Exercises PDEs I: Set 7 (November 28, 2025)

Elliptic PDEs

1. Find the real spectrum of the Laplace operator in two space dimensions
with Dirichlet boundary conditions on a square. More precisely, find all
A € R such that there exists a nontrivial solution to problem

—Au=0 in (0,1)?
u=0 on 9(0,1)%

Try to generalize the problem to higher space dimensions or also for
other boundary conditions (at least for one space dimension).

2. Consider the classical formulation of the problem

—Au+bou = f in Q = B,(0) C R
%:g on Of).

Formulate the problem weakly.

For particular choice
f(x) = |z[* g(r) = [z —(1,0,... ,0)\’3 by = const

find conditions on «, 8 and by so that there exists a unique weak solution
to the problem above. Or to simplify, replace the ball by the upper
halfball

B (0) :={z e R*||z| < 1, 24 > 0}

and the function g(z) = |z|°.

3. Consider the Neumann boundary problem in C* = (—1,1)%1 x (0, 1),
i.e. we look for v € W12(C™T) such that

d
ou Op

ii—— +b dx = d da’

/c+ <Zajaxj 5$i+ usp> ! c+ s a:+/(1,1)d_lg<p g

1,j=1

for all o € W12(CT). The operator is elliptic with our standard as-
sumptions on the data, b > 0, but not identically zero. We further as-
sume that there exists unique solution with suppu C (—1,1)471x [0, 1),
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exactly as in the regularity proof for the Dirichlet boundary conditions.
Moreover

[ullwrzcry < CUfllzee+y + 19l z2=1,0a-1))-

Show that if {a;;}¢,_, € Wh(CT), b € L>(CT), f € L*(C") and
g € WH((=1,1)471), then the solution above belongs to W22(CT)
and

[ullw2eicry < C(1Flze+y + lglwizrnar))-



