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Implikacemezi typy convergence

(2) Necht' XnX ,
m+ 0 .

Pro MEN definigme udhodue
udalosti

A : = [0eR : 7 m >n
: (m(w) -X (w)(-2)

Br: = (20 =R : (Xm(w)-X(c)(2)

cheeme ukezat , ze
PlBm) >0. Vine , ze AnzBm .

Take

z monotonie poti stati
ukazat

,
ze P(A)-> 0.

· Realne postoupnost [Xmlubm je konvergentu! kdyz

I NEN tahore
,
ze pro Eade my

N : /(c)-X(w)13E

Potom him An je
udelost

, Idy Xn diverguje.
Dhe convergence

n+

shoro jiste
dostarine P(linArl =0.

· Plati
,
ze A

, 2AzZA,2 .., protoze Laye Im(w)
-X(w)/E

,

potom co patr do Kade An
,
~M,

ale ne nuthe m>m.

Pale ze spojitosti psti mame limP(An) =P(him An.
m+0

Pak ale dostaneme convergenci v pati , protoze

lim P(Bm) < lim (An) = Plei An)=
n+0

n-8

(b) Necht XX ,
+>,>1. Dhe Markovory nevornosti

plIXm-N>2) = P(IXm-NEMN-0
(c) Necht XX ,

n- -, > 1 . De Jensenory necornosti

pro
konvexi fei g(u):=Mr, +-0

dostname

glE[Nm-XIr]) < E(g((Xm- x(r))=E[(IX-XI)ME]
=ECI-X1*]+O.

() Necht XnEX ,
m
+> > .

Zvolme Libovue perce &30.

Necht VER je Liborony God spojitosti F. Potom

Fr(e) = P(Xm =v) = P(Xm(v ,X(x
+c)+ P(Xmty,X-x+e)

= P(X(n+E) +P((Xm-X(>c)= F(x+2) + P((Xm-X(>) .



Taktez dostaneme

F(x-2) = P(X(x -2) = P(X -u- d ,Xm(x) +P(Xx
- E
,
Xm>E)

& Fu(x) + P((Xm-X( - C) .

Potom
F(u-d) - P((Xm- X(y) - F(x) F(x+2) +P((Xm

-X-&) .

Pro Limital prechod meo
mame

F(x-2) < limig Fr(x) limsup
F(x) < F(x+e).

n-

n->0

Selikoe Eso bylo Libovoue a F je spojita
ve
,

pal dosterame li Fu(t) = F(x)

(e) Necht XnEX ,e+> a
P(X= c) =1 pro nejake'cel

.

zvolme Libovous E30. Potom

P((Xm-u(ze) = P(Xm(c
-c) + P(Xm= c+c)

- P(Xm[ c- ) + P(ym >
c+ =)

= Fr(c-2) + 1 - Fr(c
+ =)

F(c-2) + 1- F(c+ z) = 0+ 1
- 1 = 0.

0spojitem zo brazen! (CMT)

· Necht XX ,
N-0 .

Z definice spojitosti funke o

plats him Xn(00)= X (w) =)him g(Xm(w))
= g(X(l)

n+

Potom
↑ (WE- : him g(Xr(w)) = g(X(w))]

=P(w :hi Xe(w=X

n+0

· Necht XmX ,
mes .

Zvolme libovond perne E30 .
Pak

pro
liboroe 50 urazujue

moine

Br :=Eve : 5 y Er : (x-y(d& (g(x)
-g(y))=2)

zrejue Brt , Not ·
Potom

P((g(Xm)- g(x))= e)= P((g(x)
-g(x)(yd1(xn

-41=%) +

+ P((g(Xm)-g(X)(-1(Xn-X()-



& P(IXm-X1zr) + P(XBr) .

Jelikoz 50 bylo Liboronell

poton PIXEBr)
-> P

, EdyE Not.
Navic pro kaide

permeso plati P(IXm-130)
-> 0

, Edge me0.

· Bez dh : Xm
* X = g(Ym) =g(X) .

&Slutskeho
reta

Dikaz provedeme pouze pro
soucet ; pro

sondin je analogichy.

Vememe Liborone veR ,
herd je

bodem spojitosti

distribut funnce nahodne relizing X+ C . Tedy bod --

je boden spojitosti Fy . Evolue
libovolne 130 .

Potom

existe [30 : /Fy (= c) -Fy(x-c-2)k < /3 ,E
: 15 ·

Jelikoe Ex je
distribut funkce , pah ma spocetive unoho

bodi nespojitosti . (NectD Le una
bodi nespojitosti Ex.

+
y
=D : Fly -) < F(y +) .

Poton 5qzQ : Fly-<<(g+).

Selikoe En je nehlesajic, pah y
= Nyqe ·

Take zobrazen!

yet gy
: DEBQ .) Tedy v hazdem okoli bodn -e

najdeme vleroi upravo
od -e bod spojitosti Ex.

Evolue tedy
OCEE tab , ze Fy je spojita v bodech

ve-div X-c
+&

.

Potom

↑N+ im [v =P(m+ YmEx f/Ym-c <2) +

+ P(Xm+Ym -v1/im-c)

=> P(Xm+ c (x+ C 1/Ym- c((d) +P(lim
- c>)E

= P(Xn -x - c+2) +P(lim-c (c) .
Protoce Ey je spojite ve-c+ &

a
Intr,existage

mEN : my m : P(Xm=x-c+2)Y(Xx
-c+2)+y/ &

PlIYm-c32) <713 . Dobromady pro uswe
mame

p(Xn+ Ym Ex) <P(X(x - c +2) + 24(3 -P(X
+ (x)+y .

Opacnou nerormost dokazeme obsobre
.

Nejdir si nedomime

P(Xn+c (v- c)= P(Xm+Ev- EM(Ym
-c)(2) +

+ P(Xm+<x -EM/Ym-ce)



- P(Xm+Ym [v) +P//Ym-cl> 3) . Diky predpokladim vety
a volbe MEN:r >m : P(Xn+c+-&> P(x+<x-2) -z3
Pllim-cle)- E13 .

Pro my m tedy plat

P(X+ c [x) < P(X + ==x
- 2)+ zBIP(Xm+c(x-2)+ 27/37

= P(Xn+ Yn (x) + P((Ym- cl = 2) +
2%/3 [P(Xm+Ym(x) +y

Pal pro m >me Yo ,en] dobromady
dosterame

p(X + c =x) - y - P(Xm+
Ym[t) < P(X +c(t) +y.

Protoze yao bylo libovolne
, je

veda dolazana.

&D Shutskeho vety
Selikoe In -> a ER , poton

NE - ER .
Potom de Slutskeho

P

vity Xn +Yn> a+&ER .

Ale vete o implibaci konvergenci(e)

dava Xu + in Earth. Dikaz pro
soucin je analogichy. B

~Levyho reta o spojitosti

Bezdk .

Nex)]=
+O

= (tx)dPy(x) +iSmin(tx)dPy(x) = E(u(2x)]
↑ Lichal
-

majoranta =0

↓ +0

(1)= - Sein(nx)dPx(x) = - i)(x(x)d ↑#x()=
-x

PP(ii(x)8x(x)](e) Ax = -1E((X)]

-

=> Y(r) = - 14x(n) & Yx(0) =E((0)]=1=) 4x()
=ey)-E

XvN(M,2) Yx()= by Sint-Et ,
hea

z:= No
, 1) =

4z(1) =ep(- )

Yx(n) = Eley(ix]] =E(ey(is(p+ 0z)3] =ey[ism)E(eybitz]]
=

=eplit)ht) = eplipt-ze].



~th Slaby
zahon velleich Eisel

Rozvineme Complexus exponencial pomoci Taylora 1
.

Fade

epEityy = 1 + rty +
o(t) , 150 , Eye.

Potom Eley(ieY]] = 1+ iS
EY + +(a) , 1+0.

Pek poitejme
45(4)= +[x=() =4)(4)

~ CF(viii) CF(v)

= SECeySir/m3)](1+ EX
,
+ o(E)]W toA

eiinMliorjeybe)]
= Eley[EX3)= Y(t) ,

MER (bodove).

DLe Levyho vity o spojitosti
dosterine TGEXER .

m
->0

Jeliko je
Limita v distributi

Konstanton s
.j ., poton

↑& Ex ( & host. det Lim= E) *

~h Centralu' Limitul verta pomoe Taylora 2 rad

Rozvineme Complexn' exponencia

e City)
= 1 +vhy +(ty)(2 + 0(1)) , 150 , fyR.

Potom ESey(oty3] = 1+ iSEY-EY"-014 ,
1-0.

Definique Ym := (Xm-EX1)/Nx .

Pah EYn= 0 , var
Yn= I

↓==Z
Pocitejme
4 =Y= (Ely3)

CF(v)

T1-he ,
Exo

=varYp =1



Selikoe er= him (1+W FyER , dosteriee

li Yz(tim 21-ep(-E
= Yz(t),fe
zwN(91) .

D

De Levyho vety o spojitosti dostarine Emm+-.

#CramerWoldova re spojitosti.

MnohorozmerneCLT
Disledek Craner-Woldory vety.

&Deltametotredn' hodnote (tj a proximace Taylorovyn

rozrojem
do 1. ridu) dostarine

#) g(in) = g(m) +g() (in- u) , Ide on Lezi meziimar .

RdyE FlY-r)N0,c) , poton
i O .

Pah eyi

in-MO.

Selibe Im ,
musi platit ,E

-Mito . De vety o spojitem zobrazen do starama

55)8() (g) je
totic spojite de predpoltadi).

z(*) mane (g(in)-g(r)] = g(m) Fa/in
-4)

Selikoe (de predpokladu) Vulim-MN0,
5)
, pot
on

s vynzitim Shutskeho vety mame

u[g(in) -g(m)] No , [8r]it

zklad
MSE = bies + var

z definice pocitane
MSe(er) = Elen-o=Ed[n-Ent)-o]

=

=



postujicipodminha pro konzistenci

Podle predchozi vety name
1

MSE(r) = bissFr + var On
- -

def II ->0
->0

ECEn-o]
time -

O

O To je
che definice

honvergence vh, tedy

En En (tj konzistence
n+S

limplihace mezi typy
konvergence

CIzalozeny na normalite

Podle predpobladi vety
mame :

· N(0, 1) lasymptoticky standard
normali,a

· (or)-se(n)0 (lonzistentl odhad
s

Ze Slutskeho vety plyne
M

No, coe implikuje

1- x = lin[M
n+0

=Sim-M_ (*)1+M(*)]=

n-x

-lim PLECm] . I

n+ 0


