Exercises PDEs I: Set 2 (October 17, 2025)

Introduction and function spaces

1.

Prove:
Let  be an open bounded set. Then for any A € (0, 1] it holds

COMNQ) —— C(Q).

(10b) Let © be an open bounded set. Then for any «, 5 € [0, 1] such
that 0 < a < 8 <1 it holds

Co(Q) —— C™(Q).

. Let © C R? have a finite d—dimensional measure. Prove the following

claims:

(i) If f € L>®(Q), then f € LP(Q2) V1 < p < oo and, moreover,
lim, o0 || fll, = || fllco- Does the same hold for |©2] = co? If not, find an
additional condition on f, so that the claim holds true.

(ii) If f € Ny, LPx(Q2) for a certain subsequence p; — oo and, moreo-
ver, sup,, ||fllp, = €' < oo, then f € L>(2) and |/ f||. < C. Is the
assumption that {2 has a finite measure necessary?

For arbitrary p € [1,00] find a function which belongs to LP(R?), but
does not belong to L(R?) for any q # p.

Show that there exists a function which belongs to any LP(B1(0)), 1 <
p < 00, but does not belong to L>(B1(0)).

. Show that the space W*°(Q) is isometrically isomorphic to C*(Q) and

/V[v/é"oo(Q) to the space {v € C*(Q2); D*v = 0 on 99Q,V|a| < k}.

Prove the following
Let u € L (), Q open, be such that

loc
/ updr =0
Q

for any ¢ € C3°(€2). Then u = 0 a.e. in .
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7. Let Qy, Qy C R? be open, p € [1,00] and v € WIP(Qy) N WP(Qy).
Show that u € W'P(Q; N Qy).

8. Let f € C%(R) (with ||f[jcorr) < 00). Show that there exists a
sequence f,, € C'(R) such that:

= in R
fl—=f a.e. in R.



