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1. INTRODUCTION

The aim of this course is to present further properties of solutions to the Navier—
Stokes equations. It is a continuation of the course devoted to mathematical theory
of the Navier—Stokes equations. Therefore all important definitions and results
can be found in the Lecture Notes [5]. Therein, we consider mostly the weak and
the Leray—Hopf solutions (i.e., weak solutions which additionally fulfil the energy
inequality). Here, we shall mostly consider so called suitable weak solutions. This
notion is well-suited for the study of partial regularity and local results. The second
part of the Lecture Notes is devoted to further results which are connected with
the regularity of solutions. More precisely, in Chapter 2 we shall introduce the
suitable weak solution, show its existence and its basic properties connected the
partial regularity of the solutions. This part is mostly based on papers [1], [3] and
[4]. The following chapter is based on paper [6]. We shall show that if the pressure
connected to the to the given weak solution of the Cauchy problem is bounded from
below, then the solution is as regular as the data of the problem allow. The last
part, based on paper [2], gives the same result under the assumption that the weak
solution belongs additionally to the space L°°(0,T; (L3(R?))3).

First, we shall recall what we know about the Navier-Stokes equations. Let
Q c RN, We look for functions

u: (0,7) x Q — RV,
p: (0,T)xQ =R

such that

ou

a+u-VU—AU+VP:f } in (0,7) x Q,
(L1) diva =0

u(0,z) = ug(x) in €1,

u(t,z) =0 on (0,T) x 092

As the existence of classical solutions (at least in the spatial dimension N > 3)
seems to be not obvious, we studied the weak solution:
u e L0, T; (L*(Q)N) N L2 (0, T; Wy 5, ()
such that
ou

o7 € L1OT (Wo i (@)"), > 1

and
Oou
<E’L‘o>+ (u-Vu)-pde+ | Vu:Vedr = (f,¢)
Q Q
Vi € Wy i ()
and a.e. t € (0,T). Moreover,

lim uwpdx:/uowpdx Y € (L2(Q)V.
t—0+ Q Q
Let us recall that

e uc C([0,T);(L*(2)N) = the initial condition is fulfilled in this sense
e the weak formulation does not contain the pressure = it is important to
know if we can reconstruct the pressure.

Concerning the weak solution, we proved the following;:

Theorem 1.1. Let Q C RY be a bounded domain, N = 2,3, further let the right-
hand side £ € L*((0,T),(W~"2(Q))") and the initial condition uy € Lf 4, ().
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Then there exists at least one weak solution to (1.1); additionally, this solution
fulfils the energy inequality:

¢ ¢
(1.2) 1-/ |u(t7~)|2dx+/ / |Vul? dzdr < 1/ |u0(t,')|2dm+/ (f,u)ydr
2 Jo 0 Jo 2 Ja 0

for a.e. t € (0,T) (while by changing the function on a subset of the time interval
of measure zero it is possible to obtain the inequality ¥Vt € (0,T)).

Moreover, if N = 2, then the solution is unique in the class of all weak solutions'.
Further, for N = 2, if Q € C?, ug € W(i’div(ﬂ) and £ € L?(0,T;(L?(2))?), then
we C(0, T (WH2(2))2) 0 L2(0, T (W22(Q))2), 22 € L2(0,T; (L3(2))2).

We did not get a similar result for N = 3. We only have

e We can construct a solution which fulfils the energy inequality.

e The uniqueness is not known, we can get it only in the class of the Leray—
Hopf solutions and moreover, the unique solutiuvon must be more regular,
ie.,

ue LY0,T; (L5 ()% +

N
w | w

<1

(we proved the case s > 3).
e Higher regularity of the solution is not evident. We only have for Q € C?,

f e L2(0,T; (L*(Q)))%, uo € Wy 3, (2), and, additionally

2
we 0T (@) 240 <,
S
that
u e C([0,T); Wy 5, (2) N L2(0, T; (W>2())%)
(and again, we proved only the case s > 3; the case s = 3 will be shown in
Chapter 4).

The question of the existence of the pressure is highly non-trivial. We discussed
several methods, the most suitable for us was based on the higher regularity of the
Stokes problem with integrable right-hand side, i.e., we consider the problem

ov
o AvtVe=g Ui 0,m) %0,
divv=0

1.3
(13) v(0,2) = ug(x) in Q,

v(t,z) =0on (0,T) x 0.
Then, if Q € C?, g € L}(0,T; (L*(Q))Y), uy is sufficiently smooth (e.g., it is enough
ug € (WH(Q)N), then [|%, Vv, V| Le(o,7500 () < ClI8llLe 0,752 ()~ Wo)-
Thus, if we set g = f —u- Vu, then due to the uniqueness of the solution of the
Stokes problem the same also holds for u, solution to (1.1). In particular, for f and
ug sufficiently smooth
VDl Lt 0,7yLs @)~y < C(E,ug, [[u- Vul| e, 7L (2))v))

ie, Vpe LY0,T; (L*(Q)N), where 2+ X <N+ 1, 1<s< 5 aN=23.
Furthermore, taking the pressure such that (additive constant is not fixed, at least
in the case of a bounded domain)

/ p(t,-)de =0 for a.e. t € (0,7),
Q

IThis solution fulfils the energy equality and u € C([0, T); (L2(€2))2).
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then we have for N = 3
p € L0, T; (L3 ()N )
with % + % <3, < s < 3; in particular for s =t =

pE Lé((O,T) X Q)

2. SUITABLE WEAK SOLUTION

2.1. Basic notions. Before we define the suitable weak solution, we perform a
formal calculation. We take ® € C5°((0,T) x ), formally multiply equation (1.1);
by 2®u and integrate over (0,t) x Q, t <T. Then

¢ ¢
2//8—u~u<l>dzd7 = //g|u|2<1>d:17d7
0 Jo Ot 0 Jo Ot
¢
= [ [P e+ [ e,
0 Jo ot Q
t t
2//(u~Vu)~u<I>dsz = //u~V|u|2<I>dsz
0o Jo 0o Jo
¢
= —/ /|u|2u-V<I>dxdT,
0o Ja
t t
—2//(Au~u)<1>da:d7' = 2/ |Vu|?®dzdr
0o Ja 0o Ja
t
+2//(Vu-u)-V<I>dxdT
0o Jo
t t
= 2/ / \Vu|2<I>da:dT—/ / lu?A® dz dr,
0o Jao 0o Jo
¢ ¢
2//Vp-u<1>dxd7 = —2//pu~V<I>dxdT.

Altogether we have V® € C5°((0,T) x Q) and V¢ € (0,T):

/|u| dx+2/ /|Vu\ q»dg:def /| —JrAfI))dxdT

// (Ju)? + 2p)u - vq>dxdT+/ 2f - ud dz dr.
0o JQ

Similarly as for the weak solution, we should not expect equality, rather inequal-
ity. This brings us to the following definition

Definition 2.1. Let f € L2(0,T;(L5(Q))3) + LY(0,T; (L%(Q))3), @ C R3 is a
bounded domain. Then the pair (u,p) is called a suitable weak solution to the
Navier—Stokes equations, if

o (u,p) fulfils (1.1) in the sense of distributions, i.e., it holds

// dxdr—//u@ chdxdr—// - Apdxdr
0 0

/ /pdlvcpdxdT—/ /f pdaxdr Y € (C5°((0,T) x Q)3

/u~dex=O pros.v. t € (0,T) a Vi € C§°(2)
Q

o ue L0, T Wy i, () N L®(0,T; (L2(2))%), p € L2((0,T) x Q)
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e V& € C5°((0,T) x Q), ® > 0 the generalized energy inequality holds:

(2.1)
t t
/|u|2(t,-)‘1>(t,~)dx+2/ /|Vu\2¢>dxd7§/ /|u\2(8—¢+A<I>) dxdr
Q 0 JQ o Jo ot

t t
+/ /(|u|2+2p)u~V<I>dxdT+2/ /f~u<I>dxdT
0 JQ 0 JQ
for a.e. t € (0,T).

Remark 2.2. The definition of the suitable weak solution does not contain the ini-
tial condition. Based on the regularity of the velocity field we know that u €
C([0,T); (L3(£2))3); we can assume that the initial condition is satisfied in this
sense. To characterize precisely the space with the least regularity for uy to get
existence of a suitable weak solution we would have to introduce certain interpo-
lation spaces which we do not want to do. Therefore we shall assume that ug is a

sufficiently smooth function.

We aim at showing the following two results:

1) Under certain assumptions on ug, f and 2 there exists a suitable weak
solution to problem (1.1).
2) The set of possible singularities of a suitable weak solution is small.

The conditions under which we shall prove these results will be specified later.

Remark 2.3. We considered up to now only bounded domains. With a little effort
all results can be generalized e.g. to R3, to exterior domains or domains with non-
compact boundaries. We will not deal here with such problems as well as we skip
possible generalizations to spatial dimensions N > 4.

2.2. Existence of suitable weak solution. We aim at proving the following
theorem.

Theorem 2.4. Let the bounded domain Q € C?, let ugy be sufficiently smooth and
let £ € L2(0,T; (L5 (Q))3). Then there exists at least one suitable weak solution to
the Navier—Stokes equations.

Remark 2.5. The assumptions on f can be modified, e.g. £ € L3 (0,T; (L1 (2))3)N
L0, T (17())?).

Let us consider instead of (1.1) the problem

o’ 5 5 5 5
E-i—(u)qu — Au +Vp =f in(O,T)xQ,
A
(2.2) divu’ =0
u’(0,2) = ug(z) in Q,
w(t,z) =0 on (0,T) x 99,
where
1 xr —
u)s(t, ) = (ws x0) (¢, x) = / yﬁt,ydy
(W)st.) = (w5 + W) = 5 | (557 i)
for

Ult,y) =u’(t,y) foryeQ,  TUlt,y)=0 foryédQ,
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w(+) is the standard mollification kernel, 0 < t < T. As u® = 0 on 9 in the sense
of traces, u(t, ) € (WH2(R3))3. Therefore also

s o1 T =Y\~
div(u®)s(t, z) = div 53 R3w(75 )u(t,y) dz
1 0 T— Y\ 1 0 T =Y\~
:(573/]1@3 a%w( 6 >Ui(t,y)d$:_§/ﬂgz Gyw( 6 >Ui(t)y)d$

1 x—y\ou(t,y) |
’53/]1@3‘”( 5 ) oy 2=

This ensures that the important property which enables us to obtain a priori esti-
mates is kept. Moreover, for

u € L0, 75 (L*(Q))%) N L*(0,T; (WH*(Q))°)

the function
(w’)s € L%(0,T3 (L= ())°) N L*(0, T3 (W (2))?),
and it is even smooth in spatial variables. Thus we have

Lemma 2.6. Let 6 > 0 and let the assumptions of Theorem 2.4 be fulfilled. Then
there exists at least one weak solution to problem (2.2) (in a similar sense as the
weak solution for the Navier—Stokes equations).

Proof. We will not perform the proof in detail as we basically only copy the existence
proof for the Navier—Stokes equations. We therefore only give a few hints.

Step 1: Galerkin approximation — it is the same as for the Navier—Stokes
equations, just the nonlinear term is slightly modified, i.e. the nonlinearity
is quadratic, but it has a different form. However, this does not change
anything in the proof of local existence of a solution on (0, 7).

Step 2: e We use as a test function

where {w'}2°, is a suitable basis of W&’iv (). We get

Sl B+ I7uE = [ £ de < el 7w,
the rest is the same as for the Navier—Stokes equations. In particular,
the solution is global in time (on (0, T7).

e Similarly as for the Navier—Stokes equations we can estimate the time
derivative. If we use additionally the higher integrability of the con-
vective term, we get

’ Shln

Recall that we have the following §-independent estimates

<C(6
L2(0,T5(Wy 5 ()%) (0),

<C.

L3 (0T (Wai3, (2)) ~

usllq < llullq, 1<g <o
they follow by the Hérmander—Young inequality for convolutions

luxwsllq < llwslllullq = llwllllullq,
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generally then

Slr dlip q> p q r

Therefore, concerning the §-independent estimates, they are exactly the
same as for the Navier—Stokes equations.

Step 3: Limit passage — similarly as for the Navier-Stokes equations we
employ the Aubin—Lions lemma and the fact that a priori estimates and
strong convergence in the space L?((0,7) x §2) imply the strong convergence
in L2(0,T; L9(2)) for 1 < g < 6 and LP(0,T; L*(Q)) for 1 < p < co. (The
details are left as a useful exercise for the kind reader.)

O

To summarize, the lemma above provides the estimates

ou’
[0 £oe 0,1522(00)%) + V0| 20,122 (2))379) + HW

3

4 1o <
L3 (OvT?(Wo,)div(Q))*)

where the constant C' is independent of 6.
Next step is the passage § — 0. We have the following result.

Lemma 2.7. There exists a sequence 6, — 0% such that
wr —*u in L2(0,T;(L2(Q))%),
wr —~u in L30,T;(WH3(Q))?),
wr —su in (L2((0,T) x Q)3
where u is a weak solution to the Navier—Stokes equations.
Proof. We proceed as above. The only term which is not trivial is the convective
one. We have to be slightly more careful, due to the presence of a nonlocal term.

We know that Vu’» — Vu in (L?((0,7) x Q))3*3. Therefore it remains to show
that

(u)s, — uwin (L2((0,T) x Q))3,
or
wr xws, — uin (L2((0,T) x Q))3.
Recall that we know us, — u in (L2((0,T) x 2))3, hence

s 6\|(u5")6n - uH(LQ((O,T)(SxQ)P
< [[(u)s, —u’[|(L20,m)x)3 + [0 —ullz2(0,1)x)3>

and it remains to show that the first term goes to 0. Thus

()5, — U-&nH%L?((O,T)xQ))C‘

- /OT/Q ((Slﬁl/gw(x(iy)(ué"(t, y) — u5n(t,x)) dy)zdxdt

:/OT /Q (/Bl(o)w(Z)(u&"(t,x—z%) —u‘s"(t,x)) dz)zdxdtzll.

As us, — uin (L2((0,7T) x Q))3, the functions {u’"} are uniformly 2-mean con-
tinuous, i.e.

T
L < / w?(2) dz/ / / (u’(t,x — 28,) —u’" (t,:v))2 drdtdz — 0
B1(0) B1(0) Jo Ja
for 8§, — 0F. O
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It remains to check the existence of the pressure and to verify the generalized
energy inequality. If we put the convective term to the right-hand side, we get both
for the limit Navier—-Stokes equations as well as for (2.2) the following estimates for
the pressure:

IVDpllLeo.1 (L (2))2)

< C(”fHLt(O,T;(LS(Q)P) +[u- VuHLt(O,T;(LS(Q))S)) + C1 (o),

VP | Lt 0.75L5 (2))%)

< C(Iflle oz () + 11(@*)s, - VU Leo, 750 (0)9)) + Ci (W)
Choosing t = § and s = % it yields

6 n
P T FE PRI

[ N P L PRt

1 4
< Cf[(u’)s, ||z2(07T;(L6(Q))3) ()5, ||EOO(O7T;(L2(Q))3) [Vu’ IL2(0,75(L2(0))x3)
< const..

Therefore

”VPH 5 Ty(L %(Q))s) <,

||Vp "||L3(0 T;(LT1 (2))?) <G

If we normalize the pressure

/p‘s"dx:/pdx:() vt € (0,7),
Q Q
we have

HpHL%((o,T)xQ) <G

Sull -
lp ”L%((O,T)xﬂ)gcl’

where Cy is independent of §,. Therefore the pressure exists both for (2.2) and
the limit problem (1.1). The sequence of pressures is bounded in L3((0,T) x )
and thus also in L2 ((0,T) x €). Hence the pair (u,p) is a distributional solution

to (1.1) and belongs to the required spaces. It remains to verify the validity of the
generalized energy inequality.

Lemma 2.8. The solution (u,p) fulfils the generalized energy inequality (2.1).

Proof. As (u’")s and its spatial gradient are bounded functions for fixed §,, it is
not difficult to see that u’» can be used as test function in the weak formulation for
(2.2) with § = d,,. More precisely, we use rather 2u’»®, where ® is a non-negative
smooth compactly supported function in (0,7) x . Repeating the computations
from Section 2.1, we get

/|u"| )dx—|—2/ /|Vu”
//|u " +A<I>>dxd7'+/ /|u” wn)s Vo dedr
+2/ /pénuén-vmxdrm/ /f~u5"<1>dxd7'.
0 Q 0 JQ

ddrdr
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We multiply this inequality by (t) > 0, ¥(t) € C§°(0,T), and integrate over the
time interval (0,7):

/ /\u"| t,-) daap(t dt+2/ //|Vu"| & dadrip(t) dt
Z/ //| 5”\ aq)-i-AfI))dwdT-i-/ /|u”\ -Vodzdr
+2/ /p‘s"u‘s" ~V@dzdr+2/ /f'u(s"(bdsz P(t) dt.

0 JQ 0 JQ

Next we let §,, — 0. We use in the first term the fact that u,, — u v (L2((0,T) x
©))3, in the second one the Fatou lemma. In the third term we use the strong con-
vergence (see Lemma 2.7), in the fourth one the strong convergence in L3((0,7) xQ);
it follows from the estimate

2 3
all L2 o mywayys < 182 0,220 18l 22 0,7, (0)2)

and the interpolation of L3 between L2 and L% . The computation for (u’n)s, is
similar as above, i.e. [[(u’)s, —u’||(13((0,7)xq)2 — 0. In the fifth term we use
the weak convergence of p® in L3 ((0,T) x Q) and the strong convergence of u®"
n (L2((0,T) x Q))3, the last term is obvious. Therefore we have

/T/ |“|2‘I’dw(t)dt+2/T/ot/QVu|2<1>dzdw(t)dt
/ //‘ +A‘I>)dxdw(t)dt+/:/ot/ﬂu2u~vq>dxdw(t)dt
+2/0 /0 /qu~V<I>dxdT¢(t)dt+2/OT/ot/Qf.uq)dxdﬂ/,(t)dt

As the inequality holds V¢ € C§°(0,T), v > 0, we get the desired generalized
energy inequality (2.1) a.e. in (0,7). O

Lemma 2.8 completes the proof of Theorem 2.4.

2.3. Partial regularity of the suitable weak solution. The aim of this section
is to characterize the size of possible sets of singular points. Before we start with it,
we have to precise several notions as a singular and a regular point and to explain
the difference between the k-dimensional parabolic and Hausdorff measure.

In what follows, for the reason of simplicity, we assume f = 0. The case f # 0 is
studied in [3] (and it requires to deal with Morrey—Campanato spaces).

Definition 2.9. Let z = (t,z) € (0,T) x Q. We say that z is a regular point of the
suitable weak solution to the Navier—Stokes equations in (0,7") x Q, if there FUs(2)
such that u € C%%(Us(2)) for a certain 0 < a < 1. The point z is a singular point
of the suitable weak solution to the Navier-Stokes equations in (0,7) x €, if it is
not a regular point.

Remark 2.10. The Holder continuity of the velocity in fact implies a certain smooth-
ness of the pressure, but we shall not discuss it here. Just note that in general it
is not known whether u is in the neighbourhood of the regular point continuously
differentiable in time and thus the full regularity is not known to hold.

Let us introduce (29 = (tg, o) € (0,T) x Q):
Q(zo,r) = {z=(t,x) €(0,T) xQ t € (to — 2 ty), x € By(z0)},
Q*(z0,7) = {z =(t,x) € (0,T)xQ; t € (to — %r2,t0 + %7“2), T € Br(ajo)}.
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Definition 2.11. Let X C R x RN, k € RT. Then P*(X), defined as
PH(X) = lim P (X) = sup PF(X),
6—0 5>0
where - -
PHX) = inf{er; X C U Qzi,11), 13 < 5},

i=1 i=1
is called the k-dimensional parabolic measure of X (i.e., we cover X by countably
many parabolic cylinders) and H*(X), defined as

H*(X) = lim HE(X) = sup HE(X),
5—0 5>0
where . .
i=1 i=1

is called the k-dimensional Hausdorff measure of X (i.e., we cover X by countably
many balls in RV*1).

Remark 2.12. Tt holds H*(X) < ¢P*(X), since for r < 1 we have the situation as
in Figure 1, i.e., the set covered by a parabolic cylinder can be covered by m balls

Y

FI1GURE 1. Covering of the parabolic cylinder by balls

with the same diameter, m is finite and independent of § and k, but it depends on

N. Thus
erf :erf =er
i i J

(in other words, mx covering by cylinders = mx covering by balls = covering by
balls) and thus
minf { 3=, rF; X covered by cylinders Q(z;,r;), r; < 6}
> inf { Zj r;-“; X covered by balls with diameters r;,7; < 5}
= mPEX) > HIX), VO<d§<I.
We aim at proving the following

Theorem 2.13. Let (u,p) be a suitable weak solution to the Navier—Stokes equa-
tions in (0,T) x Q, bounded. Let D C D C (0,T) x Q, Sp = SN D, where S is the
set of all singular points, i.e. of all points from (0,T) x §, which are not reqular.
Then PY(Sp) = 0, i.e., the one dimensional parabolic measure of the set of singular
points lying inside a compact subset of (0,T) x § is zero.

To prove Theorem 2.13 we shall need

Theorem 2.14. There exists €* > 0 such that if

1
(2.3) lim sup f/ |Vu|? dz dt < €,
T JQ*(20,7)

r—0t

then zg is a regular point.
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We shall prove Theorem 2.14 in the next section. We need the following covering
lemma

Lemma 2.15. Let J be a class of parabolic cylinders Q*(z,r), which are contained
in a bounded subset of R x R3. Then there exists an at most countable subclass
J ={Qi(zi,r;)}52, such that

(2.4) QiNQ;=0, i#j

(25) VQ* cJ E'Q:(ZZ,TZ) € j/I Q* C Q:(Z“ 57"1)

Proof. We set Jy = J and proceed by induction. Let {Q;}7_, be chosen and we
set J, ={Q" € J,Q*NQ; =0,1 <k <n} (ie, for n = 0 we do nothing). If
JIn # 0, we choose Q}, 1 (2n+1,7n+1) € Jn such that VQ*(z,r) € T : 1 < %rnH.
If 7, = 0, we finish the process and J’' = |J;_, Q;. If the process is infinite, then
necessarily 7, — 0 (otherwise we get contradiction with the boundedness of the
set). It follows from the construction that J’ are disjoint. It remains to show the
second property. We take arbitrary Q* = @*(z,r) € J\ J'. Then there exists
n € Ny such that Q* € J; for i = 0,...,n and Q* ¢ Jn+1 (otherwise contradiction
with 7, — 0). Thus Q* NQpy1 #0and rp g > %r. We extend the cylinder z-times
and then

3
T Tpy1 > (1—|—2~ i)Tn—H =4r,41 - x >4,
1 1 9 19
é(mrn+1)2 > (g + Z)TTZLH = §T721+1 = z? > 19.
Therefore it is enough to take z = 5 and Q* C @}, 1 (Zn+1,57n41)- O

Proof. (Theorem 2.13) Let (u, p) be a suitable weak solution and let S be its singular
set, Sp its intersection with a bounded set D lying inside the time-space cylinder.
Then due to Theorem 2.14

1

z:(t,x)ESD:>Iimsupf/ |Vu|? dzdt > €.
r—0t T JQ*(z,r)

Let V be a neighbourhood of Sp in R x R3 and let § > 0 be sufficiently small. We

choose for any (¢,2) € Sp a cylinder Q*(z,7) with < § such that

1 *
T/Q . |Vul|? dz dt > % and Q*(z,7) C V.

Lemma 2.15 provides existence of a disjoint class {Q} (z;,7:)}52; such that Sp C
U,; Q; (z:,57;) and

ZriSjZ/ |Vu|2dxdt§7/ \Vu|2dmdt§—*.
i=1 ¢ i 4 Qi (ziyri) € Jv €

We have (L£* denotes the four-dimensional Lebesgue measure)

LYSp) <CY (5ry)> < C6* Dy r < C—,
where § > 0 can be taken arbitrarily small. Thus £*(Sp) = 0. Furthermore,
PL(Sp) <> 2, 5r < 2 [i, |Vu|? dz dt for any neighbourhood V of the set Sp. As
the four-dimensional Lebesgue measure of Sp is zero and Vu € (L*((0,T) x ))3%3,
the measure of the set V' can be arbitrarily small and due to the absolute continuity

of the Lebesgue integral P1(Sp) = 0. O
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Corollary 2.16. The set of singular times (i.e., time instants T in (0,T) such that

there exists a point (1,2) € S) has %—dz’mensional Hausdorff measure zero.

Proof. If X C R x R3, ¥y is the projection of X on R and P'(X) = 0, then
Hz (Xx) = 0. Namely, if X is covered by countably many cylinders with diameter
r; < & such that >, 7; = o(1) for § — 0T, then the projection on the time axis
is covered by countably many intervals of the length p; = 72 < §2 = A. Then

> plf% =3%.ri=o0(1) for 6 — 0T, hence also for A — 0F. O

Corollary 2.17. If the solution fulfils Vu € L*(0,T;(L*(Q))3*3) (i.e., we also
have u € L*(0,T; (L5(2))3)), then S is empty.

Proof. Let z = (t,z). We compute

t+3ir?
/ |Vu\2dydt:/ (/ |Vu|2dy> dr
Q*(z,r) t—Zr2 lz—y|<r
t+%7'2 2 1
gcr(/ (/ |Vu|2dy> dT)ﬁ
t—2Zr2 lz—y|<r

1
limsupf/ |Vul|? dy dt
Q*(zr)

thus

r—0t T
t-‘r%’r‘z 2 %
< Climsup (/ (/ |Vul? dy) dT) =0
r—0t t—%rZ lz—y|<r
due to the absolute continuity of the Lebesgue integral (the integral is finite and
the set is getting smaller). O

Remark 2.18. Note that u € L*(0,T; (L5(€2))?) corresponds exactly to the Prodi—
Serrin conditions, as 2 + 3 = 1. More generally, if Vu € LP(0,T;(L9(Q))3*3),
% + % = 2, then it can be shown that for arbitrary co > ¢ > %, thus 1 < p < o0,
the solution is regular and unique in the class of all Leray-Hopf weak solutions;
the proof is similar to the case of Prodi—Serrin conditions for the velocity itself.
Note also that the case Vu € L>(0,T; (L2 (R3))3*3) implies the regularity as u €
L>(0,T; (L3(R?))3). Moreover, if we assume that Vu € LP(0,T; (L(9))3*3) for
both p, ¢ > 2 (hence ¢ € [2,3]), then we get as above

t+%r2
/ |vu\2dydt:/ (/ |Vu|2dy> dr
Q*(z,r) t—Zr2 lz—y|<r
2

s a2 t+3r? P 2
<or?vm (/ (/ \Vu|’1dy) ! dT) i
t lz—y|<r

—%rQ

thus if 2pp;2 + 3%, ie., % + % = 2, we get that the singular set must be empty.
However, in the computation we need that both p, ¢ > 2.

2.4. Proof of local regularity criterion. This section contains the proof of The-
orem 2.14, which allowed us to deal with the partial regularity in the previous sec-
tion. Without loss of generality (to simplify the notation), we take z = (0,0) and
instead of @* we take Q. The case z # (0,0) and Q*, respectively, can be obtained
similarly. In what follows, we write @, instead of the correct Q((0,0),).

We first show

Theorem 2.19. There exist constants eg > 0, Cy > 0 such that if it holds for (u,p)
a suitable weak solution

(2.6) / (Juf> + |p\%) dz dt < €,
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then |[ullco.agryys < Co for certain 0 <a<1,0<k < 1.
To prove the theorem, we need several auxiliary results.

Lemma 2.20. Let (u,,p,) be a sequence of suitable solutions to the Navier—Stokes
equations which fulfils

(2.7 ess  sup / [, (t,-)|? dz < oo,
te(—1,0) / B1(0)
(2.8) / |V, |* dzdt < oo,
1
(2.9) / lpn|? dz dt < co.

1

If (u,p) is the weak (or the weak-*) limit of (Wn,pn) in the spaces with the norms
given above, then (u,p) is a suitable weak solution to the Navier—Stokes equations.

Proof. The proof is similar to the proof of Theorem 1.1. We need to show the strong
convergence of u in L3(Q;) and to this aim we would like to apply the Aubin-Lions
Lemma. Therefore we need an estimate of the time derivative. We have in the
distributional sense
ou,
W:Aun—un-Vun—Vpn
and due to our assumptions, the following sequences are bounded:
e Au, in L*(—1,0; (W=12(By))?)
e Vp, in L2(—1,0; (W~12(B))?)
e u, - Vu, in L3(—1,0; (L1 (By))3),
where L1i(By) — W~13(B)) — W~L3(B;) = (Wo*(By))*. The weakest in-
formation comes from the pressure. Therefore we have that agt" is bounded in
L2(—1,0; (W~12(B;))?). The Aubin Lions Lemma implies W12(B; )< L2(B;)
s W~L2(By), thus u, — u in (L2(Q1))?. It implies together with the bound-
edness of u,, in (L% (Q1))* that w, — uin (L9(Q1))® for 1 < ¢ < L, i, in
particular also for ¢ = 3. The rest of the proof is obvious. O

Lemma 2.21. There exists g > 0 such that if [, (Jul*+ Ip|?) dzdt < e for
(u,p) a suitable weak solution to the Navier—Stokes equations, then

3
2

5 [ u—ugf g 5 [ Ip—pe(t)] §

6

< ;((/ \u\3dxdt)%+ (/Q |p\%dxdt>§>

ap € (0, 3), where

(2.11) up=07"° u(r,y) dydr, pe(t) =673 p(t,y)dy, —072<t<0.
Qo By
Proof. We prove the result by contradiction. Assume the contrary, i.e. let there
exist a sequence ¢; — 07 such that €; = ||yl (13 (@, ))s + ||pz-||L%(Q . where (u;,p;) is
1
a sequence of suitable weak solutions. Furthermore, let (2.10) do not hold for any
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¢ € (0,1) and any (uy,p;), @ € N. Denote U; = % and P; = 2¢. These functions

fulfil
oy,

It U1VU17AU1+VP1:03

divU; =0

in the weak sense; moreover, it is a suitable weak solution to the Navier—Stokes
equations and the generalized energy inequality is satisfied for any ® € C§°((—1,0]x
B1), ® > 0 in the form

/ ®(t,-)|Uilt, )IQd:v+2/ /Bl¢|VU|2dxdt

//|U 2(—|—A<I>>dxdt+/ / (2P + ¢|U; ) U, - V@ dz dt.
B -1JDB;

We have [|[Uil[(z3(,ys < 1, |1B] 8

L3 @) < 1; whence U; is also bounded in
(B1))?) and in L2, ((—1,0]; (W,2?(B1))?), thus also in

(Lloc(( 1,0] x By))?. Using the same procedure as in Lemma 2.20 we get

U =~ U in (L3(Q1),

Pi—~P inL(Q)

the spaces LPe ((—1,0]; (L3

loc

and
U,—-U (Lq

loc

10
((=1,0] x By))? for any 1 < ¢ < 3
where the pair (U, P) satisfies in the weak sense

6—U—AU—i—VP 0,

ot
divU = 0.

The weak lower semicontinuity of a norm implies || Ul|(z3(,)ys < 1 and ||P||L 3o = <

1. We can now use properties of the Stokes problem, in particular that U is Holder
continuous in the time variable, say with the exponent 2aq, and Lipschitz contin-
uous in the spatial variable. (The proof is technical, but nowadays standard and
well known.) Therefore we have

11
U—UpPdedt <CO® [ (62 +6) dedt < -6

Qo Qo 253
if we choose sufficiently small § < 1. Moreover, we have U; — U v (L}, .((—1,0] x
B1)3, thus

1
(2.12) 0% [ |U; = Usp|* dedt < 6
Qo 7 5

for a sufficiently large ig, @ > 7.
Let us now consider the pressure. We have
8Uk ouU}
8.731 8$k
Hence we can write P; = h; + g;, where h; is a harmonic function in B 2 for any
t € (—1,0) and g; satisfies

AP, = —¢; divdiv(U; @ U;) =

k l

Ag; — 8U ouU;
(9:61 (95%

gi=0 on 83%.

in B%,
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We set
hig(t) :0*3/ hi(t, ) d,
By

gio(t) = 9_3/ gi(t,x) dz.
By

Then we have

/|Pi—PZ-,9|%dxdt§C(/ |hi — hig|? dadt
Qe

Qe
"‘/ |gi|%d$dt+/ |g¢,a|%dxdt).
[2 Qo

Now

/|gi|%dxdt+/ \gi,g|%dxdtgcei/ U, da dt
Qo Qo Qo

+/ 62 (/ lgi(t,)|262 dy> dxdthei%/ U, |? dz dt,
Qe By Qo

where we employed the Holder inequality with 1 and the Fubini theorem. Further-
more

(M)

/ |hi — hig|? dzdt < C6°67,
Qo
as h; are harmonic functions, therefore smooth in the spatial variables. Additionally,
they are bounded L%(—LO; L%(B%)), as g; and P; are so. Altogether
2
3 1
9(0—5/ P, — Pl dscdt) "< 00% 4 CepF < 28
Qo

for a sufficiently small ¢; and a suitable §. Summarizing,

3
2

U; — U g 3 P, — P 2
(9—5/ [0 = Usol” dedt)’ +9(9—5/ 1P = Pigl® dwdt)’ <2,
0 O™ 0 0% 5

6

which leads to a contradiction. O
We can now start with the proof of Theorem 2.19.
Proof. (Theorem 2.19) Let [, (Ju® + |p|?) dadt < €. Then

1 2
3 3
(/ |u|3d3:dt) +</ |p|3’dxdt> <&
1 Q1

for €y small. We define
uy(t,x) = o= (u(6°t,6z) — up)
pi(t,x) = 013 (p(6t, 6z) — pg(6°1)).

We recompute the differential operators:

%(t,x) 3—2(9215, 0x)6>
u; - Vuy(t,z) =u- Vyu(92t79:b)91_2% —up - Vyu(92t,0x)91_2% or otherwise
u; - Vuy(t,z) =u- Vyu(92t,9x)91_2% —ug- Vzul(t,x)Q_a%

Auy (t,z) = Ayu(6?t,0x)0%* =

Vpi(t,x) = V,p(0°t,02)6°" =
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and the Navier—Stokes equations for (u,p) transform to the equation for (uy,p;)
Ios o
% + 6 (ue +070u1> -Vu; +Vp; —Au; =0 in Q;.
We use Lemma 2.21 for the pair (u,p):
_ 3 1 _ 3 2
Q gao Qo goo 2

By virtue of the change of variables z = 0y, t = 6?7 we have (7,y) € Q1 and

1 2
1 . « 2 1~
([ maeaar)’ <o [ inralie ¥ o)’ < 5
Q1 Q1 2

as the power at 6 is negative and 6 < 1, we also have

1
3 : 1_
([ mearaar)’ ([ eyl aar)’ <56
@ 2

1

We now want to use a similar lemma as Lemma 2.21 for (uy,p;) and for 6 € (,0),
0= 7. The limit problem is here

0U,

ot

+b'vU2_AU2+vP2:O,
divUy =0

for b = 0(u)g a constant vector. Even though the limit problem is not the Stokes
problem, we have similar properties of the solution, in particular the Holder conti-
nuity. Note that we also have div(ug - Vu;) = 0. Now

_ 3 _ 3
9*5/ [~ wio" dxdt:(rw/ L
Qo Q

Peo ) 92010
3 : ¢ 3
9(975/ ‘pl 7p1,9(t)|2 dzdt)é :92#»(13*0 (0710/ |p7p292(t)|2 dxdt)%,
Qo g Qg2 g0
o
and iterating we get
. r u—u,|"dedt < Cer™® T e ,7,
2.13 g Sdrdt < Cegr™  Vre (0,0
which implies the Hélder continuity — see below. O

Remark 2.22. The fact that u is Holder continuous follows from the theory of
Morrey-Campanato spaces. We shall not introduce them, we only show how the
Holder continuity can be obtained. We have

1 _ _
m/ lu— g o) Pdadt < C, a9 > 0,7 €(0,0), (to, z0) € Qs
((tg,z0)im)

1

U(to,z0)r = m udzdt.

Q((to,20),m)
9
29

0<p<1,

For simplicity, we take (to,xo) = (0,0). For Ry = 5, Riy1 = % we have

|uRi - uRi+1‘3 <C (luRi - u(t,x)\?’ + ‘u(t’x) - uRz‘+1|3) .

Integrating an - dz dt yields
i1

|uRi _uRi+1‘3
< CR;fl(/ lug, —u(t,z)*dzdt —|—/
Q

lu(t,x) — ug,,, | dz dt)
QRi+1

Ry

< CR.
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Thus

Ug, —Ug,,,| < CZ R8‘°/32‘m0/3 < CRgO/S,
i=1

Similarly

lug, —ug,,, | < CRY/.

From here we see that ug,, is a Cauchy sequence, thus there exists lim,,_,oc ug, = T,
which equals to u(0,0).2 Thus

[u(0,0) — ug0).r| < CRF.

The whole construction can be performed for a.a. points of the time-space cylinder.
The estimate above is uniform with respect to (¢,z) € Q,. We therefore have for

R = |21 — ZQ| = max{|x1 — ZL’Q|, 1/ |t1 — t2|}
[u(z1) —u(ze)| < [u(21) — s 2r| + [z 2R — Usyor| + [Uzy2r — u(22)].

The first and the third terms can be estimated by C’RL?P, while the second term we
estimate by means of the Holder inequality as follows

|u21;2R - u22;2R|

1
<[ her-u@dsr [ jugen - () ds)
|S| Q(21;2R) Q(22,2R)

< C%R%(E’JFQO)RS% —CR¥,

w‘g

where S = Q(z1,2R) N Q(#2,2R). Thus

a

lu(z1) — u(z)| < CRF < Clzy — 20| 7.
The Holder continuity is proved.

Let us introduce the following notation:

1
A(r)= sup 7/ lu|? d,
B,

—r2<¢<0 T

B(r) = %/ |Vul|? dz dt,
(2.14) U
Clr) = 72/ l? dar dt,
rJq.
D(r) = %/ Ip|? dzdt.
T

T

Lemma 2.23. It holds for 0 <r <p

(2.15) C(r) < K[(;)gA%(p) n (g)SA%(p)B%(p)]

’In fact, the limit is for a.e. (¢, ) € Q,. equal to u(t, z). We assume without loss of generality
that (0, 0) is such a point.
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Proof. Denote f, = ﬁ fBﬂ fdx. Then

/BTIu?dxg/B (lu2 = (u?),) dz+/BT(|u|2)pdx

r

< / [uf? — (ap), | de + / (P, d
B, B,

3
<K | v<|u|2>|dx+(r) RS
B, P B,
< Kp/
B

3
lu||Vu| dz + (r) / lu|? dz.
p B,
Due to the Poincaré inequality

/ |w|dz < K(diam Q)/ |[Vw|dz,
Q Q

P

where the constant K is independent of 2. Thus

/B,,. lul?dz < Kp(/Bp u2dx>;‘(/Bp |Vul? dx)% + (;)3/Bp luf? dz
<KAo) ) wukan)” + (2) oaco)

Furthermore,

/BT lul?dz < K(/B |u|2dm)i(/3,. |u|6dx)%
gK(/ |u|2d1:)i(/ |Vu|2dz)% +K(T)(/ \U\de>%7
B, B, B,

where for the ball B, C R? the constant K(r) can be computed by the scaling

argument:
3

/}31 |w|3dx§K(/B1 |w|2dx>4(/B1 |Vzw|2dx>i+K(1)(/B |w|2dx)%,

1

w(z) =u(rz), y =rz, Vy =rV,. Thus
1 3 1\d 5 o \i o \i/ 1N\, 58
5 ity < k() ([ wian) ([ vatan)” (5) 0!
(2 ([ 1)

It yields K(r) = 2. Therefore

/|u|3dac< (/ |u|2dac /B|vu|2dx)‘s‘
<x(f,

3
uf?dz)’ /\Vu|2dx)4+
p

([, meae)
([, ae)”

| = zm

(N

r

Kpt Ak (p )(/B VuPds)'
(], ma)') s () o)

gK[p%A%(p)(/B |Vu|2dz>% +%A%(p)(/B |Vu|2da;)% + at()].
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We now integrate over the time variable f_OT2 - dt:

/Q |U|3dxdt§K{/0 (/Bp|Vu|2dx>idt<p3Ai(p)+pZAi(p))+;3Ag(p)}

—r2
3
1

< Kr? (/Q IVul? dz dt) (p%A%(p) + iZAi(p)) HESAR ()

This implies

As p > r, we have 25 < ff—. It gives

p r
The proof is complete. O
Lemma 2.24. [t holds for 0 <r <p
P\2 3 3 T
(2.16) D) < K[(2) At (0)B (o) + ;D(p)}.
Proof. We know that the pressure can be written as p = p; + po2, where
Ap, =0 inB,

Apy = —divdiv (u @u-—(u® u)p> inB,,
p1 =0 ondB,.
Due to the Calderén—Zygmund theory

/ |P1|%dx§K \u®u—(u®u)1|%dx§K(/
B, B1 B

3
2

[V(u®u)| dx)
We have using the Poincaré inequality and the scaling argument

3
[ nlt e < KIV@o i, < x( [

B, B

3
2

|Vul|ul dx)

3
ng%A%(p)(/ |Vu\2dx)4.
BP
Therefore

1 3
/Q |p1|% dzdt < Kp%A%(p)p% (f/ |Vul? dz dt) Yot = KpQAZ(p)B%(p).
P p

Hence
[ mlfasar< k([ pfdeder [l dedr) < K [D(o)+ 4T () B o)
Qp Qp Qp

As py is harmonic in B,, we have

1 3 K 3
7/ |p2|2dx§f3/ ipal? da,
™ JB, p”JB,

where K is independent of p and r. This follows from the mean value theorem for
harmonic functions. If %p < r < p, the claim is obvious. Therefore it is enough to
assume r < %p. In this case, for arbitrary z € B, and s < %p we have

1
pz(ﬂf) = 47T52/635(z) p2(y) dSya



20 MILAN POKORNY

hence
@l <0 [ in)lEas,

Integrating this inequality over s € (0, 3p) yields

s  C 3 C 3
\mwég/ mw@sﬁfmw@.
P JB1 (x) p”JB,

2P

Integrating this inequality over B, we get the claim. Thus for r < p

1 K
—3/ |p2|%dxdt§ —3/ |p2|%dxdt.
"™ JaQ, P JQ,

Finally
D(r):%/ |p|%dxdt§g(/ \p1|%dxdt+/ po| dr )
<K(7}2/Q|p1|3dxdt+7612/ |p2|%dxdt)
< K[(2) 4t0Bi) + L)+ S 4L (0B ()],
<K[(2) 4t wBi )+ ().
as0<r<p. O

We can now start with the proof of Theorem 2.14.

Proof. (Theorem 2.14) Without loss of generality we assume zg = (0,0) and we
replace Q* by Q. We take r < £ and the generalized energy inequality (2.1) with

= 1 na‘Q’r’a
¢ =0 na(R™ xR3\Q,,
€ C™ naQ,\Qr,

where 0 < ® <1 and Vk@gpﬁk,kzlﬂ,%—gg Then we have
(2.17)
1 K 0P
sup f/ lu?(t,-)dz 4 = / |Vul? dz dt < 7/ |u|2<——|—A(I)) dz dt
—r2<t<o Q- T Jq, ot

K
+—/ |u|2 \u| -V@dxdt+—/ 2pu-VOdadt =T, + T, + Ts.
T
Q

On the left-hand side we have A(r) + B(r), we estimate the terms on the right-
hand side

K1 3 %é P 2
. < —— < K- .
(2.18) ILL_Tﬁ(L;NIMﬂQ ot < KLOR ()
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It holds for the second term (without loss of generality we assume p < 1)

K 3 3 3
Tl < — ul?dz dt ul? = [ul?2|? dzdt
P
TP NJQ, Qp

K
<Y [ VIl dod
ros
(2.19) P 9 0

< f; C3(p) _,Elggo(/B |u|2dx)é(/ |Vu|2dxdt)é(/ 21dt)%

P P P
Kp? . 1 1 P\ 1 1 1
~CH(p)AY () BE (p) < K (2) 4% (0) B ()T (p).
rp3 T
We estimate the last term

(220) || < f;(/@p u|3dxdt>é</Q \p|%dxdt)% < K(2)c (o)D),

P

<

Altogether we have

(2.21) A3(r) < K[(g)
Lemma 2.24 yields
(2.22) p2(r) < K[(2) 2% () BY (o) + (£) Do)

Therefore

(2.23) . A ,
+(§)2D2<p>+ (2) a3 0)BE )+ () D)}
We now apply (2.23) with r :=r/2, p:=r and get

s (T 9 3 3 2
. — < .
(2.24) A2<2>+D (2) K(C(r)+ A¥(r) B (r) + D*(r))
We further use Lemma 2.23, (2.21), (2.22) and we have

() 2(5) < { () < >“°’A%<p>B%<p>
e eslo](2) o0+ (§)
H(2) A )BY () + (g) D?<p>}.

The term C(p) can be again estimated by Lemma 2.23 for r = p. Altogether we

have
a3 (5)+07(5) < k{(5) 430+ (2) D200
(2.26) +B%(T)K§)“A%(p)+(p)ﬂA%(p)B (p)+(§>vpz(p)+(§>63%(p)}
+(2) At Bt ()}

for certain «, 3, v, 9, € > 0. We choose r = 0p, 0 < 8 < 1 with 0 sufficiently small
and use the assumption from Theorem 2.14 for €* sufficiently small. We obtain

(2.27) t (%9;;) + D2< 9p)

w\w
+
/\
<
v
vl
%
/\
v
—

3
2

e

1[/1%

5 [4%(p) + D*(p)] +
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for a fixed 6 € (0,1), € < 1 and arbitrary p > 0. We denote 6; = &. Then,
iterating (2.27) we get

AL (F+p) + D2(0 ) < o

< oo [A%(p) + D*(p)] +¢f VkeN.

Lemma 2.23 yields

(O} p) < K (4% (01 p) + B (071p)) <

< oFr [A%(p) + D?(p)] + €.

Hence it holds for a certain 6; € (0,1) and arbitrary p > 0
C(0y""p) + D(077p) < o,

where €q is the number from Theorem 2.19.
Now it is enough to recall that if (u, p) solves the Navier-Stokes equations, then

uy (t, ) = Au(N\2, Az,
pa(t, ) = Np(\2t, Ax)
solves the same system, while
Culp) = Cup(1)7
Dy(p) = Dy, (1).
This is a direct consequence of the change of variables

3 1
| gttt deae =5 /Q (gt o)l dedt = [ () dyar

P

3 3 3 1 3
/ Ipo(t,)|? dzdt = &5/ Ip(p*t, pa)| 2 p° da dt = 7/ (7, y)|? dydr.
1 p Ql ‘0 Qp

Hence the assumptions of Theorem 2.19 are fulfilled. The proof of Theorem 2.14 is
finished. O
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