Exercises PDEs I: Set 3 (October 24, 2025)

Introduction and function spaces

1.

Show that the space W*°(Q) is isometrically isomorphic to C*() and
Wé“’oo(Q) to the space {v € C*(Q); D*v = 0 on 99, V|a| < k}.

. Prove the following

Let u € L{ (), © open, be such that
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for any ¢ € C3°(€2). Then u = 0 a.e. in .

Let Q, Q3 C R be open, p € [1,00] and u € WP(Qy) N WHP(Qy).
Show that u € WHP(Q; N Qy).

Let f € C*Y(R) (with ||f|lcoi@®) < o0). Show that there exists a
sequence f,, € C'(R) such that:

fon =S in R
fl—=f a.e. in R.

. Let uw € W2?(R?). Then
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Show the interpolation inequality: Let o € [0,1), r,p,q € [1,00] such

that
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Then there exists C' > 0 such that for any u € C§°(R?) there holds
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Moreover, if p < d, we may take also a = 1.



