c)) = d(Y,c) —— 0.

n—oo

Thus by Theorem 13.7 in Lachout (2004) or Theorem 2.7 (iv) of van der Vaart (2000) it is

sufficient to show that (X,,c) —4, (X,c). But this follows immediately with the help of
n—oo

the Cramér-Wold theorem. O

Definition 1. Let {X n}zozl be a sequence of random vectors and {rn} a sequence of

[eS)
n=1

positive constants. We write that
. 1 . P T - . . k
(i) Xn =op(;-), if (rn X5) — 0, where 0y = (0,...,0)" is a zero point in R¥;
n n—o0
(ii) X, =Op(;), if

Ve >0 3K < oo supP(rnHXnH >K> <e,
neN

where || - || stands for instance for the Euclidean norm.

When X,, = Op(1) then some authors say that {X,} is bounded in probability*. When
X, = op(1) then it is often said that {X,} is negligible in probability.
Remark 2. Note that

(i) X, 4. x implies X,, = Op(1) (Prohorov’s theorem, Portmanteau theorem, see e.g.
n—oo
Chapters 2.1 van der Vaart (2000));

(i) X, L0 implies X,, = op(1);
n—o0

(i) (rn Xn) —2— X or (rn X) % X implies X, = Op(;L).

n—oo

(iv) If r, = 0o and X,, = Op(%), then X,, = op(1).

* omezend v pravdépodobnosti



Proof of (iv). Note that it is sufficient to prove that for each € > 0 and each n > 0 for all
sufficiently large n it holds that P (|| X, || > €) <.
Note that X,, = Op(rin) implies there exists a finite constant K such that

sup P (1 [| X || > K) < e.

neN
The statement now follows from the fact that

P (HXnH > E) =P (rn | X | > srn) <n

for all n such that er, > K. ]

Suppose that X1, X, ... are independent and identically distributed random vectors with

a finite variance matrix. Then the law of large numbers implies

X, =E X;+op(l).

With the help of the central limit theorem one can be even more specific about the remainder
term and show that

X, =EX1+0p().
Remark 3. Further note that the calculus with the random quantities op(1) and Op(1) is
analogous to the calculus with the (deterministic) quantities o(1) and O(1) in mathematical

analysis. Thus, among others it holds that

(i) op(1) +op(1) = op(1);

(ii) op(1) Op(1) = op(1);

(iii) Op(l) + Op(l) = Op(l);

(iv) op(1) +o(1) = op(1);

(v) Op(1) +0(1) = Op(1).
Proof of (i1). Let {X,},{Y,} besuch that X,, = Op(1),Y,, = op(1) and Y;, X ,, makes sense.
Let £ > 0 be given and consider for instance the Euclidean norm (for other norms the proof
would go through up to a multiplicative constant in some of the arguments). Then one can
find K < oo such that sup,en P (|| Xn|| > K) < §. Thus for all sufficiently large n € N

P(IYa Xull >e) <P ([Ya Xull > e [ Xn|l < K) +P (| Xa] > K)
<P(IYull > %) +5 <,

as Y, = op(1).

We recommend the reader to prove the remaining statements as an exercise. O



For more details about the calculus with op(1) and Op(1) see for instance Chapter 3.4 of
Jiang (2010).

1.2 A-theorem

Let T,, = (Tnl,...,Tnp)T be a p-dimensional random vector that converges to the con-
stant g = (p1,...,4p)" and g = (g1,-..,9m)" be a function from (a subset of) RP to R™.

Denote the Jacobi matrix of the function g at the point x as Dg(x), i.e.

0g1(x g1 (x
Va1 (x) .. g
Dg(x) = = : :
Ogm (x Ogm (x
Vg () Yomla) 7‘%)

Theorem 3. (A-theorem) Let /n (T, —pn) = Op(1). Further g: A — R™, where A C RP,
e is an interior point of A and the first-order partial derivatives of g are continuous in a

neighbourhood of p. Then
(i) Vi (g(Tn) — g()) — Dg(p) v (T — p) = 0p(1);

(ii) moreover if \/n (T, — p) #) Ny (0,, ), then

Vi (8(Ts) — g(1)) ——— N (04, Dg(n)  Dg(m)). (2)

n—o0

Proof. Statement (i): For j € {1,...,m} consider g; : A — R (the j-th coordinate of the
function g). From the assumptions of the theorem there exists a neighbourhood Us(p) of the
point p such that the function g; has continuous partial derivatives in this neighbourhood.
Further /n (T, — pn) = Op(1) implies T), ﬁ p (see for instance Remark 2(iv)), which
yields that P (Tn € U(;(u)) — 1. Thus without loss of generality one can assume that

T, € Us(p). Using this together with the mean value theorem there exists w2 which lies
between T,, and p such that

V(95 (Tn) — gj(1) = Vg (" )Vn (Ty — )
= Vg;()vn(Tn — ) + [Vg;(d’) = Vgi ()] vV (T — ). (3)

Further T, LN o implies that p,%* LN . Now the continuity of the partial derivatives
n—oo n—oo
of gj in Us(p) and CMT (Theorem 1) imply that

Vi (B") = Vg;(p) = op(1),
which together with v/n (T,, — ) = Op(1) gives

[Va;(uf) = V()] v (T — ) = op(1). (4)



Now combining (3) and (4) yields that for each j =1,...,m

v (9j(Tn) = gj (k) = Vg;()vn (Ty — p) + op(1),
which implies the first statement of the theorem.

Statement (ii): By the first statement of the theorem one gets

Vn (g(Tn) — g(n)) = Dg(p) v (T — p) 4 0p(1).

Now for the term Dg(pt)/n (T, — p) one can use the second statement of CS (Theorem 2)
with Y, = Dg(p) and X, = /n (T, — ). Further, using now the first statement of CS with

¢ = 0,, one can see that adding the term op(1) does not alter the asymptotic distribution of
Dg (k) V1 (T — o). =

In the most common applications of A-theorem one often takes T, = %2?21 X, where
X1,...,X, are independent and identically distributed. Then g = E X; and the standard

central limit theorem gives the asymptotic normality
~ d

where = var(X;).

Remark 4. Instead of the continuity of the partial derivatives in a neighbourhood of u, it
would be sufficient to assume the existence of the total differential of the function g at the

point p. But the proof would be more complicated.

Sometimes instead of (2) we write shortly g(T),) ~N,, (g(p), 1Dg(p) D;(u)). The quan-
tity 1Dg(p) D;(u) is then called the asymptotic variance matrix of g(T,) and it is
denoted as avar (g(Tn)) Note that the asymptotic variance has to be understood as the
variance of the asymptotic distribution, but not as some kind of limiting variance.

As the following three examples show for a sequence of random variables {Y,,} the asymp-
totic variance avar(Y,) may exist even if var(Y;,) does not exist for any n € N. Further even

if var(Y;,) exists, then it does not hold that var(Y,)/avar(Y,,) — 1 as n — oo.

Example 2. Let X ~ N(0,1) and {¢,} be a sequence of random variables independent with
X such that

Plen=—Vn) = g5, Plea=0=1-1%  Plea=n) =4

Define Y, = X + &, and show that V,, —— N(0,1). Thus avar(Y,) = 1. On the other hand
n—oo
var(Y,,) = 2 for each n € N.



Example 3. A random sample Xi,...,X,, from a zero-mean distribution with finite and
positive variance. Find the asymptotic distribution of Y, = X, exp{Yi}. Further compare
var(Y;) and avar(Y,,) when X, is distributed as N(0, 1).

Example 4. Suppose you have a random sample Xi,..., X, from a Bernoulli distribution

with parameter px and you are interested in estimating the logarithm of the odd, i.e. 0x =
Xn )
1-X,/°

log (lf ;X ) Compare the variance and the asymptotic variance of Ox = log (

Example 5. Suppose you have two independent random samples from Bernoulli distribution.

Derive the asymptotic distribution of the logarithm of odds-ratio.

Example 6. Suppose we observe independent identically distributed random vectors

) (0)

and denote p = v pe (Pearson’s) correlation coefficient. Consider the sample
var(X1)var(Y1)
correlation coefficient given by
~ E?:l(Xi — yﬂ)(Yz _ ?n)

Pn = .
VI (X~ X2 Y (Y — V)2

With the help of Theorem 3(i) derive (the asymptotic representation)
L - .
\/ﬁ(ﬁn —P) = ﬁz [XiYi—é 7;2_ %Yf] +op(1),
i=1

where X; = XEX1 and Y, = YicEWY 416 standardized versions of X; and Y;. Conclude

\/\m var(Y7)
that
o d
\/ﬁ (pn — p) m N(O,var(Zi)),

where Z; = X,Y; — g)N(ZQ — %171-2. Derive the asymptotic distribution under the independence
of X; and Y; and suggest a test of independence.
Further show that if (X;,Y;)T follows the bivariate normal distribution then

\/ﬁ(i)\n - P) ﬁ N(Ov (1 - P2)2)-

Find the (asymptotic) variance stabilising transformation for p,, (see Chapter 1.4) and derive

the confidence interval for p.

Example 7. Consider a random sample from the Bernoulli distribution with the parame-
ter px. Derive the asymptotic distribution of the estimator of x = px(1 — px) (variance of

the Bernoulli distribution) given by 6, = = X,(1—X,).

n—1



Example 8. Suppose that we observe X1i,..., X, of a moving average sequence of order 1
given by
X =Y +0Yi1, tel,

where {Y;,¢ € Z} is a white noise sequence such that E Y; = 0 and var(Y;) =
Using the fact that the autocorrelation function at lag 1 satisfies
6
)=——
derive the estimator of # and find its asymptotic distribution.

Hint. Note that by Bartlett’s formula

Vi (Fa(1) = (1) == N(0,0%(9)),

where

o*(0) =1~ 3(1+02) +4(1+02)4'

1.3 Moment estimators

Suppose that the random vector X has a density f(x;80) with respect to a o-finite measure p
and that the density is known up to unknown p-dimensional parameter 8 = (61, ...,60,)T € ©.
Let Ox be the true value* of this unknown parameter. Let X1,..., X,, be a random sample
from this distribution and ¢1,...,?, be given real functions. For instance if the observations
are one-dimensional one can take t;(z) = 27, j € {1,...,p}. For j € {1,...,p} define the

function 7; : © — R as
7j(0) = Eg t;(X1) = /tj(X)f(X;H) du(x), jeA{l,...,p}
Then the moment estimator! 5n of the parameter 0 is a solution to the estimating equations
1 « ~
— t X = 9 — ty( .
n ; 1( Tl Z p(X )

Example 9. Let X 1, ..., X, be arandom sample from the Beta distribution with the density
flz;0,B) = W I{x € (0,1)}. Consider t;(x) = z and t2(z) = 2°. Then

o« 5 ala+1)
EXl_a+6’ EXT= (a+B)(a+B+1)

Thus the estimating equations are
; Z X =

* skuteénd hodnota | Momentovy odhad

=1

10



Now denote 7(a, 3) = (11(a, B), 72(cr, B)) T, where

o« 0 B) = ala+1)
7_1(0575) ( ’ﬁ)_(ajtﬁ)(oz—l—ﬁ—l—l)

= —\ T
a+ 2

Thus one can rewrite the estimating equations as

~ 1 <& 1 <& T
i=1 i=1

1

Now provided that the inverse function 77" exists one can write

@) CEn s

and use A-theorem to derive the asymptotic distribution of the estimator (

™®)Q)
~—

Now in the general situation put

T, (%Ztl(Xi),...,%th(Xi))T (5)
=1 j

and define the mapping 7 : © — RP as 7(0) = (11(0), . .. ,Tp(H))T. Note that provided there

1

exists an inverse mapping 7~ - one can write

N (én - ex) —Vn (fl(Tn) o (T(ex))). (6)

Thus the asymptotic normality of the moment estimator b\n would follow by the A-theorem

(Theorem 3) with g = 7~ 1. This is formalized in the following theorem.

Theorem 4. Let Ox be an interior point of © and maxjeqy . pyvarey (t;(X1)) < oo. Fur-
ther let the function T be one-to-one and have continuous first-order partial derivatives in a

neighbourhood of Ox . Finally let the Jacobi matriz D-(0x) be regular. Then
Vi (B, — 6x) —— N, (0,,D7'(8x) (6x) [D;1(0x)]7),
where (0x) = varg, (t1(X1),...,t,(X1)).

Proof. By the assumptions of the theorem and the inverse function theorem (Theorem A21)
there exists an open neighbourhood U containing 8x and an open neighbourhood V' con-
taining 7(0x) such that 7 : U — V is a differentiable bijection with a differentiable inverse
771V — U. Further note that T, defined in (5) satisfies P (T, € V) — 1. Thus one
can use (6) and apply the A-theorem (Theorem 3) with g = 77!, = 7(0x) and A =V to
get

Vit (8= 0x) — Ny (0,0, (7(6x)) (6x) [D-1 (7(6x))] ")

11



The statement of the theorem now follows from the identity

D, (7(6x)) = D7 '(6x).

O
The asymptotic variance of én is usually estimated as
3 D71(8n) " (D7 (6:)]T,
where as ,, one can take either (6,,) or the empirical variance matrix
e LS @-z) @)
i=1
. T
with Zz = (tl(Xi), e ,tp(Xi)) .
Confidence intervals for 0x;
Let §x; stand for the j-th component of the true value of the parameter O x = (6x1, ..., GXP)T.
Put én = (é\nl, e énp)T and Ox = (0x1,... ,pr)T. By Theorem 4 we know that
N d .
n—oo
where v;;(6x) is the j-th diagonal element of the asymptotic variance matrix
V=D;'(6x) (6x)[D;'(6x)]". (7)

Thus the (asymptotic two-sided) confidence interval for fx; is given by

0. . Ui g Yjj
<9m —u—g\/ 55 Onj U1/ n> )

where vj; is the j-th diagonal element of the estimated variance matrix

~ ~

V, =D;1(6,) . [D7'(6,)]".

Applications of moment estimators

As maximum likelihood estimators are preferred over moment estimators, the use of moment
estimators is limited. Nevertheless the moment estimators can be of interest in the following

situations:

e the calculation of the maximum likelihood estimate is computationally too prohibitive

due to a very complex model or a huge amount of data;

e moment estimates can be used as the starting values for the numerical algorithms that

search for maximum likelihood estimates.

12



The choice of the functions ¢4,...,%,

The most common choice ¢;(z) = 27, where j € {1,...,p} for the univariate observations is
not necessary the most appropriate one. The idea is to choose the functions ¢4, ...,t, so that
the asymptotic variance matrix (7) is in some sense ‘minimized’. But this is usually a too
difficult problem. Nevertheless one should at least check that the vector function 7 : © — RP
is one-to-one, otherwise the parameter 6 x might not be identifiable with the given #1,...,t,.

Now the continuity of 7 guarantees the consistency of the estimator gn. To guarantee also
the asymptotic normality one needs that the Jacobi matrix D,(0) is regular for each 6 € ©.

To be more specific, consider the one-dimensional parameter 6 and for a given function ¢
introduce

7'(9) = Egt(Xl).

Then we need that 7: ® — R is a one-to-one function. Otherwise it might happen that with
probability going to one the estimating function
~ 1
7(0) = 1 > HX).
=1
has more roots (whose values are in the parameter space ©) and we do not know which of

the root is the appropriate (consistent) one.

Example 10. Let X1,...,X,, be independent identically distributed random variables from
the discrete distribution given as
P(Xi=-1)=p, PXi=0)=1-p—p’ PXi=2)=p"

where p € © = (0, 71%\/5)
Now the standard choice t(z) = x yields that 7(p) = E, X1 = 2p*> — p. Note that the
estimating equation given by
2]/9\31 - ﬁn = Yn

= da T

Show that if the true value of the parameter px € (0, %), then

has two roots

1) _P o1 1 2) _P 1 1
m)n_)—ocjzf\p —4l; 15%)%—00)1+|PX*1|0

Thus except for the px = % the roots ]37(7,1) and @(E) converge in distribution to different limits

and only one of these limits is the true value of the parameter px. Note also px = i, then

both the roots are consistent, but as 7/ (%) = 0 neither of the roots is asymptotically normal.

Show that taking ¢(x) = 2 or simply ¢(z) = I{z = —1} does not introduce such problematic

issues.

13



1.4 Confidence intervals and asymptotic variance-stabilising transformation

In this section® we are interested in constructing a confidence interval for (one-dimensional)

parameter fx. Suppose we have an estimator é\n of parameter 6x such that

Vi (B, — 6x) —2— N(0,0°(0x)), (8)

n—o0

where ¢2(+) is a function continuous in the true value of the parameter (6x).

Standard asymptotic confidence interval of ‘Wald’ type

This interval is based on the fact that

\/ﬁ(é\n —0x) 4

— N(0,1
and thus ~ ~
(é\n _ “1—@(/25‘7(9”)’5” n ul—a\//zﬁo((’n)> (9)

is a confidence interval for parameter 0x with the asymptotic coverage 1 — a.
The advantage of the confidence interval (9) is that it is easy to calculate. On the other
hand the simulations show that for small sample size and/or if |0/(6)] is large then the actual

coverage of this confidence interval can be much smaller than 1 — a.

Implicit (asymptotic) confidence interval of ‘Wilson’ type

This interval is based directly on (8) and it is given implicitly by

{9: ‘W' <u1_a/2}. (10)

g

Note that (10) can be viewed as the set of 6 for which we do not reject the null hypothesis
Hy:0x =0 against the alternative Hp:0x #60

with the critical region
’\/ﬁ(an_e)‘ >u
o(0) Z Ul—a/2-
In fact the set given by (10) does not have to be necessarily an interval. But usually the
function 6 — % is not increasing which guarantees that the set (10) is indeed an
interval.
It was observed that usually the actual coverage of this implicit confidence interval is closer

to 1 — « than for the standard asymptotic confidence interval (9). In particular if one is

* Not presented at the lecture. It is assumed that this is known from the bachelor degree.
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interested in two-sided intervals then the implicit confidence interval (10) works surprisingly
well even for very small samples. Its disadvantage is that in general one does not have an
explicit formula for this interval and often it has to be found with the help of methods of

numerical mathematics.

Confidence interval based on the transformation stabilizing the asymptotic variance

Put g(0) = [ ﬁ df. Then with the help of (8) and A-theorem it holds

Vi (9(8n) — 9(0x)) — N(0,1).

vn vn

increasing function (note that ¢’(6) > 0) one can conclude that

(57 (60) - 52).07 (s0) + 2532) (1)

is a confidence interval for the parameter fx with the asymptotic coverage 1 — .

Thus the set (g(@n) — ul_“”,g(gn) ul_a/2> is a confidence set for g(fx). Now as g is an

The actual coverage of this confidence interval is also usually closer to 1 — a than for the
standard confidence interval (9). On the other hand when one is interested in two-sided
confidence interval then the implicit confidence interval (10) usually works better. But the
advantage of (11) is that one usually has an explicit formula for the confidence interval

1 can be explicitly calculated). The confidence interval (11) is also

(provided that g and g~
usually a better choice than the the implicit confidence interval when one is interested in

one-sided confidence intervals.

Example 11. A random sample from Poisson distribution. Find the transformation that sta-
bilises the asymptotic variance of X,, and based on this transformation derive the asymptotic

confidence intervals for .

Example 12. Fisher’s Z-transformation and various confidence intervals for the correlation

coefficient.

Example 13. Consider a random sample from Bernoulli distribution. Find the asymptotic
variance-stabilizing transformation for X,, and construct the confidence interval based on this

transformation.

Literature: van der Vaart (2000) — Chapters 2.1, 2.2, 3.1, 3.2 and 4.1. In particular Theo-
rems 2.3, 2.4, 2.8 and 3.1.
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2 Maximum likelihood methods

Suppose we have a random sample of random vectors Xi,..., X, being distributed as
the generic vector X = (Xi,...,X.)" that has a density f(x;6) with respect to a o-
finite measure p and that the density is known up to an unknown p-dimensional parameter

0= (01,...,0,)T €0O. Let Ox = (0x1,...,0x,)" be the true value of the parameter.

Define the likelihood function as

and the log-likelihood function as

(n(8) =log Ln(8) = > log f(X:6).

i=1

The maximum likelihood estimator of parameter 0 x is defined as

6, = argmax L,,(6) or alternatively as 8, = arg max (,,(6). (12)
6co 6co

The (exact) distribution of 0, is usually too difficult or even impossible to calculate. Thus

to make the inference about @x we need to derive the asymptotic distribution of én

2.1 Asymptotic normality of maximum likelihood estimator

Regularity assumptions

Let 1(0) = Egq Blog](;%Xi;G) moggé}x“e) be the Fisher information matrix.

[RO] For any 01, 62 € © it holds that f(x;01) = f(x;62) p-almost everywhere if and only if
0, = 0,. (Identifiability)

[R1] The number of parameters p in the model is constant.

[R2] The support set S = {x € R* : f(x;0) > 0} does not depend on the value of the

parameter 6.
[R3] (The true value of the parameter) @x is an interior point of the parameter space ©.

[R4] The density f(x;6) is three-times differentiable with respect to € on an open neigh-
bourhood U of @x (for p-almost all x ). Further for each j, k,l € {1,...,p} there exists
a function My, (x) such that

23 log f(x;0)

oct) | 00; 005 06;

ocU

< Mjkl(x),

16



for p-almost all x and

EgX Mjkl(Xi) < 0.
[R5] The Fisher information matrix I(@x) is finite and positive definite.

[R6] The order of differentiation and integration can be interchanged in expressions such as

0 0
5 [ rox0ydntx = [ g 10x:0) )
where h(x;0) is either f(x;0) or 0f(x;0)/00; and j,k € {1,...,p}.

Note that thanks to assumption [R6] one can calculate the Fisher information matrix as

5% log f(X i 0)}

1(6) = —Eg | 2280 P) )
©) 0 [ 90007

see for instance Lemma 5.3 of Lehmann and Casella (1998) or Theorem 7.27 of Andél (2007).

Example 14. Let Xi,...,X,, be a random sample from the normal distribution N(u; +
t2,1). Then the identifiability assumption [RO] is not satisfied for the vector parameter

0 = (1, p2)7.

Example 15. Let Xi,...,X,, be a random sample from the uniform distribution U(0,0).
Note that assumption [R2] is not satisfied.
Show that the maximum likelihood estimator of 6 is @n = maxi<i<p{X;}. Derive the

asymptotic distribution of n (5n —0).

Remark 5. Note that in particular assumption [R4] is rather strict. There are ways how
to derive the asymptotic normality of the maximum likelihood estimator under less strict

assumptions but that would require concepts that are out of the scope of this course.
The score function of the i-th observation X; for the parameter 0 is defined as

dlog f(X;0)
(Xi;0) 90
The random vector
- — dlog f(X;0)
UL6) = Y UK0) = Y 2oa S (Xi0)
i=1 i=1
is called the score statistic.
We search for the maximum likelihood estimator §n as a solution of the system of the

likelihood equations
~ !
U,(60,) =0,. (13)
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Further define the observed (empirical) information matriz as

1.9U,( 1 «
I,(8) = —— aeT EZ (X;;0),
=1

where

OU(X;;0) _ 9%log f(Xi;0)
007 00007

is the contribution of the i-th observation to the information matrix.

I(X;0) = —

In what follows it will be useful to prove that I, (/0\”) % I(6x) =E I(X1;0) (provided
n—oo

that 8, % 0x). The following technical lemma is a generalization of this result that will
n—oo

be convenient in the proofs of the several theorems that will follow.

Lemma 1. Suppose that assumptions [RO]-[R6] hold. Let €, be a sequence of positive num-
bers going to zero. Then

By 2 (0@ = 100) 4] = o )

where
U, ={0€0:]0-0x||<c,}

and (I,,(0) — I(OX))jk stands for the (j,k)-element of the difference of the matrices I,,(0) —
I(0x).

Proof. Using assumption [R4] and the law of large numbers one can bound

S [(12(6) = 10x)) | < sup |(1a(6) - fn<ox>)jk] +| (1(63) = 1(6x)) .

ZZ Xi)en+op(1) =0p(1)o(1) +op(1) = op(1),

zlll

which implies the statement of the lemma. O

Corollary 1. Let the assumptions of Lemma 1 be satisfied. Further let t, % Ox. Then
n o
for each j, k€ {1,...,p}
[(I(®a) = 1(6x)) .| = 0p(1).
Proof. Note that /t\n P .9 x implies that there exists a sequence of positive constants {e,,}
n—0o0

going to zero such that

P(t,eU.,) — L
n—o0

The corollary now follows from Lemma, 1. ]

Theorem 5. Suppose that assumptions [RO]-[R6] hold.
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(i) Then with probability tending to one as n — oo there exists a consistent solution 5n of

the likelihood equations (13).

(i) Any consistent solution 0, of the likelihood equations (13) satisfies,

Vit (B, — 6x) = [1(6x)]"" Jﬁ S U(X4:60x) + op(1), (14)
i=1

which further implies that
Vi (8, = 0x) == N, (0,, 171 (6x)). (15)

Proof of (i). First, we need to prove the existence of the consistent root 6., of the likelihood
equations. This can be deduced from a more general Theorem 9. An alternative approach

can be found in the proof of Theorem 5.1 of Lehmann and Casella (1998, Chapter 6).

Proof of (ii). Suppose that b\n is a consistent solution of the likelihood equations. Then by

the mean value theorem (applied to each component of U,,(0)) one gets that
0, = U, (6,) = Un(0x) — n I} (8, — 0x),

where I} is a matrix with the elements

n

. 1 —0%log f(X;:0)
>

/L . = — ~
mogk 90, 06y, ‘e:t;ﬂ ’

gk e{l,....p},

i
with E({ ) being between /B\n and Ox. Thus the consistency of En implies that ?5{ N SN X
n—oo
and one can use Corollary 1 to show that
« P
ID —— I(0x). (16)

n—oo

Thus with probability going to one there exists [I}]~! and one can write
n k=1
n (6, —0x) =[I;]"" Uy(6x).

Now the central limit theorem for independent identically distributed random vectors implies

that
1< d
7n > U(Xi;0x) —— N, (0, 1(6x)). (17)
i=1
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Note that (17) yields that % >, U(X4;0x) = Op(1). Thus using (16) and CMT (Theo-

rem 1) implies that

Vi (8, —6x) = (1] f ZU X;;0x)

= [Iil(ex) —I—Op( \/» ZU Xzan)

n

;ﬁ S U(X40x) +op(1).
=1

Now (15) follows by CS (Theorem 2) and (17).

~H(6x)

O]

Remark 6. While the proof of consistency is for p = 1 relatively simple, for p > 1 it is much
more involved. The reason is that while the border of the neighbourbood in R is a two-point

set, in RP (p > 1) it is an uncountable set.

Remark 7. Note that strictly speaking Theorem 5 does not guarantee the asymptotic normal-
ity of the maximum likelihood estimator but of an appropriately chosen root of the likelihood
equations (13). As illustrated in Example 18 it can happen that the maximum likelihood esti-
mator defined by (12) is not a consistent estimator of 8 x even if all the regularity assumptions
[RO]-[R6] are satisfied. It can also happen that the maximum likelihood estimator does not
exist (see the example on page 21). That is why some authors define the maximum likelihood
estimator in regular families as a (an appropriately chosen) root of the likelihood equations.

Fortunately for many models commonly used in applications the log-likelihood function
£,(0) is (almost surely) convex. Then the maximum likelihood estimator is the only solution
to the likelihood equations and Theorem 5 guarantees that this estimator is asymptotically
normal. If 4,(0) is not convex, there might be more roots to the likelihood equations and
the choice of an appropriate (consistent) root of the estimating equations is more delicate
both from the theoretical as well as the numerical point of view. Other available consistent
estimators (e.g. moment estimators) can be very useful as for instance the starting points of

the numerical algorithms that search for the root of the likelihood equations.

Example. Let Xi,...,X,, be a random sample from Bernoulli distribution® Be(p). Note
that if either " | X; = 0 or > | X; = n then there is no root of the likelihood equation.

Nevertheless the probability of both events converges to zero as n — oo whenever px € (0,1).

Example 16. Let Xi,...,X,, be a random sample from the Pareto distribution with the

density

fla) = BB‘L {z>a}, B>0, a>0,

* Alternativniho rozdéleni
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where both parameters are unknown.

(i) Find the maximum likelihood estimator of 0, = (@, BH)T of the parameter 8 = (a, 3)T.
(ii) Derive the asymptotic distribution of n (@, — a).

(iii) Derive the asymptotic distribution of \/n (B\n - p).

Example 17. Let Xi,...,X,, be a random sample from N(u, 1) where the parameter space
for the parameter p is restricted to [0,00). Find the maximum likelihood estimator of p and

derive its asymptotic distribution. Do not forget to consider the special case p = 0.

Example 18. Let X1,..., X, be a random sample from the mixture of distributions N(0, 1)
and N(Q,exp{—2/62}) with equal weights and the parameter space given by © = (0, 00).
Define the estimator of the parameter 6 as M) = arg maxycg n(0). Then it can be shown
that @(TML) ﬁ 0, thus %ML) is not consistent estimator.

Nevertheless note that the assumptions [R0]-[R6] are met. Thus by Theorem 5 there exists

a different root (6,,) of the likelihood equation such that this estimator satisfies (14) and (15).

Example 19. Let Xi,..., X, be a random sample from the mixture of distributions N(0, 1)
and N(u,0?) with equal weights and the parameter space for the parameter 8 = (u,0)7 is
given by © = R x (0, 00). Show that
Sup (i 0%) = o0
(1,02)TeO

and that the maximum likelihood estimator does not exist. But similarly as in Example 18

Theorem 5 still holds.

2.2 Asymptotic efficiency of maximum likelihood estimators

Recall the Rao-Cramér inequality. Let Xq,..., X, be a random sample from the regular
family of densities F = { f(x;0);0 € ©}, and T, be an unbiased estimator of @x (based on
X1,...,X,). Then

var (T,) — %rl(ax) > 0.

By Theorem 5 we have that (under appropriate regularity assumptions)

avar (8,) = %I‘l(ex).

Thus the asymptotic variance of gn attains the lower bound in Rao-Cramér inequality.

Remark 8. Note that strictly speaking comparing with the Rao-Cramér bound is not fair.
Generally, the maximum likelihood estimator 5n is not unbiased. Further, Rao-Cramér in-

equality speaks about the bound on the variance, but we compare the asymptotic variance
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of En with this bound. Nevertheless it can be shown that in regular models there exists a
lower bound for the asymptotic variances of the estimators that are asymptotically normal
with zero mean and in some (natural) sense regular (see Example 20 below). And this bound
is indeed given by 2 I71(6x). See also Serfling (1980, Chapter 4.1.3) and the references

therein.

Example 20. Let X1,...,X,, be a random sample from N(6,1), where § € R. Define the

estimator of 6 as o
CEE Xl <014,

" X if (Xl >0l
This estimator is called also Hodges or shrinkage estimator. Show that if 6x # 0 then
\/ﬁ(@s ) _ Ox) 4, N(0,1) and if x = 0 then even n”({%s) —0x) — 50 for each r € N.
n—oo n—oo
Thus from the point-wise asymptotic point of view, the estimator 57(15) is better than the
standard maximum likelihood estimator that is given by the sample mean X,,.
But on the other hand consider the following sequence of the true values of the parameter

Hg?) = n~/4. Then show that for an arbitrarily large value of K
.. n(S) _ p(n) 1
limint P (v (65 - 01) > K) > 5.

Thus the sequence y/n ((%S) — Qg?)) is not tight and so it does not converge in distribution.
Such a non-uniform behaviour of the estimator %S) is usually considered as undesirable. Thus
the aim of the regularity assumptions on the estimators is to avoid such estimators that from
the point-wise view can be considered as superior (superefficient) to the maximum likelihood

estimators.™

2.3 Estimation of the asymptotic variance matrix

To do the inference about the parameter 8 x we need to have a consistent estimator of 1(0x).
Usually, we use one of the following estimators
—~ ~ 1 & ~ ~
1(6n) or In(6n) or - > U(X46,) UT(X456,).
i=1

The consistency of I (én) follows by CMT (Theorem 1), provided (the matrix function)
1(0) is continuous in @y, which follows by assumption [R4].

The consistency of I, (én) N (0x) follows from Corollary 1 and Theorem 5.

n—oo

On the other hand the consistency of % Sy U(X i On)UT(X i; 0y) does not automatically

follow from assumptions [RO]-[R6]. It can be proved analogously as Corollary 1 provided

the following assumption holds.

* Note that the issue of superefficiency is behind the claimed ‘oracle’-properties of some regularized estimators
(e.g. adaptive LASSO), see Leeb and Pétscher (2008) and the references therein.
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[R7] There exists an open neighbourhood U of @x such that for each j, &k in {1,...,p} there

exists a function M (x) such that

02 log f(x;0)
00 06y,

] < M(x)
ocU

for p-almost all x and
Eo, M*(X;) < 0.

Literature: Andél (2007) Chapter 7.6.5, Lehmann and Casella (1998) Chapter 6.5, Kulich
(2014).

2.4 Asymptotic tests (without nuisance parameters)

Suppose we are interested in testing the null hypothesis
Hy : 0x = 6 against the alternative Hy : @x # 0.

Let I,, be an estimate of the Fisher information matrix I(8x) or I(6y). Basically there are
three tests that can be considered.

Likelihood ratio test is based on the test statistic
LR, =2 (£,(6,) — £,(60)).
Wald test is based on the test statistic
Wo=n (8, —60)" I, (8, — 6y).

Rao score test is based on the test statistic
1 =
Ry =~ U (60) I, U, (6y). (18)
Note that the advantage of the likelihood ratio test (LR,) is that one does not need to
estimate the Fisher information matrix. On the other hand the advantage of Rao score test
(R,) is that you do not need to calculate the maximal likelihood estimator 0,,.. That is why
in Rao score statistic (R,,) one uses usually either 1(6) or I,(6¢) as I,,. On the other hand
usually (for historical reasons) I (6,,) or I,,(8,,) is used for Wald statistic (W,,).
The next theorem says that all the test statistics have the same asymptotic distribution

under the null hypothesis.

Theorem 6. Suppose that the null hypothesis holds, assumptions [RO]-[R6]| are satisfied,

fn _}L> 1(6y) and Bn 18 a consistent solution of the likelihood equations. Then each of the
n—oo

test statistics LR,,, W, and R, converges in distribution to x*-distribution with p degrees of

freedom.
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Proof. R,: Note that R, can be rewritten as

~o_ 1 1 T, ~._1 1
Now by the asymptotic normality of the score statistic (17), consistency of I, and CS (The-

orem 2) one gets that

N|—=

[In]
where |, is an identity matrix of dimension p x p. Now the statement follows by using

CMT (Theorem 1) with g(z1,...,2p) = Y.0_; a7,

d
% U,.(6o) PR Np(0p, 1),

Wi One can rewrite W, as

W = ([L) v/ (B~ 60) ) ([1]* v (8~ 00) ) -
Now the statement follows by analogous reasoning as for R,,, as by Theorem 5 and CS (The-
orem 2) one gets

~ .1 ~
[In] 2Vn (en - 90) ﬁ Np(opv Ip).-

LR,: With the help of the second order Taylor expansion around /én one gets:

~ ~ ~ n ~ % ~
£a(00) = €4(02) + U5, (8) (B0 — 8) — (60 — 0) ' 1(67,) (60 — 61),
——
:01T>
where ), lies between 6y and 6,.. Applying Corollary 1 yields 1,(07) % 1(6p). Thus

analogously as above one gets

n—oo

O]

Remark 9. Note that using the asymptotic representation (14) of the maximum likelihood
estimator §n and the derivations done in the proof of Theorem 6 one can show that the
difference of each of the two test statistics (LR,, W, and R,) converges under the null
hypothesis to zero in probability.

Nevertheless, in simulations it is observed that the actual level (the probability of type one
error) of the test for the Wald test (W,,) can be substantially different from the prescribed
level a. Unfortunately, usually the test is anti-conservative, i.e. the actual level is higher
than the prescribed level a. This happens in particular for small samples and/or when the
curvature of the log-likelihood ¢,,(0) is relatively high (as measured for instance by 1(8)).
The latter happens often if 8 is close to the border of the parameter space ©. That is why
some authors recommend either the score test R,, or likelihood ratio test LR,, whose actual

levels are usually very close to the prescribed level a even in small samples.
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Example 21. Let X1,..., X, be a random sample of K-variate random vectors from the
multinomial distribution Multx (1, p), where X; = (X;1,..., Xix)" and p = (p1,...,px) -

Suppose we are interested in testing the null hypothesis
) _ 0 _ 0
Hy:px =p, Hy:px #p,

where p® = (p,...,p%)7 is a given value of the parameter p. For k € {1,...,K} put

ng =y Xi,. Derive that
K

LR, =2 E ny log (7?7’“0)
k
k=1

Further if one uses (En) in the Wald test and I(6y) in the Rao score test, then

K K
(ng — np (ng — np
k=1 -1 pk

Show that each of the test statistics converges to y?-distribution with K — 1 degrees of
freedom.
Note that Rao score test (R,) corresponds to the standard x2-test of goodness-of-fit in

multinomial distribution.

Hint. One has to be careful as it is not possible to take @ = (p1,...,pr) ", as px = 1—ZkK:_11 D

(which violates assumption [R3], as the corresponding parameter space would not have any

interior points). To avoid this problem one has to take for instance 8 = (py,...,px_1)".

2.5 Asymptotic confidence sets

Sometimes we are interested in the confidence set for the whole vector parameter 8x. Then

we usually use the following confidence set
{9 €0 :n(0,—6)T1,(0,—6) < 21— a)} ,

where IAn is a consistent estimator of I(0x). Usually I, (én) or I (én) are used as IAn Then
the resulting confidence set is an ellipsoid.
Confidence intervals for 0x;

In most of the applications we are interested in confidence intervals for components fx; of
the parameter Ox = (0x1, ... ,GXp)T.
Put @n = (é\nl, A é\np)T and Ox = (0x1,... ,QXp) By Theorem 5 we know that

Vi By — 0x;) —2 N(0,(6x)),  je{l,....p},

n—o0
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where /7 (8 ) is the j-th diagonal element of 1=1(8x). Thus the asymptotic variance of é}n
is given by avar (§nj) = %, which can be estimated by avar (§nj) = %, where % is the

j-th diagonal element of fg . Thus the two-sided (asymptotic) confidence interval for 0 xj is

<§nj —uj—g\/ %, é\nj + (CERY lj;f) . (19)

Remark 10. The approaches presented in this section are based on the Wald test statistic.

given by

The approaches based on the other test statistics are also possible. For instance one can

construct the confidence set for @ x as
{0 €6:2(0,(8,) — £(8)) <X2(1—a)}.

But such a confidence set is for p > 1 very difficult to calculate. Nevertheless, as we will see
later there exists an approach to calculate the confidence interval for 6y ; with the help of the
profile likelihood.

2.6 Asymptotic tests with nuisance parameters

Denote 7 the first ¢ (1 < g < p) components of the vector @ and 1 the remaining p — ¢
components, i.e.
0= (1", 9" =(61,...,04,04:1,...,0,)".

We want to test the null hypothesis that
Ho:’TX:T(), HliTx#TQ

and the remaining parameters @ are considered as nuisance®. In regression problems this
corresponds to situation when one wants to test that a given regressor (interaction) has an
effect on the response. Then one is testing that all the parameters corresponding to this
regressor (interaction) are zero.

In what follows all the vectors and matrices appearing in the notation of maximum like-

lihood estimation theory are decomposed into the first ¢ (part 1) and the remaining p — ¢

6 _ <fn> UL = (Uln(9)> |
¥, UQH(G)

1(6) = I,1(0) I2(0) 1,(6) = I, (0) 112,(0) (20)
C I51,(0) I29,(0))

components (part 2), i.e.

and

* rusivé
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Lemma 2. Let J be a symmetric non-singular matriz of order p X p that can be written in

the block form as
Ji; J
g (Y Jz)
Jo1 Ja

Denote
Ji12 = J11 — J12355 Jon, Joo1 = Joo — In I o
Then
J—l B Jll J12
B g2t 322 )’
where
I = J1_11-27 3% = 32_21.17 2= _31_11.2312 Jz_zla I = _32_21-1 J21 J1_11-

Proof. Calculate J~1J. O

Suppose that the parametric space can be written as © = ©, x Oy, where O, C R? and
Oy C RPTI,
Denote 6,, the estimator of @ under the null hypothesis, i.e.
~ To ~ ~
0, = (~ ) ,  where 1, solves Uy, (T0,%,,) = 0p—4.
n

Let j}bl be an estimate of the corresponding block I''(@x) in the inverse of Fisher infor-
mation matrix 1-(8x).
The three asymptotic tests of the null hypothesis Hy : 7x = T¢ are as follows.

Likelihood ratio test is based on the test statistic
LR =2 (£,(82) — £n(62)). (21)
Wald test is based on the test statistic

Wk = n(?n — 7'0)

n

—
i
L
)
3
|
\l
o
~

Rao score test is based on the test statistic

R = %Ufn (6,) I} U1, (6,). (22)

Remark 11. As Usy, (Hn) = 0,_, the test statistic of the Rao score test can be also written
in a form

Ry = UL (6,) T, U (80),
which is a straightforward analogy of the test statistic (18) of the Rao score test in case of

no nuisance parameters.
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Similarly as in the previous section the advantage of the likelihood ratio test (LR}) is that
one does not need to estimate I~1(@x). On the other hand the advantage of Rao score test
(R?) is that it is sufficient to calculate the maximal likelihood estimator only under the null
hypothesis.

The next theorem is an analogy to Theorem 6. It says that all the test statistics have the

same asymptotic distribution under the null hypothesis.

Theorem 7. Suppose that the null hypothesis holds, assumptions [RO]|-[R6] are satisfied

and Ijlll % IH(HX). Further assume that both /H\H and én are consistent estimators of Ox .
n—oo

Then each of the test statistics LR}, W and R}, converges in distribution to x>*-distribution

with q degrees of freedom.

Proof. First note if the null hypothesis holds then 8 x = (Tg, 1/1})T, where 1 x stands for the

true value of 1.

Wy Note that by Theorem 5 y/n (5n —0x) % N, (0,,17(6x)), which yields

Vi (Fn = 7o) —= Ny (04, 1" (0x)).

Thus analogously as in the proof of Theorem 6 one can show that

1
|:j;ll } ’ \/ﬁ(?n - 7'0) #) Ng(0g, 1g),

which further with the CMT (Theorem 1) implies

1

wi-{[] e, _TO)}T [B) v} is

n—oo

R} By the mean value theorem (applied to each component of Uy,(0)) one gets

;ﬁum(b’n) - jﬁumwm Ly V7 (B — ), (23)

where I}, is the (1, 2)-block of the observed Fisher matrix whose j-th row (j € {1,...,¢}) is

evaluated at some 0{1* that is between 5n and Ox. As 0%* P .9 x, Corollary 1 implies that
n—oo
X P
o —— T12(0x). (24)
n—oo
Further note that {bn is a maximum likelihood estimator in the model
Fo={f(x70,90);9 € Oy }.
As the null hypothesis holds, using Theorem 5 one gets
1

nUgn(ex) +0p(1). (25)

Vn ({Ln —y) = 1,1 (0x) N
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Combining (23), (24) and (25) yields
1 ~ 1 1

—U,(0,) = — -

N (6-) Jn vn

Now using (26) and the central limit theorem (for i.i.d. vectors), which implies that (written

Uln(ax) *112(9)()[2721(9)() Ugn(ex)+0p(1). (26)

in a block form)

L U, I1(0x) I2(0
LU 0x) = | V" wOx) ) _a_ (o, Ox) Da0x) )
vn WU%(BX) oo I1(0x) I(0x)
one gets
L U (80) = = Ui (0x) — Ln(0x) I3 (0 )—= Usa(0x) + 0p(1)
\/ﬁ In\Yn _\/ﬁ In\VX 12\V X )1i99 X \/ﬁ 2n\VX P
1
7U1n
_ _ -1 NG
- (Iq7 -’12(9X)122 (GX)) (1nU2n 0« AN
where

EGX; ) +op(1) — Ny (0, K (65)),

K0x) = (|q7_]12(0X)I221(0)())< ( 11(9)!(1)121(0X))
422

= N1(0x) —2@12(0x) I (0x)21(0x) + [12(0x) 55 (0x) Io2(0x) 55 (0x) 21 (0x)
— 11(0x) — [12(0x) Iy (0x) In1 (0x) = I11.2(0x) "2 [Ill(ex)rl :

Thus ﬁUln(En) %) N, (Oq, [IH(OX)}_1>, which further with the help of CS (Theo-

rem 2) and CMT (Theorem 1) implies the statement of the theorem for R} .

LR} : By the second-order Taylor expansion around the point §n one gets

00 (00) = £,(8,) + UL (8,) (61 — 0,) — = (8, — 0,,) " 1,(02) (8, — B,,), (27)
NNl 2
=07
where 6% is between 6, and 6,,. Thus 0 % 0x and Corollary 1 implies 1,,(6) %
1(0x).
Further by Theorem 5
~ 1
\/ﬁ (On — 9)() = 171(0)() ﬁ Un(ex) + Op(l),
which together with (25) implies
\/ﬁ(/én_én) = \/ﬁ(an_eX) +\/E(OX _én)
I7(8) - U, (0) v +op()
= X n(0x) — _ op
v I3 (0x) 7 Uan(x)

= A(ex>\}ﬁ Un<0)() + Op(l),
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where

0 _
AOx) =1 (6x) - ( v ) -
0p—q)xq 132 (0x)

By the central limit theorem (for i.i.d. vectors) and the symmetry of matrix A(6x)
3 3 d
Vn (6, —0,) — N, (0,,A(0x) 1(6x)A(Ox)). (28)

Now we will use Lemma A8 about the distribution of a quadratic form from Appendix.
Put
B=1(0x) and V=A0x)I(0x)A(0x).

Now BV =1(0x)A(0x) I(0x)A(0x), where
I1(0x) T2(0x) 1 Ogxq  Ogx(p—q)
I(0x)A0x) = I~ (0x) —
(6:) AlBx) ( I1(0x) Ix(0x) ) ( (0 ( O(p—g)xq G ))
. Oyxg  T12(0x)155 (6x)
=1, 0 )

P—q)Xq lp—q

=D

Note that matrix D is idempotent, thus also I, —D and BV = (I, —D)(l, — D) are idempotent.
Now using (27), (28), CS (Theorem 2), Lemma A8 and CMT (Theorem 1) one gets

LR, =2 ((a(8n) = 0(00) ) = Vit (B = 82) "T(0)v/ (0 — B0) + 0p(1) —— v,
where tr(BV) = tr(l,) —tr(D) =p— (p — ¢) = ¢. O

Suppose that both 8,, = arg maxgcg ¥n(0) and 0, = arg maxgeg, £n(0) (Where ©g stands
for the parameter space under the null hypothesis) are consistent estimator under the null
hypothesis. Then the likelihood ratio test can be rewritten as

LR =2 (zn (6,) — £n (’én)) =9 (328 0,(0) — sup zn(e)). (29)

So with the likelihood ratio test one does not need to bother with the parametrization of
the parametric spaces © and Og so that it fits into the framework of testing Hy : 7x = 7T0.
The degrees of freedom of the asymptotic distribution are determined as the difference of the

dimensions of the parametric spaces © and Q.

Example 22. The following data gives the number of male children among the first 12
children of family size 13 in 6115 families taken from hospital records in the 19th century
Saxony. The 13th child is ignored to assuage the effect of families non-randomly stopping

when a desired gender is reached. Test the null hypothesis that the gender of the babies can

30



Nr. of boys 0 1 2 3 4 5 6 7 8 9 10 11 12
Nr. of families | 3 24 104 286 670 1033 1343 1112 829 478 181 45 7

be viewed as realisations of independent random variables having the same probability of a

baby boy for each family.
Hint. Let X; stand for the number of boys in the i-th family (i € {1,...,n}, where n stands

for the sample size). Then the counts in the table can be represented by

n

ne=Y WXi=k}, ke{o1,...,12}
i=1
and the table can be viewed as a realisation of a random vector (ng,n1,...,n12)" that follows
multinomial distribution Mult;z(n, ).
Note that under the null hypothesis X; follows the binomial distribution, thus

12

Trk:P(Xi:k:):<k

)pk<1 _pk, keqol,... 12},

where p € (0,1) is the probability of baby boy.

Thus to parametrize the problem (so that it fits into the framework of this section) put

1 = p and get
12 12 & 12—k
mo=(1=v)% me= | JOt A=), ke {l. 11,
and 7m0 =1 — llglzo 7. The hypotheses can now be written as

HO:(Tlﬂ"'lel)T:()lly H, :(T1,...,7'11)T75011,

Nevertheless it would be rather tedious to derive either the Wald statistic (W) or Rao score
statistic (R}) as one needs to calculate the score statistic and (empirical) Fisher information
martrix.

On the other hand using (29) it is straightforward to calculate the likelihood ratio test LR}

as .
sup £,(0) = » nglog ("=
i 2(0) = 3 muloe ()
and
12 1\~ N N 12
sup £,(0) = an log 7k, where 7 = < >(1/)n)k(1 —,) 12_k, with 1, = %
0€6y k=0 k k=1

By Theorem 7 under the null hypothesis the test statistic LR, converges in distribution to

x2-distribution with 11 degrees of freedom.
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Another approach to test the hypothesis of interest would be (to forget about the test
statistics LR, W}, R: and) to use the standard y2-test of goodness-of-fit in multinomial
distribution with estimated parameters. The test statistics would be

X2 — i M (30)

nm
=0 k

and under the null hypothesis it has also asymptotically y2-distribution with 11 degrees of
freedom. In fact it can be proved* that the test statistic X2 given by (30) corresponds to the
test statistic of the Rao score test (RY) with I'1(8,,) taken as I 1.

Example 23. Breusch-Pagan test of heteroscedasticity.

Example 24. Suppose that you observe independent identically distributed random vectors

()}(,11), R (ii:) such that
el 1
P(lel\Xl): exp{a + IBT} ’ P(Y1:O|X1): —
1+ exp{a+ X, 8} 1+ exp{a+ X, 8}
where the distribution of X7 = (Xi1,...,X 1p)T does not depend on the unknown parameters
a a 3.
(i) Derive a test for the null hypothesis Hy : 3 = 0, against the alternative that Hy : B #
0,.

(ii) Find the confidence set for the parameter 3.

Literature: Andeél (2007) Chapter 8.6, Kulich (2014), Zvéra (2008) pp. 122-128.

2.7 Profile likelihood’

Let 0 be divided into 7T containing the first ¢ components (1 < g < p) and 1) containing the

remaining p — ¢ components, i.e.
=", 9" =(,...,00,0041,...,0,)".

Write the likelihood of the parameter 6 as L,(0) = L,(7,v¢) and analogously for log-
likelihood, score function, Fisher information matrix, ...

In this subsection we will assume that there exists @n which is a unique max-
imum of the funciton /,(0) and also a consistent estimator of 6x. Similarly for

rx = 7 let ,(7) be a unique maximum of /,(,%) and a consistent estimator
of P¥y.

* More precisely, it is said so in the textbooks but I have not managed to find the derivation. 1 Profilovd

vérohodnost.
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The profile likelihood and the profile log-likelihood for the parameter T are defined subse-

quently as

L) (1) = max Lo(t,4),  (P(1) =log LV (1) = max 0T, 9).

In the following we will show that one can work with the profile likelihood as with the

‘standard’ likelihood.

First of all put

7P) — arg max () (7).
TEO,

Note that

(P EP) = max (P(r) = max max fn(7, %) = max £n(9) = (n(B),).

As we assume that 6, is a unique maximizer of £,(8), this implies that

) _ ~
=7,

where T,, stands for the first g-coordinates of the maximum likelihood estimator En

Further denote

B () = argmaxly(r, 1), Oa(r) = (r7, ()",
PEOy,

and define the profile score statistic and profile (empirical) information matrix as

8&(11’ )(r 1 8U7(1p )(r
v = 20D ey = 00T

The following lemma shows how the quantities Ul (1) and I )(‘T) are related with U, (0)
and I,,(69).

Lemma 3. Suppose that assumptions [RO]-[R6] are satisfied. Then (with probability tending

to one) on a neighbourbood of Tx
UP (1) = Uta(0a(7)), I () = 1110 (04(7)) = T120(04(7)) Iy, (01(7)) L1 (8 (7))
where L, (0) (for j,k € {1,2}) were introduced in (20).

Proof. uY )('r): Let us calculate

P (7) 0l (7, (7))

O = ==
= UL, (7, () + UL (.8 (r) 220 0T, (B, 30)
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where the last equality follows from the fact that 1~pn('r) = argmaxycg,, eﬁf’ )(7-,1p), which
implies that Us, (T, 1~pn(7')) =0,_q.

I,(Lp)(T): Note that with the help of (31)

C10UP(r) _ 10U (7, 9,(7))

LP(r) = n or'  n orT B
= L (1 (1) + D7, () 2227 (32)
Further by differentiating both sides of the identity
Uy, (T, ’lZn(T)) = 0p—yg
with respect to 77 one gets
IQl,n(Tﬂ?’n(T)) + 122,71(7'7;%(7')) 8%:(:) =0p—g)xq>
which implies that ~
WoulT) 3 (7 o) Do (. (7). (33)
Now combining (32) and (33) implies the statement of the theorem for I )(7'). O

Tests based on profile likelihood

Define the (profile) test statistics of the null hypothesis Hy : 7x = 7 as

LRP = 2((0)(3,) — (P)(z)),
W(p) — (?n — To)T j;(Lp) (?n - TO)7

RP = Z[U®(r)]" [j;(lp)rl U® (1),

n
1
n n

where one can use for instance I (10) or 2 (Tn) as .

Theorem 8. Suppose that the null hypothesis holds and assumptions [RO]-[R6] are sat-
isfied. Then each of the test statistics LR%p), #’) and R%p) converges in distribution to

x2-distribution with q degrees of freedom.

Proof. LRq(qp): Note that

and further

e'glp) (TO) = max gn(T(]:'lp) = en(T()v ,(an) = En(én)
’l/)G@,,l,
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Thus LRY) = LRy, where LRy is the test statistic of the likelihood ratio test in the presence of
nuisance parameters given by (21). Thus the statement of the theorem follows by Theorem 7.
W,&p ) Follows from Theorem 7 and the fact that by Lemmas 1, 2 and 3

1

Ly ﬁ N1(0x) — Na(0x) g (Bx) T (6x) = [T (6x)] . (34)

RY: By Lemma 3 one has U%p)('r) = Uy, (én(T)) Thus RP) = R} with lel = [ﬂp)]_l,
where R} is Rao score test statistic in the presence of nuisance parameters defined in (22).

The statement of the theorem now follows by (34) and Theorem 7. O

Confidence interval for 0y ;

One of the applications of the profile likelihood is to construct a confidence interval for 0.

Let 7 = 0; and 1 contains the remaining coordinates of the parameter 6. Then the set
{6::2(806.) - 06) <xd1- )

is the asymptotic confidence interval for 6y;. Although this confidence interval is more
difficult to calculate than the Wald-type confidence interval given by (19), the simulations
show that it has better finite sample properties. In R-software these intervals for GLM models

are calculated by the function confint.

Example 25. Let X1,..., X, be a random sample from a gamma distribution with density
1
z) = —— N B! exp{—Az}l{x > 0}.
@) = 105 {-Az}Hiz >0}

Suppose we are interested in parameter 8 and parameter A is nuisance. Derive the profile
likelihood for parameter 5 and the Rao score test of the null hypothesis Hy : Sx = [y against
H, : Bx # Po that is based on the profile likelihood.

Solution: The likelihood and log-likelihood are given by

1
La(B ) = [T == N xP e X,
8.0 = [ gy xe

(B, A) = —nlog'(B) + nBlog A+ (5 — 1) ZlogXZ- - )‘ZXi'
i=1 i=1

For a given 8 we can find Xn(ﬁ) by

n(B,A) _nB zn:X, !

o A

I
o
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Thus the profile log-likelihood is

((8) = —nlogT'(B) +nBlog (£-) + (B —1) Y log X; —nps
i=1
and its corresponding score function

nl'(8) Y
T +nlog (%) +n+;10gXi—n‘

Statistic of Rao score test of the null hypothesis Hy : Sx = [y against Hy : 8x # Po is now

Ul (8) =

given by
(p) 2
R(p) _ [ np (50)]
n I (Bo)
where

1auP(B) [F”(/J’) - <F’(ﬁ)>2 1]

n_ 0B @) \r@,/) s

Example 26. Box-Cox transformation. See Zvara (2008) pp. 149-151.

Remark 12. Although we have shown that one can work with the profile likelihood as with
the standard likelihood not all the properties are shared. For instance for standard score
statistic one has E U, (6x) = 0,. But this is not guaranteed for profile score statistic as by
Lemma 3

EUP (rx) =E Upy(7x,%,(Tx))

and the expectation on the right-hand side of the previous equation is typically not zero
due to the random argument v, (7x) (for illustration think of E U (Bx) in Example 25).
From the proof of Theorem 7 we only know that ﬁU,(lp ) (Tx) converges in distribution to a
zero-mean Gaussian distribution.

Note also that we have avoided defining the profile Fisher information matrix. The thing is
that the only definition that makes sense would be I?)(ry) = [T (7x,x)] ~'. But this is
not nice as it depends on the nuisance parameter 1. Further, it does not hold that I (®) (Tx)
is the expectation of I )(‘T x)- It only holds that

1P (rx) —2 1P (7).

n—oo

2.8 Some notes on maximum likelihood in case of not i.i.d. random vectors

Let observations X = (X1,...,X,,) have a joint density f,(X1,...,Xy;0) that is known up
to the unknown parameter 8 from the parametric space ©. Analogously as in ‘i.i.d case’ one

can define the likelihood function as

L,(0) = fn(X1,...,Xn;0),
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the log-likelihood function as

and the score statistic as

The mazimum likelihood estimator (of parameter Ox) is then defined as

6, = argmax L, (0) or more generally as Un(an) .S 0,.
0co

Finally the observed (empirical) Fisher information matriz as

19%,(6)

1n(6) == 55067

The role of the theoretical Fisher information matrix I(€) in ‘i.i.d’ settings is now taken by
the limit ‘average’ Fisher information matriz

PR | —9%0,(0)
I(0) = lim — E [8080T }

In ‘nice (regular) models’ (see also Remark 13 below) it holds that
> d F_
Vi (6 = 0x) —— N, (0,17 (6x)).

The most straightforward estimator of I (0x) is I, (én) and thus the estimator of the asymp-

totic variance matrix of 8, is

—= 1 —0%0,,(0) -1
0,)=~-116,) = 7") A .
avar( n) n " ( n) |: 90 801— 0-0,
That is why some authors prefer to define the empirical Fisher information without % simply

* 0%0,,(0)
fn Q)= "\
(6) 960907

and they speak about it as the Fisher information of all observations.
Remark 13. An inspection of the proof of Theorem 9 (for Z-estimators) reveals that we need

to show the analogy of Lemma 1 with I(8y) replaced with I(8x) and that

\}ﬁun(ax) N, (0, 1(6)):

Example 27. Suppose we have K independent samples, that is for each &k € {1,..., K}

the random variables Xy;,i € {1,...,nx} are independent and identically distributed with
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density fr(x;0) (with respect to a o-finite measure p). Further let all the random variables

be independent and let lim, ;oo “* = wy, where n = ny + ...+ ng. Then

K ng
Ln(08) = []1]#H(Xk:0),
k=11=1
K ng
0(0) = DD log fi(Xkis0),
k=1 1=1
002(8) _ N~ <= Dlog fi(X1i: 0)
k=1 1=1
19UL(0) 1<~ 0%log fi(X ki 0)
WOy = = et __n;; 00007
K n K
1() = lim E I,(6) = lim T 1® ) =3 wp 10(9),
e B SN =1
—Wg

where I(¥)(8) is Fisher information matrix of X}, (i.e. for the density fi(x;8)).

In standard applications @ = (9-1'—, e ,9};)T, and the density fi(x;60) depends only on 6y,
ie. fr(x;0) = f(x;0). And we are usually interested in testing the null hypothesis that all

the distributions are the same, that is
H(] : 91 == 02 = ... = 9}( H1 . ijje{lwﬂK}ek ;é 0]‘.

See also Example 31.

Random vs. fixed design

Sometimes in regression it is useful do distinguish random design and fixed design.
In random design we assume that the values of the covariates are realisations of random
variables. Thus (in the most simple situation) we assume that we observe independent and

identically distributed random vectors

() (5)

where the conditional distribution of Y;|X; is known up to the unknown parameter 6 and
the distribution of X; does not depend on 6. Put f(y;|x;;0) for the conditional density of
Y;| X = x; and fx(x) for the density of X;. Then the likelihood and the log-likelihood (for
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the parameter 0) are given by

Lo(0) = [] frx (Yi, X5 0) = [ [ F(Yil X5 0) fx (X)

i=1 i=1

n n
= log f(Yi| Xi;0) + ) log fx (X). (36)

i=1 i=1
In fixed design it is assumed that the values of the covariates x1,...,X, are fixed when
planning the experiment (before measuring the response). Now we observe Y7,...,Y,, inde-

pendent (but not identically distributed) random variables with the densities f(y1|x1;0), ...,
f(yn|xn; @). Then the log-likelihood is given by

n
= log f(Yilxi; 0). (37)

i=1
Comparing the log-likelihoods in (36) and (37) one can see that (once the data are observed)
they differ only by >, log fx (X ;) which does not depend on 6. Thus in terms of (likelihood
based) inference for a given dataset both approaches are equivalent. The only difference is

that the theory for the fixed design is more difficult.

Example 28. Poisson regression.

Random design approach: We assume that we observe independent identically distributed
random vectors (35) and that Y;|X; ~ Po(A(X;)), where A(X;) = exp{X]B} and X; =
(Xi1,--., Xip)T. Then (provided assumptions [RO]-[R6] are satisfied)

Vit (B~ Bx) 5 Ny (0,171 (By)). where I(8y) = E [X1XT exp {X]8x}].

Fixed design approach: We assume that we observe independent random variables Y7,...,Y,

and we have the known constants xi,...,x, such that ¥; ~ Po(A(x;)), where A(x;) =

exp{BTx;}. Then it can be shown (that under mild assumptions on x;, ..., xX,)

\/E(Bn—,@X) ﬁ Np(Op,f_l(ﬁX)), where I(By) = lim fozx exp {X ,BX}

n—oo n

Note that in practice both I(By) and I(By) would be estimated by

1 R ~ 1 & ~
= EZXlX;reXp{X;rﬁn} or I, = nz;XiX;reXp{X;r,@n}-
i=

Thus for observed data the estimators coincide. The only difference is in notation in which
you distinguish whether you think of the observed values of the covariates as the realizations

of the random vectors or as fixed constants.
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Example 29. Note that alternatively one can view the K-sample problem described in Ex-
ample 27 also within i.i.d framework. Consider the data as a realization of the random sample
(%), e (3”) where J; takes values in {1, ..., K'} and the conditional distribution of Z; given
J; = j is given by the density f;(x;0).

Example 30. Maximum likelihood estimation in AR(1) process.

Example 31. Suppose that Xy;, £ € {1,...,K}, i = 1,...,nx be independent random
variables such that Xj; follows Bernoulli distribution with parameter pi. We are interested

in testing the hypothesis

Ho:pi=pe=...=px  Hi:3jeq,. KyPk 7 Dj

Note that one can easily construct a likelihood ratio test.
Alternatively one can view the data as K x 2 contingency table and use the y?-test of

independence. It can be proved that this test is in fact the Rao-score test for this problem.

Literature: Hoadley (1971).

2.9 Conditional and marginal likelihood*

In some models the number of parameters is increasing as the sample size increases. Formally
let 8 = (64, ..., 0, )7, where p,, is a non-decreasing function of n. Let 0 be divided into
T containing the first ¢ components (with ¢ being fixed) and 4™ containing the remaining

(pn — q) components.

Example 32. Strongly stratified sample. Let Y;;, i € {1,...,N}, j € {1,2} be independent
random variables such that Y;; ~ N(u;, 02). Derive the maximum likelihood estimator of o2.
Is this estimator consistent as N — oco?

Solution. The joint density of all the observations Y = (ng,z‘ e{l,...,N}, je {1, 2}) is

s, g —pa)” 38
fyiot ., un) ZHljnlmexp{ i)y (38)

and thus the log-likelihood is given by

N 2
en(o—Qvulw"aMN) = —NlOgO’Q - ZZ ij /-LZ Nlog(?ﬁ)
Differentiating with respect to 1, ..., uy and o2 one easily finds that
. Ya+Y
y’i:%7 ’LG{l,,N}

* Podminénd a margindlni vérohodnost.
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and

N 2 N
R 1 R 1 v v
T = o 2 2 (Vi = ) = 5 D (Yo = ) (1 - iz’
i=1 j=1 i=1
- i ﬁ: [(Yzl*Yzz)Q + (Yizfyu)Q] — i ﬁ:(y Y )
2N £ 2 AN & ! ’
Thus
—~ P 1 2

o ——— 1 E( — Yio)? = Lvar(Yiy — Vo) = 222 = 2 £ 52,
—00

Note that in Example 32 each observation carries information on o2, but the maximum
likelihood estimator of o2 is not even consistent. The problem is that the dimension of nui-
sance parameters ™) = (u1,..., un)7 is increasing to infinity (too quickly). Marginal and
conditional likelihoods are two attempts to modify the likelihood so that it yields consistent

(and hopefully also asymptotically normal) estimator of the parameter 7.

Suppose that one can use data X to calculate V whose distribution depends only on pa-
rameter 7 (and not on ¥™). Then the marginal (log-)likelihood of parameter T is defined
as

LMy = f(vi7), (D (1) =log (L (1)),

n

where f(v;7) is the joint density of V with respect to a o-finite measure p.

Suppose that one can use data X to calculate V and W such that the conditional distri-
bution of V given W depends only on parameter 7 (and not on ¢(")). Then the conditional

(log-)likelihood of parameter T is defined as

L(r) = f(VIW;T),  49(7) =log (L (7)),

where f(v|w;7T) is the conditional density of V given W = w with respect to a o-finite
measure .
Remark 14. (i) If V is independent of W, then f(V|W;7) = f(V;7) and thus LM ()=
(@)
Ly (7).
(ii) ‘Automatic calculation of Z%C)(T)’:
. (n)
E(C) (7_) _ log f(V7W7 T7¢ )
! F(Ws,9™)

where £, v.w(T,¥™) is the log-likelihod of (V,W) and £, w(r,9™) is the log-
likelihod of W. Note that using this approach we do not need to derive the conditional
distribution of V given W.

) = en,V,W(T7 1/)(’”)) - gn,W(Tv ,w(n))v
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(iii) It can be shown that (under certain regularity assumptions) one can work with LM (1)
and L%C)(T) as with ‘standard’ likelihoods.

The question of interest is how to find V and W so that we do not loose too many
information about 7. To the best of my knowledge for marginal likelihood there are only
ad-hoc approaches.

For conditional likelihood one can use the theory of sufficient statistics. Suppose that
for each fixed value of 7 the statistic S,(X) is sufficient for % . Thus the conditional
distribution of X given S,,(X) does not depend on ™. This implies that when constructing

the conditional likelihood L’ (1) one can take S, (X) as W and X as V.

Exponential family

Let the dataset X have the density (with respect to a o-finite measure p) of the form

F(x;7,9™) = exp Z Q;(T) Tj(x) + "z: Rj(T,’l/J(n)) Si(x) ¢ a(T, ¢(")) h(x), (39)
j=1 j=1

where 7 = (11,...,7) T and 9™ = (¢, ... 45" )T Put 8,0¢) = (S10X), -+, Spu—g(X))
and note that for a fixed value of T the statistic S, (X) is sufficient for 4. Thus one can
put W =S5, (X) and V = X.

Example 32. Strongly stratified sample (cont.). Derive the marginal and conditional likeli-
hood.

Marginal likelihood. For i € {1,..., N} consider V; = % Then V; ~ N(0,02). Thus the
marginal likehood is the likelihood of Vi,...,V, and is given by

N
COR ||
i=1

exp { — iz }.

1
V2ro?

Further the marginal log-likehood is given by

N
1 1
E(M)(JQ) = —% log02—7ZV-2—% log 2w = —% logJQ—pZ(Yi -Y; )2—% log 2.

n
i=1 i=1
With this marginal log-likelihood one can work in the ‘standard’ way. That is one can for

instance derive the maximum (marginal) likelihood estimator

N
sy _ L V)2
Y = ﬁ Z(Yil Yz2) .
i=1
It is straightforward to show that this estimator is consistent and that

Vi (G3™ — o) 21— N(0,202),

N—oo

42



where the asymptotic variance 202 can be calculated as var ((Yzl - YZ-Q)Q) or as one over the

Fisher information that corresponds to 65\],\4) (a?).

Conditional likelihood. Note that the joint density (38) of ¥ = (Yj;,i € {1,...,N}, j €
{1,2}) can be written as

N
f(y;02,-~-)=exp{ 20222 mZ (yi1 + yi2) Zﬂz}(%;) (40)

=1 j=1 i=1
Now the above density can be written in the form (39) with 7 = —%, v = i, T(y) =
Zfi 1 Z?:l yizj and S;(y) = yi1 + yi2. Thus by Remark 14(ii) the conditional log-likelihood
of Y given S(Y) = (51(Y),..., SN(Y))T can be calculated as

K%C)(UZ) = gn(ozmu’l? s 7MN) - en,S(Y)(O-Qa H1ye-es ,LLN)

Here £,,(02, pi1, . . ., i) is the (standard) log-likehood of Y which can be with the help of (40)

rewritten as
N N N

1 2
ln(0?,...) = —Nlogo? — 252 E (Y3 +Y3)+ E 5; i1+ Yio) — M—; — Nlog2m (41)
i=1 i=1 =1

and st(y)(az,,ul, ..., ) is the log-likelihood of S(Y) = (Y11 + Yia,...,YN1 + YN2)T. As
the components of S(Y') are independent random variables with the distribution N(2u;, 202)
(i € {1,...,N}), the log-likelihood £, g(y(c?, ...) is given by

N
1 . g 2
2 Yi1+Yio—2p;
Zn,S(Y) (0 e ) :10g ( ||1 271202 eXp{ — ta 2-2202 i }>

N

N 1
i=
7 i N
+ 21 1oz it + Yi2) = 21 o2 T log(dn).
1= 1=

N
1
e;C)(UQ) = ﬁn(g2’ c) = en,S(Y)(027 )= _% log02 402 Z(YZ% - Yl% —2YaYi) - % logm
=1
1 N
=S logo® - 4—2 —%logﬂzfg)(a%—l—%log%

where the (irrelevant) difference between the o )( ) and E( )( 2) comes from the fact that
for the conditional likelihood we use the conditional distribution of ¥ giwen W = S(Y)
instead of the conditional distribution of (V, W) given W = S(Y). Note also that in the
latter case one would get directly the marginal likelhood of V, as V is independent of W.
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Example 33. Let Y, i € {1,..., N}, j € {1,2} be independent random variables such that
Yi1 ~ Exp(¢;) and Yo ~ Exp(71;) where 7 > 0 and 1; are unknown parameters. Show

that the distribution of V; = %j depends only on parameter 7 (and not on ;). Derive the
marginal likelihood of 7 that is based on V = (Vi,..., V)T,

Example 34. Let Yj;, i € {1,...,1}, j € {0,1} be independent, Y;; ~ Bi(n;;, p;j), where
log( il ) =y +7l{j =1}

Suppose we are interested in testing the null hypothesis Hy : 7 = 0 against the alternative
Hy:1m#0.

Note that the standard tests based on the maximum likelihood as described in Chapter 2.6
require that I is fixed and all the sample sizes n;; tend to infinity. This implies that using
conditional likelihood is reasonable in situations when (some) n;; are small.

The Rao score test based on the conditional likelihood in this situation coincides with

Cochran-Mantel-Haenszel test and its test statistic is given by

2 2
(Z'L’I:1Y;1_EHO[Y;1|Y;+]) <ZZ 1YZ-1 z+n+>

Zile varg, [Vi | Yig] Zz | Vi minio nip—Yiq

'n,l.+ n1+ 1

RC) —

n

(43)

where Y; = Yo + Y1 and n;+ = n40 + n41. Under the null hypothesis R;C)

I 1
n=>, ijo Mg

Example 35. Consider in Example 34 the special case I = 1. Thus the model simplifies to

d
—— x?, where
n—o0

comparing two binomial distributions. Let Yy ~ Bi(ng,po) and Y7 ~ Bi(ni,p1). Note that
the standard approaches of testing the null hypothesis Hy : pp = p1 against the alternative
Hi : py # p1 are asymptotic.

Conditional approach offers an exact inference. Analogously as in Example 34 introduce

the parametrization
log (2-) =¢+71{j=1}, j=0,1
Note that in this parametrization 7 is the logarithm of odds-ratio.

Put Y, =Yy +Y: and yy = yo + y1. Then

() Gy

> ke (7)) (yfgk)eTk’

where K = { max{0, y+ —no},...,min{y.,ni}}.

PrVi=ulY,=y) = y ek, (44)

Thus the p-value of the ‘exact’ test of the null hypothesis Hy : 7 = 79 against Hy : 7 # 79

would be
p(r0) = 2min { Pr (Y1 <1 | Yy = y4),Pr (V1 > 01 | Yy = y4)}, (45)
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where 79 and y; are the observed values of Yy and Y7 respectively.
By the inversion of the test one can define the ‘exact’ confidence interval for 7 as the set

of those values for which we do not reject the null hypothesis, i.e.
CI = (7p,7v) = {7 € R: p(1) > a}.

The confidence interval for odds-ratio calculated by the function fisher.test () is now given
by (e?L,e?U).

The special case presents testing the null hypothesis Hy : 7 = 0 against Hy : 7 # 0. Then
(44) simplifies to
MGG
e (1) GIN) () |

This corresponds to Fisher’s exact test sometimes known also as Fisher’s factorial test. Be

Po(Y1 = k|Y} = yy)

careful that the p-value of the test as implemented in fisher.test is not calculated by (45)

but as

=Y PoVi=k|Yy=y),
kek -

where

Ko={keK:Po(Y1=Fk|Yy=ys) <Po(Yi=u1|Ys =ys)},

which sometimes slightly differs from p(0) as defined in (45).
Note that Fisher’s exact test presents an alternative to the y2-square test of independence

in the 2 x 2 contingency table

Sample 1 | Sample 2

Success Y0 Y1 ,

Failure | ng — o ny — Y1

which is an asymptotic test.

Example 36. Consider in Example 34 the special case njg =n;; = 1 for each i € {1,...,1}.
Introduce ,
Njw=Y WY =4Ya=k}, jke{01}.
i=1

Then the test statistic (43) simplifies to

p© _ Nor— Nip)?

" No1 + Ny

which is known as McNemar’s test.
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Example 37. Let X1,...,X,, and Y7,...,Y,, be two independent random samples from the
Poisson distributions. Let Ax be the true value of the parameter for the first sample and Ay
for the second sample. Note that S = (S1,5)T = (31, Xi, D02, YZ-)T is a sufficient statistic

T

for the parameter @ = (Ax,Ay)'. Derive the conditional distribution of S; given S; + So.

Use this result to find an exact test of

Hy: Ax = Ay, Hy: Ax # Ay.

Further derive an ‘exact’ confidence interval for the ratio %

Literature: Pawitan (2001) Chapters 10.1-10.5.

3 M- and Z-estimators

M- and Z-estimators present a very general class of estimators that include most of the
commonly used estimators.*
Let Xq,...,X,, be arandom sample from a distribution F' from the model F and one is in-

terested in estimating some quantity (p-dimensional parameter) of this distribution, say @(F).

M -estimator

Let p be a function defined on Sx x ©, where Sx is the support of F'. Futher denote © the
parameter space, i.e. © = {6(F),F € F}. The M-estimator! is defined as

~ 1 &
0, = arg min — p(X;;0).
" 0co n; (X::6)

Ezxzamples of M -estimators
Note that in parametric models {f(x;0),6 € ©} the maximum likelihood (ML) estimator
N n
0, = argmax {,(0) = arg maxz log f(X;;0)
0co oco

can be viewed as the M-estimator with
pmL(x;6) = —log f(x;0).

In regression problems one observes Z; = (;(/11), ey Ly = (;’;) Then the least squares (LS)

estimator of regression parameters

* One should be careful as the terminology may vary. But (among others) minimum contrast estimators,
pseudo-likelihood estimators, quasi-likelihood estimators and estimating equations can be usually viewed as

either M -estimators or Z-estimators. | M-odhad
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can be viewed as the M-estimator with

prs(z:8) = prs(x,u: 8) = (y —x"B)%

Similarly the least absolute deviation (LAD) estimator

n
~(LS
B; - arg min g Y; — X /b
beRr

can be viewed as the M-estimator with
prap(z;B8) = p(x,y;8) = ly —x' 8.

Z-estimator

Often the maximizing value in the definition of M-estimator is sought by setting a derivative
(or the set of partial derivatives if @ is multidimensional) equal to zero. Thus we search for 0,
as the point that solves the set of estimating equations

Ip(x; )

el (46)

% Zd)(X“/H\n) =0,, where P(x;0) =
i=1

Note that

Ip(x; 0) Ip(x; 9)>T_

x0) = (ha(x0).... vy (x:0)) " = (T o0

Generally let 9 be a p-dimensional vector function (not necessarily a derivative of the
function p) defined on Sx x ©. Then we define the Z-estimator® as the solution of the system
of equations (46).

Note that the maximum likelihood (ML) and the least squares (LS) estimators can be also
viewed as Z-estimators with
0log f(x;0)

00 ’
Literature: van der Vaart (2000) — Chapter 5.1.

P (x;0) = Y%,y 8) = (y—x' B)x.

3.1 Identifiability of parameters’ via )/- and/or Z-estimators

When using M- or Z-estimators one should check the potential of these estimators to identify

the parameters of interest. Note that by the law of large numbers

%ZP(XUO) =E p(X1;0) +op(1), %Zlb(xi;a) =E ¢(X1;0) +op(1).
=1 =1

* Z-odhad 1 Identifikovatelnost parametri.
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Thus the M-estimator 5n identifies (at the population level) the quantity
0x = argminE p(X;0)
0co

and analogously Z-estimator identifies 8 x such that
E ¢(X1;0x) = 0,.

Example 38. Let X4,..., X, be ii.d. observations from a distribution with a density f(x)
(with respect to a o-finite measure ). By assuming that f belongs to a parametric family of
densities F = { f(x;8), 8 € ©} we are estimating (identifying) 6x such that
0x = argmaxE log f(X1;0)
0co
Provided that the true density f(x) has the support Sx that is the same as the support of
f(x;0) for each 6 € O, this can be further rewritten as

0x = argmaxE log [(X1:0)7
6co [f(Xl)]

Now by Jensen’s inequality
E log [fj(cé(lf)))] < log{ E [f]([();’g)]} = log {/S f](c?;g) f(x) d,u(x)} =log{1} = 0.
X

Suppose that our (parametric) assumption is right and there exists 8y € © such that

f(x) = f(x;60p). Then E log [f((;él_z)))] is maximised for @ = 0y and thus Ox = 0y (i.e. the

maximum likelihood method identifies the true value of the parameter).

Suppose that our (parametric) assumption is not right and that f ¢ F. Then

0x = arg max E log | L9 | — op ma/ log [L859)7 £(x) dpu(x
X = argmax g | 5] gumax | log [ ]/ (x) du(x)

_ : S(x)
= argmln/ log | sy f (%) du(x).
6cO Sx [f( ,9)] ( ) ( )

The integral fo log [f{ixg)] f(x) du(x) is called the Kullback—Leibler divergence from f(x;0)
to f(x) (it measures how f(x;0) diverges from f(x)). Thus Ox is the point of parameter

space © for which the Kullback—Leibler divergence from F to f is minimised.

3.2 Asymptotic distribution of Z-estimators

Analogously as for the maximum likelihood estimator the basic asymptotic results will be
formulated for Z-estimators. In order to do that put Z(0) = E 4(X1;0) and Dy(x;0) =

% (the Jacobi matrix of ¥(x;6) with respect to ).

To state the theorem about asymptotic normality we will need the following regularity
assumptions. These assumptions are analogous to assumptions [R0]-[R6] for the maximum

likelihood estimators.
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[Z0] Identifiability. Ox satisfies Z(0x) = 0,,.
[Z1] The number of parameters p in the model is constant.
[Z2] (The true value of the parameter) Ox is an interior point of the parameter space ©.

[Z3] Each component of the function ¥ (x;0) is differentiable with respect to 6 for py-almost

all x.

[Z4] There exists a > 0 and an open neighbourhood U of @ x so that for each j, k € {1,...,p}
there exists a function Mj(x) such that for each § € U

Oj(x;0)  O(x;0x)
00y, 00y,

< Mj(x) |6 — O]
for pi-almost all x and E M;,(X ) < oc.

[Z5] The matrix

(6x) = E Dy(X1;6x) (47)
is finite and regular.
[Z6] The variance matriz
(0x) =var (¢(X1;0x)) =E |:¢(X1§9X)1/)T(X1;0X) (48)
is finite.
Introduce

n

1
n(0) =~ Z Dy (Xi;0).
=1
The following technical lemma says that if @ is ‘close’ to O x, then ,,(0) is close to (@x). This
result will be useful for the proof of the consistency and asymptotic normality of Z-estimators.

Note that it is an analogy of Lemma 1.

Lemma 4. Suppose that assumptions [Z1]-[Z5] are satisfied. Let {e,} be a sequence of

positive numbers going to zero. Then

B gsap | = @) =ort)

where
U, = {0 €0: ||0—-0x]| < sn}

and ( n(6) — (GX))jk stands for the (j, k)-element of the difference of the matrices ,(0)—
(0x).
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Proof. Using assumption [Z4] and the law of large numbers one can bound

sup |(n(6) = (0x)) ] < sup [( a(8)~ w(6x)) | +]( n(0x)— (6x)),

6cuU.,, 6cu.,,
1 o o
<= > Mr(X3) el + op(1) = Op(1) o(1) + 0p(1) = op(1),
i=1
which implies the statement of the lemma. O

Suppose now that th N x. Note that the above lemma (together with the reasoning
n—oo

of Corollary 1) one gets that for each j,k € {1,...,p}:
(alt) = (6x)) ] = 0r(1). (49)
Theorem 9. Suppose that assumptions [Z0]-[Z6] are satisfied.

(i) Then with probability going to one there exists a consistent solution én to the estimating

equations (46).

(ii) Further, if 0., is a consistent root of the estimating equations (46), then
\/ﬁ(én—ox) = - _I(HX)\/lﬁitb(Xi;Ox)+op(l), (50)
i=1
which further implies that
Vi (0= 0x) — N, (0, ~1(6x) (0x)[ T0x)]"): (51)

where the matrices (0x) and (0x) are defined in (47) and (48) respectively.

Proof. Consistency: Introduce the vector function

1

hn(0) =6 — [ (0x)] Zn(6),

where

Z,(0) = - > (X6
=1

In what follows we will show that with probability going to one (as n — 0o) the mapping h,
is a contraction on U, = {0 € © : ||0 — x| < e, }, where {e,} is a sequence of positive

numbers going to zero such that ,,/n —— oo. Having proved that then by the Banach
n—oo

fixed point theorem (Theorem A22) there exists a unique fixed point 8,, € U, such that

hn(an) = En and thus also zn(én) = 0,. This implies the existence of a consistent root of

the estimating equations (46).
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Showing that hy is a contraction on Ug, . Let 01,02 € U, then

|1 (81) — hn(2)]| = [|(61 — 82) — [ (0x)] " (Zn(61) — Zu(62))
= [l =[ (6x)] " %) (61— 02)], (52)

*

where

is (p X p)-matrix whose j-th row is the j-th row of the matrix
1 n
n(0) = - Z Dy (X3 0)
i=1

evaluated at some 67* that is between 61 a 6. Note that 7* € U., . Now by Lemma 4 and

assumption [Z5]

-1
= B ottp | (o= O] 2@ = or ) )

So with the help of (52) and (53) it holds that uniformly in 8,02 € U,

1 (61) — hn(62)]| < 0p(1)]|61 — 65|

) (54)
which implies that there exists ¢ € (0, 1) such that
P (Yo, 0:c0n, [[hn(61) = 1u(82)]] < a1 = 62 ) ——> 1.

Thus to show that h,, is a contraction on U, it remains to prove that (with probability

going to one) hy, : U, — Ug, . Note that for each 6 € U, the inequality (54) implies
hn(0) — h,(0x) = op(1) ep, (55)
where the op(1) term does not depend on 6. Further

hn(ex) =0x — [ (OX)TIZ”(GX) Zex—i-Op(%), (56)

n

where we have used that by the central limit theorem Z,(0x) = Op(ﬁ). Now combining
(55) and (56) yields that

hi(0) = op(1) en + hn(0x) = op(1) e, + O0x + Op(ﬁ),

which further together with the assumption e,/n —— oo gives
n—oo

mwyﬂxz%@ﬂn+@@$a):%@ay

This finally implies that P (V0 € U, : hn(8) € U.,,) — 1, which was to be proved.
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Asymptotic normality: This is proved analogously as in Theorem 5. Let En be a consistent

root of the estimating equations. Then by the mean value theorem applied to each component
of Z,, (ﬁn) one gets
0p = Zn(0,) = Zn(0x) + % (6. —0x),

*

where similarly as in the proof of consistency  is (p X p)-matrix whose j-th row is the j-th

row of the matrix (@) evaluated at some 67* that is between 6, a 6. Thus 6 SN
n—oo

~

as 0, is a consistent estimator of @x. So one can use (49) to conclude that RN (Ox).
n—oo

Now with the help of CS (Theorem 2) one can write
_ o ) 1 <
Vi (0, —0x) =~ 1]7'VnZ,(0x) = — ~(0x) 7 > $(Xi;0x) + op(1),
i=1

which with the help of the central limit theorem (for i.i.d. random vectors) and CS (Theo-

rem 2) implies the second statement of the theorem. O

Remark 15. If there exists a real function p(x; 0) such that 1(x; ) = apgge)’ then the matrix

(0x) is symmetric and one can simply write (6x)~" instead of [ (8x)~!T in (51).

Asymptotic variance estimations

Note that by Theorem 9 one has

-~ as _ _ T

Onsz(ex,% 1(9)() (9)()[ 1(9)()] )
Thus the most straightforward estimate of the asymptotic variance of én is the ‘sandwich
estimator’ given by

—

avar (0,) = - 2 [T (57)

n n

where

~ 1 & ~ ~ 1 & ~ ~
n="—2 Dy(Xifs) and n:n;w(xi;en)w(xi;an).

i=1
Note that Lemma 4 together with the consistency of @n implies that

An L> (OX)

n—oo
It is more tedious to give some general assumptions so that it also holds

Ta L (0y).

n—o0
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To derive such assumptions rewrite

= Z (Xi:0,) — (X ::0x)] [$(X550,) —9(Xi:0x)]

n

o Do 0) [(X55) (X 0]

+ [¢(Xi;an) —P(X50x)] ¥ (X 0x)

S

1

7

Y(Xi;0x) " (Xi;0x). (58)

S

+
1

-
Il

Now by the law of large numbers the last summand in (58) converges in probability to (6x),
thus it is sufficient to show that the remaining terms are of order op(1). With the help of

assumption [Z4] this can be done for instance by assuming that for each j, k € {1,...,p}

EMk(X1)<oo and E‘M’ < .

Confidence sets and confidence intervals

Suppose that V,, is a consistent estimator of V.= ~1(8x) (8x)[ ~1(6x)]T.
Then by the Cramér-Slutsky theorem the confidence set (ellipsoid) for the parameter 6 x
is given by
{9 €0O:n (/H\n - e)TV;l(En —-0) < X;(l - a)}.
The ‘Wald-type’ (asymptotic) confidence interval for fx; (the j-th coordinate of @) is
given by

0. M-e/2VOnii g4 Ua/2VOnis
nj Jn ung vn ’

where é\nj is the j-th coordinate of §n and vy, j; is the j-th diagonal element of the matrix Vn

Literature: Sen et al. (2010) Chapter 8.2.

3.3 Likelihood under model misspecification

Let X1,..., X, be a random sample with a density f (with respect to a o-finite measure pu).
Then the maximum likelihood estimator can be viewed as the M-estimator with p(x;0) =
—log f(x;0) or Z-estimator with ¥ (x;0) = —%G(X;m. From Example 38 we know that
when assuming f € F = {f(x;0);60 € O}, the method of the maximum likelihood identifies

the parameter

GX:argmin/ log fx’,‘) f(x)dp(x).
0co  Jsx o] 109 di)
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Further by Theorem 9 we also know that (with probability going to one there exists a con-

sistent solution 6, of (46) which satisfies)
Vi (82— 0x) =5 N, (0, '(0x) (00 (0],

Suppose that our parametric assumption is right and f € F, i.e. there exists 8y € © such
that f(x) = f(x;600). Then the identified parameter is equal to 8y, i.e. 6x = 0. Further it
is easy to see that (0x) = I(0x) = (0x), where I(0x) is the Fisher information matrix.
Thus

“HBx) (6x) ~1(Ox)=1""(6x).

So one can view Theorem 5 as a special case of Theorem 9. Further, when doing the inference
about @x it is sufficient to estimate the Fisher information matrix.

Often in practice we are not completely sure that f € F. If we are not sure about the
parametric assumption then it is safer to view the estimator t/9\n as an Z-estimator with
P(x;0) = _%‘9@(@' The asymptotic variance of 6,, can now be estimated with the help of

‘sandwich estimator’ (57) where

~

_ Olog f(x;6)

1< S
n = EZ:U(Xi;on)U (X;;6y), where U(x;0) = o 7

i=1
B 02 log f(x;0)

1 & ~
n = = I(X;6,), wh I(x;0) =
nlzl ( ), where I(x;80) 20007

This type of variance estimator is calculated for GLM models by the function sandwich (from

the package with the same name).

Example 39. Misspecified normal linear model. Let (}511), cee (‘f/:) be independent and
identically distributed random vectors, where X; = (X;1,. .., Xip)T. Note that if one assumes
that £(V;|X;) ~ N(X] B, 0?) for some 3 € RP, then the maximum likelihood estimation of 3
corresponds to the method of the least squares given by prs(x,y;8) = (y - xTﬁ)z.

Show that without the assumption £(Y;|X;) ~ N(X[8,0?) the method of the least squares
identifies the parameter

Bx = [EX1X]] ' EViX,
and it holds that v/n (Bn - Bx) _}L> N,(0p,V), where
n—oo

V=[E X X]] 7" [Eo2(Xy) X, XT] [E X, X]T] 7",

with 02(X1) = E [(Y1 — X{Bx)}X1].
Note that provided E [Y1|X1] = X, for some B, € RP, then By = B, and 0?(X1) =
var(Y1| X).
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Example 40. Misspecified Poisson regression. Let ()511), ceey ("é:) be independent and iden-

tically distributed random vectors, where X; = (X1, ... ,Xip)T. Assume that the conditional
distribution of Y; given X; is Poisson, i.e. £(Y;|X;) ~ Po(A(X};)), where A(x) = e'B and

B = (Bi,-..,Bp)T. The score statistic for the maximum likelihood estimation is given by
n T
U,(B) =) X;(Vi—eXiP).
i=1

Thus one can view the maximum likelihood estimator Bn as the Z-estimator with

(x4 8) = x(y — *'”) (59)
and Bx solves the system of equations

E X, (v, —eXifx) =0,

Suppose now that £(Y;|X;) ¢ Po(A(X;)), but one can still assume that there exists B such
that E[Y;|X1] = eX1P0. Then

E X1 (Yi - X1P0) —E {E [X1 (1 - ¥1%0) | X1]} = E [X; (X1P0 — XTP0)] — 0,

Thus By identifies B which describes the effect of the covariates on the expected mean value.

The above calculation implies that when we are not sure that the conditional distribution
L(Y;|X;) is Po(A(X;)), but we are willing to assume that E [Y;| X ;] = X180 for some By € RP,
then we can still use the score function (59) which identifies the parameter 8,. By Theorem 9
we know that the estimator ,[Ain is asymptotically normal with the matrices (Bx) and (Bx)

given by
(Bx)=E XlX—lr(Y1 — eXIBX)2 and (Bx) =E X, XireX-ll—BX'

Thus the asymptotic variance of the estimator Bn can be estimated by

—_—
1ay~ ~

avar(Bn):n o

where

~ 1 « T3 12 ~ 1 ¢ T3
1= 1=

Literature: White (1980), White (1982).
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3.4 Asymptotic normality of )M -estimators defined by convex minimization

Let X1,..., X, be arandom sample from a distribution F' and one is interested in estimating
some quantity @x (p-dimensional parameter) of this distribution such that this parameter can
be identified as

O0x = argminE p(X;0),
6co

where for each fixed x the function p(x; ) is convex in 6. Further suppose that the parameter
space O is a subset of RP.

A straightforward estimator of the parameter @x is given by

) = arg min — p(X;;0
" 0co nz ).

As we see later we do not need to assume that the function p(x;8) is differentiable in 6 for
all (x,0) € Sx x ©. Nevertheless we need a function that plays the role of the function
1(x;60) in the definition of Z-estimators (46). Note that the convexity in 6 guarantees that
for each x the function p(x, 8) is differentiable in @ for almost all @ € ©. So suppose that

there exists a function (x; @) such that ¥(x;0) = % whenever this derivative exists.

Moreover suppose that similarly as for Z-estimators it holds that
E (X 1;0x) =0, (60)
For formulating the main result it is useful to introduce the ‘remainder function’
R(x;t) = p(x;0x +t) — p(x;0x) — tTh(x; Ox) (61)
and the asymptotic (expected) objective function
M(6) = E p(X1;6). (62)

Theorem 10. Assume that the functions ¥ (x; 0) satisfies (60) and the functions R(x;t) and
M(0) are defined by (61) and (62) respectively. Further suppose that

(i) there exists a positive definitive matriz (0x) such that
M(Ox +t) = M(0x)+5t" (0x)t+o([|t]*), ast — 0
(ii) var (R(X1;t)) = o([|t]|*) as t — 0,;
(iti) there exists a finite variance matriz  (0x) = var (¢ (X 1;60x)).

Then the asymptotic representation (50) holds for 57“ which further gives the asymptotic

normality result (51).
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Proof. See the proof of Theorem 2.1 of Hjort and Pollard (2011). Note that assumption (ii)
of the theorem implies that the function ¥ (x;6x) is the derivative in quadratic mean of the

function p(x;0x +t) at t =0. O

Note that if assumptions [Z3]-[Z6] hold then also assumptions (i) and (iii) are satisfied.
Further a closer inspection of the proof of Theorem 2.1 of Hjort and Pollard (2011) shows
that the remainder term 7,(s) there can be handled with the help of assumptions [Z3] and
[Z4] instead of assumption (ii) of Theorem 10.

On the other hand it is worth noting that Theorem 10 allows for p(x; @) that does not meet
assumptions [Z3] and [Z4]. Note that the matrix (0x) does not have to be computed as

(0x) = E Dy(X1;0x) (as in Theorem 9) but one can compute it as the Hessian matrix of
the function M (0) = E p(X ;) at the point 8 x. Thus the assumption about the smoothness
of ¢ (i.e. [Z3] and [Z4]) can be replaced with assumptions on the distribution of X that
guarantee that the function M (6) is sufficiently smooth in 6.

Another important difference is that Theorem 10 yields the asymptotic normality of the
argument of the minimum of 23" | p(X;;0). On the other hand Theorem 9 guarantees
asymptotic normality only for a consistent (i.e. an appropriately chosen) root of the estimating
equations (46). This consistent root may be difficult to find in case that there are more roots

to the estimating equations (46).

3.4.1 Sample median

Let Xi,...,X, be independent identically distributed random variables with density f(y)
that is positive and continuous in a neighbourhood of median F~1(0.5).
It is well known (see also Lemma 5 and Remark 17 in Chapter 5) that the sample median m,,

can be written as

1 n
m, = arg min — Z | X; — 0.
gerR M

Thus one can view m,, as an M-estimator with p(x;0) = |z — 0|. For theoretical reasons it is
advantageous to consider
p(a;0) = |z — 0] — |«],

which does not require that E | X;| < oo in order to define M (6) = E p(X;0). Note that then

(see also Lemma 5 in Chapter 5)

F710.5) = argminE p(X;9).
0eR

Now one can use Theorem 10 to derive the asymptotic distribution of m,,. Introduce

P(x;0) = —sign(x — 0)
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and note that ¢ (xz;0) = dp(z;0)/00 for § # x. Further it is easy to check that
E ¢(X1; F~1(0.5)) = 0.

Provided that also the other assumptions of Theorem 10 are satisfied it remains to calculate

(0x) and (fx). As 0 € R the matrix (fx) reduces to
oy, = var (Y(X1; F1(0.5))) = 1.

Further as M () = — E fog sign(X, —t) dt one can interchange the derivative and the integral
to get
oM (0
69() =—E [Sign(Xl — 0)] = — P(Xl > 9) + P(Xl < 0) = QF(Q) —1.

This further implies that (the matrix) (fx) reduces to

_9*M(9) _ —1
T o0 ‘G:F*1(0.5) =2/(F(05)).

Finally one gets

Vi (i, — F71(0.5)) = N(O, 4f2(F11(05)))

Literature: Hjort and Pollard (2011) Section 2A.

4 M -estimators and Z-estimators in robust statistics®

In statistics the word ‘robust’ has basically two meanings.

(i) We say that a procedure is robust, if it stays (approximately/asymptotically) valid even
when some of the assumptions (under which the procedure is derived) are not satisfied.
For instance the standard ANOVA F-statistic is robust against the violation of the
normality of the observations provided that the variances of all the observations are the

same (and finite).

(ii) People interested in robust statistics say that a procedure is robust, if it is not ‘too
much’ influenced by the outlying observations. In what follows we will concentrate on

this meaning of the robustness.

One of the standard measures of robustness is the breakdown point. Vaguely speaking
the breakdown point of an estimator is the smallest percentage of observations that one has
to change so that the estimator produces a nonsense value (e.g. +oo for location or regression

estimator; 0 or +00 when estimating the scale).

* Robustni statistika
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Let én be an M- or Z-estimator of a parameter 8 x. Note that thanks to Theorems 9 or 10

(under appropriate assumptions) one has the following representation

0 —0x = ZIF +0P(f)

where IF(x) = — ~1(0x)1(x;0x) is called the influence function. Thus if one can ignore
the remainder term OP(%) then changing X; to X; + A results that the estimates §n
changes (approximately) by

%[IF(Xi +A) —IF(X,)].

Thus provided that IF(x) is bounded then also this change is bounded (and of order O(1)).

Note that the above reasoning was not completely correct as the term 0p( \F) was ignored.
Nevertheless it can be proved that (under some mild assumptions excluding ‘singular’ cases) if
the function ¥ (x; @) is bounded then the breakdown point of the associated M (Z)-estimator

CO |
1S 5-

4.1 Robust estimation of location*

Suppose that we observe a random sample Xi,...,X, from a distribution F' and we are
interested in characterising the location.

Note that for the sample mean X,, = % > i, X it is sufficient to change only one observa-
tion to get an arbitrary value of X,,.

On the other hand when considering the sample median m,, = ﬁn_ 1(0.5) then one needs to
change at least half of the observations so that one can for instance change the estimator to
Fo0.

When deciding between a sample mean and a sample median one has to take into con-
sideration that if the distribution F is not symmetric then X, and m,, estimate different
quantities. But when one can hope that the distribution F is symmetric, then both X,, and
my, estimate the centre of the symmetry and one can be interested which of the estimators
is more appropriate. By the maximum likelihood theory we know that X, is efficient if F is
normal while m,, is asymptotically efficient if F' is doubly exponential (i.e. it has a density
fz) = o exp{ 221},

In robust statistics it is usually assumed that most of our observations follow normal dis-
tributions but there are some outlying values. This can be formalised by assuming that the

distribution function F' of each of the observations satisfies

F(z) = (1-n) () +nG(2), (63)

* Robustni odhad polohy
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where 7 is usually interpreted as probability of having an outlying observation and G is a
distribution (hopefully symmetric around p) of outlying observations. It was found that if n
is ‘small’ then using sample median is too pessimistic (and inefficient). We will mention here
several alternative options.

Before we proceed note that both the sample mean X,, and the sample median 7, can be
viewed as M-estimators as

n
X, = argmin Z(XZ —60)? and m, =arg minz | X — 6. (64)
0eR 0eR

Huber estimator

This estimator is defined as

1 n
é;(lH):ar min — Xi—0),
g n;pz{( )

where

2

L’ |$| g k?

pu(T) = { 2 (65)
k(\x|—§), |z| > k

and k is a given constant. Note that the ‘score function’ ¢y (z) = p/y () of the estimator is

ba(a) = pyla) =4 =] < k. (66)
HAE = P = k-sign(z), |z|> k.

Thus one can see that for © € (—k, k) the function 1y corresponds to a score function of a
sample mean (which is ¥ (z) = ) while for x € (—o0, k) U (k,00) it corresponds to a score
function of a sample median (which is ¥ (x) = sign(z)). Thus Huber estimator presents a
compromise between a sample mean and a sample median. So it is not surprising that @LH)
is usually a value between the sample median and the sample mean.

When using Huber estimator one has to keep in mind that the identified parameter is

0H) = argmin E pg (X1 —6).
feR
Thus if the distribution F' is not symmetric then E X; generally does not coincide with
F~1(0.5) and U1 lies between E X; and F~1(0.5).

On the other hand if the distribution F' is symmetric, then 6(1) coincides with the centre
of symmetry, i.e. with F~1(0.5) (the median of F) and also with E X7, if the expectation
exists. It was observed that for the contamination model (63) with G symmetric, Huber
estimator usually performs better than the sample mean as well as the sample median. This

can be proved analytically by showing that for n > 0 and G heavy tailed, then usually

avar (@LH)) < min { var(X,),avar(mn)},
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where the asymptotic variance avar (%H)) is derived in Example 41.
The nice thing about Huber estimator is that its loss function p(x;6) = pg(z —0) is convex
(in 0) thus @LH) is not too difficult to calculate and with the help of Theorem 10 one can

derive its asymptotic distribution (see also Example 41).

The choice of the constant k is usually done as follows. Suppose that X;,..., X, follows
N(0,1). Then one takes the smallest k such that
o
avar (n™) 1 5
var (X n)

where ¢ stands for the efficiency loss of Huber estimator under normal distributions. For
instance the common choices are 6 = 0.05 or § = 0.1 which corresponds approximately to
k=137 or k =1.03.

Example 41. With the help of Theorem 10 one can show that (under appropriate regularity

assumptions)
- d 02

where 52 ( 0

_ " Epn(X - R IC) (s1)

- . ‘Hw) — F(0) + k) — F(0U) — k)
and

0 4k
02 = var (Y (X1 — 0)) = /( ) (z — 0FN2dF(2) + K2 (1 — F(OU) + k) + F(0) — k).
O(H) —

0.2
Thus avar(@(lH)) = n—;@

Other robust 1/ /Z-estimators of location

The other most common M /Z-estimators are the following.

(i) Cauchy-pseudolikelihood: p(x;0) = log(1l + (z — #)?). The problem is that this
function is not convex in 6 and the estimating equation
lz”: 2(Xi —0,) 1,
N 1+ (X —0,)?
¥(Xi:0n)
has usually more roots.

(ii) Tukey’s biweight:

x2 2
0, |z| > k.

But also here the corresponding loss function p (¢ = p') is not convex.
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4.2 Robust studentized )/ /Z-estimators of location

The problem is that the M/Z-estimators presented above (except for the sample mean and
the sample median) are not scale equivariant (i.e. 6, (c X) # ¢0,(X) for each ¢ € R). That

is why in practice M /Z-estimators are usually defined as

n ~
B = agmin 30 p(%:0). oras Yo u(¥gh) Lo,
i=1

n
R N i

where S, is an appropriate estimator of scale*, which satisfies S,,(c X) = |¢| Sp(X) for each

¢ € R. The most common estimators of scale are as follows.

Sample standard deviation

1 _
= . 2
S, — ;(XZ X,)2.

Note that in robust statistics S, is rather rarely used as it is not robust (i.e. it is sensitive to

outlying observations).

Interquartile rangef
S, =IQR = F;'(0.75) — F;1(0.25),

where F, is the empirical distribution function (ie. F,(z) = LS HX; < 2}). Some

people prefer to use
~  F710.75) — F,71(0.25)

Sn = ®-1(0.75) — ®=1(0.25)’

as it is desired that S, estimates o, when Xi,...,X, is a random sample from N(u, o?).

Note that the breakdown point of interquartile range is 0.25.

Median absolute deviation*

This measure is given as the median absolute deviation from the median, i.e.
MAD = medlgignﬂXi - ﬁ;1(05)|},

or its modification )
MAD = —————
-1(0.75)’
so that it estimates o for random samples from N(u,o?).

Note that the breakdown point of this estimator is 0.50.

* odhad meritka t mezikvartilové rozpéti  + medidnovd absolutni odchylka
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Remark 16. Note that due to the studentization the functions p(z;6) = p( ) and ¢(z;0) =
w(zs—no) (when viewed as functions of z and 6) are random. Thus one can use neither Theo-
rem 9 nor Theorem 10 to derive the asymptotic distribution of studentized M /Z-estimators.

Nevertheless, if S, #) S(F') and the distribution F' is symmetric, then (under some
regularity assumptions) it can be shown that the asymptotic distribution of studentized Z/M-
estimators is the same as the asymptotic distribution of M/Z-estimators with p(z;0) =
p(gf(—e) and ¢ (x;0) = @/}(g( 9)) for which one can (usually) use either Theorem 9 or The-
orem 10.

4.3 Robust estimation in linear models
Suppose we observe independent random vectors ()}(,11), ceey (ig:) each of them having the

same distribution as the generic random vector (if)

4.3.1 The least squares method

This method results in the estimator

,@flLS)—argman Y, — XTb < ZX XT>_1(1zn:XiYi).
i=1 (L

beRp

Note that if X ;i # 0 then by changing Y; one can arrive at any arbitrary value of Bnk-

From Example 39 we know that the method of the least squares identifies the parameter
B —[ExxT] ' E XY

and it holds that
~(LS)

v (B,

with 02(X ) = E [(Yi — X]8x)2|X1]. Further provided E [Y|X] = X8y, then 8\ = 8,
and 0%(X) = var(Y]X).

- BY%) == Ny (0,V), where V= [E XXT] ' [Eo?(X) X XT] [EXXT] 7,

— 00

Suppose now that that the first component of X; is 1 (i.e. the model includes an intercept)
and denote by /X/l the remaining components of X ;. That is X; = (3(1«) Further suppose
that the following model holds

P —

Y=08+X B+e¢e, where el1X. (67)

Then E[Y | X] = B + BT X +E ¢ and the method of the least squares identifies the parameter
LS Pot+Ee

By = ( 5 ) - (68)

Further the asymptotic variance matrix V simplifies to

V=o®(E XXT)_l, where o2 = var(e). (69)
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4.3.2 Method of the least absolute deviation*

This method is usually considered as a robust alternative to the least squares methods. The

estimate of the regression parameter is given by

~(LA
B, LAY _ argmln—z |Y; — X[b|,
2 et
As we will see later (see Chapter 5) the LAD method models med[Y | X| = FY‘X(O.5) as

XTB. So if indeed med[Y | X] = XT3, then B-*7) = 3.

~(LAD
The asymptotic distribution of ,6; ) can be heuristically derived by Theorem 10 as follows.

The score function is given by

(x4 b) = —sign(y — x"b) x.
Now put M(b) = E UY—XTb| —|Y'|], where the random vector (if) has the same distribution
as (}é’) Then

dM (b)

op —F [sign(Y — X 'b) (-X)] = —E X[{Y > X"b} - {Y < X"b}]

=—E X[1-2Fyx(XTb)].

Thus
*M (b)

Ob obT

=2E X fyx(X"b)XT,
which finally implies that

(LAD) ) 0?M (b)

(8 b abT lp_grar) ~ 2 E (XX frix (XTBE)] = 2 E [XXT fyix (Fy[x (05)].

Further as
(BLAP)) = var (v(X,v; 8YAP))) = E XX,

one gets that under appropriate regularity assumptions
(LAD) (LAD) d
\/ﬁ(ﬁ —ﬁx ) — Ny (0p,V),
where

V= (E (XX T fyix( Y|X(0 5))D

EXXT(E [XX fyx (Fy/x (0. 5))])_1.

~T
Note that if model (67) holds, then med(Y; | X1) = 8o + X, 8 + F.1(0.5), where F ! is

the quantile function of 7 and thus

(LAD) (%+&%m>
BlAP) — 5 .

* Metoda nejmensich absolutnich odchylek, medidnovd regrese
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Thus when compared with the method of the least squares (68) one can see, that if model (67)
holds then both methods identify the same slope parameter 3. The only difference is in
intercept.

Further if model (67) holds then

frix (Fy x(0.5)) = f-(FZ1(0.5)),
which implies that
(BLAP) =2 . (F71(0.5)) EXXT

and
1

_QﬁgﬂmmHQ

Now when one compares (69) with (70), one can see that the least absolute deviation method

(ExxT)™" (70)

is favourable if
1

-1 2 <

[4f-(F1(0.5))]
Regarding the robustness of the least absolute deviation estimator note that in this special
situation (i.e. if model (67) holds) Y; — XT,B(LAD = g; — F71(0.5) and the asymptotic

representation (50) of ,Bn implies

var(g).

~(LAD)  _pap)y 1< ( T) 1 sign(e; — F1(0.5)) )
=— EX: X X; +op(—=).
B = Px ngj ' " 2f(F(0.5)) »(75)
Thus one can expect that the change of Y; (or equivalently the change of ;) has only a
~(LAD
bounded effect on 51(1 ). On the other hand note that the change of X; has an unbounded

(LAD)

~(L
effect on 3, . Thus LAD method is robust with respect to the response but not with

respect to the covariates.

4.3.3 Huber estimator of regression

Analogously as Huber estimator of location is a compromise between a sample mean and a

sample median, Huber estimator of regression is a compromise between LS and LAD. Put

~(H)

= arg min — Y X b
lan éiRP n‘EE:FU1 )
where pp is defined in (65). Generally, it is difficult to interpret what is being modelled with
Huber estimator of regression (it is something between E (Y | X') and med(Y | X)). Note that
it identifies

,BS(H) = argminE py (Y — X h).
beRP
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Equivalently 6%1) solves
1
E [vn (Y - XT6Y") X] =0,
where ¢y is defined in (66).

Analogously as in Example 41 one can derive that under appropriate assumptions

Vi (B - BED) Ny (0,, V), with V= “I(8E) (B (B,
where
(B8") = Ex |Fyix(XTBY" + k) — Fyyx (XTAY" — )| X XT
and

(BY) =Ex [XXT var (1(Y — Xngf>)|X>].

(H)
If model (67) holds then Bg{) = (gﬁ?)) solves
X

E [vu (8o + XTB +e— gg)) — ’)ETE}E?)) X] 2 0,.

Thus By identifies the following parameter

(H) _ ( Bo + 6 >
X B )

where 8 solves E (e — 0UD) £ 0. So if model (67) holds then the interpretation of the
regression slope coefficient (3) is the same for each of the methods described above (LS, LAD,
Huber regression).

Further the asymptotic variance matrix simplifies to

0'2 —
V=25 (EXXT), (71)
with
y = F(0") + k) — (0" — k)
and
6H) 1k
ol = /( ) (x — 02 dF.(z) + K2 (1 — Fo(0") + k) + F. (0 — k).
0UH) —f

~(LS
Using (69), (70) and (71) one sees that to compare the efficiency of the estimators B;L ),

~(LAD) ) ‘ . 2
G, and ,6 1t is sufficient to compare var(), TEETO5) and —

Regarding the robustness properties the influence function is given by
-1 H
IF(x,y) = (EXX") " Lon(y—x"8{)x,

thus the estimator is robust in response but not in the covariate.
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4.3.4 Studentized Huber estimator of regression

Analogously as in Chapter 4.2 in practice the studentized Huber estimator is usually used.

This estimator is defined as

B 1L (Yi—XTb)

:argmm—g oo | ———),

n
berr N = on

where 5, is an estimator of scale of ¢;. For instance one can take M AD or IQR calculated

~(LAD
from the residuals from LAD regression &; = Y; — X Iﬁi ).

Inference:

e With the help of Theorem 10 one can show the asymptotic normality of Bn of the

(non-Studentized) Huber estimator.

e If model (67) holds, then it can be shown, that the estimate of the scale influences only

the asymptotic distribution of the estimate of the intercept and not of the slope.

Literature: Maronna et al. (2006) Chapters 2.1-2.2 and Chapters 4.1-4.4.

5 Quantile regression*

Generally speaking, while the least squares method aims at estimating (modelling) a condi-
tional expectation, quantile regression aims at estimating (modelling) a conditional quantile.
This is of interest if the covariate may have different effects on different quantiles of the
response.

Applications of the quantile regression can be found in medicine (e.g. constructing reference
charts), finance (e.g. estimating value at risk), economics (e.g. wage and income studies,
modelling household electricity demand) and environment modelling (e.g. modelling flood
height).

5.1 Introduction
For a given 7 € (0, 1) consider the following loss function

pr(x) =717 x>0} 4+ (1 —7) (—z) {x < 0}.
Note that for x # 0 one gets

bel) = ph(w) = 71z > 0} — (1 - 7) Iz < O},

For x = 0 put ¢,(0) = 0.

* Kwvantilovd regrese.
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Lemma 5. Let the random variable X have a cumulative distribution function F. Then

Fl(r) = argergin E [p-(X —0) — p-(X)]. (72)

Proof. Put M(#) = E [p-(X —60) — p-(X)]. One can calculate
0 0
M) =—-E ¢T(X—t)dt:—/ E o (X —1t)dt
0 0
0

:_/ FP(X > 1) — (1—7)P(X < t)dt.
0

:—/GT—TF(t)—(l—T)F(t)dt.

0
0
:—TH—I-/ F(t)dt.
0
Now for each § < F~1(r)
M@-)=—-1+F0_)< -1+ F() <0,
M/(€9+) = —7'+F(0+) = —T+F(9) < 0.

As the function M () is continuous, this implies that M () is decreasing on ( — oo, F~(1)).
Analogously for § > F~1(7)

MO_)=—-1+F(0-)> -1+ F(F (1)) >0,

Thus the function M (6) is non-decreasing on (F~'(7), +00). This further implies that (1)
is the point of the global minimum of the function M (#). O

Remark 17. Suppose we observe a random sample X7,..., X,. Let ﬁn be the corresponding

empirical distribution function. Then by
1 n
> pe(Xi =) =E g p,(Z - 0),
=1

where the random variable Z has the distribution given by the empirical distribution function
ﬁn and E 2 stands for the expectation with respect to this distribution.

Thus by Lemma 5

~ 1 R
E ()= ar%EI;un - ;pT(XZ- —0).
Note that for 7 = 0.5 one gets the characterization of the sample median as in (64).

Further note that from the proof of Lemma 5 it follows that the arg mingcg £ 37 p-(X;—06)
is not unique if there exists a root of the function —7 + ﬁn(e) This happens if n7 =14 € N
and X(;,) < X(jo41)- Then M(0) is minimised by any value from the interval [X(io)aX(ioH)]-
In this situation F;(7) = X (i) 1s the left point of this interval.
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5.2 Regression quantiles*

Suppose that one observes independent and identically distributed random vectors

(i) G2)

being distributed as the generic vector (if )

The 7-th regression quantile is defined as

~

1 n
o(T) = argmin — (Y — X[Db).
Bu(r) =argmin 3 e )

At the population level the regression quantile identifies the parameter
By(r) = argmin E [p, (Y — XTb) — pr(V)].
beRP

Note that thanks to (72)
E [pr(Y = XTb) = p,(¥)] =E { E [p(Y = Xb) = p,(¥) | X] }
>E {E [or (Y = Fyx (7)) = pr(Y) | X]} =E [p; (Y — Fyx (7)) = pr (V)]

where F;‘lx (7) is the 7-th conditional quantile of Y given X. Thus if the model for F;ﬁx (1)
is correctly specified, that is F;|1X (1) = XTB,, then By (1) = By.

~T
Often in applications we assume that X; = (17 X, )T and that
—~T —
Y=0(+X B+e, where el1lX. (73)

~T
Then F;|1X (1) = Bo + X B+ F- (1), where F-!(7) is the 7-th quantile of the random

error €. Thus provided model (73) holds

ﬂX(T)Z(ﬁOJFZE ( )>.

Thus if model (73) holds, then for 71 # 75 the regression quantiles By (71) and B (72) differ
only in the intercepts. That is the effect of the covariate is the same for all quantiles of
the response. But this is not true in general. In fact the regression quantiles are interesting
in situations where the effect of the covariate can be different for different quantiles of the
response.

As also illustrated by the following simple examples, the regression quantiles gives us a
more detailed idea about the effect of the covariate on the response. This can be interest on
its own or as a check that we do not simplify the situation too much by considering only the

effect of the covariate on the conditional expectation.

* Regresni kvantily
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Example 42. To illustrate consider one-dimensional covariate X; which is generated from
the uniform distribution on the interval (0,1) and the error term &; which has an exponential
distribution with mean 1 and which is independent of X;. Further consider the following two

models

o The homoscedastic model given by

Yi=1+2X;4+¢, i=1,...,n.

o The heteroscedastic model given by

Y,=14+2X;,+2X,¢;, 1=1,...,n.

On Figure 42 one can find a random sample of size 1000 from these models. The solid lines
represent the fitted regression quantiles for 7 € {0.1,0.25,0.5,0.75,0.9} assuming that the

conditional quantile is in the simple linear form
Fy (1) = Bi(7) + Ba(7) X.

The standard least square estimator is included for the reason of comparison.

Note that in the homoscedastic model all the fitted lines are approximately parallel. This
is in agreement with the above finding that in the ‘strict linear model’ (73) the slope of the
(theoretical) regression quantiles is the same (up to the random variations that decreases as
the sample size increases).

On the other hand in the heteroscedastic model the slopes differ and in this simple example
we see that the effect of the covariate is stronger on larger conditional quantiles.
Homework exercise. In the homoscedastic as well as heteroscedastic model find the theoret-
ical conditional quantile F;|1X(T) for different values of 7 and compare it with the conditional

expectation E [Y|X]. Compare the results with the fitted lines on Figure 42.

Example 43. Let Y1,...,Y,, be a random sample with the distribution function £ and
Yni+1y-- -5 Yn,4n, be a random sample from the distribution function G .
Often it is assumed that G(z) = F(xz + u) for each € R. Thus alternatively we can

formulate the two-sample problem as a linear regression problem with
Yi = Bo + bizi + i, (74)

where
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Linear fit (homoscedastic model)

0.1
0.25
0.5
0.75
0.9
-=- LS

10
|

0.0 0.2 0.4 0.6 0.8 1.0

Linear fit (heteroscedastic model)

0.1
0.25
0.5
0.75
0.9
-- LS

10

Figure 1: Fitted regression quantiles for 7 € {0.1,0.25,0.5,0.75,0.9} (solid lines with different
colours) for homoscedastic model (the upper figure) and heteroscedastic model (the
lower figure). The least squares fit is included for the reason of comparison (dashed

line).
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and ¢; has a cumulative distribution function F. Usually we are interested in estimating (.

By the LS method one gets

1 ni1+n2 1
) LS
Bi=— > Y——E Yo 5 pe - up = B
no . 1 1 N1 ,M2 00 N e
1=n1

where ur and g stand for the expectation of an observation from the first and second sample
respectively.

On the other hand let n = n; + no. Then the quantile regression yields

B(r) = argmm—ZpT i —bo — biz;)

bo,b1
ni+ng
= argmm* ZPT (Y; —bo) + Z pr(Yi —bo —b1) | .
bo,br T i=n1+1

The first sum is minimised by
and the second sum by

Thus we get

Bir) =Gl (r) —Fl(r) 2 G 1) — F(r) = Buln).

n1,n2—00

Further if model (74) really holds, then G='(7) = F~!(7) 4 p and one gets £1(7) = u = 5
for each 7 € (0,1).

Computing regression quantiles

The optimisation task

(Y;—Xb
min Zpr ; )

can be rewritten with the help of linear programming as minimisation of the objective function

n

n
TZ’I”;_—F(l—T)ZTZ»_,
i=1 i=1

subject to the following constrains

p

D Xijbj+rf - =Y, i=1..n,
j=1

rf >0, r; >0, i=1,...,n,

bjER, ij=1...,p.
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Note that one can think of Tj and r; as the positive or negative part of the i-th residual, i.e.
rf=i-X/b),, r=(Yi-X/b)_.

This can be solved for instance with the help of the simplex algorithm.

5.3 Interpretation of the regression quantiles

Provided F;|1X (1) = X T8 and the model is correctly specified then one can interpret Bk (1)
(the k-th element of ,Bn(T)) as the estimated change of the conditional quantile of the response

when the k-th element of the explanation variable increases by 1.

Intersection of the fitted regression quantiles

Note that it might happen that for a given value of the covariate x and given quantiles
O<mp<m<l1

~

Frly (1) =x"B,(11) > X" B,(72) = Fy/x_ (7). (75)

which is rather strange as we know that the theoretical quantiles for 71 < 7o must satisfy

F;|1X':x (Tl ) < F;\l)(:x (TZ) .

Thus if one gets the inequality (75) (we also say that the regression quantiles cross) for x
from the support of the covariate, it might indicate that the assumed linear model for the

conditional quantile is not correct.

Transformed response

It is worth noting that if one models the conditional quantile of the transformed response,

that is one assumes that F 1

)| x(1) =X T3 for a given increasing transformation h, then

T=P(h(Y)< XB|X) =P (Y <h {(X"B)| X),

which implies that F;llx(T) = h (X T7B3). Analogously F;‘1X(1 —7)=h"YXTP) for h de-
creasing. That is unlike for modelling of conditional expectation (through the least squares
method), here we still have a link between 3 and and the quantile of the original (not trans-
formed) response F;ﬁx (7).

Thus from the practical point of view even if BH(T) is estimated from the response-

transformed data (h‘()g/ll )), cen (h@ )), one can still e/s\timate the conditional quantile of the
original (not transformed) data FQEX(T) = h_l(XTﬁn(T)) (for h increasing). On the other

hand if we estimate the conditional expectation of E [h(Y)|X] as XT3, there is no general

way how to use Eln to get an estimate of E [Y|X].
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A very common and popular transformation is log-transformation, i.e. h(y) = logy. This

. -1
results in Fy|X

F;|1X (1) changes when the k-th coordinate of the covariate is increased by adding one.

(1) = eX "B and P+(") measures how many times the conditional quantile

5.4 Inference for regression quantiles

Analogously as in Chapter 4.3.2 one can heuristically derive that under appropriate regularity

assumption for fixed 7 € (0,1)

Vi (B(r) = Bx (7)) - Ny(0,, V).

where
1 —1
V= (E[XXTfyx(Frjx(M)]) w1 -mEXXT(E [XX frix(Fy/x()]) . (76)

~T
Note that if model (73) holds, then Fy|x = fo+X B+ F7Y(7), where F! is the quantile

function of ¢ and thus
BO + Fa_l(T)
Bx(T) = < :
B
Further if model (73) holds then

fyix (F37|1X(7')) = f-(F (7)),
which implies that
E[XXTfyx(Fyx(1)] = f:(F-'(r) EXXT

and

rd-) S(ExxT) (77)

V=— "7
[fo(F ()]

Estimation of asymptotic variance of 3, (1)

Note that in general the asymptotic variance matrix (76) of Bn(r) is rather complicated and
it is not clear how to estimate it. That is why nonparametric bootstrap is of interest.
If model (73) holds, then the asymptotic variance matrix of BH(T) simplifies considerably

and one gets

avar (Bn(T)) = % (E XXT)_IJ?(T(;Ei__IT()T)).
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The matrix E XX can be estimated as %Z?:l XlXZT The difficulty is in estimating the

sparsity function s(7) = fe(?ll(r)) In Chapter 4.10.1 of Koenker (2005) it is suggested that

one can use the following estimate

-1 -1
u(r) = T2 O ) 2 Lug (T2 )
2y,
where
. 1 & - I~
Fosly) == > WYi= X7 Bu(r) <y} =—> &) <y}
=1 =1

is the empirical distribution function of the residuals and (the bandwidth) h, is a sequence
going to zero as n — oo. A possible choice of h, (derived when assuming normal errors
E1,...,Ep) is given by

hn _ 77,71/3 'U,2/3

2 {1.5902(%)} 1/3

2u72_+1 ?

where ¢ is the density of N(0, 1). For details and other possible choices of h,, see Chapter 4.10.1

in Koenker (2005) and the references therein.

As estimating is rather delicate, also in this situation the nonparametric boot-

1
fe (Fs_l(T))
strap (see Chapter 8.2 below) is of interest.

5.5 Asymptotic normality of sample quantiles*

Suppose that we have a random sample X7, ..., X,, where X; has a cumulative distribution
function F'. Note that for a given 7 € (0, 1) thanks to Remark 17 one can view the sample
quantile ﬁn_ L(7) as the argument of minimum of a convex function. Thus analogously as in
Chapter 3.4.1 one can derive that if f(x) (the density of X;) is positive and continuous in a
neighbourhood of F~!(7), then

Vi (B ) = F7H(0) —2 N0, 2785)-

n—oo

Literature: Koenker (2005), Sections 2.1, 2.4, 4.2. 4.10.

6 EM-algorithm

It is an dterative algorithm to find the maxzimum likelihood estimator §n in situations with
missing data. It is also often used in situations when the model can be specified with the help
of some unobserved variables and finding §n would be (relatively) simple with the knowledge

of those unobserved variables.

* Not done at the lecture. It is assumed that it is known from the bachelor degree.
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Example 44. Let X1,..., X, be a random sample from the distribution with the density

G
m™) =Y fi(x)
j=1

where fi,..., fg are known densities and @ = (71,...,7mg)" is a vector of unknown non-
negative mizing proportions such that Z?Ll mj = 1. Find the maximum likelihood estimator

of the parameter 7, i.e.

= arg max f(Xpm) |,
TEO (H ' )

where © = {(m1,...,7¢)" : 7 € [0,1], Z] (T =1}

Solution. A straightforward approach would be to maximize the log-likelihood

n n G
m) =Y log f(Xym) = log | > mf;(X
i=1 i=1 j=1
Using for instance the parametrization 7g = 1 — Z]G:_ll 7, the system of score equations is
given by

n

[  fe(Xy)
el DO mfz( D Yy mA(X)

which requires some numerical routines.

Ujn(m) =

Alternatively one can use the EM-algorithm, which runs as follows. Introduce Z; =
(Zis- -, ZiG)T ~ Multg(1; 7), where

1, X; is generated from f;(x),
Zij =

0, otherwise.

Note that one can think of our data as the realizations of the independent and identically
distributed random vectors ()Z(ll), ceey ()Z(”) where Z1,...,7Z, are missing.

Put X = (X1,...,X,)". The joint density of a random vector (‘2’) is given by

G
fxz(x,2;m) = fxz(z|z; ™) fz(z;7) szf] ' H”;j
=1

, (Xn

In the context of EM algorithm the random sample ()Z(i)’ ... Zn) is called complete data.
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The corresponding log-likehood is called complete log-likehood and it is given by

n [[a q
fg(ﬂ') = log H ZZZ]f](X’L) HT['jZij
i=1 | \Jj=1 j=1
n i n G
= Z log Z ij] -+ Z ZZU logwj
i=1 j=1 ] =1 | j=1

If we knew Zy,...,Z,, then we would estimate simply 7; = %Z?:l Zijyj =1,...,G. The

EM algorithm runs in the following two steps:

(i) E-step (Expectation step): Let #) be the current estimate of 7. In this step we

calculate
Q(m, 7™ = E o [(§ (m) | X],

where the expectation is taken with respect to the unobserved random vectors Z, ..., Z,.
More precisely one has to take the expectation with respect to the conditional distri-
bution of Z1,...,Z, given X1,...,X,. As this distribution depends on the unknown
parameter 7, this parameter is replaced with the current version of the estimate 7).
This is indicated by E _&). Note that in this step one gets rid of the unobserved random

vectors Zq, ..., Z4,.

(ii) M-step (Maximization step): The updated value of the estimate of 7 is calculated as

gD — argmaxQ(ﬂ w(k))

TEO

E-step in a detail:

n G n G
Q(m, 7MY =B | D log | D Ziifi(Xi) | | X| + B0 | DD Zijlogm; | X| . (78)
i=1 J=1 i=1 j=1
Note that the first term on the right-hand side of the above equation does not depend on .
Thus we do not need to calculate this term for M-step. To calculate the second term it is
sufficient to calculate E k) [Zij \X} To do that denote e; = (0,...,0,1,0,... ,0)T for the
j-th canonical vector. Now with the help of Bayes theorem for densities (Theorem A24) one

can calculate

E s [Zij |X] = E 2 [Zij | Xi] = Paw (Zij =1|Xi) = fZlX(ej|X";%(k))
~(k

_ PpXdes ) falesd®) KA
)

k Ty

Fx (X 7®) NG px)E®
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M-step in a detail: Note that with the help of the previous step and (78)

n G
Q('n‘, ?r(k)) = const + Z Z zg?) log 7;.

i=1 j=1

Analogously as when calculating the maximum likelihood estimator in a multinomial distri-

bution one can show that the updated value of the estimate of 7 is given by

1 n

~(k+1) _ ~(k)\ _ (k)

T =argmaxQ(m, 7 =— z,

weD ( ) n Zz;

where zgk) = (zi(f), .. .,zi(é))T and so 7?](-k+1) = %Z?:l zl-(f) for j € {1,...,G}.

6.1 General description of the EM-algorithm

Denote the observed random variables as Y s and the unobserved (missing) random variables
Ymis- Let f(y; @) be the joint density (with respect to a o-finite measure 1) of Y = (Y ops, Yimis)
and denote £€'(0) the complete log-likelihood of Y. Our task is to maximize the observed log-
likelihood Cops(0) = log f(Yops; @), where f(yops; @) is the density of Yps. Note that

grc;(o) = log f(Yob37 Ymis§ 0) = log (f(Ymis’YobSQ 0) f(Yobs§ 0))
= lOg f(Ymis‘Yobs; 0) + IOg f(Yobs; 0) = IOg f(Ymis|Yobs; 9) + eobs(o)v

where f(Ymis|Yobs; @) stands for the conditional density of Y,,is given Yops = ¥obs. Thus one

can express observed log-likelihood with the help of complete log-likelihood as
fobs(o) = 65(0) - log f(Ymis|Yobs; 0) (79)

Finally denote
Q(6,6) =E5 [67(0) | Yobs). (80)

EM-algorithm runs as follows:
Let é(k)
is computed in two steps:
E-step: Calculate Q(@, é(k)).
o o(k+1) (k)
M-step: Find 0 = argmaxgcg Q(G, 0 )

~(k
be the result of the k-th iteration of the EM-algorithm. The next iteration 9( =

Note that at this moment it is not at all clear, if the EM-algorithm is a good idea. Remember
that our task is to maximize the observed likelihood. The following theorem is the first answer

in this aspect.
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Theorem 11. Let the set {Ymiss : f(Ymiss|Yobs; @) > 0} does not depend on 6. Further £y,s(0)
be the observed likelithood and /O\(k) be the result of the k-th iteration of the EM-algorithm. Then

Lobs <5(k+1)> > Lobs (a(k)>-

Proof. Note that the left-hand side of (79) does not depend on Y,,;s. Thus applying E 5 [ | Yobs)
on both sides of (79) yields that

lovs(0) = Ew[£5(8) [ Yons] — E 5y [108 f(Yomis Yons: 0) | Yos]
_ Q(G,ﬁ(k)> —H (0,5“”) . (81)
Now note that
O, <§(k+1)) ~Q (§(k+1)7§(k)) i <§(k+1)’§<k)) 7
s (é(k)) —0 (6””,5“”) o (5(’@,5(@) '

Thus to verify £,ps <§(k+1)

(8.8 > 0 (6".8") wdaso 1 (6"78") <1 (6".67). (2

) > Lops <§(k)) it is sufficient to show that

Showing the first inequality in (82) is easy as from the M-step

~(k+1)

(7] = arg max @) (0,§(k)) ,

6O
which implies that Q (5(’““),5(’“)) >0 (0, E(k)) for cach 6 € ©.

To show the second inequality in (82) one gets with the help of Jensen’s inequality that for
each 0 € ©:

H (9@(’“)) = E [10g £ (Yomis|Yobs: 0) | Yobs]

Ymis Yo S5 0 —~
= E’B\(k) log f( | ’ ,\(k)) Yobs | + E5<k) |:10g f(Ymis‘Yobs§ g(k)) |Yobs:|
f(Ymis’Yobs; 0 )

Jensen Y mis Yo S 7] ~(k) ~(k
= tog [ £ S (Ymis|Yob A(k)) Yol | + 7 <9< ) 5 ))
f(Ymis’Yobs; 0 )

misYos;O ~(k ~(k) ~(k
= IOg ( f(y ‘ é A(k)) ' f(Ymis’Yobs; 0( )) d:UJ(Ymis)) +H (0( )a 0( ))
f(Ymis|Yobs§ 0 )

o) + 1 (6.0%) = 1 (8%,6%). )

O
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6.2 Convergence of the EM-algorithm

Although from Theorem 11 we know that EM algorithm increases (more precisely does not

~(k
decrease) the observed log-likelihood, it is still not clear whether the sequence {0( )}%’:1
converges. And if it converges what is the limit.

To answer this question we need to introduce the following regularity assumptions.
e The parameter space O is a subset of RP.

e The set Oy = {0 € 0 : Lys(0) > Eobs(eo)} is compact for any @y € © such that
fobs(eo) > —0Q.

e (,p5(0) is continuous in O and differentiable in the interior of O.

Theorem 12. Let the function Q(G,é) defined in (30) be continuous both in @ and 6. Then
all the limit points of any instance {5(’“)} are stationary points of Lops(0). Further {Eobs (5(’“))}

converges monotonically to some value £* = Lyps(0™), where 8 is a stationary point of £yps(0).
Proof. See Wu (1983). O

Note that if 8* is a stationary point of £,5(0), then

0lops(0)

ZobsZ) =0,.

Thus by Theorem 12 the EM-algorithm finds a solution of the system of log-likelihood equa-

tions but in generally there is no guarantee that this is a global maximum of £,,4(8).

Corollary 2. Let the assumptions of Theorem 12 be satisfied. Further suppose that the

~ ~(k ~
UNCLION Lops as a unique maxrmum oy, at 18 e on stationar oint. en — n
tion €,,s(0) h i imum 0, that is the only stationary point. Then 8" —

as k — oo.
6.3 Rate of convergence of EM-algorithm

Note that in the M-step of the algorithm there might not be a unique value that maximizes
~(k ~(k
Q (9, 0( )>. Thus denote the set of maximizing points as M (0( )>, ie.

M (5('“)) -{6:q (6,6(’“)) — max Q (0,6(’“)) 3

6co

~(k ~(k
Then one needs to choose 0( +1) as an element of the set M (0( )). Thus let M : © — © be

a mapping such that
b\(k—l-l) _ M(a(k)) .
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Let 5(’“) — 0" as k — oo. Note that then 8" = M(0*). Assuming that M is sufficiently
smooth one gets by the one term Taylor expansion around the point 8* the following approx-
imation

~(k ~(k oM (6 ~(k ~(k
0" = (0") = m(or) + OM(8) (8" —67) +o(|p" - o).
S—— 0 0—0*
—0*
Thus
. M(O - .
oy _gr = MO (d“—0ﬁ+oﬂww—0*> (84)
90" lo—p*
and the Jacobi matrix 82/2(3) _ measures approximately the rate of convergence. It can
be shown that IM(6)
M *\1—1 ymz *
T = [I;7(6)] 7' 1;1"(6"), (85)
00" lg—p-

where

100)= o[22 |y, ]

can be considered as the empirical Fisher information matrix from the complete data and

o log f(Ymis|Yobs§ 9)
06007

can be considered as the empirical Fisher information matrix of the contribution of the missing

data (that is not explained by the observed data).

I7%%(0) = —Eq |

obs:| ;

Note that by (84) and (85) in the presence of missing data the convergence is only linear.
Further the bigger proportion of missing data the ‘bigger’ I"™*(0) and the slower is the

convergence.

6.4 The EM algorithm in exponential families

Let the complete data Y have a density with respect to a o-finite measure p given by
P
i) =] Y- (0) T3} 0)cty) (56)
j=1
and the standard choice of the parametric space is
P
o= {e |/ exp{ Zaxeﬂy(y)}c(y) duly) < oo}.
j=1

Note that T(Y) = (T1(Y),... ,Tp(Y))T is a sufficient statistic for .
The log-likelihood of the complete data is now given by

(5(6) = a;(0) Ty(Y) + logb(8) + const.,
j=1
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which yields that the function @ from the EM-algorithm is given by

Q (9,5<k>> = Egw [£5(0)|Yops] Za] E 50 [T5(Y) | Yobs] +log b(8) + const.
P
= Z My log b(0) + const.,
where we put T( ) = EA(k) [ ’Yobs]

The nice thing about exponential families is that in the E-step of the algorithm we do not

Ak)

need to calculate ) <0, 0 ) for each 0 separately but it is sufficient to calculate

j:j(k) = E"(k) [ ‘Yobs] J=1...,p,

and in the M-step we maximize

pty = arg max { Z a;(0 (k) + log b(H)}. (87)
oco |

Interval censoring

Let —co=dp < di < ... <dp = oo be a division of R. Further let Y7,...,Y,, be independent
and identically distributed random variables whose exact values are not observed. Instead
of each Y; we only know that Y; € (dg,—1,dg,], for some ¢; € {1,...,M}. Thus we observed
independent and identically distributed random variables Xi,...,X,, such that X; = ¢; if
Yi € (dg;—1,dg)-

Suppose now that Y; has a density f(y;8) of the form

F(0:0) = exp{ 0 }bl<e> ().

Thus the joint density of the random sample Y7, ...,Y], is of the form (86) where

n
V)= t;(Y;), j=1,....p
i=1

Thus in the E-step of the EM-algorithm it is sufficient to calculate
n
~(k .
Tj( )= E_w [T;(Y) | X1,..., X0 = ZE§<’“) () | Xi], i=1,....p,
i=1

and the M-step is given by (87) where b(8) = b7(8).
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Example 45. Suppose that Y; ~ Exp(\), i.e. f(y;A) = Ae ™™ I{y > 0}. Thus p = 1,
ti(y) =y, ar(A) = =X and by (\) = A

In the E-step one needs to calculate E 5 [Y;| X;]. Note that the conditional distribution
of ¥; given that Y; € (a,b] has a density —"" I{y € (a,b]}. Thus with the help of the

integration by parts

N 1 Qo ) A
Yi(k) = Ej\(k> Yi| Xi =qi] = RO 5(k) / pAMe™ T da
e—)\ dg;_y _ ef)\ dg, dg;_,
(k) 3 (k
dg,_, € My ine_)\( . + !
T AWy A, Ak)

and with the help of (87) one gets that

D = arg max {Q ()\,5\(]“)) } = argmax{ — )\Z?Z-(k) + nlog )\} = %k’
A>0 A>0 i— .( )

6.5 Some further examples of the usage of the EM algorithm

Example 46. Let X1,..., X, be a random sample from the distribution with the density

fl@) = w3 o(F55) + (1 - w) 5 o(5542),

where w € [0, 1], y1, p2 €R, 02,05 € (0,00) are unknown parameters and

p(a) = 7= exp{—a?/2}

is the density of the standard normal distribution. Describe the EM algorithm to find the

maximum likelihood estimates of the unknown parameters.

Literature: McLachlan and Krishnan (2008) Chapters 1.4.3, 1.5.1, 1.5.3, 2.4, 2.7, 3.2, 3.4.4,
3.5.3, 3.9 and 5.9.

7 Missing data*

Fori=1,...,1let Y; = (Yj1,..., Y, )" represent the data of the i-th subject that could be

7

ideally observed. Let R; = (R;1,..., Rin,)", where
1, ifYj; is observed ,
Ry = .
0, otherwise.
Let Y, represent Y;; such that R;; = 1 and Y,,,;s represent Y;; such that R;; = 0. Thus the

available data are given by

(Yobszl, SRR RI) = (Yobsa R)v

* Chybéjici data
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where R = (Ry,...,Ry). Note that the complete data can be represented as
(Yl, cee ,Y], R) = (Y0b87 Ymis R) = (Y, R)

Suppose that the distribution of Y depends on a parameter 8 (which we are interested in)
and the conditional distribution of R given Y depends on ). Then the joint density of the

complete data can be written as

fly,r;0,9) = f(rly; ) f(y; 0).

Now integrating the above density with respect to y..is yields the density of the available
data

f(yobsa r; 97 ’lP) = / f(y0b87 Ymis; 0) f(r|y0b87 Ymis; w) d:u(Ymis)- (88)

In what follows we will say that the parameters 8 and 1) are separable if 6 € Qy, 9 € Qy
and (0,9)7 € Qg x Qy.

7.1 Basic concepts for the mechanism of missing

Depending on what can be assumed about the conditional distribution of R given Y we

distinguish three situations.

Missing completely at random (MCAR). Suppose that R is independent of Y, thus one can
write f(r|y; ) = f(r;4) and with the help of (88) one gets

f(YObsar§ 07¢) = f(YObs§ a)f(l‘, 1/’)7

which further implies that the observed log-likelihood is of the form

lovs(0,%) = 10g f(Yobs; 0) + log f(R; ).

Note that if the parameters @ and 1) are separable then the second term on the right-hand
side of the above equation does not depend on @ and can be ignored when one is interested

only in 6.

Example 47. Let Y7,...,Y,, be a random sample from the exponential distribution Exp(\).
Let Ry,..., R, be a random sample independent with Y7,...,Y,, and R; follows a Bernoulli
distribution with a parameter p; (e.g. p; = %ﬂ)

Missing at random (MAR). Suppose that the conditional distribution of R given Y is the same
as the conditional distribution of R given Y,us. Thus one can write f(r|y; ) = f(r|yops; ¥)
and with the help of (88)

f(yobsa r; 0’ ’l,b) = f(YObs; O)f(r|YObs;'l.b)v
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which further implies that the observed log-likelihood is of the form

gobs(aa 'l.b) lOg f( obs; ) + IOg f(R’Yobs§ 1/’)

Note that although MAR is not so strict in assumptions as MCAR, also here the second term
on the right-hand side of the above equation does not depend on 6 provided that 8 and

are separable.

Example 48. Let (X],Y1,R))T,...,(X]),Y,,R,)T be independent and identically distri-
buted random vectors, where the covariates X1, ..., X,, are always completely observed. Let

R; stand for the indicator of missing of Y; and
P(R; =1|X;,Y;) =r(X),

where r(x) is a given (but possibly unknown) function.

Missing not at random (MNAR). In this concept neither the distribution of R is independent
of Y nor the conditional distribution of R given Y., is independent of Y,,;s. Thus the
density of the observed data is generally given by (88). To proceed one has to make some

other assumptions about the conditional distribution of R given Y (i.e. about the density

f(r|YObsa Ymis; ’lﬁ))

Example 49. Maximum likelihood estimator for the right-censored data from an exponential
distribution. Suppose that Yi,...,Y, is a random sample from the exponential distribution
with the density f(z;\) = Ae™*®I{z > 0}. Nevertheless we observe Y; only if ¥; < C, where
C is a known constant (e.g. duration of the study). If Y; > C then we do not observe the
value of Y; (we only now that Y; is greater than C).

Note that

f(y0b57 Ymiss )\) = H )\e_Ayi

and

FlYobs, ymis) = [] My < O s > €3] 7"
=1

Although this conditionally density depends on y,,;s (thus we are in a situation of MNAR),
we can proceed because this conditionally density is completely known.

Let ng be the number of fully observed Y; (i.e. ng =Y ;" {Y; < C}). For simplicity of
notation assume that Y7,...,Y;, are ordered in such a way that Yj,..., Y, are fully observed
and Yy 41,...,Y, are censored (i.e. ¥; > C for i € {ng+1,...,n}). Thus the corresponding

components of R are given by R; =1 for ¢ € {1,...,n¢} and zero otherwise.
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Now with the help of (88) one can calculate

o oo o N
f(YOb87 R; /\) = H Ae i / s / H A e_)‘yidynoﬂ, ooy dyn
i=1 c c

i=ng+1
= )\”OQ—AZ?&YZ' [e_kc] n—n().

The corresponding log-likelihood of the observed data is

no
lobs(N) = nglog A = A Y — (n—ng)CA,
=1

which is maximised at

n = — .
1 2?201}/1+M

ng no

~ 1
A

Note that the above example is in fact rather exceptional as the missing mechanism is given

by the design of the study and thus known.

The general problem of all the concepts is that if missing is not a part of the
design of the study then no assumptions about the relationship of Y,,,;s and R can

be verified as we do not observe Y,,;s.
7.2 Methods for dealing with missing data

Complete case analysis (CCA)

In the analysis we use only the subjects with the full record, i.e. only subjects for which no
information is missing.

Advantages and disadvantages:

+ simplicity;

— the inference about 6 is ‘biased’ (i.e. the parameter 6 is generally not identified), if
MCAR does not hold;

— even if MCAR holds, then this method may not provide an effective use of data.

Example 50. Suppose that we have five observations on each subject. Each observation is
missing with probability 0.1 and the observations are missing independently on each other.

Thus on average only 59 % (0.9° = 0.59) of the records will be complete.
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Available case analysis (ACA)

In each of the analyses one uses all the data that are available for this particular analysis.

Example 51. Let X1,..., X, be a random sample from N((j1, pt2,123)", 3x3). Then the
covariance o;; = cov(Xi;, X1;) is estimated from all the vectors X1, ..., X,, for which both

the i-th and the j-th coordinate is observed.

Advantages and disadvantages:

+ simplicity;
+ more data can be used than with CCA;

— the inference about 0 is biased, if MCAR does not hold;

— it can result in estimates with strange features (e.g. there is no guarantee that the

estimate of the variance matrix  in Example 51 is positive semidefinite).

Direct (ignorable) observed likelihood

The inference is based on log f(Y.ps; @), that is the distribution of R is ‘ignored’.

Advantages and disadvantages:

+ If the parameters 8 and v are separable then this method is not biased and does not

lose any information provided MAR holds;
— The observed log-likelihood £5(0) might be difficult to calculate. Nevertheless, some-
times the EM algorithm can be helpful.
Imputation

In this method the missing observations are estimated (‘imputed’) and then one works with
the data as if there were no missing values.

Advantages and disadvantages:

+ If the missing values are estimated appropriately, it can give ‘reasonable’ estimates of

the unknown parameters;
+ One can use the completed dataset also for other analyses;

— The standard estimates of the (asymptotic) variances of the estimates of the parameters
computed from the completed dataset are too optimistic (too low). The reason is that an

appropriate estimate of variance should reflect that part of the data has been imputed.
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Example 52. Suppose that X,..., X, is a random sample. Further suppose that we observe
only Xi,...,X,, for some ng < n and the remaining observations X, 41, ..., X, are missing.
For ¢ = ng + 1,...,n let the missing observations be estimated as )A(, = % 2721 Xj. Then
the standard estimate of u = E X is given by

PN PN 1 &
and seems to be reasonable.

But the standard estimate of the variance of [z, computed from the completed dataset
va/r(ﬁ\)zs—% where 32:L i(X-—ﬁf—{— i (X — [in)?
n n ; n n—1 - 7 n ' ‘< i n
i= i=ng

is too small. The first reason is that S2 as the estimate of var(Xj) is

1
n—1

O n 1
~ 0—
Z(X’ o 'u")2 - n—1 57210 < 57210‘

i=1 o

S2 =

n

The second reason is that the factor % assumes that there are n independent observations,

but in fact there are only ng independent observations.

Multiple imputation

In this method the missing observations are imputed several times. Formally, for j =1,..., M

let ?7(7]125 be the imputed values in the j-th round. Further let éj be the estimate of the
v

parameter 6 from the completed data (Yobs, ! s). Then the final estimate of the parameter 6

is given by

The advantage of this method is that one can also estimate the (asymptotic) variance of this

estimator by

—

var(8arr) = Var + (1 + ) Bar, (89)
where
_ 1 M 1 M . N\T
vM:M;vj and BM:M_ljz;(aj—oM1> (8~ 0ur)

with \7j being a standard estimate of the asymptotic variance calculated from the completed
data YU) = (Yobs,?(j) ).

mis

The rationale of the formula (89) is as follows. Note that

var (aM[) =E (var(@MI | ?(3))) -+ var ( E (/éM[ | ?(])))
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Now the first term on right-hand side of the above equation is estimated by Vj; and the

second term is estimated by Bjy.

Example 53. In Example 52 one can for instance impute the values X, +1,...,X, by a
random sample from N(7,5?), where i = X, and 6% = S2 are the sample mean and
520)

variance calculated from the observed data. Put XA/] = Tj, where S,%(j ) is the sample variance

calculated from the j-th completed sample. Then one can show that
_ S2
lim Vy =-—"% as. (90)
M—o0 n
Further let 5] = ?Elj ) be the sample mean calculated from the j-th completed sample. Then
it can be shown that )
Sno (TL _ no)

Now combining (90) and (91) yields that

N v a2 (2
]\}lglooVM+BM_S”O(5_%) a.s.

Further it is straightforward to prove that for ng < n

2
< Sno

2 (2 ng
$2,(2 - ) < 2

n .~ n? )

where the right-hand side of the above inequality represents the standard estimate of the
variance of X, (that assumes MCAR). This indicates that when doing multiple imputation,
one needs to take into consideration also the variability that comes from the fact that one
uses the estimates 71, 02 instead of the true values of  and o. This can be done very naturally

within the framework of Bayesian statistics.

Advantages and disadvantages:

+ If the missing values are estimated appropriately, it can give ‘reasonable’ estimate of

the unknown parameter as well as of the variance of this estimate.

— To be done properly it requires the knowledge of Bayesian approach to statistics.

Re-weighting

Roughly speaking in this method each observation is given a weight (w;) that is proportional

to the inverse probability of being observed (m;), i.e.

1

wi ==, ie€{j:R; =1}
Zj:Rjzlﬂj
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All the procedures are now weighted with respect to these weights, e.g. the M-estimator of

a parameter 0 is given by
gn = arg min Z w; p(X 43 0).
0€® i Ri=1
Example 54. Suppose we have a study where for a large number of patients some basic and
cheap measurements have been done resulting in Z1,...,Zy. Now a random subsample S of
size n from these patients has been done for some more expensive measurements. Note that
then S={j e {l,...,N}: R; = 1}.

This method can be also used where one has some auxiliary variables Z, ..., Z, that can

be used to estimate the probabilities m; with the help of for instance a logistic regression.

8 Bootstrap and other resampling methods

Suppose we observe independent and identically distributed k-dimensional random vectors
X1,..., X, from the distribution Fx and let 8 x = 6(Fx) be the quantity of interest. Let
R, = g(X1,...,X,;0x) be a p-dimensional random vector that we want to use for doing
inference about Oy, e.g.

—
~

R, = Vit (B, —0x) or Ry = (8, 00) [avar(@,)] (B, 00).
where @n is an estimator of 6 x.

For doing inference about parameter @, one needs to know the distribution of R,,. Usually
we are not able to derive the exact distribution of R, analytically. For instance consider the
distribution of y/n (5n -0 X), where En is a maximum likelihood estimator whose formula
cannot be explicitly given. In such situations the inference is often based on the asymptotic
distribution of R,. For example by Theorem 5 for a MLE estimator in regular models one
has /n (gn — 6x) ﬁ N, (0,, 71 1(6x)). Bootstrap presents an alternative to using the
asymptotic normality. As we will see later, bootstrap combines the ‘Monte Carlo principle’

and ‘substitution (plug-in) principle’.

8.1 Monte Carlo principle

Sometimes one knows the distribution of X; and thus also of X = (X4,...,X,,) so one
is (at least theoretically) able to derive the distribution of Ry, = (Rpu1,. .., Rnp)". But the
derivations are too complicated and/or the resulting distribution is too complex to work with.
For instance consider the standard maximum likelihood tests without nuisance parameters as

in Chapter 2.4 when the null hypothesis holds.
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Note that if one knows the distribution of X = (X,..., X},), then one can generate X*,
which has the same distribution as X. Monte-Carlo principle thus runs as follows. Choose B
sufficiently large and for each b € {1,..., B} independently generate the random samples
Xp = (XTp- s ;b)T such that the distribution of X7 is the same as the distribution of X.
Thus we get B independent samples X7,...,X%. Let R:‘l’b be the quantity R, calculated

from the b-th sample X;. The unknown distribution function
H,(x)=P (Rn < x),
can now be estimated as 5
Hn(x) = 3 3 WRG, < x}
b=1

As R} 4, ... ,R; p are independent and identically distributed random variables and each

variable has the same distribution as R,,, the Glivenko-Cantelli Theorem (Theorem A23)

implies
sup |I/1\Tn,B(x) — Hp(x)] === 0. (92)
xERP B—oo

Thus for a sufficiently large B one can use ﬁn p(x) as an approximation of H,(x).
Note that to achieve (92) it is not necessary to know the distribution of X exactly nor that
X1,..., X, are independent and identically distributed. The only thing we need is that we

are able to generate independent copies of R,,.

Application to hypotheses testing

If R, is a (one-dimensional) test statistic whose large values are in favour of the alternative
hypothesis, then with the help of the Monte-Carlo principle the p-value of the test can be
approximated (estimated) by

~

bB

1+ {R, > Ry}
o B4+1 ’

as
~ 1+B (1 - Hn,B(Rn—)) a.s.
pB B+1 B—oo

which is the ‘true’ (precise) p-value. Note that the quality of the approximation of pp as an

1—Hy(R,-),

estimate of 1 — H,,(R,,—) depends on B which we can take as large as we want (provided that

enough computation time is available).

Example 55. Suppose we observe a random variable with the multinomial distribution
Mg (n;p1,...,px). Denote p = (pl, . ,pK)T and px be the true value of the parameter p.

In some applications we are interested in testing

Ho:px =p® vs. H:px #p,
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where p(® = ( go), e pgg))T is a given vector. Explain how the Monte Carlo principle can

be used to estimate the p-value of the x2-test of goodness of fit.

Example 56. Note that the significance of all the test statistics introduced in Chapter 2.4
for testing the null hypothesis Hy : Ox = 0y against the alternative Hy : @x # 0y can be
assessed with the help of Monte Carlo principle.

In the following examples we will utilize that in fact it is not necessary to know the data-
generating mechanism of X exactly, provided we are able to generate independent copies
of R,,.

Example 57. Let (Y1, X1)",...,(Yn, X,)" be independent and identically distributed ran-
dom vectors from the bivariate normal distribution with the true value of the correlation

coefficient denoted as px. Suppose we are interested in testing the null hypothesis

Hy : px = po, Vs. H;y : px # po. (93)
It can be showed that the distribution of the sample correlation coefficient p, depends only
on px. Thus one should be able (at least theoretically) calculate the distribution of the test
statistic R, = v/n (pn, — po) when the null hypothesis holds. But this distribution would be
very complicated.

Suggest how one can generate random variables (Y7, X7)T,...,(Y;", X)T such that the
distribution of R} = +/n(p;, — po) has under the null distribution the same distribution
as R,. Think how this can be used to calculate (estimate) the p-value of the test of the
hypothesis (93).

Example 58. Let X1,...,X,, be a random sample from the distribution Fx. Show how the
Monte Carlo principle can be used to test the following hypotheses

Hy : Fx(x) = Fyo(z),Vz € R, Hy:3x € R Fx(z) # Fo(z).

Example 59. Let X;,...,X,, and Y1,...,Y,, be two independent random samples from the
the exponential distributions with the density f(z,\) = Ae ™*®I[z > 0]. Let Ax be the true
value of the parameter for the first sample and Ay for the second sample. Show how the

Monte Carlo principle can be used to to test the following hypotheses

H(]I)\X:)\Y, Hli)\X?é)\y.

Application to confidence intervals*

Note that if R, is one dimensional then also for each fixed u € (0,1):

H, () == Hy ' (u),

* Not done at the lecture.
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provided that H,, is continuous and increasing in «.* Thus one can use the quantile H n 119 (u)
as estimate (approximation) of the quantile H,, *(u).

Let /B\n = (é\nl,...,gnp)-r be an estimate of O@x = (GXl,...,HXp)T and R,, = §n —0x.
Suppose that one is able to generate random variable R} with the same distribution as R,,.
Further suppose that we want to find the confidence interval for fxy (the k-th component
of Ox). Denote H,, the distribution function of GAnk — Oxy, and H,, p the empirical distribu-
tion function of the k-th component of Rj, 4, ... ’R;, g- Now provided that the distribution

function H,, is continuous and increasing in H,, !(a/2) and H,, (1 — a/2), then one gets

lim P (ﬁ;}g(a/z) < By — O < Hy b(1— a/2)) —1-a

B—oo

Thus the approximate confidence interval for 6 can be calculated as
(an - ﬁTZIB(l - 06/2), enk - ﬁ;IB(O‘/2))

Example 60. Let X1,..., X, be a random sample from a distribution Fx such that Fx

belongs to a location family, i.e.
Fx e F={F(-—0),0 €R},

where F'is a known function and 6 is an unknown parameter.
Let 6y be the true value of the parameter 6 (i.e. Fx(z) = F(z —0x), for all z € R) and 6,

be its estimator that is location equivariant, i.e.
On(X1 4., Xp+0)=00(X1,...,Xn)+c, VeeR

Then the distribution of R,, = é\n — 0x depends only on the known function F' but it does
not depend on fx. Thus the distribution of R, can be approximated by simulating from the

distribution with a given 6y (i.e. 8y = 0) and calculating R} , = é\:‘z — 6.

Usually in practice we do not know the data generating process completely. But very often
we are able to estimate the distribution of X. Depending on whether this distribution is
estimated parametrically or nonparametrically we distinguish parametric or nonparametric

bootstrap.

8.2 Standard nonparametric bootstrap

Suppose we observe independent and identically distributed random vectors Xq,..., X,

from the distribution Fx. Let 8(Fx) be the quantity of interest and En be its estimator. For

* In fact it is sufficient to assume that H,, ' (u) is a unique solution of H,(z_) < u < H,(x), see e.g. Theorem
of Section 2.3.1 in Serfling (1980).
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presentation purposes it will be instructive to write the estimator as én = H(F\n), with ﬁn

being the empirical distribution
~ 1 &
= — P < .
F,(x) - ;I{XZ <x}
Suppose we are interested in the distribution of a p-dimensional random vector

R, = gn(amgX) = gn(e(ﬁn)ve(FX» (e'g- R, = \/ﬁ(/én - OX))

In nonparametric bootstrap® the unknown F'x is estimated by the empirical distribution
function ﬁn Now generating independent random vectors X7,..., X from the distribu-
tion ﬁn is equivalent to drawing a simple random sample with replacement! of size n from the
observed values X1,..., X, i.e. P(X], = X;|X) = % foreachb=1,...,B,i,j=1,...,n
and all the random variables {X;"b; i=1,...,n,b=1,..., B} are independent.

The bootstrap algorithm now runs as follows. Choose B sufficiently large and for each
b€ {1,..., B} independently generate the datasets Xj = (X7 ,,..., X;’b)T (i.e. the datasets
Xji,..., X} are independent). Let

~x

n0=8n(0,,0) = 8 (0(F7,) 0(F) (g Ry =i (8, — ).

where 5;,) is an estimator of @ based on Xj and analogously ﬁ; » is an empirical distribution

function based on Xj. The unknown distribution function H,(x) of Ry, i.e.

is now (by the combination of the MC and plug-in principle) estimated by

1 B

H p(x) = 5 > R;, <x}. (94)

b=1

*

Note that the random variables/vectors Ry y,...

,R; p are independent and identically
distributed as a generic random vector Rj,. As R}, ¢, ...

by the Glivenko-Cantelli Theorem (Theorem A23)

; R}, p forms a random sample then

sup ‘fI;B(x) — ﬁn(x)‘ %50,
xERP B—oo

where

~

Ha(x) =P (R;; < x\x) —P (gn(e(ﬁ;),e(ﬁn)) < x\x) —P (gn(éz,én) < xyx>. (95)

* neparametricky bootstrap T prosty ndhodng vybér s vracenim
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Note that ﬁn depends on the random sample X and thus can be viewed as the estimator
of the distribution function H,. The crucial question for the success of the nonparametric
bootstrap is whether .FAIn is ‘close’ (at least asymptotically) to H,. To answer this question it
is useful to introduce the supremum metric on the space of distribution functions (of random
vectors on RP) as

Poo(H1, Hy) = sup ’Hl(x) - Hg(x)‘.
xERP

The following lemma states that if the distribution function of the limiting distribution is

continuous, then po, can be used for metrizing the convergence in distribution.

Lemma 6. Suppose that Y1,Y2,... and Y be random vectors (with values in RP) with the
corresponding distribution functions G1,Ga, ... and G. Further let the distribution function G

be continuous. Then Y, % Y if and only if poo(Gpn,G) — 0 as n — co.

Proof. We would like to show that

Poo(Gn,G) —— 0 — G, ——G.

n—o0 n—oo

The implication = is straightforward as supycge |Gn(y) — G(y)| — 0 implies that G,(y) —
G(y) for each y € RP.

The implication® < is more difficult. By the continuity of G for each € > 0 there exists a
finite set of points B. = {y1,...,yn} such that for each y € RP one can find y,yy € B-
that

YL LY S YU, and  G(yu) - G(yr) < 5.

Thus for each y € RP one can bound

Gnly) = G(y) < Gulyv) — G(y) < Galyv) — Glyv) + 3 (96)

and analogously also

Gn(y) = G(y) 2 Gu(yL) — G(y) = Gu(yr) — G(yL) — 5. (97)

Now combining (96) and (97) together with G,, —— G one gets that for all sufficiently
n—oo

large n
sup |Gr(y) — G(y)| < max|Gn(y) —G(y)| + 5§ <5+ 5 =¢,
yERp yeB:
which implies the statement of the lemma. O

Recall the random vector R} whose distribution function is given by (95). Note that

the distribution of R} depends on (the realizations of our data) Xi,...,X,. Thus the

* This implication not shown at the lecture.
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distribution R} is conditionally on X7, ..., X,. Thus in what follows we would like to define
the convergence of the conditional distributions.

Let p be a metric on the space of distribution functions that can be used for metrizing weak
convergence (for instance the supremum metric, but in literature other metrics can be found).
Let R be a candidate for the limiting random vector and H be its distribution function. Recall
that the distribution H, given by (95) depends on X1, ..., X,. Thus p(H,, H) is in fact a
random variable (also depending on X1,...,X,,).

Now we say that conditionally on X, X5,... the random variable R} converges in
distribution to R in probability if

p(ﬁ[n,H) L 40 (i.e. for each € >0 lim P[w € Q: p(ﬁ[n(w),H) >e| = O).

n—oo n—oo

Analogously we say that conditionally on X, X,... the random variable R} converges

in distribution to R almost surely if

p(H,, H) =250 (i.e. P [w €Q: lim p(ﬁn(w),H) = 0} = 1).

n—oo n—o0

Theorem 13. Suppose that R, LN R, where R is a random vector with a continuous
n—o0

distribution function H. Further suppose that

poo(Hpy Hy) —2— 0 (or -2 0), (98)
n— o0 n—oo
then conditionally on X1, X2,... one gets R} 2 R in probability (or almost surely).
n—o0

Proof. By the triangle inequality, (98) and Lemma 6

~

= P .S.
poo(Hp, H) < poo(Hyp, Hp) 4 poo(Hpy, H) —— 0 (or —=250).

n—oo n—o0

O]

Although the proof of the above theorem is simple, there are several things worth noting.
d

It is assumed that R,, —— R, where R is a random vector with a continuous distribution
function. This requiresriczgi we use bootstrap to approximate a distribution that is asymp-
totically not degenerate. This is analogous to the the use of normal approximation (to which
using bootstrap is an alternative), where we also normalize the random vector so that it
asymptotically has a non-degenerate distribution.

Typically we know that R,, converges to a multivariate normal distribution, thus also the
continuity of the limit distribution of R is satisfied. Thus in view of Theorem 13 the crucial
question to answer is if the convergence (98) holds. The first answer in this aspect is the next
theorem, which states that (98) holds for a sample mean (for the proof see e.g. Theorem 23.4 of

van der Vaart, 2000, pp. 330-331). This initial result will be later generalized in Section 8.2.2.
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Theorem 14. Let X1, X9, ... be independent identically distributed random vectors such that
E | X1]]* < 0o and consider R, = v/n (X, —E X1) and R}, = \/n (Y:l — X,). Then

~

poo(Hp, Hp) === 0. (99)

n—oo

Note that for X ; being a p-variate random vector the central limit theorem implies that the
distribution function H, converges weakly to the distribution function of N, (0,,var(X1)).

Now Theorems 13 and 14 imply that conditionally on X1, Xo,...

R; SN N, (0,,var(X1)), almost surely.

n—oo

Thus one can say that H, estimates also the distribution function of N, (Op, var(X 1))

Example 61. Let Xq,..., X, be independent and identically distributed random variables
and we are interested in the expectation E X;. The usually approach to find the confidence
interval for E X is to make use of the convergence

\/ﬁ(yn_EXi) d

Sh n—00

N(0, 1), (100)

which holds provided that var(X;) € (0, c0).
In view of the theory presented above we want to approximate/estimate the distribution
function

H,(z) =P(R, <), where R, =+/n(X,—-E X;).

With the help of (100) the estimate of this distribution based on the normal approximation
is

ﬁflnorm) (33) ) (L) .

n

Alternatively one can use the nonparametric bootstrap resulting in an estimator H ;7 g see (94).

Figure 61 illustrates the normal and the bootstrap approximation (with B = 10000) for
the sample sizes n = 30 and n = 1000 when the true distribution of X; is exponential
Exp(1). In the plots in the first column one can find the densities of the true distribution
of R, = /n(X, — E X;) (black solid), the normal approximation (blue solid) and limit
distribution which is N(0, 1) (dotted). The bootstrap approximation is given by the histogram.

In the plots in the second column one can find the difference of the true distribution
function H,, of R, with its estimates. The difference H,(z) — arerm (x) is in blue colour,
while the difference H,(z) — ﬁn p(z) is in red colour. Note that these differences are much

smaller for the bigger sample size. It is also worth noting that none of the approximation is

evidently preferable in this example.
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Figure 2: Comparison of the normal and bootstrap approximations of the distribution of the

random variable R,, = /n (X, — E X;).
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8.2.1 Comparison of nonparametric bootstrap and normal approximation

Note that Theorem 13 implies only the asymptotic validity of bootstrap provided that (98)
holds. The question is whether bootstrap estimate ﬁn is a better estimate of H,, than the
asymptotic distribution of H where one estimates the unknown parameters.

To answer the above question, consider p = 1. Further let X; have a continuous distribution
and put , = E (Xr“)g, where 1 = E X1,02 = var(X1). Further let E X{ < oo. Then it can

o

be proved that

Hy(z) =P (@ < x) = 0() + 2= (27 + Dg(a) + O(2), (101)

where X, = % Yo Xi, Sy = LS (Xi—X,)? Further it can be shown that an analogous

n—1

approximation also holds for H,(z), i.e.

Hy(x) =P (m <z x) = 0(2) + 22 (207 + () + Op (1), (102)

D% * * * B i—Xn 3
where X, = LS Xy, 2 = Ly (X - X,)? and 1, = s, (XZSTLX )°. Thus

)

comparing (101) and (102) one gets
Hy(z) — Hy(z) = Op ().
On the other hand if v; # 0, then by the normal approximation one gets only

O(x) — Hy(w) = O().

Thus if 1 # 0 then one can expect that in comparison with ® the bootstrap estimator ﬁn is

closer to H,,.

Example 62. We are in the same situation as in Example 61. But instead of approxi-
mating/estimating the distribution v/n (X, — E X;), we approximate the distribution of its

studentized version, i.e.

Vi (X, — E X))

R, =
S

~

(norm)

Note that the normal approximation of the distribution of R,, is simply given by Hp, (x) =
®(x). The comparison of the true distribution function with its either normal or bootstrap
approximation is found in Figure 62. Similarly as in Example 61 the results are for the
random sample from the exponential distribution. Note that in agreement with the theory,

the bootstrap approximation is better than the normal approximation.
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Figure 3: Comparison of the normal and bootstrap approximation of the distribution of the

random variable R,, = @

8.2.2 Smooth transformations of sample means

The standard nonparametric bootstrap also works for ‘smooth’ transformations of sample

means.

Theorem 15. Let X1, Xo,... be independent identically distributed random (p-variate) vec-
tors such that E || X1]|> < oo. Further suppose that there exists a neighbourhood U of
p = E X4 such that the function g : U — R™ has continuous partial derivatives in this
neighbourhood. Consider Ry, = \/n (g(X,) — g(p)) and R} = \/n (g(X,) — &(X»)). Then
(99) holds.

The above theorem can be of interest for functions of (sample) moments whose asymptotic

distribution is difficult to derive (e.g. Pearson’s correlation coefficient, skewness, kurtosis,. . . ).

Remark 18. Suppose for simplicity that ¢ : RP — R. Let = var(X;). Note that if
Vg (n) Vg(u) = 0, then although (99) holds, the bootstrap might be not useful as the
limiting distribution of R, is degenerate.

To illustrate this consider p = 1. Let X1, ..., X,, be a random sample from the distribution
with E X1 = px. Further let g be a twice continuously differentiable function in px such that
¢'(px) = 0and ¢"(ux) # 0. Then by Theorem 3 one gets R,, = v/n (9(Xn) —g(px)) ﬁ 0.
Thus although by Theorem 15 convergence (99) holds, one cannot say if bootstrap works as
the limiting distribution is not continuous (i.e. assumptions of Theorem 13 are not satisfied).

Nevertheless a finer analysis shows that (see Theorem B of Section 3.1 in Serfling, 1980)

Ry =21 (9(Xn) — g(nx)) — [¢"(ux)] 0> 3.

n—oo
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So the bootstrap would work if the convergence (98) holds also for R = 2n (g(YZ) —9(Xn)),
where H,, is now the distribution function of fin and ﬁn is the distribution function of fi;

But for this situation (98) does not hold (see Example 3.6 of Shao and Tu, 1996).

Roughly speaking one can say that (99) holds provided that Bn satisfies the following

asymptotic representation

~ 1 &
0, =0x+ nZ;IF(Xi) +op(J5),

where IF(x) is a given function. This can be formalised through the concept of Hadamard-

differentiability of the functional F' — @(F’) at Fx, but this is out of the scope of this course.

8.2.3 Limits of the standard nonparametric bootstrap

Although the standard nonparametric bootstrap often presents an interesting alternative to
the inference based on the asymptotic normality, it often fails in situations when the asymp-
totic normality does not hold. These include for instance extremal statistics and non-smooth
transformations of sample means. Note also that the standard nonparametric bootstrap as-
sumes that the observations are realisations of independent and identically distributed
random vectors. Thus among others the standard nonparametric bootstrap is not appropriate

in regression problems with fixed design or in time series problems.

Example 63. Let Xi,..., X, be a random sample from the uniform distribution on (0, 0x).
Then the maximum likelihood estimator of Ox is given by é\n = maxi<i<n X; =: X(n). Note

that for x < 0

P (n(X(n) — 0x) < 2) =P (X(n) < Ox + %) = F&, (6x + })

n
Ox+Z n £
_ n — T s b
_|: GX :| _|:1+n0X] n—o0 enr

Thus R, = n (X,) — 0x) 4, Y, where Y has a cumulative distribution function
n—oo

_z
efx  x <0,

1, z2>0.

PY <xz)= {
On the other side
P(X(y = X [X) = 1= P (X ¢ {XF, o X0 X) = 1= (25" —— 1 -

and thus (98) cannot hold for R} =n (szn) — X))

Literature: Praskova (2004), Shao and Tu (1996) Chapter 3.2.2, Chapter 3.6, A.10.
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8.3 Confidence intervals

In what follows consider R,, = /n (§n -0 X) and suppose that R, #) R, where R is a
random vector with a continuous distribution function. We will be interested in finding the
confidence interval for fx; (the j-th component of 8 ).

Suppose for a moment that the distribution R,; (the j-th component of R,,) is known and

continuous. Then one has
P [rn(a/2) < /1 (O — Ox;) < 7a(1— a/z)} —1-a,
where 7, () is the a-quantile of R,;. Thus one would get a ‘theoretical’ confidence interval

) o

The problem is that the distribution R,; is not known and thus also the quantiles r,(a/2)

and 7, (1 — «/2) are not known.

8.3.1 Basic bootstrap confidence interval

Consider R} = \/n (5: — @n) and suppose that the assumptions of Theorem 13 are satisfied.

Let 7y, () be the quantile of the bootstrap distribution of R}, = \/ﬁ(g;“u — §m) Then

Theorem 13 and Lemma A9 implies that 7} («) SN ri(a) (or even ri(a) == rj(a)),
n—00 n—00

where 7;(a) is the a-quantile of R; (the j-th coordinate of the limiting distribution R). Thus

one gets
lim P [r;;(a/m </ (O — Ox;) <77 (1 - a/2)] ~1-a. (104)
n—oo
Now with the help of (104) one can construct an asymptotic confidence interval for fx; as
~ ry p(l—a/2) ~ m (a/2)
(Bus = "0 By = ), (105)

where 7}, p(a) is a Monte-Carlo approximation (estimate) of r},(c). The confidence interval
in (105) is usually called basic bootstrap confidence interval.

It is worth noting that the formula for the confidence interval (105) mimics the formula
for the theoretical confidence interval (103). The bootstrap idea is to estimate the unknown
quantiles r,(«) with r}(a) that can be calculated only from the observed data X1,..., X,
(‘substitution principle’). Further as the quantiles r («) are difficult to calculate analytically,

one approximates them with p(a) (‘Monte Carlo principle’).

Note that typically
R, = 7 (6, — 0x) % N,(0,, V). (106)

Then the advantage of the confidence interval given by (104) is that it does not require to

explicitly estimate the asymptotic variance matrix V. Thus this confidence interval
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can be used in situations where deriving or estimating the asymptotic variance of R,, is rather
difficult.

On the other hand the theoretical results stating that the bootstrap confidence interval
is more accurate require that the asymptotic distribution of R,; is pivotal (i.e. it does not
depend on unknown parameters). If this is not the case, then the simulation studies show
that the basic bootstrap confidence interval (105) can be (for finite sample sizes) less accurate

than the standard asymptotic confidence interval

) Ul—a/2+/Un,jj n Ul—a/24/Un,jj
<9nj ! \/ﬁ\/ Jj 7 enj + \/ﬁ\/ JJ>’ (107)
where vy, ;; is a consistent estimate of the j-th diagonal element of the matrix V. Thus if
possible, it is of interest to use R,,; which is asymptotically pivotal or at least ‘less dependent’

on unknown parameters (see Remark 20 below and Chapter 8.3.2).

Example 64. Suppose we observe Z; = ()}(,11), sy = ()}(,:) a random sample, where, X;
is a p-dimensional covariate and Y; is one-dimensional response. In regression models (linear
models, generalized linear models, quantile regression models, ...) one aims at estimating
Bx which specifies how the covariate influences the response. Usually based on theoretical
results one can hope that
Vi (B, = Bx) ——= N,(0,,V)

and to find a confidence interval for Sx; (the j-th component of 3y ) one needs to estimate V
(or at least its j-th diagonal element). But this might be rather difficult, see for instance the
general asymptotic variance matrix of the least absolute deviation estimator in Section 4.3.2.
The bootstrap can thus present an interesting alternative.

Note that in this situation the nonpametric bootstrap corresponds to generating Z7 =
(XI), RN/ (XZ) as a simple random sample with replacement from Zq, ..., Z,.

Yy n = \yp

In some textbooks a different formula than (105) can be found. To explain this formula

note that r; p(a) is a sample a-quantile of R}, ,..., R}, p, where R} ., = \/n (9;]-,1) - gm)

Further let q;'fL’ p(a) be a sample a-quantile calculated from the values 9;';]-,1, ey A:i% - Then
.8(@) = Vn (4, p(a) = 0,;) (108)

and the confidence interval (105) can be also rewritten as

(200 — 4551 = 0/2), 280, — 43 5l/2)). (109)

Thus in practice it is sufficient to calculate 5:13 p instead of Ry, and then use formula (109).

On the other hand the approach based on calculating R:;jb is more appropriate from the
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theoretical point of view. The thing is that to justify the bootstrap one needs (among others)

that the limiting distribution R,; has a continuous distribution function (see Theorem 13).

Remark 19. Sometimes in literature one can find a bootstrap confidence interval of the form

(a7 5(0/2). 45, 5(1 = 0/2)) (110)

which is usually called the percentile confidence interval. Note that with the help of (108)

this confidence interval can be rewritten as

> T:,B(a/2) > T:7B(1—a/2)
(B + 222, By + 222,

Thus when using the percentile confidence interval one hopes that (taking B = co)

= lim P [— (1= a/2) < v/ (Bn; — 0x;) < —r;(a/m} —1-a

n—oo

Thus the use of the percentile interval can be justified if the limiting distribution of R,; is

symmetric, because then
% P
(= a/2) L (1 a/2) = —ri(a/2)

and analogously 7} (a/2) £, —rj(1 — «/2). As the limiting distribution of R, is typically
n—oo

zero mean Gaussian distribution, the assumption of the symmetry of R; is typically satisfied.

Note that the practical advantage of the percentile confidence is that it is always contained

in the parametric space.

Remark 20. Suppose for simplicity that fx € R. Then using R, = \/n (én -0 X) is natural
for location estimators. But sometimes it may be of interest to consider for instance R,, =
Vn (g—; — 1) or R, =+/n (g(é\n) — g(GX)), where g is a function that stabilises the asymptotic

variance (see Chapter 1.4).

8.3.2 Studentized bootstrap confidence interval

Usually it is recommended to ‘bootstrap’ a variable whose limit distribution is pivotal (i.e.

does not depend on the unknown parameters).

Suppose that (106) holds and consider ﬁnj = %, where v, j; is a consistent
estimate of the j-th diagonal element of V. Let 7 (a)) be the a-th quantile of the distribution

~ V(0% —0,,;
R = VO =0nj) J ”), where v*

- n.jj 18 an estimate of the j-th diagonal element of V but calculated
R J 9
from the bootstrap sample. Thus if ‘bootstrap works’ (i.e. Theorem 13 holds), then

n

. ~% n é\n—e i ~%
nh—{EoP [rn(a/Q) < % <m(l—-—a/2)] =1—q,
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which yields an asymptotic confidence interval

<§nj _ F;,B(lf‘j//;)m,é\nj _ fn,B(a/j%\/W)’ (111)
where 7, () is a Monte-Carlo approximation of 77 (). The confidence interval in (111) is
usually called the studentized bootstrap confidence interval.

Note that in comparison with (107) we replace the quantiles u, /o and u;_, /o with —F;;B(l—
a/2) and —7}, p(a/2). There are theoretical results that state that the studentized confidence
interval (111) is (for finite sample sizes) more accurate than the asymptotic confidence inter-
val (107) as well as (105).

Literature: Davison and Hinkley (1997) Chapters 5.1-5.3, Efron and Tibshirani (1993)
Chapters 12 and 13.

8.4 Parametric bootstrap

Let X1,..., X, be random vectors having the joint distribution F'(-; @x) that is known only
up to an unknown parameter 8. In parametric bootstrap we generate the bootstrap vectors

1o, Xy from F(-;0,,), where 6, is a consistent estimator of 0x.

Example 65. Suppose we are in a situation of Example 63. Then it is possible to show that
if one uses the parametric bootstrap, i.e. if Xj,,..., X is generated as a random sample
from the uniform distribution on (0, §n), then bootstrap works. Note also that it is more

natural to resample R, =n (g—; — ), as its asymptotic distribution is pivotal.

Example 66. Let X;,...,X,, and Y7,...,Y,, be two independent random samples from the
the exponential distributions with the density f(z;)\) = Ae™**1{z > 0}. Let Ay be the true
value of the parameter for the first sample and Ay for the second sample. Find the confidence

interval for i—x .
Y

Solution. The maximum likelihood estimators are given by h) x = %, /)\\y = ?1 . Now gen-
ni ng
erate X{,..., X} and Y7",...,Y* as two independent random samples from the exponential

distributions with the parameters h) x and />\\y respectively. Put

R = <%‘\7X _ )‘7X> and R* = [ & _ Ax
n Ay Ay n Ae Ay )7

where Ay = y% and Ay = % The confidence interval for the ratio i‘\—); can now be

ni n2

calculated as
(s (-9 3 - s (3)).

where 7, 5(a) is the estimate of the a-quantile of R},.
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Alternatively instead of bootstrap one can use A-theorem (Theorem 3), which implies that

p) Ax ) 28 Mo 1
(- 3) 2003 G )

By combining A-theorem and bootstrap one can also use

= Ay A = )
R,==2"2"_  and R ="y _2X

Ax [1, 1 N 1,1
3y Vo Tns X n1 Thg

Example 67. Bootstrap estimation of the distribution of estimators of parameters in AR(p)

process.

Goodness of fit testing

Parametric bootstrap is often used in goodness of fit testing. Let X,..., X, be a ran-
dom sample of k-variate random vectors with the distribution function F. Suppose we are

interested in testing that F' belongs to a given parametric family, i.e.
Hy:F e F={F(x;6),0 € 6}, H :F¢F.

As a test statistic one can use for instance

K S, = sup yi;(x)'_-FKX;an)
xeRk

)

where ﬁn is an empirical distribution function and gn is an estimate of @ under the null
hypothesis. As the asymptotic distribution of the test statistic under the null hypothesis is
rather difficult, the significance of the test statistic is derived as follows.
1. For b =1,...,B generate a random sample Xj = (X7,,..., X}, ;) (of size n), where
each random vector X7, has the distribution function F'(x; 6,).
2. Calculate
KSj, = sup [F(x) — F(x;0,,)|.

x€Rk

where F*, (x) is the empirical distribution function calculated from Xj and 5;,, is the estimate
of @ (under Hy) calculated from Xj.
3. Estimate the p-value as

L+ 50 {KS;, > KSq}
B+1 ’

where B is usually chosen as 999 or 9999.
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Remark 21. Sometimes people are ignoring the fact that the value of the parameter 8 x is not
fixed in advance and assess the significance of the Kolmogorov-Smirnov test statistic with the
help of the (asymptotic) distribution of

Zn =+/n sup ‘Fn(x) — F(x; HX)‘,

xERk

where Fx(x) = F(x;0x) is the true distribution function. The problem is that under the
null hypothesis the (asymptotic) distribution of

Zn = /n sup |Fp(x) — F(x:0,)]

x€Rk

is rather different from the (asymptotic) distribution of Z,,. The simulation studies show that
if the significance of \/n K S,, is assessed with the help of the distribution Z,, then the true
level of the test is much smaller than the prescribed value «. The intuitive reason is that as
én is estimated from X,...,X,,, the empirical distribution function ﬁn(x) is closer to its
parametric estimate F'(x; En) than to the true distribution F'(x;60x).

To conclude, using the (asymptotic) distribution of Z,, to assess the significance of the test

statistic v/n KS,, results in a huge loss of power.

Remark 22. Instead of the test statistic K.5,, it is usually recommended to use one of the
following statistics. The reason is that the tests based on these statistics have usually more
power against the alternatives that seem to be natural.

Cramér-von-Mises:

M, = / (Fa(x) = F(x;00))"f(x:0n) dx, or CMy =3 (Fu(X3) = F(Xi;00))"

Anderson-Darling:

_ (Zﬁn(x)—F(x;b\n))2 < 0. dx 1 (Xuo ))
AD”_/F(x;an)u—F(x;En)) fox;6n)dx, or ADn = Z Xz,e )( F(Xi;0,))

Example 68. Testing goodness-of-fit of multinomial distribution with estimated parameters.

8.5 Testing hypotheses and bootstrap

First of all note that provided the parameter of interest is one-dimensional and one can
construct a confidence interval for this parameter (see Section 8.3), then one can use the
duality of confidence intervals and testing hypotheses. But in many situations the approach

based on an appropriate test statistic is more straightforward.
Suppose that we have a test statistic 7,, = T'(X1, ..., X ) and that large values of T}, speak
against the null hypothesis. Let Xj = (X7 4,..., X}, ) X = ( 1B s ;’B)T be

n,1l
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independently resampled datasets by a procedure that mimics generating data under the
null hypothesis. Let T}, = T, (X}) be the test statistic calculated from the b-th generated
sample X; (b=1,...,B). Then the p-value of the test is estimated as

I+ KTy, > Tl
B B+1 '

pB (112)
Example 69. Let X1, ..., X, be arandom sample such that var X; € (0,00) and Hy : E X7 =
o. But one can use nonparametric bootstrap and generate X;,,..., X, as a simple random
sample with replacement from X; — X,,,..., X, — X,. A possible test statistic is then

\/ﬁ (Yn - MO)

T =
n Sn )

« _ n (Y:L,bfo)

calculated from the bootstrap sample.

= . .
, where X, , and S}"(’b are the sample mean and sample deviation

Note that in this situation no permutation test (permutation tests are introduced in Chap-
ter 8.6) is available.
Comparison of expectations in two-sample problems

Let Xy,...,Xy, and Y1,...,Y,, be two independent random samples from the distributions

F and G respectively. Suppose we are interested in testing the null hypotheses
H(]:EXIZEyl, HliEXl#EYL

In what follows we will mention several options how to test for the above null hypothesis.

1. Standard ¢-test is based on the test statistics

T, = Sm Ym
s E
where
9 1 9 2 2 1 S X, )2 g2
5 = s [(n1 —1)S% + (n2 — 1)S2], 5% = — ;(Xi — X)) Sy =

The crucial assumption of this test is the homoscedasticity, i.e. var X; = varY; € (0,00) or

that —— — 1. Then under the null hypothesis 7}, % N(0,1).
n—oo

ni+nz

2. Welch ¢-test is based on the test statistics

T, =0 —n2 (113)
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The advantage of this test is that it does not require var X1 = varYj in order to have that

under the null hypothesis T, SN N(0,1).
n—oo

3. Parametric bootstrap. Suppose that F = N(u1,07) and G = N(uz,02). Thus the null

hypothesis can be written as Hy : p1 = po. Let us generate X7,,..., X} jand Y7, ..., Y "
as independent random samples from the distributions N(0,.5%) and N(0, SZ) respectively.
Based on these bootstrap samples calculate |T; U PR T, 5+|. Alternatively one could use

but it is recommended to use a test statistic whose

also a test statistic T}, = ’Ynl — ?nz ,

asymptotic distribution under the null hypothesis does not depend on unknown parameters.

4. Standard nonparametric bootstrap. Suppose that var X1,varY; € (0,00). Let us generate

* * * * : .
Xiproon Xy pand Y5, ... Y5 4 as independent random samples with replacement from X7 —

Xnyyoooy Xy — Xy and Y1 — Y, ..., Y, — Y, respectively.

Example 70. Suggest a test that would compare medians in two-sample problems.

8.6 Permutation tests

Permutation tests are interesting in particular in two (or more generally K') sample problems

and when testing for independence.

Two-sample problems

Let Xy,..., Xy, and Y7,...,Y,, be two independent random samples with the distribution
functions F' and G respectively. Let the null hypothesis state that the distribution functions
F and G coincide, i.e. Hy: F(x) = G(x) for all z € R.

Put n = nj + no and denote Z = (Z1,...,2,)" the joint sample, that is Z; = X; for
i=1,...,n and Z; = Yy, for i = ny +1,...,n. Let Z) = (Z(l),...,Z(n))T be the
ordered sample, that is Z) < Z9) < ... < Z(,). Note that under the null hypothesis the
random variables 71, ..., Z, are independent and identically distributed. Thus the conditional
distribution of Z given Z) is a discrete uniform distribution on the set of all permutations of

Z(,y. More formally, let M is the cardinality of the set
{(ziys---,%,) : where (i1,...,i,) is a permutation of the set (1,...,n)}.

Note that if there are no ties, i.e. all values zq, ..., z, are distinct, then M = n!.* Now the

conditional distribution of Z given Z,y is given by

P(Z= (21, v 2) |2y = (2a)s- -2 2()
1 ) '
=17 I{(zl, ..., 2n) is a permutation of (z(l), e z(n))},
* If there are ties, let ai,...,as be the distinct values (z1,...,2zn). Put r; = >0 {z:i = a;}. Then

M= "

rilorg!”
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where z(1) < 2@2) < ... < 2(p).
The samples Z7,...,Z% are now generated by randomly permuting the joint sample Z.

Now for each b € {1,..., B} the test statistic 7, is recalculated from

(Xib, . e 7X7’>:1,b) — (Zib’ ceey Z;hb)’ (Yf:b’ e ,Y:27b) — (Z;1+1,b7 ey Z’:,b)

and the p-value is estimated by (112).

Remark 23. Note that in fact for two-samples there are only (TZ) permutations which can give
rise to different values of the test statistic. So if n1 and ny are small then one can calculate the
p-value exactly, where exactly means with respect to the permutation distribution of the test
statistic. But usually the number (TZ) is already too big and one generates only B random

permutations to estimate the p-value.

Example 71. The permutation test approach can be used to assess for instance the signifi-

cance of the two-sample Kolmogorov-Smirnov test statistic

~

Knl,nz = sup ‘F\Tn (i) - an (‘T)‘
z€R

Note that the standard inference is based on asymptotic distribution of K, that is derived
in case that the distribution function F' (and under the null hypothesis also G) is continuous.
Thus using the permutation test can be of interest in particular in the presence of ties (e.g.

due to rounding).

Note that the test assumes that under the null hypothesis the distribution functions
F and G coincide. Then the permutation test is called exact. In practice it is of interest
to know whether the permutation test is useful also to test for instance the null hypothesis
that E X; = E Y] without assuming that ¥ = G. Usually it can be proved that if the
test statistic under null hypothesis has a limiting distribution that does not depend on the
unknown parameters, then the permutation test holds the prescribed level asymptotically.
In this situation the permutation test is called approximate. It was shown by simulations in
many different setting that the level of the approximate permutation test is usually closer to
the prescribed value « than the level of the test that directly uses the asymptotic distribution
of T,,.

Example 72. It can be for instance shown that the permutation version of the Welch ¢-
test, see (113), is asymptotically valid also in models where the null hypothesis holds (i.e.
E X; = E Y;) but the distributions of X; and Y; are rather different.
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Testing independence

Suppose we observe independent and identically distributed random vectors
Z, = (Xla le)T’ oyl = (Xna Yn)T

and we are interested in testing the null hypothesis that X; is independent with Y;. Then
under the null hypothesis

gl n) \Ya Yn Yy v) Y Y(n)
1 . .
= I{(yl, .-+, Yn) is a permutation of (y(),. .. ,y(n))},
where M is analogously as above the cardinality of the of

{(Yiyy---Yi,) : where (i1,...,i,) be a permutation of the set (1,...,n)}.

Thus one can generate Z7,...,Z; by permuting Yi,...,Y, while keeping X1,..., X, fixed.
The permutation scheme as described above can be used for instance for assessing the
significance of the test statistic based on a correlation coefficient or of the x2-test of indepen-

dence.
Example 73. Permutation version of y?-test of independence.

Remark 24. Generally K-sample problem can be viewed as the testing of independence prob-
lem. The reason is that one can view the data as random vectors (il), e (i’;), where I; = k
(for i = 1,...,n, k = 1,...,K), if the observation Z; belongs to the k-th sample. Thus
independence of Z; and G is equivalent to the fact that all the random samples have the

same distribution function.

Literature: Davison and Hinkley (1997) Chapters 4.1-4.4, Efron and Tibshirani (1993)
Chapters 15 and 16.

8.7 Bootstrap in linear models

Suppose we observe ()511), ceey ()f,:) a random sample, where, X; is a p-dimensional random
* *
vector. The standard nonparametric bootstrap generates (i,(l}), cees (?;) as a simple random

sample with replacement from the vectors ()}(,11), , ()f,:) Note that one can usually assume

that this bootstrap method works, provided the estimator Bn is asymptotically normal.

In linear models we usually assume a more specific structure

Y,=XB+e, i=1,....n, (114)
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where €1, ..., &, are independent and identically distributed zero-mean random variables in-
dependent of X1,...,X,,. Then the model-based boostrap runs as follows. Let Bn be the

estimate of 3. Calculate the standardized residuals as

; 1=1,...,n
(A b ) ) b
1*hii

where h;; is the i-th diagonal element of the projection matrix H = X(XTX)~'XT. Then one

can generate the response in the bootstrap sample as

T3 .
V'=X,8,+¢, i=1,...,n,

where €7,..., ¢} is a simple random sample with replacement from the residuals £1,...,&y,.
As the covariate values are fixed the bootstrap sample is given by (g,(l*l), cee ()}ff)

The advantage of the nonparametric bootstrap is that it does not require model (114)
to hold. On the other hand if model (114) holds then the distribution of \/ﬁ(az - 8,)
from the model based bootstrap is closer to the conditional distribution of \/ﬁ(an - B)
given the values of the covariates X1,..., X, than the corresponding distribution from the
nonparametric bootstrap. Further, the model based bootstrap can be also used in the case of
a fixed design. On the other hand this method is not appropriate for instance in the presence

of heteroscedasticity.

Literature: Davison and Hinkley (1997) Chapter 6.3.

8.8 Variance estimation and bootstrap

Often one knows that
~ d
Vn (0n — 0x) P Ny (0p, V),
but the matrix V typically depends on unknown parameters (or it might be ‘too difficult’ to

derive the analytic form of V). In such a situation a straightforward bootstrap estimation of

the asymptotic variance matrix V,, = %V is given by

B B
Z,B = B_1 Z (an,b - 9n,B) (on,b - 9n,B) ) where on,B = B Z gn,b‘
b=1 b=1
Note that
Ve, 25 s var (0| X).
n,B B—soo Var( n| )
Thus for a valid inference we need that
~% P
n var (6, | X) ——V. (115)
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Note that /n (/O\:L - 5n) % N(0,V) almost surely (or in probability) conditionally on
X1,X>,... generally does not imply that (115) holds. The reason is that var (/O\:L|X)

estimates var (En) rather than %V.

Example 74. Let X1,...,X, be a random sample from the distribution with the density
f(z) = %I[:L' > 1]. Then by the central limit theorem

\/E(Xn_

3) o N(0.D).

n—oo
Further consider the transformation g(z) = e*'. Then with the help of A-theorem (Theo-
rem 3) one gets

Vi o) —9(3)] = N(0,[d (3] 3).
But it is straightforward to calculate that E (g(X,)) = oo and thus var (9(X,)) does not

exist. Further it can be proved that var (g(YZ)]X) 22 .
n—oo

Literature: Efron and Tibshirani (1993) Chapters 6 and 7, Shao and Tu (1996) Chapter
3.2.2.

8.9 Bias reduction and bootstrap*

In practice one can get unbiased estimators for only very simple models. Let @n be an
estimator of @x and put b, = E §n — @ x for the bias of /B\n The bias b,, can be estimated

P ~ ~(b —~
by bl = E[0,|X] — 6,. The bias corrected estimator of € is then defined as 07(1 ) 0, —b.

Example 75. Let Xi,..., X, be a random sample, E X{ < oo and g : R — R be such that
¢" is bounded and continuous in a neighbourbood of ;1 = E X7 . Then X, is an unbiased
estimator of . But if g is not linear then g(X,) is not an unbiased estimator of g(u). Put

02 = var(Xy). Then the bias of g(X,) can be approximated by

Eg(Xn)—g(p) = E {g’w)(Yn — ) + L (X - “’)2} + %
" 0.2
g (2/2 + O(#)7 (116)

where we have used that
_ 3/4 3/4
|Ry| < sgp l9" (z)| E |Xn ,u,| < sup 9" ()| {E | X0 — ,uﬂ = [O(#)} — O(#)

Analogously one can calculate that

b = Eo(X) 1X] — 9(X) = LX) varlx; 1X] + 0p (1)
:W;L)GWP( ). (117)

* Not done at the lecture nor exercise class.
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where 52 = 137" (X, — X,,)%.
Now by comparing (116) and (117) one gets that the bias of the estimator o) is given by

b= 5 (6 (0% — o (X)52) + 0p (2 ) = Op ().

where we used that by the delta-theorem
9"Xn) =9"(W) +O0p(J5),  Tn=0"+0p(7).

Literature: Efron and Tibshirani (1993) Chapter 10.

8.10 Jackknife*

Jackknife can be considered as an ancestor of bootstrap. It was originally suggested to reduce
the bias of an estimator. Later it was found out that it can be often also used to estimate

the variance of an estimator.

Bias reduction

Let X4,...,X, be a random sample and denote T,, = T(X1,...,X,) the estimator of the

parameter of interest 8 x. Put
T’I’L*l,l == T(Xl, RN 7Xfi71’ X’L+1’ “ o Xn)

for the estimate when the i-th observation is left out. Further put T,, = % Z?:l T,,—1,. Then
the bias of the estimator T, is estimated by

b, = (n—1) (T, — T,)

and the ‘bias-corrected’ estimator is defined as

T =T, —b,. (118)
Remark 25. The rationale of the estimator (118) is as follows. For simplicity let x be a
one-dimensional parameter and suppose that the bias of estimator T,, is given by
a b c 1
Then also analogously

a b & 1
E Tn—l,i —0x = — + (n_ 1)3/2 + (n_ 1)2 +0<(n—1)5/2)7

and the same holds true also for T,, = %Z?:l T,—1,4- This further implies that

* Not done at the lecture nor exercise class.
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a b i c . o( 1 )
n—1 (n—-132 (n-1)2 (n—1)>/2

a b c (1>)
S Y (e B
n  n3/2 p2 nb/2 ) )7

=2y 0(#). (120)
Now combining (119) and (120) gives that

ETébC)—eX:O(nTl/z) while E T, —6x = O().

Variance estimation

To estimate the variance, let us define jackknife pseudovalues as
Tn,i:nTn_(n_1>Tn71,i, Z':1,...,n.

Then (under some regularity assumptions) the variance of T, can be estimated as if T),

was a mean of jackknife pseudovalues ’i‘n,l, ..., Ty, that are independent and indentically
distributed, i.e.
- 1

var (T,) = - Srzrn, where S%n =

—_
/N
el
s
|
S|
R
s
<
~—
/N
R
S
|
S

n—14
i=1 Jj=1

Do N\T
> Tuj) -
j=1
Literature: Shao and Tu (1996) Chapter 1.3.

9 Kernel density estimation®

Suppose we have independent identically distributed random variables X, ..., X,, drawn from
a distribution with the density f(z) with respect to a Lebesgue measure and we are
interested in estimating this density nonparametrically.

As
h) — —h
f(x):hhj& F(x+ )2hF(m‘ )’

a naive estimator of f(z) would be

: (121)

~ Fo(+hy) — Fo( —hyp) 1 = Xi € (2 — hp, 2+ hn]}
fal) = 2 h :2hnZ
=1

n

* Jddrové odhady hustoty
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where F,(z) = L5 {X; < x} is the empirical distribution function and (the bandwidth)
h, is a sequence of positive constants going to zero.

It is straightforward to show

F(x+ hy) — F(x — hy)

E ﬁz($) = 5T, — f(x)
and
var(fn(af)) = [F(z+ hn) = Fz — hn)]ll[;an(:v + hy) + Fz — hy)]
F(z +hy) = F(x = hy) 1 = F(z + hg) + F(x = hy) 0
2o 2nhy, n—o0

provided that h, — 0 and at the same time (n h,) — oco.
Note that the estimator (121) can be rewritten as

n

fn—

{-1<53i <41} = Z 2, (122)

where w(y) = £ {y € [~1,1)} can be viewed as the density of the uniform distribution on

[—1,1). Generalising (122) we define the kernel estimator of a density as

Fula) = == YK (55), (123)
" i=1

where the function K is called a kernel function and h, is usually called bandwidth* or
smoothing parameter. Usually the function K is taken as a symmetric density of a probability

distribution. The common choices of K are summarised in Table 1.

Epanechnikov kernel: K (z) = 2(1 — 2?) I{|z| < 1}
Triangular kernel: K(z)=(1-|z|) {]z| <1}
Uniform kernel: K(z) =3 H|z| <1}

Biweight kernel: K(z)=12(1—2%)*{|z| < 1}
Tricube kernel: K(x) = g—o(l — 232 {|z| < 1}
Gaussian kernel: K(z) = \/77 exp{—z?/2}

Table 1: Commonly used kernel functions.

Remark 26. Note that:

(i) When compared to a histogram both estimators f,(z) and ﬁl(aﬁ) do not require to

specify the starting point to calculate the intervals.

¥V gestiné se mluvt o §ifce vyhlazovaci okna nebo jednoduseji o vyhlazovacnim prametru.
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(ii) Note that fn(x) is continuous (has a continuous derivative) if K is continuous (has a

continuous derivative). That is why usually a continuous function K is preferred.
(iii) If K is a density of a probability distribution, then [ fn(m) dr = 1.

Example 76. Consider a random sample of size 200 from the distribution with the distribu-

tion function
F(z) = 5 ®(z) + 5 2(%3%),

i.e. the distribution is given by the normal mixture % N(0,1)+ % N(4,4). The kernel estimates
with different bandwidth choices of h,, and the Gaussian kernel is found in Figure 76. For
reasons of comparison also the corresponding histogram with the width of the columns given
by 2 h,, is included.

The true density is indicated by the black solid line. Note that a reasonable bandwidth
seems to be between 0.5 and 1. The bandwidth smaller than 0.5 results in a estimate that is
too wiggly (the variance dominates). On the other hand the bandwidth greater than 1 results
in an estimate that is too biased.

Unfortunately in practice we do not know what is the true density so it is much more
difficult to guess what a reasonable bandwidth should be. Note that for the histogram the
problem of the choice of the bandwidth h,, corresponds to the choice of the width of the bars.

9.1 Consistency and asymptotic normality

Theorem 16 (Bochner’s theorem). Let the function K satisfy

+o0o
(B1) / K@)y <oo,  (B2) lim |yK(y) =0. (124)

—o0 ly|—o0

Further let the function g satisfy fjoooo lg(y)|dy < oo. Put

+00
gn(x) = hln/ g(2) K(xh_z) dz,

—0o0
where hy, (0 as n — co. Then in each point x of the continuity of g it holds that
+00
lim gn(z) = g() K(y)dy. (125)
n—00 oo
Proof. Let x be the point of continuity g. We need to show that

lim
n—oo

@)~ (o) [ K(o) dy‘ 0.
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Using the substitutions y =« — z and z = % one can write

1 g(x
@ -g0) [ Kz = o [ote—pr)a-22 [r(z)a
1
= W l9(z —y) — g(x)]K () dy.
Before we proceed note that for each fixed ¢ > O:
1
h£—>oo and < sup [tK(t)| =0, as n — oo.

b
bt > -

Thus there exists a sequence of positive constants {d,} such that

) 1
6, =0, — =00 and — Sup |tK ‘ 0, as n— oo. (126)
han n t|t|>

Taking d,, satisfying (126) one can bound

/K dy' / l9(x —y) — g(z)| | K ()] dy

=:Ap
1 y
+— lg(z —y) — g(2)| |K(3£)] dy - (127)
fn iy 25,
—: B
Dealing with A,. As g is continuous in the point z
A< sup gl —y) - g(o) / EIRG) <o) [ K@Ia=o(),  (129)
y:ly|<dn R
<oo; (B1)
as n — 0o.
Dealing with B,,. Further one can bound B,, with
1 1
Busy- [ lee—nlE@)ldry [ fa@llK@E) . 02
ha Sy =5, b Jy:ly) =5,
:;‘Brln ::BZ'n
Using the substitution ¢ = ;- and (126) one gets
Bon = |g(2)| / LK ()] dy = |g(2)] / K(0)[dt — 0. (130)
yilyl> bt > o n—00

Finally using (126)

By, = / ‘y| |K( )‘ 7‘g(x_y)‘dy§ sup ‘tK(t)‘/ ‘g(ij)‘dy
y:ly|=6 %,—/ || ly|>6 Y

[t > 4
SSUpt|t\>5” [t K(¢)]
< sup [tK(t ‘5 /‘gx— ‘dy—)O (131)
|t > 5 —
=/ lg(y)| dy<co
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Now combining (127), (128), (129), (130) and (131) yields the statement of the theorem. [

Remark 27. Note that:

(i)
(i)

(iii)

If K is a density, then [ |K(y)|dy = [ K(y)dy = 1 and assumption (B1) holds.

Assumption (B2) holds true if K has a bounded support. Further from the last part
of the proof of Theorem 16 (dealing with Bj,) it follows that for K with a bounded

support one can drop assumption fj;o lg(y)|dy < oo from Theorem 16.

If K is a density but with an unbounded support, then assumption (B2) is satisfied
if there exists a finite constant ¢ > 0 such that K is non-decreasing on (—oo, —c) and

non-increasing on (¢, 00).

If ¢ is uniformly continuous then one can show that also the convergence in (125) is

uniform.

Note that the kernel K(z) = o0 | o= 1{x € (2" — 1,2" 4+ 1)} meets assumption (B1),
but (B2) is not satisfied.

Theorem 17 (Variance and consistency of f,(z)). Let the estimator f(x) be given by (123)
and the function K satisfies (B1) and (B2) introduced in (124). Further, let [ K(y)dy =1,

supyer [K(y)| < o0, hn (0 as n — 0o and (nhy,) — 00 as n — oo. Then at each point of

continuity of f:

(1)
(i)

lim,,_yo0 1 hy, var (fn(az)) z) [ K?*(y)dy;

Fule) =2 f(a).

Proof. Let x be the point of continuity of f.

Showing (i). Let us calculate

. 1 — v 1
var (fo(z)) = var [nhn K(mgfl)] = g var [K(xhxl)}
i=1 n
- o [EREE - (R e) . (132
Now using Theorem 16
1 1
B = [ CREf0)dy 1) [ Ky =fa). (139
Analogously
hn E K?(522) = /K2 (5) dymf(x)/KQ(y) dy, (134)
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where we have used again Theorem 16 with K replaced by K2. Note that assumptions (B1)

and (B2) are satisfied as

ad (B1) - / 2] dy < sup|K(y) / K ()| dy < oo
ye

<oo <oo

and

ad (B2) : lim |yK*(y)| <sup\K( )| lim |yK(y)| =0.
ly|—o0 yeR ly|—o0

v~

<oo =0

Now combining (132), (133) and (134) yields

2
n by, var (fo(z)) = L L e [1 E K(mhfl)} hn —— f(z) | K*(y

hy, hy, n—00

z) [ K2(y) dy —f(z)

Showing (ii). Note that with the help of (133)

E fu(z) = hln EK(55) —— f(a). (135)
Now with the help of (i) and (135)
E [fule) - £@)] = var [fa(@)] + [E Fule) - $@)] =20,
which implies the consistency of f,(x). O

Remark 28. Note that Theorem 17 implies only pointwise consistency. It would be much

more difficult to show that sup,cg ‘fn(x) - f(x)} % 0.
mn o

Remark 29. Note that one cannot use the standard law of large numbers to prove the con-

sistency, as one would need a law of large numbers for a triangular array.

Theorem 18 (Asymptotic normality of f,(z)). Let the assumptions of Theorem 17 be satis-
fied and further that f(x) > 0. Then

Fo(@) —E fa(z) _a

~ N(0,1).
\/var (fn( ))
Proof. From Theorem 17 we know that
var (fn(:n)) )
f(x)f(K) n—oo
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where R(K) = [ K?(y) dy. Thus thanks to CS (Theorem 2) it is sufficient to consider

ﬁ(@—EﬁL(:c)_ﬁZ?ﬂ[ () —E KR LiX-

H@R(EK) B f(z)R(K)
where < «
K(&=Xi) _E k(&%

Xpi= ! e (h"), i=1,...,n,

Vnhy f(z)R(K)
are independent and identically distributed random variables (with the distribution depending
on n). Thus the statement would follow from the Lindeberg-Feller central limit theorem (see
e.g. Proposition 2.27 in van der Vaart, 2000), provided its assumptions are satisfied. It is

straightforward to verify the assumptions as

n

E X = mE Xm0 and 3 ver(Xu) 1

n—oo
i=1
Further for each € > 0 for all sufficiently large n it holds that uniformly ini=1,...,n

1K) —EK(ER)
{1Xnil 2 2} = '{\/m F@)R(K) ZE}
1 2sup, |K(y)| B
= I{\/nhn V(@ R(EKE = 8} =0

which implies that the ‘Feller-Lindeberg condition’

lim " E [ X2, 1{|Xnil = ¢}] =
n—>OOZ 1

is satisfied. 0

Remark 30. Note that Theorem 18 implies

ful) = f(z) 4
var (fn(x)) noee

N(0,1), (136)

only if R R
E fn(x> — f(x> — bias(fn(x))
\/var (ﬁl(x)) \/var (ﬁl(x)) e

which depends on the rate of h,. As we will see later, typically we have

E fn - )
\/ var fn nhn \/”711?)

and thus lim,,_,oc 1 hf; = 0 is needed to show (136). But this would require that h,, = o(n*1/5)

0,

which would exclude the optimal bandwidth choice (see the next section).
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9.2 Bandwidth choice
Basically we distinguish two situations:

(i) hy, depends on x (on the point where we estimate the density f), then we speak about

the local bandwidth;
(ii) the same h,, is used for all z, then we speak about the global bandwidth.
The standard methods of choosing the bandwidth are based on the mean squared error
MSE(f,(z)) = var (J/”;L(m)) + [bias(fn(x))]Z.
Note that by Theorem 17

s ) - H0

+o(=), (137)

where R(K) = [ K*(

To approx1mate the b1as suppose that f is twice differentiable in x that is an interior
point of the support of f. Further let the kernel K be a bounded symmetric function with a
bounded support such that [ K(t)dt =1, [t K(t)dt = 0 and [ |t*K(t)| dt < co. Then for all

sufficiently large n
n T— X1 _ 1 T—y
E Fule) =k ER(59) = [ oK (5 £y
/K f(z —thy,)dt = /K z) — thef'(z) + S22 f"(x) + o(t*h2)] dt

= f(z) + 5 hy f"(2) paxc + o(h7),

where pox = [y* K(y)dy. Thus one gets

bias(fu(2)) = E fu(@) — f(a) = 3 h2 " (2) pasc + o(12),

which together with (137) implies

MSE(fu(@)) = ok f(2) R(K) + 3 b [ (@) 21k + o(75=) + o(h). (138)

Ignoring the remainder o(-) terms in (138), AMSE (asymptotic mean squared error) of

ﬁl(m) is given by

AMSE(fo(@)) = 53 f(2) R(K) + § hy [ (@) 13 . (139)

Minimising (139) one gets asymptotically optimal local bandwidth (i.e. bandwidth that min-
imises the AMSE)

- 1/5
B (@) = 7 [W] | (140)
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To get a global bandwidth it is useful to define (A)MISE - (asymptotic) mean inte-

grated squared error. Introduce

-~

MISE(f,,) = /MSE(fn(x))dx_ /E [Fu(2) = f(2)]? da,

and its asymptotic approximation

AMISE(f,) = / AMSE(f,(2)) dz = / L f(@)R(K) + L0 it gy
ROK) | o B iy
nhy, 4

where R(f") = [ [f”(a;)]2dx
Minimising (141) one gets asymptotically optimal global bandwidth (i.e. bandwidth that
minimises the AMISE)

(141)

1/5

R = /P {R(K ) } . (142)
R(f") 3

Remark 31. Note that after substitution of the optimal bandwidth (142) into (141) one gets

that the optimal AMISE is given by

5 [}%(j”’)]1/5 2 2/5
i RO perc
It can be shown that if we consider kernels that are densities of probability distributions

then [R(K )]2 ok is minimised for K being Epanechnikov kernel. Further note that for

K(z) = iz K (/B2 ) one has

4/5 4/5 2/5

=1 and [R(IN()] = [R(K)] ™" pol

Mo

and the optimal AMISE is the same for K and K. That is why some authors prefer to use
the kernels in a standardised form so that pusx = 1. Some of the most common kernels having

this property are summarised in Table 2.

Epanechnikov kernel: K(z) = ﬁ (1 - “”5—2) I{\x| < \/5}
Triangular kernel: K(z) = %(1 ) I{|z| < V6}
Uniform kernel: K(z) = 1 I{\m] < f}

Biweight kernel: K(z) = 161?f 22 1|z < VT7}
Tricube kernel: K(z) = 7801‘/?( - |ac]3) {\x| < \/;}
Gaussian kernel: K(z) = exp{ z?/2}

Table 2: Some kernel functions standardised so that psx = 1.
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9.2.1 Normal reference rule

The problem of asymptotically optimal bandwidths given in (140) and (142) is that the
quantities f(z), f”(x) and R(f"”) are unknown. Normal reference rule assumes that f(z) =
1 o(=4), where ¢() is density of a standard normal distribution.
Then

where

1
R(K) 1 ] 5
M (S -1 (58]

2

where I a 02 are some estimates of the unknown parameters p and o2, for instance i =

ynaaﬂ n— 122 I(X X )
For the global bandwidth choice we need to calculate

e = [l = [{5[Eeem) )

= [ -] e a

0-6
t = =& 1
v ‘_ /(tQ—l)zapQ(t)dt

dt = dz o’
S (t* — 262 +1) dt = / —2t2 ¢ 1)ie—t dt
ad T 052\f N3
——
~N(03)
1

1 2 3
-~ E(Yv*-—2y? 1:7[.1 _9.1 1}:7
20°\/m ( +1) 20°.\/m 3 (3) 2t 80\ /m’

where Y ~ N (0, %) Thus the asymptotically optimal global bandwidth would be

BOPD) _ o175 [8\fR( )]1/5'
" 3 1

»

Yy

Further if one uses a Gaussian kernel K(y) = \/%e 2, one gets
poK = /yQK(y) dy =1,

RE) = [ Ry =5 [ e ay= oL
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which results in

1/5
hloPt) = g~ 1/5 [g] =1.060n" /5.

The standard normal reference rule is now given by

hp = 1.06n~"/5 min {S,, IQR, }, (143)
where
1 < _ — —1(0.75) — F;1(0.25)
= E . 2
Sn = w1 Z»:l(XZ Xo)%end - IQR, = 1.34 ’

It was found out that the bandwidth selector (143) works well if the true distribution is ‘very
close’ to the normal distribution. But at the same time the bandwidth is usually too large
for distributions ‘moderately’ deviating from normal distribution. That is why some authors

prefer to use
hy, =09n7! mm{Sn,IQR }

For a more detailed argumentation see Silverman (1986), page 48.

9.2.2 Least-squares cross-validation*
By this method we choose the bandwith as

hESEY) = arg min £(hy,),

hn>0

where

L(hy) = /[fn —*Zf

with f,z(x) = m Z?:L i K (%) being the kernel density estimator based on a sample

that leaves out the 7-th observation.

The rationale behind the above method is as follows. Suppose we are interested in mini-
mizing MISE(fn). Note that MISE(]?H) can be rewritten as

MISE(f,) = / E (Fula) — f()*ds "2 E / P2() - 2 (@) f(2) + f2(x) da

- /n dx—2E/fn dx+/f2(w)dw

* ‘cross-validation’ se stiidavé prekladd jako metoda kiizového ovérovani, metoda kiizové validace nebo prosté

jako krosvalidace.
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An unbiased estimator for E [ fn z)dz is simply given by [ fn x)dz. Further the term
[ f*(x) dz does not depend on h,. Thus it remains to estimate E | fo(@)f(z)dz. Let us

consider the following estimate

i,=1 > X,

n

where

. 1 X
f—i(x):m '_Z K( hj(])

is the estimate of f(x) that is based the sample without the i-th observation X;. In what
follows it is shown that A, is an unbiased estimator of J fn(x)f(z) dz. Note that

ZEf_
=1

Now with the help of (133) and (135)

1
:| hn E K(than)

// (mI @1y )dxdy—/[/;K(T)ﬂy)dy flz)da  (144)

- [Ef@r@ae™E [ F@i

Thus A, is an unbiased estimator of E i fn x)f(x)dz and L(hy,) is an unbiased estimator of
E [ f2(x)dz —2E [ fu(z)f(z)da.
Remark 32. Stone (1984) has proved that

ISE (n5V)

miny, ISE(h,) n—oo

where ISE(h,,) = [( fn(x) — f(2))?dz. But the simulations show that the variance of piESEY)

(for not too big sample sizes) is rather large. Thus this method cannot be used blindly.

9.2.3 Biased cross-validation*

This method aims at minimizing the AMISE given by (141). Note that to estimate AMISE
it is sufficient to estimate R(f”). It was found that the straightforward estimator R(ﬁ'{) is
(positively) biased. To correct for the main term in the bias expansion it is recommended to

use R( f” ) - I}; ) instead. That is why in this method the bandwidth is chosen as

hBEV) = arg min B(hy,),
hy>0

* Not done at the lecture.

127



where
R(K)

B(hn>zﬁ+%hi 155 [ (J?)

R(K//):|
nhd
V)

(opt)

(B opt) . .
Remark 33. It can be proved that [ £, —— 1, where hLeP s given by (140).

9.3 Higher order kernels

By a formal calculation (for sufficiently large n, sufficiently smooth f and x an interior point

of the support) one gets

Efule) = [ K@)~ thy)at

2) / K(t)dt — f'(x)hn / LKC(F) dt

+]m2($)hi/t2K(t)dt f”;( )h3/ Kt)dt+....

The kernel of order p is such that [ K(t)dt =1 and

/th(t)dtzo, j=1,...,p—1, and /tpK(t)dt;éO.

But note that if the above equations hold for p > 2, then (among others) [t*K 2K (t)dt = 0,
which implies that K cannot be non-negative. As a consequence it might happen that fn (x)
is negative.

One of possible modifications of a Gaussian kernel to get a kernel of order 4 is given by
K(y)=3B-y") A=e v

9.4 Mirror-reflection

The standard kernel density estimator (123) is usually not consistent in the points, where the
density f is not continuous. These might be the boundary points of the support. Even if the
density is continuous at these points, the bias at these points is usually only of order O(h,,)
and not O(h2). There are several ways how to improve the performance of fn(x) close to the
boundary points. The most straightforward is the mirror-reflection method.

To illustrate this method suppose we know that the support of the distribution with the
density f is [0, 00). The modified kernel density estimator that uses mirror-reflection is given
by

1 n z—X; 1 n z+X;
ﬂMR>(w)={ i i K () + o X K(554), 220, (145)

0, x < 0.

Note that the first term on the right-hand side of (145) (for > 0) is the standard kernel
density estimator fn(q:) The second term on the right-hand side of (145) is in fact also
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a standard kernel density estimator fn(m), but based on the ‘mirror reflected’ observations
—X4,...,—X,. This second term is introduced in order to compensate for the mass of the

standard kernel density estimator ﬁb(a:) that falls outside the support [0, 00).

Literature: Wand and Jones (1995) Chapters 2.5, 3.2, 3.3.

10 Kernel regression*®

Suppose that one observes independent and identically distributed bivariate random vectors

()511), cees ()152) Our primary interest in this section is to estimate the conditional mean

function of Y7 given X; =z, i.e.

without assuming any parametric form of m(z).

In what follows it is useful to denote the conditional variance function as

o?(z) = var [V | X; = z].

10.1 Local polynomial regression

Suppose that the function m is a p-times differentiable function at the point z, then for X;

‘close’ to x one can approximate

m(X;) = m(z) +m'(2) (X — @) + ... + " (X, — ), (146)

Thus ‘locally’ one can view and estimate the function m(z) as a polynomial. This motivates

defininition of the local polynomial estimator as
~ > > T
B(z) = (Bo(),. .., Bp(z))

— argmin Y [Y by — by (X — ) — ... — by(X; — x)PrK(Xi—ff), (147)

hn

where K is a given kernel function and h,, is a smoothing parameter (bandwidth) going to

Z€ero as n — o0.

m(3) (x)

Comparing (146) and (147) one gets that Bj(m) estimates ——r—. Often we are interested

only in m(z) which is estimated by Bo(:c).

Put
Yl 1 (Xl — CL') (X1 — :U)p
Y — Y2 ’ Xp(x) _ 1 (XQ — a:) (XQ — x)p
Y, 1 (X, —x) (X, —z)P

* Jddrové regresni odhady
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and W(z) for the diagonal matrix with the i-th element of the diagonal given by K (X;l—;x)
Note that the optimisation problem in (147) can be written as the weighted least squares

problem

B(z) = arg min { (Y = X,(2) b) "W(z) (Y — X, (z) b) } (148)
beRrt1

where b = (bg, by, ..., b,)T. The solution of (148) can be explicitly written as

~

Bla) = (X[ () W(2) Xy (2)) X (2) W) Y,

provided that the matrix (X; () W(x) Xp> is non-singular.
The following technical lemma will be useful in deriving the properties of the local polyno-

mial estimator.

Lemma 7. Let the kernel K be bounded, symmetric around zero, positive, with a support
(=1,1) and such that [ K(z)dx =1. For 1€ NU{0} put

1 < . ol
Sni(r) = - ZﬁK(Xﬁn ) (%2)"
=1

Suppose further that h, — 0 and (nh,) — oo and that the density fx of X1 is positive and

twice differentiable in x. Then

Su1(x) = fx(x) [K(t)tdt+ % f(x) [K(t)tH2dt + o(h2) + OP(\/anLn)’ [ even,
’ o 1) [ K (01 dt + o(h2) + Op (2=,  odd.
Proof. Analogously as in the proof of asymptotic normality of J?n(x) (Theorem 18) one can
show that
Vb (Spi(x) — E Spi(x)) —=— N(0,0%(z)), where o%(z) = fx(z) / 2L K2(1) dt.

n—o0

Thus
Sml(x) =E Sml(l') + Op(ﬁ)
and it remains to calculate E S, ;(x). Using the substitution ¢t = %= and the Taylor expansion

of the function fx(z + t h,) around the point z one gets
—x —z\! —x —x\!
£ Sule) = E RN (E) = [ LK) () ) ay

- /K(t) t' fx(z + thy)dt

= fX(:U)/K(t)tl dt+hnf§((x)/K(t)tl+1 dt + 12 gg(x)/K(t)tH? dt + o(h?).

As K is symmetric, then one gets that [ K (¢)t/"1dt = 0 for [ even and [ K(¢)t/*2dt = 0 for
[ odd. O
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Remark 34. Note that Lemma 7 implies that

Sno(x) = fx(x) + 53 f4(x) parc + o(h2) + Op( =) = Ix(2) +op(1), (149)
Sn1(@) = hy f'(2) p2xc + o(h3y) + Op (25=) = op(1), (150)
Sna2(@) = f(z) pax + op(1), (151)
Sn.a(z) = hy f'(2) / t' K () dt + o(hy) + Op (A=) = op(1). (152)

10.2 Nadaraya-Watson estimator

For p = 0 the local polynomial estimator given by (147) simplifies to

and solving this optimisation task one gets

Bo(x) = > wnilx) Yi = iy (),
i=1

where
K)o K
Zj:l K( ijzn ) n,O(x)

This estimator is in the context of the local polynomial regression also called a locally
constant estimator.

Note that for each = for which the weights are defined

Zwm(x) =1.
i=1

Moreover if the kernel K is non-negative function then also the weights are non-negative.

Remark 35. Let us consider the kernel with the support [—1,1]. Then the wy;(x) is zero if
Xi & [x — hn,x + hy].

Further, if we assume the uniform kernel, i.e. K(z) = 3 I{|z| < 1}, then all the weights
wnp;(x) for which X; € [z — hy,, x + hy] are equal. Thus for this kernel the Nadaraya-Watson
estimator myyw () is given simply by the sample mean calculated from the observation Y; for
which X; € [z — hp, x + hy], ie.

W S {1 X — 2] < ha)

Thus one can view myw () as a ‘moving average’ in the covariate direction.
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To formulate some theoretic properties of myw (z) put X = (Xy,...,X,). Further let
bias (M yw (x)[X) and var (myw (2)[X) stand for the conditional bias and variance of the

estimator myw (x) given X.

Theorem 19. Suppose that the assumptions of Lemma 7 are satisfied and further that

(nh3) —— oo, the density fx(+) is continuously differentiable and positive at z, the function
n—oo

m(-) is twice differentiable at the point x and the function o(-) is continuous at the point x.

Then

bias (yw (2)]X) = h2 ok (m Lo fet (@) +op(h?), (153)
~ 0'2 xX
var (mNW(a:)|X) = % +op ﬁ), (154)
where
:/KQ(x) dz and Hog = /x2 K(z)dx. (155)

Proof. Showing (153). Let us calculate

E [myw (z Zwm E[Vi|X] = Zwm E [Vi| X,] Zwm

= Z Wi (x) [m(ﬂs) +(X; —x)m/(z) + M m” (z) + (X; — z)* R(XZ)

n

x) E wni(z) +m'(z) Z wii(2)(X; — ) + ml;(x) Zwm(:n)(Xz —1)?
— i=1

i=1 i=1
+ Zwm —z)°R(X;)
=1
' m” (x)
=m(x) +m (z) Ap + 5 By, + Cy, (156)

where R(z) — 0 as z — z and
Ap = wni(@)(X; — 2), By = Y wni(2)(X; — 2)?, C = Y wni(2)(X; — 2)°R(X;). (157)
=1 i=1 =1

Now with the help of (149) and (150)

N, , pys 1K( h ) %_hnsml(m)

B hn [hnfﬁf(f) par + o(h?) + Op ( )] B h%fx( 2k + o(hi) + Op (W)
fx(z) +op(1) a fx(z) +op(1)

_ haf(@)per on(h2 w2\ ha Sy (@) ek on(h2

= +op(hy) +Op(m) =T @) +op(h;,), (158)
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as (nh3) — co. Further with the help of (149) and (151)
. h2 Sn2(x)
Bn: ’wm'Xi—CCQZ...:in :
> (i) o

_ h‘}z [fx(z) par + op(1)]
fx(x)+op(1)

Concerning C), thanks to (159) and the fact that the support of K is (—1,1) one can bound

= h2 o + op(h?). (159)

|Cn| < ani(w)(Xi—ﬂf)QR(Xi) < sup \R(Z)\Zwm(w)(Xi—w)z

zi|z—z|<hn

= 0(1) Op(hy) = op(hy). (160)

=

Now combining (158), (159) and (160) one gets
"

2

E[myw (2)[X] = m(x) +m/(z)hy, fS(@)MZK + z) hapak + op(hd),

fx ()
which implies (153).

Showing (154). Let us calculate

var[myw (z Zw ) var[Y;| X;] Zw
_ Zz‘:1 K?(555) 0 (X)) 1 Vi
a n —e\12 nhy [Sno(2)]?
[ijlK(Xfln )} nhy [Sno(z)]
where V,, = ﬁ Yoy KQ(X;'L—;’”)&(XI').

Now completely analogously as in Theorem 17 it is proved that J?n(x) LN f(x), we will
n—oo
show that

P
Vi —— fx(a) 0®(z) R(K), (161)
n—oo
which combined with (149) implies (154).
Showing (161). First with the help of Bochner’s theorem (Theorem 16)

EV, = [KQ(X;TQC) o2 (X1)]

oX(2)fx(2) dz —— o*(@)fx (a /K

1
hn

1
-
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Now it remains to show that var(V,,) —— 0. Using again Bochner’s theorem (Theorem 16)
n—oo

1T B - 2
(Vi) = o [E K (52)a'0n) - (B K2 (5)°00)|

L1 — 11 . 2
= S [ K4(Xén)(f4(X1)] - {hn E KQ(X;M)U2(X1)}

- nlhn :04(x)fX(x)/K4(t) dt+o(1)] _% [az(x)fx(ﬂf)/K2(t) d1t+o(1>]2

— 0.
n—00

10.3 Local linear estimator

For p =1 the local polynomial estimator given by (147) simplifies to

~ ~

(ﬁ0($)7ﬁ1($)) = arbgrbninz [Y — by — by (X; — x)rK(X;L;x)
001 =1

By solving the above optimisation task one gets

n
= wni(2) Y = g (),
i=1
where the (local linear) weights can be written in the form

iy K (H7) (Sna(@) = S Sna ()
Sn,0(z) Sn2(z) — 82,1@7) 7
It is easy to check (see also Remark 36 below) that the weights satisfy (for each = that the

Wpi(T) = i=1,...,n. (162)

weights are defined)

Zwm =1, Z wp;(2)(X; —x) = 0. (163)
=1

On the other hand it might happen that the weights are negative. In practice this happens if

x 1s either ‘close’ to to the minimal or maximal value of the covariate.

Remark 36. To see (163) note that

n Sn.o(x) Spa(x) — S2 () B
2 ) = g ) 54
and
" X e K () (X = 2)Sua() — gz iy K (F5E) (X — )
;wm(xxXz _*73) = n,O( ) ( 52 ( )
Sn,l(x) Sn,2($) - Sn,2(x) Sn,l( )

=0.

Sp,0(x)Sp2(z) — 5’721 1(z)
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Theorem 20. Suppose that the assumptions of Theorem 19 hold. Then

bias (7 (x)[X) = b2 pax ™02 4 op(h2), (164)
o~ 0'2 X
var (i (2)[X) = % +op(71), (165)

where R(K) and pax are given in (155).

Note that by Theorem 19 for the Nadaraya-Watson estimator one has

bias (Mnw (2)[X) = h2 pax <m (;2{3(@ " m/;m) +op(h2),

var (M (2)[X) = % +op ().

It is worth noting that the main terms in the approximation of the conditional variances of

fl\”LNw(aj) and fﬁLL(x), i.e.
var (maw (2)|X) = var (mpr(z)|X) + Op(ﬁ).

Also the conditional biases are of the same order. But the conditional bias of my(z) in com-
parison to () has ‘a simple structure’, as it does not contain the term h2 o %{5@)

This is the reason why the authors usually prefer mpr(z) to myw(x).

Proof of Theorem 20. Showing (164). Completely analogously as in the proof of Theorem 19
one can arrive at (156) with the only difference that now the weights w,;(z) are given by (162).
Now with the help of (163)

A, = Z}wm-(x)(Xi — ) =0. (166)

Further using (149), (150), (151) and (152)

B SHESSJAI. FC R RCL N
B = 2 wnil) g e = g ol — 572 @)
L) JEE@W A+ op(1)]? - op(op(D)

" Ux (@) 1 op(1) [Fx(@) | PE(0) i+ op(1)] — (0p(1))?

= hi, pok + op(h). (167)

Thus it remains to show that C,, = op(h2). Put D,, = Sy, o(x) Sp2(z) — S2

& 1(z) and note that
with the help of (149)—(151) one gets

Dy = f () pix + op(1). (168)
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Now using (168) and Lemma 7 one can bound

[Cn < sup !R(z)\hiZ!wm(:c)

) S2a(@) + [Sua ()| Ty i K (50
D)
fx (@) 3y +op(1) +op(1) [fx(z) [ K(t)[t]*dt +op(1)]
f% (@) pax +op(1)

which together with (157), (166) and (167) yields (164).

= op(h2),

Showing (165). With the help of (150), (151), (161) and (168) one can calculate

var mLL Zw
_ 2(X
- 51 [nh ZK G

- 7”‘1%17%1(96) [Sn2(x) +op(1)] 1 ZKQ(X?L*?)J?(XQ
) ”’11 Ix(@) H%fl( T or (@ X @) Erc +or(U)] [fx () o (x) R(K) + 0p(1)],

which implies (165). O

10.4 Locally polynomial regression (general p)*

Analogously as for p € {0,1} one gets the estimator of m(z) in the form

= Z wpi(x) Y]
i=1

where the weights w,,;(z) are given by the first row of the matrix

(KT ) W) X (@) X () W)

and satisfy that

Zwm )=1 and Zwm l—m)é:O, £=1,...,p.

With the help of this property one can show (analogously as in Theorems 19 and 20) that if p
is even then the conditional biases of m,(z) and m,,1(x) are of the same order (Op(RET?Y),

but the bias of Mmy41(x) has a simpler structure than the bias of m,(x).

* Not done at the lecture.
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Further, it can be proved that conditional variances are of the same order for each p and it

holds
Vpo ( )

fx(@)nhy
where Vo =V < Vo =V3 < Vy=V; < ... and so on.

To sum it up, for p even increasing the order of polynomial to p + 1 does not increase the

var (ﬁlp( )|X) +0P(n1")’

asymptotic variance but it has a potential to reduce the bias. On the other hand if p is odd
then increasing the order of polynomial to p 4+ 1 increases the asymptotic variance.

That is why in practice usually odd choices of p are preferred.
Literature: Fan and Gijbels (1996) Chapters 3.1 and 3.2.1.

10.5 Bandwidth selection
10.5.1 Asymptotically optimal bandwidths

In what follows we will consider p = 1. With the help of Theorem 20 one can approximate

the conditional MSE (mean squared error) of mpr(x) as
MSE (i (2) [ X) = 75 % + LR " (@) 21k +op (55-) +op(hl).  (169)

Ignoring the remainder op(.) terms in (169), we get that AMSE (asymptotic mean squared
error) of mpr(x) is given by

~ (72 x
AMSE (i (@) [X) = i T + § i [m" (@) (170)

Minimising (170) one gets asymptotically optimal local bandwidth (i.e. bandwidth that min-
imises the AMSE)

(@) R(K) ]'°
fx(@) [ (@) p3p ]

The integrated mean squared error (MISE) is usually defined as

h%opt)(x) _ n—1/5 [

MISE (i | X) = / MSE (i1 () | X) wo(2) fx (z) da (171)

where wg(z) is a given weight function which is introduced in order to guarantee that the
integral is hopefully finite (for instance wy(x) = I{z € [a,]}).

Now with the help of (170) and (171) the asymptotic integrated mean squared error
(AMISE) is defined as

AMISE (i | X) = / AMSE (g (x) | X) wo(2) fx(z) da

R(K)

= nh. / o?(z) wo(x) dz + § hy, i3k / [m" ()2 wo(z) fx(z)dz. (172)

137



Minimising (172) one gets asymptotically optimal global bandwidth (i.e. the bandwidth
that minimises the AMISE)

1/5
Bow) — 15 f o z) dz | (173)

" NQKf ( )fX( ) dz

10.5.2 Rule of thumb for bandwidth selection

Suppose that o(z) is constant. Then the asymptotically optimal global bandwidth (173) is

for mpy given by

plopt) — ,=1/5 R(K)o? [wo(z)dx 1/5
' 1 [T ()2 wo(e) fx(x) do

Now let m(z) be an estimated mean function fitted by the (global) polynomial regression of

order 4 (generally p + 3 is recommended) through the standard least squares method.
Now in (173) one replaces the unknown quantity o2 by ¢° = L= 3" [V; — ﬁz(Xi)]Q
and m”(z) by m/(x). Finally the integral [[m”(z)]? wo(z) fx(z)dz = E x[m" (X1)]*> wo(X1),

which can be estimated by
1o
I wol(X).
i=1
This results in the bandwidth selector

~2 wa 1/5

(ROT) _ , —1/5
& [Mmzz T, ]wo<X>

10.5.3 Cross-validation

ACY) = arg min CV(h,,),
hn>0

where

(g 2
> (¥ (X)) wo (X))
with ﬁz}(fi) being the estimator based on a sample that leaves out the i-th observation.

The rationale of the above procedure is that one aims at minimising the estimated integrated

squared error, i.e.

ISE (7 () = / (7p(z) — m(@))? fx(2) wolx) da

= Exr (p(X') — m(X"))? wo(X"), (174)

where X' is independent of observations ();,11), cee ()}f:)
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To illustrate that put €; = Y; — m(X;) and calculate

CV(hyn) = % Z [ai +m(X;) — mg—”(xi)] 2wo()g)

=1
= IS x4 23 e fm(x) — w0 (x| wo(x)
= - 2 wo(X; - i |m(X;) —my i) | wo(X;
=1 i=1
1 & i 2
-3 [ =m0 we(X)
=1

Now 1377 | e2wy(X;) does not depend on hy, and thus it is not interesting.
Further 1 ™% | [m(X;) — ﬁzﬁ,_i) (Xi)]2w0(X¢) can be considered as a reasonable estimate
of (174).
Finally 237 | &;[m(X;) — ﬁzz(fi)(Xi)]wo(Xi) does not ‘bias’ the estimate of (174), as

E [e:[m(X:) — b (X,)]wo(Xi)] = E {E [ei [m(X:) — S (X3) ] wo(X,) |x}}

—E { Efei]X,] E [[m(Xi) — D (X) wo(X5) | x}} —0,

where we have used that E[g;]|X;] = 0 and that &; and [m(X;) — ﬁl(_i)(Xi)]wo(Xi) are

independent conditionally on X; (and thus also conditionally on X).

Remark 37. Note that it would not make much sense to search for h,, that minimises the
residual sum of squares. RSS(h,) = 230 [V; — T?L(XZ')]Q’UJ()(XZ'). The reason is that

RSS(hy,) is minimised if Y; = m(X;), which would result in a very low bandwidth h,,.

Remark 38. Another view of the cross-validation procedure is that we aim at finding the
bandwidth h, that minimizes the prediction error. More precisely, suppose that ()15'/) is a
random vector that has the same distribution as ())(,11) and that is independent with our
random sample ()511), ey ();:) Then the prediction error (viewed as a function of h,) is
given by
~ 2
R(hn) = Exryr (Y — (X)) w(X),

where the expectation is taken only with respect to the random vector ()é,/) Now CV(hy,)

presents a natural estimator of R(hy,) as ()}2’) is independent of s .

10.5.4 Nearest-neighbour bandwidth choice

Suppose that the support of the kernel function K is the interval (—1,1). Note that then
wpi(x) = 0 if | X; — x| > hy,. The aim of the nearest-neighbour bandwidth choice is to choose
such h,, so that for at least k observations |X; — 2| < h,. This can be technically achieved as

follows.
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Put
di(z) = ‘Xl —:):},...,dn(:c) = ‘Xn —a:|

for the distances of the observations Xi, ..., X, from the point of interest z. Let d(;)(z) <
... <d)(z) be the ordered sample of di(),...,d,(x). Then choose h;, as

RN () = d gy (2). (175)

Note that (175) presents a local bandwidth choice.

To get an insight into the bandwidth choice (175) let us approximate

1 ¢ - ~
- Z H{|X; — x| <h}=F,(x+h)—F,(x—h)=Fx(x+h)— Fx(z—h) = fx(x)2h. (176)
i=1
By plugging h = d(;)(z) = hn(x) into (176) one gets % = fx(x)2h,(z) which further implies
that

k
@) £ g

Remark 39. To derive the asymptotic properties of my; when bandwidth h, is chosen as

(175) one needs to consider k, — oo and %" — 0 as n — oo.

Remark 40. Using hﬁLNN)(:z:) makes usually the problem more computational intensive as one
is using a local bandwidth. Further there is no guarantee that the estimator my,(x) is for
instance continuously differentiable even if K is continuously differentiable . To prevent those

difficulties some authors recommend to transform the covariates as

where F,(z) = LS {X; < x} is the empirical distribution function of the covariates. Then
the transformed covariates are ‘approximately uniformly spread’ on (0,1)* and one can use a
global bandwidth choice (e.g. by the cross-validation procedure described in Section 10.5.3).
As F, is a consistent estimator of F'x one should keep in mind that when using the transformed

covariates X{ one estimates
E[Y [Fx(X) =a] = E[Y| X = Fy'(2)] = m(Fx\(2)).

10.6 Robust locally weighted regression (LOWESS)

LOWESS is an algorithm for ‘LOcally WEighted Scatterplot Smoothing’. It is used among

others in regression diagnostics. It runs as follows.

* Note that in case there are no ties in covariate values one gets {X1,..., X;,} = {%, R
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In the first step the local linear fit 7z (2) with the tricube kernel function, K (t) = 2 (1 —
]t!3)3 I{|t| < 1}, is calculated. The bandwidth is chosen by the nearest-neighbour method
with & = |n f], where the default choice of f is % Then for a given number of iterations the

fit is recalculated as follows.

Let
TZ:YZ—T/T\L(XZ), izl,...,n

be the residuals of the current fit. Calculate the ‘measures of outlyingness’

(5i :B<6med{|riz|,7|1”n\}>’ 2: 17-..7n7

where B(t) = (1 —t?)21{|t| < 1}. With the help of §; the outlying observations are down-
weighted and the local linear fit is recalculated as m(x) = Bo (), where

n

N ~ 2
(Bo(z), Bi(z)) = arz%’r;:in; [Y, —bo— b1 (X; — a:)} K(}Z;]&T_)fm) di.

By default there are 3 iterations.

10.7 Conditional variance estimation

Note that o%(z) = E [V | X1 = 2] — m?(z), thus the most straightforward estimate is given
by

() =Y wailx) Y — iy (), (177)
i=1

where 7, (2) = Y1, wpi(2) Y] is an estimator of m(z) = E [V | X1 = «|. This estimator is
usually preferred in theoretical papers as its properties can be derived completely analogously

as for my,(z). But in practice it is usually recommended to use the following estimator
. 2
72 = 3 wnile) (% — (X)) (17s)
i=1

Note that if the weights w,;(z) are not guaranteed to be non-negative, then there is generally

no guarantee that either of the estimators (177) or (178) is positive.

Literature: Fan and Gijbels (1996) Chapters 2.4.1, 3.2.3, 4.2, 4.10.1, 4.10.2.
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Appendix

Inverse function theorem

The following theorem is sometimes also called the theorem about the local diffeomorphism.

It follows easily from the implicit function theorem applied to the function g(x,y) = x—f(y).

Theorem A21. Let f : R® — R™ have continuous first order partial derivatives in a neigh-
bourhood of the point a € R™ and the Jacobi matriz Dg(a) is a non-singular matriz. Then
there exist open neighbourhoods U of the point a and V' of the point f(a) such that £ is a
bijection of U on V. Further there exists an inverse function £~ on V with the continuous

first order partial derivatives.

Lemma about the distribution of a quadratic form

The following lemma can be found as Theorem 4.16 in Andél (2007).

Lemma A8. Let Z ~ N,(0,,V), where V is p x p matriz. Let B be a positively semidefinite

matriz such that BV is an idempotent (nonzero) matriz. Then ZTBZ ~ X?r(BV)'

Banach fixed point theorem

Definition. Let (P, p) be a metric space. Then a map 7' : P — P is called a contraction
mapping on P if there exists ¢ € [0,1) such that for all x,y € P

p(T(x),T(y)) < qp(z,y).

Theorem A22. Let (P, p) be a non-empty complete metric space with a contraction mapping
T:Pw— P. Then T admits a unique fized-point x* € P (i.e. T(x*) = z*).

Uniform consistency of the empirical distribution function

The following theorem can be found for instance in Section 2.1.4 of Serfling (1980) as Theo-

rem A.

Theorem A23. (Glivenko-Cantelli theorem) Suppose we observe independent and iden-
tically distributed random vectors X1,..., X, (in R*) from a distribution with the empirical

cumulative distribution function F'. Let
1 n
Fo(x) =~ Z {X; <x}
=1
be the cumulative empirical distribution function. Then

sup ’ﬁn(x) - F(x)’ — 0.
x€ERF
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Equivalence of convergence in distribution and convergence of quantiles

The following result can be found as Lemma 21.2 in van der Vaart (2000).

Lemma A9. Let {X,,} be a sequence of random variables and Fx, be the cumulative dis-

tribution function of X,. Then X, LI e if and only if F)El(u) — F)El(u) for each
n— 00 n n— 00

u € (0,1).

Bayes theorem for densities

Theorem A24. Suppose that X = (X1,...,X3)" and Z = (Zy,...,Zg)" be random vectors
defined on the same probability space. Let fx and fz be the densities of X and Z respectively
and fx|z be the conditional density of X given Z. Then the conditional density of Z given

X equals

7fx‘z;;|(z,1{Z(z), for fx(x) >0,

fz1x (z|x) =
0, for fx(x)=0.

Proof. The proof follows from the fact that fx z(x,z) = fxz(x|z)fz(z) is the joint density
of ()Z{ ) and then by the definition of the conditional density. For details see e.g. Chapter 3.5
of Andél (2007). O
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