
Exercises PDEs I: Set 4 (October 31, 2025)

Introduction and function spaces. Elliptic PDEs

1. Let f ∈ C0,1(R) (with ∥f∥C0,1(R) < ∞). Show that there exists a
sequence fn ∈ C1(R) such that:

fn ⇒ f in R
f ′
n → f ′ a.e. in R.

2. Show the interpolation inequality: Let α ∈ [0, 1), r, p, q ∈ [1,∞] such
that

1

r
= α

(1
p
− 1

d

)
+ (1− α)

1

q
.

Then there exists C > 0 such that for any u ∈ C∞
0 (Rd) there holds

∥u∥Lr(Rd) ≤ C∥∇u∥αLp(Rd)∥u∥
1−α
Lq(Rd)

.

Moreover, if p < d, we may take also α = 1.

3. Consider the differential operator

Lu = −xuxx − yuyy + 2(ux + uy + uxy)− 6u.

Rewrite it into the standard form

Lu = −div (A∇u) + c · ∇u+ bu

and verify, where in R2 the operator fulfils the ellipticity condition.

4. Consider the space

Ḋ1,2(R2) = {u ∈ L1
loc(R2);∇u ∈ L2(R2;R2)}.

Show that Ḋ1,2(R2) can be identified with classes of functions with
square integrable gradient over R2 such that two functions belong to
the same class if they differ by a constant a.e. in R2. Using this iden-
tification show that Ḋ1,2(R2) is with respect to the scalar product
(u, v) =

∫
Ω
∇u·∇v dx a Hilbert space. Finally, assuming that f = div g,

g ∈ L2(R2;R2), show that there exists unique weak solution in Ḋ1,2(R2)
to

−∆u = f in R2.
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5. Consider the problem

−
d∑

i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
+

d∑
i=1

ci
∂u

∂xi

+
d∑

i=1

∂

∂xi

(diu) + bu = f

in Ω ⊂ Rd bounded open set with the boundary condition

u = 0

on ∂Ω. Formulate the problem weakly and specify the minimal integra-
bility conditions on the functions aij, ci, di, b and f so that all integrals
are finite. Then specify further restrictions under which there exists
unique weak solution to this problem (use only Riesz representation
Theorem).

6. Consider the problem

∆2u+ α∆u+ βu = f

in Ω ⊂ Rd a bounded open set, where ∆2u = ∆(∆u), α, β are real
constants and f ∈ L2(Ω). Consider the following boundary conditions

u =
∂u

∂ννν
= 0

on ∂Ω, where ννν is the (unit) exterior normal vector to ∂Ω.

Formulate the problem weakly and discuss conditions under which there
exists a unique weak solution to the problem above.

7. Consider the system of equations in Ω ⊂ Rd

−
N∑

β=1

d∑
i,j=1

∂

∂xi

(
aαβij

∂uβ

∂xj

)
+

N∑
β=1

d∑
i=1

cαβi
∂uβ

∂xi

+
N∑

β=1

d∑
i=1

∂

∂xi

(
dαβi uβ

)
+

N∑
β=1

bαβuβ = fα, α = 1, 2, . . . , N
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with the boundary conditions

uα = uα
0 on Γ1,

N∑
β=1

d∑
i=1

( d∑
j=1

aαβij
∂uβ

∂xj

− dαβi uβ
)
νi = gα on Γ2,

N∑
β=1

d∑
i=1

( d∑
j=1

aαβij
∂uβ

∂xj

− dαβi uβ
)
νi +

N∑
β+1

σαβuβ = gα on Γ3,

α = 1, 2, . . . , N . Formulate the problem weakly and for cαβi = dαβi = 0
formulate conditions on the other functions such that (using Riesz re-
presentation Theorem) there exists unique weak solution to this pro-
blem.
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