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A Study of Dennmerably Infinite Linear Systems as the First Step
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1. Introduction

The present paper traces the development of the theory of infinite matrices
and allied theories. These topics are considered as only the first part of a more
general history of operators defined on function spaces.

The history of a general theory of infinite matrices begins, as we shall see,
with HENRI PoINCARE in 1884. His interest was excited by two papers, written
by others (see p. 316, below), which used infinite matrices and determinants without
logical justification, and it was his purpose to provide a rigorous basis for these
works. After PoiNcaRE, HELGE vON KocH was the next to take up the study,
and by 1893 he had proved all of the “routine” theorems about infinite matrices
and their determinants. In 1906, a tremendous impulse was given to the subject
when Davip HILBERT used infinite quadratic forms, which are equivalent to
infinite matrices, to solve the integral equation

b
1) =) +1] K(s, ) p(0) dt.

HiLBERT’s ideas were taken up by his followers — ERHARD SCHMIDT, ERNST
HELLINGER and OtTo TOEPLITZ, among others — and within a few years many
of the theorems fundamental to the theory of more abstract operators had been
discovered, although they were couched in special matrix terms. Finally, in 1929,
Joun voN NEUMANN showed that the theory of infinite matrices was not the
effective tool for the study of operators on function spaces; instead, he demon-
strated that an abstract approach was preferable.
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Infinite Matrices 309

It is not difficult to understand why infinite matrices were among the first
tools to be considered in the study of function space operators. The earliest of
the spaces looked at were all sets of infinite sequences of numbers, and it is
obvious to consider sequences as generalizations of #-tuples. Since finite matrices
correspond to the natural linear operators on finite dimensional spaces, it is but
a short step to conceive of infinite matrices, the analogous extension of finite
matrices, as the natural linear operators defined on sequence spaces. We shall
see some of the difficulties connected with this approach.

There is another obvious manner in which infinite matrices can be generated,
this time by problems from analysis. Consider, for example, the differential
equation

() D b =0

where f(z) has a known Laurent expansion
(i) f@)= Z f.2"

valid in some annulus A about the origin. For simplicity, suppose there exists
an unknown solution of (i) which has the expansion

(i) u= 2 7"

also valid in A. Then, substituting (ii) and (iii) into (i) yields [here we are ignoring
all but formal considerations]

o0 (o) o]
S nuzti( $ue)( S g =0
n=—0oo n=—oo n
This is easily transformed into
o0 02 [oo]
Z (%—l—']) un-}-lzn_l_ Zn ( Z Mkfn—k)z”':O'
n=—00 n=—00 ‘k=—00

Since the coefficients of z” must now vanish for each #, we are led to the infinite
homogeneous system of equations

(iv) (1) tyoad > o= 0 (= —1,0,1,..).

k=—o0

We can consider that (iv) is a matrix equation MU =0 where U is the unknown
vector (..., #_y, %, %, ...) and M is the known matrix

hofe fa fea e
cee fz f]_ fo 1+f—1 f—2
. fa fz fl fo 2+f—1
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310 M. BERNKOPF:

Some of the earliest infinite matrices were derived from similar considerations.
In fact, the first and most important studies of infinite matrices came from
problems arising out of analysis, rather than from algebra (Riesz (1; p.1))*.

Some remarks about terminology and notation are necessary. As with any
young subject, the notation and vocabulary was not standardized in the period
under review. Wherever possible, we have adhered to an author’s original ter-
minology; changes have been made only to avoid confusion. We have also used
the term theory of infinite linear systems to mean any or all of the following
infinite theories: matrices, linear equations, determinants, bilinear forms, or
quadratic forms.

Finally, we note that the paper is intended to be a continuation of an earlier
work which outlined the history of the function space concept in some detail
(BErNKkOPF (1)). However, it is self-contained in the sense that it can be read
without reference to the previous paper.

2. A Perspective of the Place of Infinite Matrices
in the History of Operator Theory

In this section we shall briefly sketch the researches of mathematicians who
were working in the theory of operators defined on spaces other than Hilbert
sequence spaces. This is not intended to provide a complete history, but rather
an orientation so the reader may locate historically the work on infinite matrices
more precisely. The events related here have been summarized from BERNKOPF (1).

In the discussion of a history of operators defined on function spaces, it is
necessary to establish a working definition of the term ““operator.” To illustrate
the difficulty, consider the matter of integration and integral equations. The
process of integration can be considered as a mapping from one set of functions
into another. Thus, the problem of finding solutions to a given integral equation
may be considered as the problem of determining whether or not a given function
lies in the range of a particular transformation. On the other hand, the same
equation could be considered as an entity in itself, and explicit methods of
solving it (such as an iteration scheme) could be sought.

We shall say that a given work comes under the theory of operators if its
primary concern is with the questions of the first type. That is, an operator is
defined to be a transformation (or a mapping), usually linear, from one function
space into another, and the question of whether or not a particular paper is or
is not concerned with operator theory becomes a matter of considering the point
of view of the author of that paper. The reader is warned, however, that the
matter is not clear cut in many cases, and that a certain number of arbitrary
decisions have been made.

With this definition of operator in mind, it appears that the theory of operators
had its beginnings in the calculus of variations. As early as 1879 KARL WEIER-
STRASS (1815—1897) defined an & neighborhood of a function, and this concept
was used by ViTo VOLTERRA (1860—1940) to develop his ““theory of functions
of lines.” Especially noteworthy was VOLTERRA’S introduction of the notions of

* See the bibliography at the end for references.
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Infinite Matrices 311

continuity and differentials for functionals.* Also working in the same area were
GruLio AscoLl (1843 —1896) and CESARE ARZELA (1847—1912). They hoped to
generalize CANTOR’s theory of point sets to a theory which would include sets
of functions, and then to apply the results principally to the calculus of variations
(SANGER (1), LEVY (1)). At the beginning of this century, J. HADAMARD (1865 —
1963) and MAURICE FRECHET (1878 — ) investigated further into the nature
of functionals, obtaining some representational theorems (FRECHET (1)).

In a different direction, SALVATORE PINCHERLE (1853 —1936) introduced, be-
fore 1906, a primitive theory of spaces of analytic functions as represented by
their power series. He was concerned with linear operators defined in such spaces
which he considered in an abstract manner, and particularly with determining
under what conditions the equation 4 «=¢ would have solutions, where 4 is a
linear operator, ¢ is a known power series, and a is to be determined (PINCHERLE (1)
and (2)).

We mention also a somewhat later (1908) theory developed by E. H. MOORE
(1862—1924). MOORE, struck by similarities between HILBERT’S work on integral
equations [see below, section 6] and the theory behind the solution of (finite or
infinite) systems of linear equations, was led to attempt a generalization which
would include all these theories. He looked at families of real valued functions,
defined a generalized form of convergence for sequences of these functions, and
then considered functionals whose domains were those sets of functions. It is
evident from the form of MOORE’s work that he was consciously working in the
realm of operator theory (MOORE (1)).

In spite of all this diverse activity, it cannot be said that the total impact
of any of the above theories was very great. Thus the modern theory of operators
starts with FRECHET’S famous thesis of 1906 (FRECHET (2)). FRECHET, led by an
interest in the calculus of variations, developed the general concepts of the ab-
stract metric space. In so doing, he provided a setting in which the abstract
operator point of view could be made more meaningful.

Starting only with the concept of an abstract set on which a limit is defined,
FRECHET was able to generalize for such sets many of the results of GEORGE
CANTOR’s (1845—1918) point set theory. Then, by adding more hypotheses,
FRECHET showed that it was possible to define a metric on a collection of objects
which were not points in the then usually accepted sense.

FRrECHET also worked with functionals defined on his metric spaces. He showed
that concepts such as continuity, equicontinuity, completeness, efc., were meaning-
ful for his functionals, and he was able to generalize certain theorems from classical
analysis such as ARZELA’s theorem.

At this point the history of operator theory splits into two fairly distinct
schools. One, which I shall call the German school (whose history will be discussed
in subsequent sections of this paper), arose as a direct outgrowth of HILBERT’S
work. Its members were concerned with infinite matrices defined on square sum-
mable sequence spaces. Even the Riesz-Fischer theorem of 1907, which showed
the isometric-isomorphism between the space of Lebesgue square integrable

* A functional is a real or complex valued transformation whose domain is a
function space.

21 Arch. Hist. Exact Sci., Vol. 4
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312 M. BERNKOPF:

functions and the space of square summable sequences, was largely ignored.*
The other school, which could be called the Fréchet school, followed his lead,
and worked with an ever increasing degree of abstraction.

After FRECHET, the main outlines of the abstract theory became even more
discernible. FRIEDRICH RIESz (1880—1956) in 1910 announced the discovery of
L? (p>1) spaces (RIESz (2)); these are spaces of functions whose '® powers are
Lebesgue integrable. He also showed that the set of continuous linear functionals
defined on L? can be identified in a natural way with L? where 1/p+1/¢g=1. In
this same paper, RIEsz also developed the concept of an operator on L?; i.e., an
operator whose domain and range is L?. In addition, he introduced the concept
of the adjoint ** of such an operator and found necessary and sufficient conditions
for the existence of operator inverses. He then used these concepts to solve the
eigenvalue problem for the equation ¢(x) —AK (p(x))=/(x) in L2 Here f is a
known element of L2, ¢ is unknown, A a scalar, and K a given bounded linear
transformation on L2; this is an obvious generalization of an integral equation
of the second kind, see equation (40), p. 327 below. These results were extended
by RiEsz in 1918 (R1Esz (3)) to spaces of continuous functions, and in so doing
he introduced many of the underlying concepts as well as much of the vocabulary
for Banach space theory which first appeared in 1922.

However, one year before the publication of BANACH’S well known paper on
abstract spaces, EDUARD HELLY investigated the nature of linear functionals
defined on sequence spaces. Of particular significance is his introduction of a
semi-norm onto the set of such functionals (HELLY (1)). This concept was sharp-
ened to a true norm by Hans HAHN (1879 —1934) who used the results to obtain
certain integral representation theorems (HAHN (1)).

Nevertheless, it was STEFAN BANACH (1892—1945) who, in 1922, gave the
theory of abstract operators defined on rather general spaces its final form.
(Later, as we shall see, voN NEUMANN considered abstract operators defined on
Hilbert spaces. This a somewhat special case of the general theory.) BaNacH
(BaNAcH (1)) listed the axioms of Banach spaces***, and established many of their
fundamental properties. He then went on to consider operators on these spaces,
and proved many important theorems about them, such as an early form of the
principle of uniform boundedness, the contracting mapping theorem, and a spec-
tral radius theorem. The importance of this paper is that BaNAcH worked entirely
in an abstract setting without specific reference to any realizations of his spaces
or operators.

In a few years HAHN again became interested in the study of linear functionals
(HaHN (2)). Starting with the concept of a Banach space, he was able to show
that the set of bounded linear functionals defined on such a space is also a Banach
space [such a space is called the adjoint space]. He also proved one form of the
Hahn-Banach theorem, which states that a bounded linear functional defined

* In conversation with the author, February, 1967, Professor KurTt O. FRIEDRICHS
said that the Riesz-Fischer theorem was considered to be a theorem chiefly concerned
with Fourier series.

** The adjoint of an operator T on L? is an operator on L? which can be defined
in terms of 7. See, for example, DUNFORD & SCHWARTZ (1).

*** A Banach space is a complete normed vector space. See, for example, DUNFORD
& ScuwaRrTz (1) for a definition; there it is called a B space.
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Infinite Matrices 313

on a proper closed subspace of a Banach space can be extended to the whole
space with its norm preserved.

Some two years later, in 1929, BANACH himself considered functionals (BaANACH
(2)). He first obtained all of HAHN’S results and then went on to prove a more
general version of the Hahn-Banach theorem. This theory was then utilized by
BaNAcH to prove a generalized alternative theorem concerning the solvability of
the equation U(x)=y, where U is a bounded linear operator from a Banach
space R into another, S. This then is where the theory of abstract linear operators
of the Fréchet school stood before 1930. We note in passing that there was also
a theory of non-linear operators being developed; see GRAVES (1) for some results
and a bibliography.

Thus work on the abstract theory of operators defined on spaces more general
than a Hilbert space was being actively pursued from 1906 to 1930. Meanwhile,
the German school, encouraged by HILBERT’S success in using infinite matrices
to solve integral equations, continued to consider operators defined on Hilbert
spaces from the point of view of infinite matrix theory.

3. Origins and Prehistory

When one consults the earliest works in which systems of infinitely many
linear equations in infinitely many unknowns appear, it is evident that in none
of these papers is there a general theory under consideration. Instead, each set
of equations is taken up on an ad hoc basis as a tool for use in the solution of a
single particular problem.

Typically, in the seventeenth and eighteenth centuries, infinite systems arose
in connection with attempts to obtain series solutions for differential equations
(R1esz (1)). The technique was to suppose that a series solution existed, substitute
the series with unknown coefficients into the given equation, and then use the
conditions imposed by the original equation to solve for the desired coefficients.
This process would, in general (at least for those equations which were success-
fully dealt with), lead to a set of infinitely many linear equations in the infinitely
many unknown coefficients. The early workers were then usually able to develop
some type of recursive relation for the coefficients, but in any case they only
found it necessary to solve finite systems of equations with finitely many un-
knowns, albeit infinitely often.

The first to solve infinite systems for which no recursive relation was available,
was JOosePH FOURIER (1768—1830). In 1822 FourleEr published his famed
Théorie Analytique de la Chalewr, and it is in this work that the solution of
an infinite system which used more sophisticated methods than those outlined
above was attempted.

From his investigations into the propagation of heat, FOURIER was led to
the determination of the coefficients {a,} [we do not follow FOURIER’S notation]

for the series
oo

(1) a,cos[(2n—1) x],

n=1
so that the function represented by this series would be constant for —z/2<x<m/2
(FourIER (1; pp. 187, ff.)). However, he immediately generalized the problem to

21*
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314 M. BERNKOPF:

one involving the representation of ““any” function in a series of ‘“multiple arcs
of sines and cosines”’ similar to expression (1). This generalization was not intro-
duced solely for the purposes of generalizing, but because FOURIER felt it necessary
“...in order to integrate conveniently the equations of the propagation of heat.”

Actually, Fourier did not tackle the most general problem which he had set
for himself. In fact, he considered just those analytic functions whose Maclaurin
expansions contain only odd powers of x, and he further restricted himself to
developing such functions in series involving nothing but sin k%, £=1, 2, ....
That is, he considered

&, at1 Agn_q 271
f(x) =”§-1(_1) b 72”31)!_

@
%8 8 7
= Ax— Ay gy + A gy — Ao gy o

where the set {4,,_,} is given. He then supposed that

F(8) =3, a, sin (n2)

) i

=a,sinx +a,sin2x+azsinjx+ -+,
and proposed to solve for the a,. Now, if one takes the derivatives of (2) and (3)
and sets x=0, one sees (ignoring, as FOURIER did, all but formal considerations)
o0 o]
that A,= ) na,. Taking third derivatives yields 43= 2} #%a,, and in general
n=1

n=1

(o]
Ay = X, n**1a, for any positive integer k. Thus FOURIER was led to the
n=1

system of infinitely many equations
(4) Azk—1=2”2k—lam k=1,2,3,...,
n=1

for the infinitely many unknowns {a,}.

His method for solving these systems was to suppress all but the first m equa-
tions and the first » unknowns. The solutions, say {a; n =1, 2, ..., m}, for this
m Xm system are then found, where it is clear that the coefficient matrix, {c,-,,:
¢;n=n""1}, is non-singular, but of course these solutions depend on 7. FOURIER

i
now set for himself the task of determining lim a{™, n =1, 2, ... . We need not
m—> 00

follow the tortuous path taken by FOURIER to show that

1 =n? 1

2 n? 1 nt
~Fa=a— (57— ) HeGr — 3 S )
3a, n? 1 7t 1 n? 1 .
=ty (5 = ) A e S ) =
and similar expressions for the other unknowns. His reasoning required lengthy
calculations which are not very illuminating, and which occasionally needed some
patching. For example, at one point FOURIER (1; p. 191) writes down a series of
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Infinite Matrices 315

fractions each of whose denominators is infinite but whose numerators are con-
stant.*

FouRriER’s brief treatment of infinite matrices seems, to the modern reader,
to be incredibly naive. The entire discussion teems with unasked convergence
questions. In particular, the possibility of rapid divergence of each of the series
in expression (4) would immediately call for the establishment of the existence
of solutions. Yet FOURIER’s intuition was so perceptive that for his purposes the
treatment worked. Equally, we are forced to observe that a meaningful develop-
ment of a theory for infinite matrices had not yet begun.

It would seem at first glance that FOURIER’S scheme of suppressing all but
the first m equations and » unknowns, solving the resulting equations, and then
seeing if the limits as » becomes infinite exist and are meaningful as solutions
would be a promising one. However, Ri1Esz (1; p. 8), who calls this technique
the principe des réduites, points out that this method will only work in a limited
number of cases which call for extremely restrictive hypotheses. Yet this fact
was not discovered for another sixty years.

For a half century FOURIER’s work on infinite matrices went almost unnoticed,
even in France (see p. 317, below). According to Riesz (1; p.8), there was
only a single paper, published in 1828, which acknowledged using his method.**
However, two other authors, EDUARD FURSTENAU and TH. KOTTERITZSCH worked
independently of each other and of FOURIER on infinite systems during this period.
Of these, KOTTERITZSCH'S paper (1) is by far the more interesting of the two.

KOTTERITZSCH’S paper contains some points of interest and also some curi-
osities. As an example of the latter, he first considers the finite system [we do
not follow his notation]

n

(52) Zagxi=u, k=1,2,...,n.

1=1

He then observes that a solution, {xk}, can be written as

(5b) xk=ZA”‘ w, k=1,2,...,n.
=1

Here | 4| is the determinant of the # X % coefficient matrix 4 = {a;,} and 4, is the
¢k minor of A. This is, of course, just CRAMER’s rule. Next, he notes that the
form of (5b) is not changed if another variable is added to each equation in (5a)
and another equation is also added, thus making (5a) an (z-+1) X (#+41) system.
From this, he argues (KOTTERITZSCH (1; p.2)), “If the system [5a] ... is so
constituted that on it the number [#] of equations grows infinite in exactly the
same manner as the number of unknowns, then ...

A A
(5¢) xkz’Té*'Ih‘,'T?kuz‘i"",

* The ““annotated” English translation by FREEMAN (FOURIER (2)) lets this and
other equally remarkable statements by FOURIER pass without comment. Compare,
for example, DArRBoUX (FOURIER (1); p. 191) with FREEMAN, p. 172.

** This was by GABRrIO ProLa (1) who published actively from 1822 to 1856. I have
not been able to see this paper and hence cannot verify the reference.
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316 M. BERNKOPF:

where R is the determinant of lim %2 elements of the given system of infinitely
n=00

many equations and 4, is the coefficient of a;, in R.” No further comments or
definitions are made to give these new concepts meaning, and at no time is con-
vergence even acknowledged as being a matter for discussion.

However, KOTTERITZSCH’S paper does make some advance. He first gets an
explicit solution (again, ignoring convergence questions) for the special upper

triangular case of
oo

(5d) Dagp=a;, 1=1,2,...,

k=1
where a,;,=0 for > k. He then shows that an arbitrary system of the type of
(5d) can be converted, by Gaussian elimination, to the upper triangular case under
the assumption that the diagonal minors do not vanish; that is, if 4,={a,;:
1,7=1,2, ..., n}, then det4, 40 for n =1, 2, ... . Under this hypothesis, system
(5d) is reduced to

by1% +k§2b1k %, =P,

[e¢]
byo %s +k§3b2k %, = P,

and it is easy to see that b,,=detA4, 3=0. Now, to solve for x,, the x,,, (p=
1,2, ...) are eliminated from all but the first » —1 equations which gives

o]
Xy = Z:'Bnkﬂk
k=n+1
where the B, are functions of the b, ,. KOTTERITZSCH points out that the tech-
nique has special importance in the application of the method of undetermined
coefficients, particularly for Fourier series.

The significance of this work is that, for the first time, a general system of
equations is under consideration. However, KOTTERITZSCH seems to be unaware
that he has done anything remarkable in extending the concepts of determinant,
minor, efc., to infinite matrices, and in particular, that there were convergence
questions to consider. It is interesting to note that KOTTERITzSCH alludes to
Fourier series by name, and so must have been aware of FOURIER’s work, yet
makes no mention of the Frenchman’s discussion of infinite systems.

4. Poincaré and the Beginning of a General Theory

There were two papers which triggered the modern theory of infinitely many
equations in infinitely many unknowns. One, by the French mathematician PAuL
APPELL (1855—1930), was published in 1884; the other was written by the
American astronomer G. W. HiLL (1838—1914) in 1877 and first appeared in
Europe in February, 1886. Each provided inspiration for HENRI POINCARE (1854 —
1912), and it is with POINCARE that the modern theory begins.

As was the case with the earlier men who had worked with infinite systems
of equations, APPELL was brought to consider such systems by his interest in
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Infinite Matrices 317

analysis. His particular problem (APPELL (1)) was to find an ““ elementary’’ method
for determining the coefficients of the power series of certain elliptic (doubly
periodic) functions. In his solution he used the technique of equating of coef-
ficients; this led him to an infinite set of linear equations to which he applied
the principe des réduites.

Today it is a matter of conjecture as to how much contemporary interest was
generated by APPELL’S work. We do know that a scant two weeks after its
presentation POINCARE was sufficiently impressed by what he considered to be
the usefulness of APPELL’S method to give a general treatment of it. He says
(PoINCARE (1; p.19)), “As equations of the same form can be encountered in
other problems, it is important to inquire into what cases one can legitimately
use the method [of principe des réduites] which was handled so well by M.
ApPELL ... ."” Thus for the first time, infinite linear systems were solved abstractly
without prior reference to any particular problem. That is, a general solution is
first constructed and then applied to the special case of APPELL’S problem.

[As an aside, we note that FOURIER and his Théorie Analytique de la Chaleur
receive no mention either by APPELL or POINCARE in the two papers cited above.
Yet, it is almost impossible to believe that neither one of them had read it. On
the other hand the passage quoted immediately above, as well as another remark
made in connection with HiLL’S work (see below), would indicate that at the
very least, POINCARE had not seen the section of FOURIER’S work dealing with
infinite linear systems.]

We outline POINCARE’s paper (POINCARE (1)) in some detail. He started by
considering an infinite sequence of complex numbers {a,} with |a,,,|>|a,]|

and lim |a,| =oo, and he wished to find a solution sequence {4,} with
n—>00

(o]
© S d,a=0, p=01.2....

That is, the p™ equation has p™ powers of {a,} as coefficients. This particular
type of infinite system was similar to the system considered by ApPPELL. In
general, system (6) will not have a solution; more hypotheses are needed. In
order to supply the missing hypotheses, POINCARE points out that by a theorem
of WEIERSTRASS there exists an entire function F which has simple zeros precisely
at the a,’s. For simplicity, POINCARE assumes that F can be written as

oo

7) Fw)=]J] (1 - ain) .

n=1

Now let {c,} be a sequence of concentric circles centered at the origin, so that
the radius 7, of ¢, satisfies |a,_,| <7,<|a,|. The hypothesis POINCARE needed
can now be stated in terms of the function F. The infinite system (6) has a solu-
tion, {4,}, if

. xP
(8) L, f"ﬁ Fay ¥ =0

for every p.
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318 M. BERNKOPF:

From (8) it is now easy to see that (6) has a solution, for if 4; is the residue
of (F(x))™ at a;, then {4,} is a set of solutions for (6). In fact, the solutions are
quickly computed:

) A,=5—2
(-4
nf1

Unfortunately, as POINCARE pointed out, the solution {4} given by (9) may not
be unique. Let

(10) S,= 24,45,
n=1

and let {A,} be such that

(11) >4S,
p=0

converges absolutely. When these conditions are satisfied, then {B;} will also be
a solution for (6) where

B"=Ai(z lpaf) .
p=1

In fact, it is not too hard to see that under some circumstances (cf. RIESz (1; p.17))
any set {B;} will be a solution of (6).

After this treatment of equation (6), POINCARE then generalized his discussion
of infinite systems, first to a set of homogeneous equations generated by a coef-
ficient matrix {a;;: 4,7=0, 1, 2, ...}, and then [in order to get APPELL’S result]
to a system generated by a given sequence {a,: n=0, 41, +2,...} where
|@,.1|>|a,| and nli)n;o |a,]| = and”ll;mm| a,| =0. In each case hypotheses and

results are analogous to the case considered above.

One year later, POINCARE was inspired to return to the study of infinite
systems by a paper of G. W. HiLL (HiLL (1)). In his astronomical investigations,
HiLL was led to the differential equation

(12) D*w= 0w

where D [in HiLL’s original notation] denotes the differential operator —: d/dx.
Suppose that in (12)
(13) 0= 2 6,

k=—00

where (=% and 0_,=0,, k=1, 2, ..., and furthermore suppose there exists a
solution for (12) of the form
(14) w= 3 bt

k=—00

This content downloaded from
195.113.26.44 on Fri, 19 Nov 2021 15:34:56 UTC
All use subject to https://about.jstor.org/terms



Infinite Matrices 319

in which the b, are all constants. Then after substituting (13) and (14) into (12),
HiLL constructed the following infinite system of homogeneous equations:

o [—2]b_y—O_yb_y — Oyby — Oyby — Oy, — - =0,
(15) v — 0+ [—1]b_y— 0,y — 0,0, — O30, — -+ =0,
cer —Oyb_y—0,b_y + [0] by — 0,5y — O30, — -+ =0,

where [k]=(c+2k)2—0,, k=0, +1, £+2,....

Concerning system (15) he said (HiLL (1; p. 18)), “ These conditions determine
the ratios of all the coefficients b, to one of them, as b,, which then may be
regarded as an arbitrary constant.” Observe, not one word as to how this is to
be done. Further on (p.19) he continues, “If, from this group of equations,
infinite in number, and in number of terms in each equation also infinite, we
eliminate all the b’s except one, we get a symmetrical determinant involving c,
which, equated to zero, determines this quantity.” Still further along, on p. 26,
in connection with another determinant, he adds, “The question of convergence,
so to speak, of a determinant, consisting of an infinite number of constituents,
has nowhere, so far as I am aware, been discussed [the emphasis has been supplied].
All such determinants must be regarded as having a central constituent; when,
in computing in succession the determinants formed from the 32, 52, 72, etc.,
constituents symmetrically situated with respect to the central constituent, we
approach, without limit a determinate magnitude, the determinant may be called
convergent, and the determinate magnitude is its value. In the present case,
there can scarcely be a doubt that as long as ) 0,%* [see (13)] is a legitimate
expansion of 0, the determinant ... must be regarded as convergent.” No further
comments were made by HILL on the new concept of infinite determinants which
he had just introduced.

We let POINCARE give a contemporary reaction to HiLL’s work (POINCARE
(3; p. xiii)).

The solution adopted by M. HILL is as original as it is bold .... Did one have
the right to set the determinant of these equations equal to zero? M. HiLL ventured
to do so and it was a very daring thing to do; until then an infinite number of linear
equations had never been considered [sic!]; determinants of infinite order had never
been studied; no one even knew how to define them, and it was not certain that it
was possible to give a precise meaning to this notion. I must add, however, for sake
of completeness, that M. KOTTERITZSCH had touched on the subject .... But his

paper was hardly known in the scientific world and in any case was not known to
M. HirL. ...

But it is not enough to be daring; daring must be justified by success. M. HiLL
successfully avoided all the traps that surrounded him; and let no one say that in
proceeding this way he exposed himself to the most glaring errors; no, if the method
had not been legitimate, he would have been immediately warned, because he would
have arrived at a numerical result completely different from that given by observations.

These words were written in 1905, but they still reflect the excitement that

PoINCARE must have felt when he first read HiLL’s paper [probably in 1884 or
1885]. Thus, it is no wonder that in 1886 the Frenchman once again took up the
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320 M. BERNKOPF:

study of infinite systems; he felt it was necessary to tidy up after HiLL by mathe-
matically justifying the assumptions made by the astronomer.

After repeating the results of his earlier paper, POINCARE considered the infinite
matrix (POINCARE (2)) {a;;: 4,7=0, +1, +2, ...}, with a;;=1. He then set

1 @, 43 ... .,

ag; 1 ag; ... ay
A, =det| = | : "

anl an2 an3"'an,n—-1'1

Next, he defined the determinant A of the tableau T to be lim A4, if this limit
exists. nee
He then showed that the determinant will exist whenever

After this, a general theorem about infinite determinants was proved. Let {x;:
1=0, +1, +2, ...} be a bounded sequence, and let T' be the matrix obtained by
replacing one row of T by {x;}. Then if A exists so will A', the determinant of T'.
The balance of this paper used these results to derive those of HILL. POINCARE
finished by adding (2; p. 90), ‘“After the above development, I believe that there
can be no further objections to the fine method of M. HiLL.”

The results included in these two papers of POINCARE’S are disappointing.
One would have expected a deeper analysis from him, once he got started on the
study of infinite systems. Still, these works are significant in that they represent
the beginning of a rigorous treatment of the subject. Two particular points should
be noted. First, even at this stage the pathological properties of infinite matrices
have appeared, as is seen from the possible plethora of solutions to system (6).
Second, and perhaps more significant, is the introduction of analysis into what
at first seems to be a purely algebraic problem (see (7) and (8)). As we now know,
analytical considerations became even more pronounced as the subject evolved
into abstract operator theory, until the techniques of analysis were dominant.

5. Helge von Koch
The first mathematician to attempt a broad and extensive theory of infinite

matrices was HELGE voN KocH (1870—1924) beginning in 1891. His investigation
began as a by-product of an interest in FucHs’ equation (voN KocH (1)).
Consider then FucHs’ equation, given by
anr ar—1
(16) PB) = Zor +B(0) gumx + - + By =0,

= dam

where for =2, 3, ..., n each B (x) can be represented by a Laurent expansion,

(17) Bx)= 3 o,

A=—00
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Infinite Matrices 321

valid in the same annulus 4 centered about the origin. It was already known
that a solution
(18) y= 2 gix'"e

A=—00
existed which converged throughout 4. voN KocH’s problem was to calculate
a general formula for both the coefficients g, and the exponent g of (18). Here-
tofore, this had only been done for special cases. The computations led voN KocH
(by a series of transformations) to an infinite matrix of the type considered by
PoincarE. He was able to use POINCARE’s theory to get explicit representations
for the g, and for g, but only under certain restrictive hypotheses.

In order to remove these restrictions voN KocH returned to the subject a
year later (voN KocH (2)). This time he was forced to extend considerably the
theory of infinite matrices in order to obtain the results he wanted. Although
voN KocH regretted that little had been done to develop a general theory, he
still limited himself to deriving only that much of the theory as he required for
his own work in differential equations.

voN KocH began by considering the infinite array A ={4,; ¢, k=-+-, —1, —2,
0,1,2,...}, and set

(19) D, =det{d,,; i, k=—m, ..., m}.

Then the determinant D of A is lim D,, if this limit exists and is finite; otherwise
the determinant of 4 is said to dlverge The main diagonal of A was {4,;;
{=—o0, ..., oo}; rows and columns of A were defined as expected. 4,, was
called the origin. It is at once clear that the same infinite array can give rise to
denumerably many infinite matrices, all with the same main diagonal, and the
determinant will not be fixed until an origin has been selected. Thus, voN KocH'’s
first task was to show that if D existed for one particular choice of origin, it
would exist and be the same for any origin; that is, D is a function of the array 4
itself and does not depend upon the particular enumeration used.

To establish that convergence (alone) was independent of the choice of origin,
voN KocH proved the following:

Theorem. Let D be an infinite determinant. Then in order that D converge, it is
sufficient that the product of the elements on the main diagonal converge absolutely,
and that the (double) sum of the elements off the diagonal also converge absolutely.

Proof. Construct a;, by setting
(20) Ap=0;ta;, (1, k=—oo,..., ).

Then by hypothesis [and from the theory of infinite products*],

i=—00 k=—00

(21) S Jaul <o
* A necessary and sufficient condition that H (1+0b;) converge absolutely is
i=1

that Z b; converge absolutely.
ij= 1
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322 M. BERNKOPF:

Consequently, again from the theory of infinite products,

(22) P=11 (1+ % Jaul)
converges. Now from

(23) B,= ]I (1+k_Z aik)
and

(24) I'_:n=1_1 (1+k2 |aik|)’
voN KocH then showed that

(25) IDm+P_ mléP_m+p_I_:n~

But the convergence of (22) is just the convergence of {1_9,,,}, which gives the
convergence of {D,} by (25). A determinant which is such that the set {a;;}
satisfies condition (21) will be said to be in normal form.

In showing that the value of the limit of a convergent determinant is independ-
ent of the choice of origin, voN KocH actually proved more. Let

D, ,=det{d;; i, k=—mn,...,m},
and similarly, let

_ m

Bun=1I (14| au])-

Not;a1 that D, , and 1_51, » are the same as D, and I_DP, respectively. This led voN Kocu
to the

Theorem. Let A be in normal form. Then lim D, =D.
7n—> 00
m—> 00

Proof. By the previous theorem we know that D is finite and that (22) con-
verges. Now for any pair (m, n), let p=max (m, n). Then, as before,

IDM _Dmnl éﬁp? _ﬁmn'

The right hand side can be made arbitrarily small for sufficiently large 7 and »
(hence, also for sufficiently large p), because of the convergence of (25). The
triangle inequality can now be applied to the last inequality to give the result.

Following the theorem, certain properties of D were deduced under the as-
sumption that D is in normal form: If any row or column of A is replaced by a
bounded sequence of numbers, the new determinant will also be convergent. If
two rows (or columns) are interchanged, the new determinant will have — D as
its numerical value. voN KocH also implies, but does not state, that if a row or
column of A is multiplied by a constant ¢, then the new determinant will have
the value ¢D.

voN KocH next showed that various techniques can be used to compute D.
For example, he stated that

(26) D=Zj:..-A_m¢(—m)"'AOnp(O)“'A'”‘P(’”)'”
14
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Infinite Matrices 323

where the sum is to be taken over all permutations ¢ and the sign of each term
is determined by the parity of ¢. [voN KocH does not state what he means by
a permutation of an infinite set, nor what he means by its parity. Presumably,
one is to permute only a finite set of numbers at one time and calculate parity
by counting the number of interchanges of the permuted numbers.]

Using (26), voN KocH developed an interesting proof of the fact that D can
be expanded by minors. It is clear that each term in (26) contains as a factor
exactly one entry from each row and exactly one entry from each column of 4.
Thus D can be considered as a linear functional of any row or any column. Sup-
pose we are interested in an expansion by minors by the ™ row. To determine
the coefficient of 4,,, one replaces 4, (j #1) by zero and 4,, by 1 in 4, and
calculates the resulting determinant which voN KocH denoted by

. 7 2D
(27) ad] Aik= (k)=ot,~k=m.

The «;, will be called minors or subdeterminants of order one. From these con-
siderations, it is immediate that
00
(28) D= 2 Aoy
k=—o0

which is analogous to the usual expression for the expansion of D by minors of
the 5 row for finite matrices. Similarly, the expansion by the 2™ row can be
given by

(29) D= Z Ay gy

i=—00

Exactly as in the case of finite matrices

(30) ._Z_ Ao =0 (k)
and
(31) k_?: Aik %r=0 (7&4).

It is also clear that a;, can be calculated by suppressing the i row and the
k™ column of 4, finding the new determinant D’ and then taking a,, = (—1)"~*D".

These ideas can also be extended to expand D by two or more rows (or columns).
Suppose we wish to expand by the ' and m™ row. Then, to find the coefficient
of A;,4,,,, we replace 4;, and 4,,, by one in A4, and all other entries in rows ¢
and m by zero. The determinant of this new matrix is called a minor of the second

order and is designated by
__&D i om
o 0Aix Amn R n ’

By interchanging the 2™ and #'® columns, one sees that

b ¥)==G )

in

adj

mk mn
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Consequently the expansion for D can be written as

b=y 3l 4l )

kEon Amk Amn
where —oo<n<<oo and k<n. [Here we have used the notation

Aik A — det A Ain
Amk Amn :l

Amk Amn
Similarly, the 7 order minor can be constructed by replacing 4, ;. , A, 4, ..., 44,
with the number one in the distinct rows 4, 4,, ..., ¢, and columns &, &,, ..., &,
of 4, and all other elements in those rows or columns with zeros. This minor is
designated by

Ailkl"'Ailk'
. Ai,k,"'Ai.kf _ il iz...'i,
adij T = gy n,)”
'Aifkr “Ai'-ky
and one has
Ailkl.'. Ai’k' ili i
. . . 2 %7
(32) D=ZZZ [ (kk k)’
Fr s rlg. A. 178
ke 0 irky

where & <<k,<< ++- <<k, and —oo<<k,<oco. This is, of course, the generalization
to infinite matrices of the Laplace expansion for D. Also

i385 ... 1,

kiky. . R,
can be calculated by suppressing the appropriate 7 rows and # columns of 4,
finding the resulting determinant D’, and taking the minor to be (—1)? D’ where

p =2 (4, —k,). There is no need to restrict this type of expansion of D to a
g=1

method which employs only rows or only columns. As voN KocH pointed out,
any combination of rows and columns can be used, and in fact they need not
form a finite set.

voN KocH’s final expansion for D is given by the formula

p g Gpr
+Z Apg Pgq g |+t

p<g<r
a, a a

Ap  Cpq
Ap Ayq

(33) -—H‘ Z “M"‘Z

rq ry

Here, the largest summation index appearing in each term is to range over all
integers, and the others are to range over all integers as indicated. [In voN KocH's
paper (2; p. 228) the second term on the right hand side of (33) is absent; this
seems to be a typographical error.] Expression (33) is particularly important
since it is the form used by IvAR FREDHOLM to solve the integral equation

@ (%) +0ff(x,y)<7>(y) dy =1y (x)
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Infinite Matrices 325

(see BERNKOPF (1; p. 8)). voN KocH did not indicate a proof of (33), satisfying
himself with the remark that the proof is analogous to the finite dimensional case.

The usual product theorem was proved next. Let A={4,,} and B={B;}
define C;, =2, A;; By, and C={C,;} for i, k= —oo, ..., co. Then, if det A and

=—00
det B are 7m normal form, det C is in normal form and (det A) (det B) = det C.
There is no need to reconstruct voN KocH’s proof here, but it depends on getting
various estimates and using the triangle inequality. He also noted that the
theorem can be proved in a manner similar to the proof of the finite case.

voN KocH next observed that a determinant may converge, even though it
is not in normal form. As an example, he showed that if 4 ={4,,} is such that

1) JI A;; converges absolutely and 2) there exists a sequence of numbers {x,;
i=—00 00 o0
k= —oo,..., oo} so that the double series >’ > A,,x,/x, converges absolutely,
{=—00 k=—00

then the determinant of 4 converges and has the same properties as if it were
in normal form.

Also determinants of matrices whose elements are functions were studied.
Consider A(p)={4;,(0); %, k=—oo, ..., oo} where each A4;,(¢) is an analytic
function of p in the same domain T, and is continuous and bounded on the
boundary of T. Then, as in (19), set

D,.(0) = det{A 4 (0); i\ k= —m, ..., m}.

D(p) is said to be uniformly convergent if the sequence {D,, (o)} converges uni-
formly in the domain T" and onits boundary. Thus D (p) is analytic in 7. Now as

oo (e 9]
in (20) set 4, (0) = 90,1+, (0), and suppose that thedoubleseries 2, > |4, (o)

i=—00 k=—00
converges uniformly in T'. Then expansions analogous to (26), (28), (29) and (32)
all are shown to be valid. Also the expression

oo

D _ S oD odsy
ale) &2 2 04 O

is proved to hold uniformly in the interior of T, where, recall, dD/0A,, is just

the first order minor ( k)' This, of course, corresponds exactly to the finite case.

The final investigation of interest in the infinite matrix theory of vox KocH
was the study of the solution of infinitely many equations in infinitely many
unknowns. Although he claimed a certain amount of generality, actually he
considers only the homogeneous case

o0
(34) ZAikxk=O (1:=—w,..., 00),
k=—o00
where, as before, D=det{4,,} is in normal form.

First, suppose D ==0. Then a solution, {x,}, of (34) was sought which satisfied
(35) |[%]| £ X <00 (k=—oo,..., ).
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Since D is in normal form [by use of (35)],

(e <]
ZlAlkllxk|<U for i=—oo,...,oo.
k=—00
Thus, the series

66 s= 3 5 ())4an

1=—00 A=—00

converges absolutely for each %k, and so the order of summation can be inter-

changed, which gives
00 00 ,i
S=A_Z X, ._Z (k)Ai;..

But, for A4, Z (Z)A“=O (see (30)); thus

1=—00

(37) S=x,,.i (;)A,.kap

1=—00

(see (29)). On the other hand, (36) can also be written as

9 s= 3 (}) 5 aum=o

i=—00 A=—00
since {x,} is supposed to be a solution of (34). Thus, from (37) and (38)
ka=0

or x,=0 for k=—o0, ..., oco. That is, if D 50, the only solution for (34) which
satisfies (35) is the trivial solution, or in voN KocH’s words, there is no solution.

Now suppose D=0. voN KocH showed that unless 4, =0 there would always
exist, for some m, a minor of order m which is not zero. Now, determine the
indices 7, %5, ..., %, and &, k,, ..., k, so that the 7'® order minor

i 1y ...i,) 0

(39) By ky.. k) 7O
and also so that if »>1 and if

W=(t1 ty t)

Uy Ug ... U,

is any »* order minor (1=<v<7) where the ¢, are selected from {1, 15, ..., 3,} and

the u; are selected from {ky, Ry, ..., k,}, then W=0. [Recall the lower the order
of a minor, the “larger” is the matrix from which it is calculated.] Under these
conditions, every minor of order less than » will vanish.

Consider equation (34), and suppose the minor is selected as in (39). Then,
by using some previously obtained but uncited results, voN KocH showed that
equations 1y, %, ..., 4, of (34) are linearly dependent on the remaining equations,
that x,, %,, ..., %, may be selected arbitrarily, and that a solution for (34) is
then given by the expression

iy iy .. i, iy .. 4, iy Ay en b,y i, B
(klkz...k,)x"_(kkz...k,)x”'+ +(klk2...k,_1k)x”’ (h=—oco: o),
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Infinite Matrices 327

He remarked that analogous results can be obtained for a non-homogeneous case
of (34) provided that the right-hand side satisfies a boundedness condition similar
to (35). This remark was, as we now know, somewhat optimistic; in fact, it is
false unless further hypotheses are put on the matrix 4.

This work of voN KocH is disappointing. It explored only a single aspect of
infinite matrices, and it raised more questions than it answered, questions which
begged for answers. For example, there is no discussion of eigenvalues, nor is
the matter of an alternative theorem™ investigated. It is true that it would be
unfair to expect a complete theory to be developed by von KocH, since the
tools for such a theory simply were not available at the time, yet surely more
could have been accomplished to open up this new field. This is particularly
true when one considers that it was already apparent that the subject would
have far reaching applications in analysis and algebra.

6. Consequences of Integral Equation Theory in the Study of Infinite Systems

After voN KocH'’s paper of 1893, the first significant work on the theory of
infinite systems was done by Davip HILBERT (1862—1943) beginning in 1904
(HILBERT (1)). It is true that an important application of voN KocH’s work had
appeared in FREDHOLM’sS solution of the integral equation of the second kind
(see (33) above), but this did not advance the infinite matrix theory.

HiLBERT, after hearing of FREDHOLM’S results, also took up the study of
integral equation theory. Initially, HILBERT had no interest in infinite matrices
per se; he was exclusively concerned with solving the integral equation

(40) 1(s)=@(s) — lof K(s, ) @ (t) at.

Here f and K are assumed to be known, and ¢ is a function to be determined.
The function K(s, ¢) is called the kernel of equation (40). More precisely, HILBERT
wished to extend the previous work of FREDHOLM and to develop an eigenvalue
theory for this equation. Consequently, HILBERT’S early approach to infinite
matrix theory is his own. voN KocH, as we have seen, had started with a given
infinite matrix, and then considered it as the limit of a sequence of its square
finite truncations. HILBERT, in his first three papers, never actually had any
specific infinite matrix under consideration; instead, he looked at the limit of a
sequence of finite matrices which increase monotonically in dimension, but which
are not truncations of any single infinite matrix. (See BERNKOPF (1) for details,
especially II-1 and II-2.)

HiLBERT’s first specific approach to the countably infinite problem occurs in
his fourth paper, published in 1906. In this work HILBERT observes that the
theory of infinite quadratic forms, on the one hand, is an essential extension of
the theory of finite forms, and on the other hand, has wide applications in integral
equations, in continued fractions, and, of course in the solution of infinite linear

* An alternative theovem is of the following type: the system of equations Bx=y
either has a unique solution for all ¥ or the associated homogeneous equation B ¥=0

has a non-trivial solution. In this case Bx=y has a solution only if y satisfies certain
orthogonality conditions.

22 Arch. Hist. Exact Sci., Vol. 4
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328 M. BERNKOPF:

systems. Therefore, he finds it more convenient to tackle the problem from the
point of view of infinite quadratic forms rather than considering an infinite
system of linear equations with infinitely many unknowns.

HiLBERT then undertook the study of the infinite quadratic form

[o0]

(41) Z_ lkﬁqxp %q

of the infinitely many variables #,, %,, %3, ..., with the constant coefficients {kM}.
[We shall sometimes write (41) as K(x, x) where x= (%, %,, ...).] Associated with
(41) is the bilinear form,

(42) K(x, 3) = 2 kyg%p ¥y
p,9=1
HILBERT also introduced the #™ section of K(x, y), as
2 kpg,y,
$,q=1

In addition the product form of the forms A(x, y) and B(x, y) was defined to be

the form
[e ]

A(B(x, ) = X ap,b,,%,,.

P r=1
This is nothing but the bilinear form associated with the (infinite) product

matrix A B. Finally the special form (, y)= 2 x,y, was defined which is (42)
=1

with k,,=6,,; its #™ section is denoted by (x, ¥),,.

HILBERT’s problem can now be stated as this: He wishes to find a resolvent
(or inverse) form for the expression (x, y) —AK(x, y) where A represents a real
or complex parameter; in other words, a form, K(4; x, y), is sought which will
satisfy _

K(; %, 5) —AK(K(4; %, 9))=(%Y)-

This problem was solved by HILBERT under quite general hypotheses. Spe-
cifically, for a bounded form K(x,y), namely, a form K(x, y) which satisfies
|K(%, y)| =M for all x and y with (%, x) <1 and (y, y)=<1, an explicit represen-
tation for the resolvent K(x, y) was obtained. Then a theorem analogous to the
principal axis (diagonalization) theorem for finite dimensional forms was shown
to be valid for bounded infinite dimensional quadratic forms.

But it was HILBERT’s introduction of the concept of complete continuity*
which proved to be the fundamental tool in showing that there are still more
properties of finite dimensional spaces which have their analogues in infinite
dimensional sequence spaces. For example, a completely continuous quadratic

* A bounded linear operator T is said to be completely continuous (or, more recent-
ly, compact) if it maps bounded sets into compact ones. This condition, obviously
stronger than ordinary continuity, insures that the algebraic kernel of T —1I (I is
the identity) is finite dimensional. The modern definition, referring to operators, is
equivalent to HILBERT’s original definition referring to forms if we observe that the

bilinear form K(x, y) is completely continuous if and only if its matrix {k,,} defines
a completely continuous operator.
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form has an eigenvalue representation; that is, it satisfies a simple principal axis
theorem. In addition, an alternative theorem holds for an infinite system of linear
equations in infinitely many unknowns if the equation has the form (I4+A4)x=y
where A is the matrix of coefficients of a completely continuous form.

This alternative theorem gave HILBERT the means for a fresh attack on the
integral equation

(422) =00 — KD g0 .

Specifically, he transformed (42a) into
(42b) *p— ZI“M X =4
q=

by taking {a,} and {x,} to be the Fourier coefficients of f(s) and ¢ (s) respec-
tively, and {a,,} to be the double Fourier coefficients of K(s, #). Since K(s, ?)
is supposed to be continuous, {a,,} defines a completely continuous form, and
thus (42b) is a system satisfying the hypothesis of the alternative theorem. Now,
the function ¢ (s) is determined from the known solution {x,} of (42b) when any
solution exists, and then this ¢ is shown to be a solution of (42a). More generally,
the alternative theorem for (42b) gives HILBERT an alternative for (42a). The
substitution of AK(s, f) (where K(s, £} is a symmetric kernel and A is a real pa-
rameter) for K in the above discussion gave HILBERT his eigenvalue theory. [The
preceding paragraphs have been summarized from BERNKOPF (1; II-3 and I1-4).]

It would be hard to overestimate the significance of HILBERT’S work in the
budding field of functional analysis. His success in opening up the hitherto stub-
born subject of integral equations would have, in itself, insured that active
research would continue beyond the relatively limited areas HiLBERT himself had
considered. Also, he was able to define and utilize two concepts which have
turned out to be fundamental for the study of linear operators: boundedness and
complete continuity.

HiLBERT’s chief contribution is that he showed that the techniques of algebra
are appropriate to apply to the problems of analysis. He was not the first to use
algebra; FREDHOLM’s earlier work on integral equations (FREDHOLM (1)) is but
one example. But HILBERT did confirm that the introduction of algebra into
analysis was not accidental, as might have been inferred from earlier scattered
successes, but that it was a natural tool which would prove to be extremely
valuable when fully developed.

The impetus given to the work on infinite systems and integral equations
— the two topics tended to merge, at least in Germany — by HILBERT’S work
of 1906 was enormous. To young research mathematicians, the theory of infinite
systems coupled with its apparent wealth of applications must have seemed like
the promised land, and many, particularly in Germany, devoted their energies
to the study of infinite matrices while ignoring the abstract theory.* This history
can cover only a few of the papers published in this period [but see HELLINGER &
ToEPLITZ (1), particularly the footnotes, for a good bibliography].

* FRIEDRICHS, conversation previously cited.

22%
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Typical of the work of this time is a pair of papers by OrTo ToEPLITZ (1881 —
1940) which appeared in 1907. In the first (ToEPLITZ (1)), the so-called Jacobi
Transformation for finite matrices was considered and utilized. This transforma-
tion gives the result that if

n
Sp=203%% (2,,=a;)
ik=1
is a quadratic form, and if all the first order minors of S, (x=1,2,...,n) do
not vanish, then there exists a matrix U, with U,U, =S;*. [4’ is the transpose
of A.] This was used to simplify HILBERT’S construction of the resolvent for the
bounded infinite real quadratic form

o0
S=2 Aip X5 Xy
i k=1

under the hypotheses that S is positive definite and that the zeros (in 4) of
I,—AS, do not have infinity as a point of accumulation. For each n'® section
S, of S the corresponding U, was constructed, and it was shown that lim U,

exists and is a real bounded bilinear form. Then U was defined to be this limit,
and S7! was taken to be U U’. Finally, the notation S-! was justified by showing
that SS1=S5-1S=1. It may be that this is the first appearance of the “S-1”
notation. Also, in this paper is the probable first use of the term ‘‘reciprocal”
( Reziproke) in connection with infinite matrices.

ToEPLITZ pointed out that if S;! is the inverse of the #'™ section of S — where
S is now an arbitrary bilinear form — the sequence {S,'} may not converge,
even if S has a bounded inverse. He also showed that S may have a left inverse
but not a right, or vice versa. He summed up his results in the following

Theorem. A real bounded bilinear form S has a bounded right inverse if and
only if SS’ does not have infinity as a point of accumulation, that is, if the numerical
values of A for which det ((S S'), — A1, n) =0 are bounded. Similarly, S has a bounded
left inverse if and only if S'S satisfies the same condition. SS' and S'S both satisfy
the condition when and only when S has a unique (two sided) inverse.

ToEerLITZ's next paper (TOEPLITZ (2)) presents an application of the theory
of infinite matrices to Laurent expansions. In a slight shift in notation he calls
a bounded bilinear form A complete (abgeschlossen) if A7 exists; i.e., if

AA—1=A_1A =I= Z xt‘yi.
i=—00
[We shall not use TOEPLITZ’S terminology in what follows.] Note also the change
in the domain of the summation index. Two forms, A and B, are defined to be
similar if there exists a complete form P so that P14 P=B. Then he points
out that two forms have the same spectrum if they are similar.

He considers next a Laurent expansion

(43) f(Z) = Z anz”'
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From this expansion a Laurent form is constructed which TOEPLITZ writes as

(44) Z Ap— i X Yk>

1,k=—00

where the coefficients a,_; are taken from (43). One sees that (44) can be written,
matrix fashion, as

.a_, ay a Gy ...

L a_y A_y ay 4y ...

The following connections between Laurent forms and Laurent expansions are

o]
given: A form is bounded if and only if ) a, converges absolutely, and in this
—o0
case the expansion is a single valued analytic function in a neighborhood of the
unit circle. The sum (or product) of two forms is a form which corresponds to
the sum (or product) of their associated expansions. If a bounded Laurent form
has a bounded inverse, then this inverse is also a bounded Laurent form. If a
form has no (two sided) inverse, then it has neither a left inverse nor a right
inverse. He goes on to note that the unit form I is a Laurent form associated
with the constant function one.

Now let A=[f(z)] represent the Laurent form (44) associated with (43),
under the further assumption that f is analytic in a neighborhood of the unit
circle. Then A4 is a bounded form. Consider the spectrum of A4, i.e., the values
of A for which 4 — AI has no inverse. But, by the preceding paragraph, A —AI=
[/(2)] —AI=[f(2) —A]. Thus the spectrum of A will include all values of A for
which f(z) =4, with |z| =1. Hence, the spectrum of 4 is the range of f restricted
to the unit circle, and so will, in general, include an entire arc. This yields a
sufficient condition for the similarity of two Laurent forms, namely that their
spectral values be the same with the same multiplicity.

The work of HILBERT on solutions of infinitely many equations in infinitely
many unknowns was taken up by, among others, EREARD ScHMIDT (1876 —1959).
To him belongs the honor of being the first to employ properties of the under-
lying Hilbert (sequence) space to determine necessary and sufficient conditions
for the solvability of such equations, and his paper (SCHMIDT (1)) represents an
application of some earlier work on integral equations (see SCHMIDT (2)). Before
ScHMIDT’s work only necessary or sufficient conditions had been established;
ScHMIDT found conditions which are both necessary and sufficient.

We summarize the first part of ScHMIDT’S paper, in which he introduced
geometric concepts into Hilbert space theory. An element of such a space H
[ScHMIDT calls his elements functions] is a square summable sequence z={z,}
[we do not follow SCHMIDT's notation] of complex numbers; i.e., a sequence

(o]
which has the property that 2} |z,|2< co. A norm for z (denoted by |[z|) is defined
00 p=1
by taking [z|?= X 2,Z,;* and the inner product of z and w (denoted by (z, w))
p=1

* z denotes complex conjugate.
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o]
is defined as 2, z,w,; z and w are said to be orthogonal if (2, w)=0. The sequence
=1

of elements {2} is said to converge stromgly if lim |z —2z"| =0, and it is shown
n—>00
m—> 00

that the space H is complete in the norm; that is, if {z"} converges strongly,
then there is an element z of H with lim 2"=z.

n—>00

ScHMIDT also introduced the concept of a closed subspace 4 of H. 4 is a
closed subspace of H if A is topologically closed under strong convergence, and
if it is also algebraically closed under the operations of scalar multiplication and
addition. The idea of a basis is also defined, and it is shown by the Gram-Schmidt
orthogonalization process that given any basis for 4, there is an equivalent
orthonormal basis; that is, there exists a set of elements which span 4, which
are linearly independent, which are pairwise orthogonal, and all of which have
norm one. Finally, and most important, given any element z of H and any closed
subspace A4, there exist unique elements w, and w, with z=1w,+w,, where
(wy, w;) =0, and w, is an element of 4. w, is called the projection of z on A; and
ScHMIDT calls w, the perpendicular function (of z) to A. We shall call w, the
part of z perpendicular to A. It is easy to see that w,=0 if and only if z€ 4.

Consider now the infinite set of homogeneous equations
(oo
(45) Zanpzp=0 (%=1, 2;'-'):
p=1

and suppose that for each »
o]
(46) p;llanp|2<oo.

A solution for (45) is called regular if it is square summable, and SCHMIDT was
concerned only with regular solutions. If the element a” of H is defined by

(47) a={a,,} (m=12..),
then the system (45) can be written in the inner product notation
(48) @, 2=0 (n=1,2,...).

Let A be the closed linear subspace of H spanned by the sequence {a"}, and
let ¢ ={e,,=0,,} ("=1,2,...). Let ¢" be the part of ¢’ perpendicular to 4. Let
R be the closed linear subspace spanned by the sequence {¢'}. It is easy to see
that R is the orthogonal complement of 4 in H. Thus from (48), z is a solution
of (45) +f and only if z is an element of R.

However, SCHMIDT was not satisfied with this abstract result. He wished to
obtain a more specific representation for the solutions of (45). These results are
included in Appendix A for the reader who may wish to see these solutions and
an indication of SCHMIDT’S proofs.

We observe that ScuMIDT finally settled many questions concerning infinite
systems of linear equations. Specifically, he determined the solvability of such
systems under the hypothesis that the rows of the coefficient matrix are square
summable and only regular (square summable) solutions are sought. [It should
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be noted, however, that many problems remain. For example, what are the most
general conditions under which some form of an alternative theorem holds? As
far as I have been able to determine, this is still an open question.]

Nevertheless, this work of ScHMIDT has significance beyond the solution of
infinite linear equations. As we noted earlier, he was the first to introduce geo-
metric language into Hilbert space theory, and the results obtained by ScamipT
show that these geometric notions are not mere pedantry. Rather, the concepts
of subspace, orthogonality, efc., form an integral part of the circle of ideas centered
about the term ‘““function spaces.”

After SCHMIDT, the next important work was a 1910 paper of HELLINGER &
ToepL1TZ (HELLINGER & TOEPLITZ (2)). It presented amplifications and extensions,
as well as proofs of results which were first announced in 1906 (HELLINGER &
ToEepLITZ (3)). Their aim was to present an ‘“axiomatic’’ treatment for a ““ Calculus
of Infinite Matrices.” Their use of ““axiomatic’’ is not the same as the current
usage. They used the term to mean that their presentation was independent of
any specific problem; i.e., infinite matrix theory was to be considered independ-
ently of any integral equation or algebraic theories, efc. In addition, they also
included a foundation for the theory, since the work was not intended to depend
on any prior knowledge of infinite matrices or integral equations. Thus the first
chapter of the article represents a good summary of the state of the theory up
to the time it was written, probably in 1909.

It is interesting to note that although the inspiration for this work on the
general theory of bounded infinite matrices was the integral equation

b
(93) Fs) =@(s) + [k(s, 1) @ (¢) dt,

nevertheless HELLINGER & TOEPLITZ were interested also in generalizing various
problems of algebra. In fact, they go to some lengths to state some of the already
well-known classifications of problems from finite linear algebra-matrix theory,
and point out that these can be extended to problems involving infinite matrices.
However, they do not undertake to solve any of these problems. As we shall see
later, in the discussion of voN NEUMANN’s work, at least one of these problems,
that of unitary equivalence, has no solution in the expected sense.

We cite a few results and definitions from the first chapter of HELLINGER &
ToErpLITZ’S paper of 1910 before examining some of its novel aspects (HELLINGER &
ToEPLITZ (2)). Schwarz’s inequality

(94) ‘ ; UpUp ] = (; uj)! (; vp)§

is proved, first for finite sums, then for infinite sums. Then, following HILBERT,
an infinite sequence of real numbers {a,} is said to define a linear form of in-
finitely many variables {x,} if

(95) 2 @, %, | < oo.
n=1
The form is said to be bounded if, for all {x,} satisfying
(96) > xis
n=1
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the form satisfies
oo

2 a,%,
n=1

97) <M< oo.

Using (94) and (97), they then prove that a necessary and sufficient condition
that a linear form defined by {a,} be bounded is that {a,} be square summable; that

is, Y a2< oo. In this case the least upperbound of all M’s which satisfy (97) is X, a5 .
n=1

n=1
This is, of course, the Riesz representation theorem for Hilbert sequence spaces.
Similar concepts are then defined and proved for infinite matrices. The infinite
matrix A ={a,} is said to define bounded bilinear form when for all {x,} and {¥.}
satisfying

(98) 2=t and 2 yi=1
n=1 n=1
one has
(99) ‘ D Ay Xy Y| =M.
b, q=l

Equivalently, (98) and (99) can be written jointly as

o)

J
%—; Apg %pYq

(100) .

< Eaf (2]

?,
for all square summable {x,} and {y,}. In what follows, a bilinear form will be

denoted by A(x, v). It is then shown that every row and every column of A is
square summable if A defines a bounded bilinear form. Furthermore, if 4, (%, y)=

”
pZ 1aM %, Y,, then, again for bounded bilinear forms,
4=

lim A, (x, y)=A(x,%).

Next the product form C(x, y)=A B(x, y) is defined to be the form associated
with the product matrix C={c,,}, where

0
Cpg= 2 @psbrg,
r=1
and it is shown that C(x, ¥) is bounded whenever A(x, y) and B (x, y) are. Further-
more, multiplication for bounded forms is proved to be associative. Notice is also
given to the special case of bilinear forms, namely quadratic forms. These are
the bilinear forms, A(x, x) where A={apq} with Ape="04p, $p,9=1,2,....

Perhaps the most interesting part of the first chapter of this paper of HEL-
LINGER & TOEPLITZ is a section dealing with counter examples. As is, and was,
well known in the finite case, if a square matrix has a one-sided inverse, then
this inverse is, in fact, two-sided and unique. For infinite matrices, however,
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things are different. Consider

01 0 00O

0O 01 0O
A= 0O 0 010

0 0 0 0 1

and

b, by by b,

1 0 0 O
B = 01 0O

0O 01 0

where {b,} is an arbitrary sequence of numbers. Then 4 B=1, and 4 has a non-
countable set of right inverses. On the other hand, the matrix equation XA=1
has no solution, since the entry in the first row and first column will always be
zero. However, if a bounded matrix has both a left and right inverse, they are
equal to each other; 7.e., such a matrix has a unique two-sided inverse.

Several other matrices were also constructed to show that certain conditions
may be necessary but not sufficient, and conversely. For example, a bounded
matrix has the property that each of its rows (or columns) is square summable.

However, this condition is not sufficient for boundedness. Consider the matrix
1

A= {“M= ?ﬁ} Then every row or column of 4 is square summable, as is
q 4

easily shown by the integral test, but this matrix does not define a bounded

bilinear form. To see this, take x=y={x,=y,=p#. Then x is square sum-

mable, but

< 1 1
101 Alx, a NI
oy )= ; = 2 (p+q> P ¢

Now by suppressing some terms we see, since everything is positive, that (101)
is greater than

o0

< 1 1 1
102 _ .
; ) é p+q p+9? (p+9? MZI p+49)
ut

1 ”
2 G R T
which diverges; hence (101) diverges; that is, 4 does not define a bounded
bilinear form.
In the same vein is the consideration of square summability and matrices.

The precise statement is that if A ={a,} satisfies

(103) Z a2, <M<,

p,9=1
then the form A(x, y) is bounded. However, this condition is only sufficient. A
double application of SCHWARz’s inequality (94) proves the theorem, while to

This content downloaded from
195.113.26.44 on Fri, 19 Nov 2021 15:34:56 UTC
All use subject to https://about.jstor.org/terms



336 M. BERNKOPF:

show that (103) is not necessary, take 4 =1I. I does not satisfy (103) but certainly
defines a bounded bilinear form.

Next, HELLINGER & ToOEPLITZ examined continuity questions. Every bounded
bilinear form is shown to be continuous. Complete continuity is defined, and it
is shown that not every bounded (continuous) form is completely continuous.
Also, HELLINGER & TOEPLITZ show that (in modern terminology) the unit sphere

is not compact. They do this by considering the form A= {aM=6M (?%)}

Then A defines a bounded, hence continuous, bilinear form. But this form does
not assume its least upper bound (equal to one) anywhere in the unit ball since

o0 3/ o© 3
P e P
= (z;l Pt x,,) (t;l Pt yp)

(105) < (i xg)* (21 yf,)%.

(104)  |A(x,9)| =

> P
Zpri B

p=1
o] o]

Under the side conditions that 3} 23 <1 and } y; <1 we see that (104) will
p=1 p=1

come arbitrarily close to the value 1 by taking x,=y,=0 for p =n, x,=y,=1
and by letting #—> oo, while (105) shows that the value 1 can never be assumed.

The second chapter of the paper by HELLINGER & TOEPLITZ contains new
results. Of particular importance is the theorem which they refer to as the
theorem on wumiform finiteness of bilinear forms of infinitely many variables
(HELLINGER & TOEPLITZ (2; p. 321)), which leads to what today is called TOEPLITZ’S
Theorem. Their statement can be paraphrased as follows: Let A={a,,} be a

o0
matrix having the property that >} a,, x,y, converges for every x={x,} and
p,9=1

(o]

y={y,} in the unit ball. Then > a,,%,y, is uniformly bounded in the unit ball;
p,g=1

that is, 4 defines a bounded bilinear form. This has the immediate consequence

(ToepLITZ’s Theorem) that an operator is bounded if it is defined for every x in
H, and is an early form of the Closed Graph Theorem.*

To prove ToEpPLITZ'S Theorem, let A4 be a linear operator defined for all x
in H. If x=0, A x=0, and 4 is bounded at x. If x is not zero, there is a scalar a
such that ax is in the unit sphere. Hence, by the uniform finiteness theorem
restated for operators, |4 (x%)| <M or |A(x)| < M||a|. But |lax]| =1, or [#]=1/el;
hence |4 (%)| <M ||x|, which is the statement that A is bounded. [Here we have

© 3
used modern notation for clarity and |x| to denote (x, x)t= ( Pz_jle,) N

Consider then the Uniform Finiteness

Theorem. Let A={a,,} be an infinite matrix for which the double series

(106) ;::1 ( qglapq % yq)

* One version of the Closed Graph Theorem is (DUNFORD & SCHWARTZ (1)): A
closed linear operator defined on all of an F-space with values in an F-space is con-
tinuous. [An F-space is a generalization of a Hilbert space; for the definition of a
closed linear operator, see footnote p. 338 below.]
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converges whenever x={x,} and y={y,} satisfy

o0 (o]
(107) D=1 and Y yi<1.
p=1 p=1
Then there is an M >0 so that
[ee] [e ]
(108) Z (Zapqx?yq) <M
p=1 \¢g=1

for all x and y satisfying (107).

The proof uses a previous (but uncited) theorem on the uniform finiteness of
linear forms which is similar to the above. The idea is to suppose that the theorem
is false and from this assumption construct a pair of elements é={£,} and n={z,}

for which 3} 3} a,,&,n, diverges, thus contradicting (106). See Appendix B for
p=1 g=1

details of the proof.

After the paper of 1910 by HELLINGER & TOEPLITZ there appeared many
works which extended their results and simplified their proofs; see, for example,
ScHUR (1), where the term norm is used, presumably for the first time in con-
nection with infinite matrices, but not in the modern sense. In this period we
also see early investigations into the relation between infinite matrices and se-
quences. SCHUR (2), in 1918, proves some theorems concerning what he calls
““convergence-preserving”’ and ‘‘convergence-producing’’ matrices. This is a topic
of current interest (see COOKE (1)) but is outside of the scope of this paper. A good
exposition on the state of the theory up to 1929 can be found in WINTNER (1).

7. The Work of John von Neumann: Limitations of the General Theory

In the late 1920’s JoHN vOoN NEUMANN (1903 —1957) took up the study of
Hilbert spaces and operators on these spaces. His particular concern was the
study of Hermitian operators (see below), and an examination of his later work
shows that it is likely that this interest was, in turn, generated by his studies in
quantum mechanics. voN NEUMANN’S contribution to the theory of infinite ma-
trices remains unique. He showed, as we shall see, that the subject of infinite
matrices was the wrong road to the study of linear operators defined on Hilbert
spaces, even Hilbert sequence spaces. This is, of course, in sharp distinction to
the case of finite dimensional spaces, where the theories of matrices and con-
tinuous linear operators are equivalent.

To voN NEUMANN belongs the honor of developing abstract Hilbert space
theory. In his first paper on the subject in 1929 (voN NEUMANN (1)) he was the
first to publish an axiom system for such spaces.* In this work he also studied
the relation between subspaces and projection operators (see BERNKOFF (1; IV-5)).

vOoN NEUMANN begins his paper by considering Hermitian operators; that is,
R is an Hermutian Operator [abbreviated HO by voN NEUMANN] if it is a linear
operator in H** which satisfies (f, Rg)=(R/, g) for all f and g in H. Then he

* Specifically, a Hilbert space is an abstract infinite dimensional vector space
with an inner product, (¥, y), defined on it; see DUNFORD & SCHWARTZ (1).

** A is a linear operator defined on H if A(da+yb)=21A4a-+yAb for all complex

numbers A and y and all vector @ and b of H. It is defined in H if its range is also a
subset of H.
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specializes to Hermitian matrices defined on the space of square summable
complex sequences. A matrix A= {a,;} is said to be Hermitian square summable if
(1) a;;=a;;, 4,71=1,2,... (Hermitian property)
and
o0
(2 X|a;|2=M;<o, 1i=1,2,... (condition of square summability,
i=1 but the set {M} is not required to be bounded).

Now, let {p;} be a complete orthonormal set*. Then an operator R can be
defined by taking Re,= Z a;;@;. This converges because {a;,;} satisfies con-
i=

dition (2) just above. R w111 be called the elementary operator associated with the
pair (4, {p;}). Furthermore, (¢;, Rp,)=a,;=a;;=(R¢;, ;). Thus R is a Her-
mitian operator on the orthonormal set {p;}. Next, extend R by linearity to all

finite linear combinations of the @;; that is, define R( 2 A 4;0,) Z A;R@;. De-

signate the extended operator by R then R is defmed on a dense subset of H.

voN NEUMANN next wished to characterize the closed linear operator ** R, as-
sociated with the pair (4, {g;}). If we knew that R was bounded, and hence
continuous, it could be extended by continuity; that is, R ( hm f.) is defined to

be hm R (f,), where {f,} is any Cauchy sequence of elements in the domain of R.

However this is not, in general, the case. In order to extend an unbounded R
voN NEUMANN introduces the concept of an extension element.

Suppose, for all ge Dy and some fc H, there exists f*c H with (f, Rg)= (f*, g);
this f will be called an extension element of R. It is easy to see that the assign-
ment f—f* is single valued, but the question now arises as to whether R can be
extended to be meaningful for f. (Obviously, if the extension is possible, Rf={f*.)
But, by the Hermitian property of R,

(. )= RN= (R}, = (1),

(h =07

[The property that (x, y)=(y, #) has been used.] Hence a necessary condition
for R to be extendable to f is that the imaginary part of (f, /*) is equal to zero.
(Such extension elements are said to be in the zero class.) It turns out that this
is also sufficient.

Now the closed operator associated with R is clearly a (possibly improper)
extension of R. Thus the question of finding this operator is reduced to finding
those extension elements which are the zero class. Let f be an extension element,

or

* A set {p} is orthonormal if (g, (p’) =0;;. It is complete if it spans H, or if
= Z(f @) @p for all f in H, or if (f,g) = Z (f. @) * (g, pp) for all { and g in H; the
p=1
three condltlons are equlvalent
**x The operator, S, is said to be closed if wherever {f,} {D, [D; is the domain of ST,
and if f, —f, and also if S f”—>f then fe D, and Sf= f According to HILLE & PHILLIPS

(1; p. 45) “the closed hnear transformations include all of the linear operators which
the analyst is likely to use.’
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Infinite Matrices 339
and let f* be as in the preceding paragraph. Then
o0}
(f*: ‘Pf) = (fr R%) = (f».zlau%‘)
i=
from which

(109) (* @) =

48

“;’i(f: ‘Pi)-

1

7

o0
Now write f= 2} x;¢;. This is possible because {p;} is an orthonormal set, and
furthermore, 7=?

(110) xiz(f'?’i)’ i=1,2,....

From (109) and (110) we then have that since {g,} is an orthonormal set, /* will
exist if and only if

o0

(111) 2|yl < o,
iz

where we have written

(112) yi=zajix7'-

In this case, from (109), (110), (112) and the fact that {g;} is also complete,

(113) f*=§1yi¢i'

To determine which of the extensions are of the zero class, consider

(114) *. 9 =,Z YVixi= Z (Z a;fxi)i,:Z Z (“nxi;;’)
7=1 j=1 \1=1 j=1 t=1

and

(115) (¢, 1*) :_Zl %Y =.le¢ (,Zlaﬁxf) = '21 .Zl(aiixixi)'
1= = j= i=1j=

If f is of the zero class, then (f, /*) = (f*, /). Hence the zero class consists of those
elements for which the order of summation in the last element of (114) (or (115))
can be reversed.

voN NEUMANN next showed that given any closed Hermitian operator R,
there exists a matrix 4 and an orthonormal sequence {p;} so that R is the closed
operator associated with the pair (4, {g,}). This was demonstrated by constructing
the set {p;} in a way which depended on R, and then taking 4={a;;} with
a;;=(p;, Ry;). However, 4 and {p,} are not unique. For example, it is possible
to construct a second sequence {y;} which gives rise to a different matrix B =
{b;;= (i, Ry;)}. As in the finite dimensional case, the connection between the
matrices 4 and B is as follows: Consider the unitary matrix* U= {u,;= (¢;, y;)}.
Then A=UBU"}, in direct analogy to the finite case. voN NEUMANN inserts a
word of caution at this point that this is as far as the finite theory of unitary
transformations of Hermitian matrices can be generalized to Hilbert spaces.

* A matrix, U, is called unifary if U is defined in H, and if |Uf| =|f| for all f
in H. U is then continuous, one-one, and satisfies (Uf, Ug) =(f, g). Here |f| =V(f, f).
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340 M. BERNKOPF:

In another paper, On the Theory of Unbounded Matrices, vON NEUMANN (2)
continues his investigation of infinite matrices. Here he is interested in developing
the relation between bounded and unbounded Hermitian matrices; that is, be-
tween matrices which define bounded and unbounded Hermitian operators.*
Since this paper is essentially a continuation of his first, the definitions and
terminology of the prior work are used, and the results mentioned are assumed.

Thus, we already know that given a closed Hermitian operator R, there
exists a complete orthonormal sequence {(p,} and a square summable Hermitian
matrix A={a;;=(R¢,, p;)} for which R is the associated closed Hermltlan
operator. But suppose we are given R and {p,}, with R ¢, defined for allj=1, 2, .
form A, its associated elementary operator S, and (in the notation of von NEU-

MANN’S previous paper) the extensions Sand S, of S. In particular, Sis a closed
Hermitian operator, and it is easy to see that R is an extension of S, but whether

R=§ still must be settled, 7.e., is R the closed linear operator associated with
the pair (4, {p;})?
voN NEUMANN answered this with the following

Theorem. Let R be a closed Hermitian operator, and let {p.} be a given complete
orthonormal set. Then there exists either no matrix A (as above) or exactly ome
such A. Furthermove, if R is bounded, such an A will always exist for every set {q),-} ;
if R is unbounded, there exist sets {@;} for which an A exists and sets for which
no A exists.

Now let A be a square summable Hermitian matrix, and let U={u,;} be a
unitary matrix. The #,; satisfy

o]

oo
(116) DUy ;=D th;ihjp = Oy
j=1 =1
Next, voN NEUMANN defined the concept of convergent applicability.

Definition 1. U is convergently applicable to A if

00
1.1) the series Za ju; and X a;;u,, converge absolutely and, furthermore,
=1

the sums

2 o oo 2

"[\’8

(e )
2| 2t

7 1k

1=
are finite.

1.2) Also, we must have

(o) oo (e o] o0 _
> (Z “kp“k;“p;) p%l(kzlakp“ki“z’i) .

k=1 \p=1
[The convergence of the series in (1.2) is assured by (1.1).] The common value
of the sums in (1.2) will be denoted by b,;, and it can be seen that the matrix

B={b,;} is a square summable Hermitian matrix. Note that if y;= Zu”%,

then {y;} will be a complete orthonormal sequence whenever {p;} is. These con-
cepts lead to

* Recall a linear operator R is bounded if |Rf| <c|f| for all f¢H and some
constant ¢>0, independent of f; or, equivalently, if | Rf| <c¢ for all f with |f| 1.
An operator is unbounded if it is not bounded.
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Infinite Matrices 341

Definition 2. Let A be a summable Hermitian matrix, and let {g;} be a com-
plete orthonormal sequence. If there exists a unitary matrix U, convergently
applicable to A, then the pair (4, {p;}) will be said to be convergently-unitarily
equivalent [following VON NEUMANN, this will be abbreviated c.-u. equiv.] to the
pair (B, {,}) constructed immediately above.

In what follows, it will be said that a pair (4, {p;}) has a certain property
if the closed linear operator associated with it has that property. For example

(4, {p;}) will be called maximal if R is maximal.*

From these ideas voN NEUMANN gets an important characterization of bounded
matrices. A summable Hermitian matrix 4 is bounded if and only if U is con-
vergently applicable to 4 for every unitary matrix U. A second theorem states
that two pairs (4, {p,}) and (B, {y;}) are c.-u. equiv. if and only if they have a
common Hermitian extension. Thus the question of c.-u. equiv. can be reduced
to the study of common extensions. It can be seen, in particular, that a maximal
Hermitian operator is only c.-u. equiv. to a restriction of itself; that a bounded
Hermitian operator is c.-u. equiv. only to itself (since a bounded Hermitian
operator has no proper closed restrictions); and that fwo c.-u. equiv. maximal
Hermitian operators must be identical.

The question now arises as to whether c.-u. equiv. is actually an equivalence
relation; 7.e., is it symmetric, reflexive and transitive ? Asis well known for finite
matrices, where c.-u. equiv. reduces to unitary equivalence, there is a true equi-
valence relation. However this is in general not true for the infinite case; it is
the transitivity which breaks down. This was more precisely formulated by
VvON NEUMANN in the following

Theorem. Let R~ S denote that R is c.-u. equiv. to S. Then R~ R, and if R~ S,
then S~R. However, if S is fixed, then R~S and S~T implies R~T for all
such R and T if and only if S is maximal.

We outline voN NEUMANN'’S proof of this last assertion. By a previous theorem
the pairs, R, S and S, T each have common extensions. But if S is maximal,
these common extensions are S in each case. Thus S is an extension of both R
and T; i.e., R~T. Conversely, if S is not maximal, voN NEUMANN had shown
that there are several distinct maximal extensions of S. Let two of them be R
and T. Then by a previous theorem, R~S and S~T, but since R (say) is maximal,
the only maximal operator c.-u. equiv. to R is R itself. Since R = T, it necessarily
holds that R is not c.-u. equiv. to 7.

Thus, putting together the above theorem and the remarks preceding it, we
see that the analogy of unitary equivalence for finite matrices carries over to
infinite matrices completely only in the case of bounded Hermitian operators,
and for these operators the theory is entirely trivial since every bounded Hermi-
tian operator is maximal.

Next, the relation between eigenvalues and c.-u. equiv. was explored by
VON NEUMANN. As is well known, in the finite case the eigenvalues are invarient

* Let Dy mean the domain of R, efc. Then an operator S is called an extension
of an operator R if Dy Dgand for all fe D, Rf=Sf. Also R will be called a restriction
of S. Sis a proper extension of R if Dp==Dg. S is maximal if S has no proper extensions.
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under unitary equivalence. To discuss this question for unbounded matrices, the
concept of semiboundedness (kalbbeschrinkte) must be introduced from the earlier
paper (VON NEUMANN (1)).

Definition 3. The operator R is semibounded from above (resp. below) if, for
all feDg (Rf, fy=c|f|? (resp. (Rf, f) = —c|[|?). Note that the pair (4, {p,}) is
semibounded if the closed linear operator associated with 4 is semibounded.
Furthermore, if (R, f) =0, the operator R is said to be definite, as is the associated
Hermitian pair. Also, a bounded operator is semibounded both from above and
from below.

Let (4, {p;}) be a definite Hermitian pair; then not only is R a definite

operator; it is clear that R, the linear extension of R, is also definite. Thus,

for f=.IZv', %;p; we have
(117 RAN=Z [ asm)7= 2 a5 20,

j=1 \i=1 4,7=1
In other words, the N*™ section* of A is positive-semidefinite for every N. In
particular, we observe that the eigenvalues of every N™ section are all non-
negative.

Now let (4, {p;}) be a pair which is not semibounded from above. Then
voN NEUMANN had shown (voN NEUMANN (1); Theorem 46) that the closed oper-
ator R associated with (4, {p,}) can be extended to a definite Hermitian oper-
ator S, which may be assumed to be also closed. Let (B, {w,}) be the pair associated
with S; then B is definite and (B, {y;}) is c.-u. equiv. to (4, {g;}).

In fact, this result can be sharpened and extended to the following

Theorem. Let A be a Hermitian matrix which is not semibounded from above or
below, respectively, and let ¢ be an arbitrary number. Then A is c.-u. equiv. to a
matrix B, where B has the property that for every N, its N section has all its
etgenvalues =c or =c, respectively.

Proof. For non-semiboundedness from above and ¢=0, this is the assertion of
the preceding paragraph. For the former alternative and for arbitrary ¢, re-
place A by A —cI and B by B —cI, where [ is the identity matrix; for the lat-
ter alternative by —A+c¢I and —B+-cl.

This theorem shows that the spectra of the N™ sections of Hermitian matrix
which defines an unbounded operator have little relationship with the spectrum
of the matrix itself. This is in marked distinction to HILBERT’s theory of bounded
operators. [See BERNKOPF (1; pp. 15—16). Because of the continuity of the kernel
K, the Hermitian operator appearing there is bounded.] Furthermore, there
exists a maximal matrix 4 which is semibounded neither from above nor from
below; thus there is a matrix B whose N™ sections have eigenvalues all =1,
and a matrix C whose N*® sections all have eigenvalues < —1, and such that B
and C are both c.-u. equiv. to 4. But since 4 is maximal, a previous theorem
shows that B is also c.-u. equiv. to C! This pathology is clearly not just limited
to a peculiar special case but holds generally for all non-semibounded matrices 4.

* The Nt section of 4= {a;;|7,j=1,2, ..., N}.
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Infinite Matrices 343

To explore further the pathology of unbounded Hermitian matrices, voN NEU-
MANN introduced yet two more concepts.

Definition 4. Two pairs (4, {p;}) and (B, {y,}) are said to be c.-u. equiv. in
n steps (denoted by ~)if there exists # 41 pairs (4, {yf}) with (4,, {?}) = (4. {p:})
and (4, {y7})=(B, {p}) such that for each k=1,2,...,n, (4,_y, {gi™"}) is
c.-u. equiv. to (4, {yi}). 4 is c.-u. equiv. in n steps to B if for every orthonormal
set {p;} there is a corresponding set {y,} so that (4, {p;}) is c.-u. equiv. to (B, {;})
in n steps. As before, this definition can be extended to the Hermitian operators
or the closed Hermitian operators associated with (4, {p,}) and (B, {y.}).

Suppose that a partial ordering has been assigned to the set of Hermitian
operators by writing S< R (resp. S<R) if R is an extension (resp. proper ex-
tension) of S. Then if R~-S, there exists 2# —1 closed linear operators which
satisfy

(“8) RéTlgsléngszé'“gs <T”§S

n—1=

where the T; (1 =1, 2, ..., #) can be assumed to be maximal, since by a previous
theorem two operators are c.-u. equiv. if and only if they have a common maximal
extension.

The second concept occurs in

Definition 5. Two operators R and S are called adjacent (benachbart) if they
are both extensions of the same Hermitian operator. They are said to be adjacent
in n steps if there are n+1 closed linear operators T}, so that R=T, and S=T,
and for all £=1, 2, ..., n, T,_, is adjacent to T,,.

We see that if R and S are adjacent, then R=T<S, or if R and S are ad-
jacent in # steps, then

(119) Rgslgngs2§§Tn-lgsn§S

where as in (118) it may be assumed that the T are all maximal. The similarity
between (118) and (119) is clear, and voN NEUMANN describes them as “ il and
valley roads’’, the difference being that (118) begins and ends with hills and (119)
with valleys. From this it follows that if R is c.-u. equiv. to S in # steps, then
R and S are adjacent in #-+1 steps and conversely. This is shown by replacing
T, and T, by R and S respectively in (118) and by replacing S; and S, by R
and S in (119).

What voN NEUMANN then showed, as we shall see, is this: Given two arbitrary
unbounded square summable Hermitian matrices A and B, then for every orthonormal
sequence {@,} there is an orthonormal sequence {y;} so that pair (4, {p}) is c.-u.
equiv. to the pair (B, {.;}) in no more than three steps. He further showed that
if {y;} is prescribed, then (4, {p;}) is c.-u. equiv. to (B, {g;}) in no more than
nine steps; that is, every pair of unbounded Hermitian operators is c.-u. equiv.
in less than ten steps.

To illustrate the significance of this result, suppose we say that the Hermitian
matrix A is weakly unitarily equivalent to the Hermitian matrix B if 4 is c.-u.
equiv. to B in finitely many steps as just described. Clearly weak unitary equi-
valence is an equivalence relation [transitivity is trivial], and in case 4 and B
are both finite matrices, weak unitary equivalence reduces to ordinary unitary

23 Arch. Hist. Exact Sci., Vol. 4
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equivalence. As is well known, in the finite case there are infinitely many equiva-
lence classes. Moreover, for fixed %, the classes of 2 X £ Hermitian matrices can be
characterized looking at eigenvalues; that is, two matrices belong to the same
equivalence class if and only if they have exactly the same % eigenvalues (see,
for example, PERLIS (1; p. 191)). Consider now the situation for unbounded ma-
trices. In effect what voN NEUMANN’S result means is that every unbounded matrix
lies in the same weak unitary equivalence class without regard to eigenvalue con-
siderations.

The situation for bounded infinite Hermitian matrices is almost as bad. We
have already noted that a bounded Hermitian matrix is c.-u. equiv. only to
itself. Thus, for these matrices each weak unitary equivalence class contains only
a single element. To summarize then, we see that weak unitary equivalence pro-
duces, on the sets of infinite bounded or unbounded Hermitian matrices, only a
trivial equivalence relation, in sharp contrast to the state of affairs in the finite
case.

We outline, then, voN NEUMANN’S proof that weak unitary equivalence is
trivial for unbounded matrices. First, let A ={a;0,,: d;, = Kronecker delta} be
a diagonal Hermitian matrix. Then the a; (=1, 2, ...), are all real. The closed
linear operator associated with the pair (4, {p,}) is called a diagonal operator.
The key to voN NEUMANN’Ss assertion is the following

Theorem. Let R be an unbounded closed Hermitian operator. Then there is a
diagonal operator S associated with a matrix A={a;0;,} and an orthonormal set
{w.} such that R and S are adjacent. Furthermore, a, can be arbitrarily prescribed.

In the proof voN NEUMANN uses his abstract theory of operators [which will
be discussed in a subsequent paper] as generated in vON NEUMANN (1). However,
the general ideas used are these: Subspaces M, of H are found on each of which
R has an inverse. Denote the restrictions of R to M, by R,, and their (operator)

closures by Teq. Now let M, be such that the domain of I~2p' ! (=N,) is not all
of H. N, is closed; denote its orthogonal complement in H by L. Then it was

shown that the subspace L is also orthogonal to the domain of ﬁp. Thus if feH,
f can be uniquely decomposed into g4-4 where g is in the domain of R, and
is in L. Now define Sf=R »(g). S is a linear Hermitian operator whlch is an

extension of R Next voN NEUMANN showed that N, (the range of Rp) reduces
S; thatis, S maps N, into N,. If the restriction of S to N, is written S, then S’
(considered as an operator in N,) has an inverse which is completely continuous.
Also Sh=0 for hcL. Thus, by a principal axis theorem proved by HILBERT,
there exists a sequence of real numbers {a,} and an orthonormal set {0,} with
(S)71(6,)=;0, (i=1,2,...). Since (S’)7! has an inverse, a; =0 (1=1,2,...),

and also S 91‘:%0@- Now if {w;} is an orthonormal set spanning L, Sw;=0.

If the set {0;, 0, ..., ;, @y, ...} is denoted by p;, 9, ..., then {p,} is the required
set, and S is the required operator. This proves the theorem whenever R is not
semibounded from above and a, is chosen to be zero, provided the numbering
of the p; is selected so that y, is an ;. For other choices of 4,, use R —a,I and
S —a,1I, and if R is not semibounded from below (but is semibounded from above)
replace R and S by — R+a,I and —S+a, 1, respectively.
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Infinite Matrices 345

vON NEUMANN next proved that if R and S are maximal Hermitian operators,
there is a unitary operator U so that R and USU™! are adjacent in two steps.
The proof used the previous theorem together with further ideas from his earlier
paper on operator theory. He next showed the

Theorem. Let A and B be any unbounded Hermitian square summable operators.
Then A and B are c.-u. equiv. in three steps. In general the number three cannot
be decreased.

Proof. Let R and S be the closed linear Hermitian operators associated with
(4, {p}) and (B, {y,}) respectively; let R’ and S’ be the maximal extensions of
R and S. Then the theorem of the previous paragraph can be applied; that is,
R’ and US'U! are adjacent in two steps. Also US’U™! is a maximal extension
of USU. This shows, according to the remark about hill and valley roads,
that R and USU™ are c.-u. equiv. in three steps, or, since R is the operator
associated with (4, {g;}) and USU! with (B, {Uy;}), that 4 and B are c.-u.
equiv. in three steps.

To show that, in general, three is the least possible number, consider the
diagonal matrices 4 ={a;9,,} and B={b,d,,}. Suppose that a,— oo and b, — — co.
Then A is not semibounded from above but is semibounded from below, and B is
not semibounded from below but is from above. Suppose (4, {p,}) and (B, {y;})
were c.-u. equiv. in two steps. Let R and S be the maximal operators associated
with the above pairs; then R and S are c.-u. equiv. in two steps, and since they
are maximal, they are also adjacent. Let T be such that

(120) R=T<S.

Since T is a restriction of R, it is bounded from below, and since it is a restriction
of S, T is bounded from above; that is, T is bounded. Hence it is maximal,
hence T=R=3S. But this contradicts the non-boundedness of R and S. It is
easy to see that this state of affairs will hold for any pair of matrices satisfying
only the boundedness properties of 4 and B above.

vOoN NEUMANN then completed his assertion that no more than nine steps
were needed if the orthonormal sequence {y;} is prescribed. We only indicate the
results. He first showed that operators R and S associated with special types of
diagonal matrices are adjacent in six steps. This fact was then used to show the
nine-step c.-u. equiv. of two arbitrary unbounded operators. In the balance of
his paper, voN NEUMANN explored the further pathology of unbounded abstract
operators, with particular attention being paid to their domains of definition.
This study is primarily concerned with abstract operator theory, and as such is
outside the scope of this paper; it will be taken up in a subsequent history.

8. Postface

The publication of voN NEUMANN’S paper essentially meant an end to the use
of matrix theory as an effective tool for the study of operators defined on Hilbert
spaces. Not that there were any logical difficulties; it is just that matrices were
unsuitable because of their clumsiness. We let vON NEUMANN himself explain
some of the difficulties (voN NEUMANN (2; pp. 208—209)).

23*
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The operator-matrix relation — which, in finite dimensional (Euclidean) spaces
and also in bounded operators in Hilbert Space, is simple and even one to one —
displays, of course, for unbounded operators in Hilbert Space, new features. It is
essentially more complicated, and the theory of matrices is in no way, as in the above
mentioned cases, equivalent and corresponding to that of operators. ... [This is
because] in finite dimensions as well as for bounded operators in a Hilbert Space ...
a matrix can be assigned to a Hermitian operator R and an arbitrary complete ortho-
normal sequence {g¢,} [ by the formula].

aj,=(p;, R@).

But for an unbounded operator R, which according to ToeprLITZ’s theorem is not
defined on the whole space, this assignment is only possible when all of [the terms]
Rg,, Rg,, ... are defined.

And also, if this is the case, a series of convergence difficulties and limitations
appear which are completely absent in the ‘“bounded’ theory.

It so happens that, for example, the usual ordinary operator-matrix assignment
is not even unitary-invariant.* Because of this, although the operator is entirely
reasonable, a peculiar pathology can exist in the matrix. ...

Thus, it becomes evident that from the simple situation which exists in finite
dimensional as well as in infinite dimensional but bounded matrices, ... only very
little is carried over. For operators [the theory is], indeed, most in order: the eigen-
value problem has [either] no or exactly one solution, and if it has none then other
simple normal forms, efc., take the place of HILBERT’S ‘Spectral form.” But for
matrices such an unexpected pathology prevails that a construction on this [operator-
matrix] foundation appears to be very difficult. The most characteristic aspect of
this is that the Hermitian matrices behave in a relatively rational fashion; the real
sources of the pathology are the unitary matrices (in which case, because of their
boundedness, was really not to be expected).

There were other difficulties. Some of the techniques employed to solve prob-
lems concerning matrices and matrix theory appeared to be special, even “ac-
cidental”. Furthermore, certain properties, such as self-adjointness, were often
not readily visible in infinite matrices. It could happen that a matrix represen-
tation of an unbounded operator was not effective; generally, care had to be
exercised in the selection of the proper orthonormal sequence. Thus, “in this
one case at least there was little to be gained from the concrete [matrix] represen-
tation. The abstract formulation was of genuine help in describing real problems
and making them more transparent.” **

Not unnaturally there was an initial hesitancy by some mathematicians to
accept voN NEUMANN’S new abstract formulation of operator theory. Even
ERHARD ScHMIDT, who had been a helpful referee for the earlier work of voN NEU-
MANN (cited in the previous section) which introduced the abstract concept to
Hilbert space theory, is reported to have remarked in this connection, “No, no!
Don’t say operator, say matrix.” Yet there was no denying that infinite matrix
theory was not the effective setting for operators, and so the abstract approach
soon prevailed. ***

* That is, two pairs (4, {p;}) and (B, {y,}) are not c.-u. equiv. if they do not have
a common extension.

** FriepricHs, K. O., Conversation with the author, April 1967.

*** FriepricHs, K. O., Conversation, previously cited, of February 1967. Professor
FRIEDRICHS tells me that he had a paper ready for publication at the time when

voN NEUMANN’s work appeared, and that he found it necessary to rewrite it using
the new abstract concepts.
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Infinite Matrices 347

It should not be assumed, however, that research in infinite matrices has
ceased. Today the chief interest is centered about their application in the theory
of divergent sequences and series. The theory lies outside of the stream of the

work in operator theory, but the interested reader should consult CookE (1) for
details.

Appendix A
We present SCHMIDT’s theorems and proofs concerning the solutions of

(45) 2 ,,2,=0, (n=1,2,..).
p=1

In order to get his representations, SCHMIDT first added the mild restriction that

no finite set of the a” are linearly dependent. [The notation is as before, and

the equation numbering is a continuation of that in the main text, Chapter 6.]
Let

(49) %= (a', a");

then a,,=a,;. Observe the independence condition implies that det{a,,; ¢, k=
1,2, ...,m} will be different from zero for any #, and it will, in fact, be real
and positive. Next, take w={w,} to be any element of H, and construct

%11 Kz e Ugy Gy
%9 oo cee Olgyy azi
m . . . .
(50) P =det
%im Kam oo Cum amj

@, 0) @ w) ... @) o,

det{aik; i,k=1, 2, ...,m}

(see (47) and (49)). Then, if p”={p?"; j =1, 2, ...}, since the 7™ and last columns
are the same, one has

(Pm’ ak) =0

for k=1,2, ..., m. Now let p be the part of w which is perpendicular to the
space spanned by all of the a”. Then p is the strong limit of the sequence {p™;
m=A1, 2, ...}. We omit the proof.

In view of the results just obtained for the homogeneous equation (45),
ScaMIDT then utilized (48) to obtain an explicit representation for the ¢”; see
the paragraph following (48). From the definition of ¢*, using the fact that ¢"
is the part of ¢" perpendicular to A one sees that

oy ooeeen 0 g 4
) . det . . . _
(51) @; = lim Oy ovoe- L Ao
m— 00
Ay Aoy -+ - Gy 8,,7-

det {o;;; 3, k=1,2,...,m}
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348 M. BERNKOPF:

Also
all L alm alv
(52) |p|f = lim Xim oo Oy By
m—>00
a, .. a,, 1
det {o;,}

by the last remark of the preceding paragraph. Thus, in consideration of the
previous theorem concerning equation (45) and the fact that the ¢” generate R,
we have the following

Theorem. A necessary and sufficient condition that equation (45) has no regular
solution except for the trivial one is that (51) vanish for all v, or, equivalently, that
(52) vanish for all v.

In the special case that {4*} is an orthonormal set, condition (52) becomes
o0
(53) 1—2|a,,|=0, »=1,2,....
m=1
Next ScHMIDT considered the inhomogeneous system
o0
(54) 2 BpZy=c,, n=1,2,...,
p=1

for which he demonstrated three methods of solution. For the first method,
define g"={g,,: p =1, 2, ...} by setting

(55) 8n1= En and gni = an, j—1

for n=(1,2,...) and j=(2,3, ...). Also define x={x,: p=1,2, ...} by placing

(56) %=1 and x,=2z,, for p=2,3,....
Then (54) can be replaced by

(57) ", #)=0.

Also, x,=1 can be replaced by

(58) (eL, x)=1

where e1={1, 0,0, ...}. Now let A={h,} be the part of ¢! which is perpendicular
to the space G generated by the g". If |A]|=0, then ¢! is an element of G, and
hence (by (57))

(59) (¢%, x)=0.

But this contradicts (58), and so, in such a case, there is no solution to (54).

Consequently, we suppose now that ||4|==0. By a previous result, |4|2= (¢%, &).
Then a solution of (54) can be gotten by taking x*={x,,}, where

hj .
(60) %= ||h7||2 G§=1,2...),
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Infinite Matrices 349
and then using (56) to get a solution, we have z!={z,;} with

_ hj+1 .
(6'1) le-—"h—"2 (]——1,2,...).
[To see that (61) is a solution, we observe that the theory of homogeneous equa-
tions shows that (60) is a solution of (57).] Thus we have, rather quaintly stated,
the following

Theorem. The vanishing of |h| is a necessary and sufficient condition for the
non-existence of a regular solution of (54).

ScaMIDT pointed out that if (54) has a solution then, as in the finite case,
all other solutions can be derived by adding solutions of the homogeneous system
associated with (54) to 2.

To get an explicit formulation for the solution 2!, SCHMIDT again assumed
that no finite set of the a4” are linearly dependent and set

(62) Yir= (g, 8" =Cicp i
(see (49)). Then, as before,

Y11 -+ Vim 51;
hi+1= lim Yim --- Ymm Emi
m—> 00
—¢ ... —¢, O
L det{y,,; i, k=1,2,...,m)
and
[ Y11 -+ YVim —O1
||h||2="li>n§° Yim -+ Vmm '—Zm
—C ... —Cy 1
- det{yik}

Now, suppose that x2 is another solution of (57) and (58). Then x2 —x? is
orthogonal to G and also to e!. Thus 2 — #! is orthogonal to 4, and hence to x1.
Thus, the Pythagorean theorem [which holds in a Hilbert space] can be applied,
and we have

(63) 2P = % — 2+ [
As a consequence, from (56),

Il = Il
In other words, SCHMIDT has proved the following

Theorem. If ||k == 0, formula (61) gives the solution of (54) with the smallest norm.

ScaMIpT’s second method of dealing with (54) is closely analogous to, and
gives a result similar to the case of finite systems. Consider (54) as a system of
equations involving inner products; that is, rewrite (54) as

(64) (@, 2)=c,, n=1,2,....
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350 M. BERNKOPF:

Let 4 be the closed subspace generated by the set {¢"}, and let 4, be the space
generated by {a"} after deleting the element a”. Let p,={p,,} be the part of a"
which is perpendicular to 4,. Then ScHMIDT’S proposition is the

Theorem. If, for every value of n, |p,|=£0; that s, if a*¢ A, for every n, then
(64) kas a solution whenever

) Sth<

In this case a solution is given by z! {z1 ;} where z; is given by the formula

(66) Z"p i bnis i=1,2...,

which converges stromgly. Furthermore 21, as given by (66) represents the solution
to (64) which has the smallest norm.

Proof. To establish strong convergence of (66), by the triangle inequality we

have that bt Pt pre

c,,[
Z s TpulF Pri| = Z =2 , Tonl"

which goes to zero as p goes to mfmlty because of (65). Now, from the definition
of p, and the fact that p,c4,, if n==m gives

Tl i

(67) (@”, pw)=0
if n3=m. Also
(68) @, pa) =l

Thus, (67) and (68) give that

)
Z |P”|2 n = Cyp>»

that is 2! is a solution of (64), hence of (54). The last part of the theorem is
proved as before.

Next, suppose that there exists m so that ||p,|=0; that is, a™c4,,. Let
L,,L,,..., be an orthonormal basis of 4,, obtained by the Gram-Schmidt pro-
cess. Then, if L,={L, },

(69) Lki=§7kpapi’
where, for each k, the domain of p is some finite set of natural numbers which
does not include m, and the y,, are uniquely determined by the Gram-Schmidt

calculation. Also, since a™c4,,, and since {L,} is a complete orthonormal set,
we have that

(70) am7 = k§1 (am, Zk) Lk IR

Hence, using (69) and (70), we have

@, 2= 3 @, L)L, 2

k=1

() = 2@ L)Zn, @),
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Thus, if z is a solution of (64), this last equation can be written as

o)

(72) >, (@™, Ly) Z?’kp%

Consequently,

Theorem. A necessary condition that (64) have a solution is that the right-hand
side of (72) converge to c,. Furthermore, (71) shows that the m™ equation of
(64) (or of (54)) is a linear combination of the remaining ones.

For ScHMIDT’s third method, suppose once more that no finite subset of {a"}
is linearly dependent, and let 4 be the closed subspace spanned by {a"}. Let {$"}
be the orthonormal basis of 4 obtained by the Gram-Schmidt process. Then if
b*={b,}, it can be arranged that

(73) buj= 2. Bura-
E=1
Thus (64) is transformed into the system

(74) @ 2)=g, (n=1,2,..),

where the g, are calculated by the formula,

(75) & =2 Purt-
r=1

This leads to ScHMIDT’s third theorem: A necessary and sufficient condition that
(54) have a solution is that

(76) Zlgnlz— Z ﬂnkck <°°
n
Proof. The necessity of (76) follows from BESSEL’s inequality * and (74), for if
(76) were not satisfied, there could be no regular solutions. Conversely, if (76)
is satisfied, then, by a previous but uncited result,

=1

(77) Z 8nb"

n=1

converges strongly. Also, 2! is a solution of (74) and thus of (54), since
oo
(67, 2) = Zlgn (67, 0%) = £, (6", b") = &,

where we have used the fact that {™} is an orthonormal sequence.
As an application of his theories, SCHMIDT proves a result previously obtained
by HILBERT. Suppose the same condition of independence is placed upon the

set {a”} as in the previous theorem, and that «,, is defined by (49). Then, since
o = o ;, the zeros of

(78) det{aik—ldik; i,k=1, 2,-.., n}

* BESSEL’s inequality states that if " is an orthonormal sequence, then for any
2€H,

|2 @ o sk
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are all real and positive. Also the associated bilinear Hermitian form

(79) H,= Z Za,ky,yk

i=1 k=1

is positive definite. In fact, if the zeros of (78) are denoted by
(80) }'nl’ AnZ!"" j'nn

with 1,,<4,,<---<4,,, then A, is the minimum value and 4,, the maximum

value assumed by (79) for Z |¥:|2=1. Thus, since H, can be considered as a
““subform”’ obtained from H,H_1 by setting ¥,.,=0, we see that 1,; (considered
as a function of %) is non-increasing. Furthermore, as 4,,> 0, we have that hm lnl

will exist and will be non-negative. Set

(81) lim 4, =1.
#7—>00

This leads to the following

[oe]
Theorem. If 1>0, and if X |c,|2< oo, then system (54) always has a solution.
n=1

(Note. If the existence of a solution is established, explicit representations
can be given by (61) or (77).)

Proof. Let the numbers {g,} be defined as in (74) and (75), and let {6"} be the
orthonormal basis of 4 given by (73). Then, since {a*} and {#*} generate the
same space for k=1, 2, ..., n, let the numbers %, (k =1, 2, ..., n) be determined
by setting " "

(82) 2 &bt =2 hya.
k=1 E=1

Then, by the generalized Pythagorean theorem* and the fact that {bk} is an
orthonormal set, we have

n ” 2 n n
(83) 2 &lr= &b = =‘Z > oy by =U.
k=1 F=1 i=1 k=1
Again, since {b"} is an orthogonal set, we have
(84) (BQ,ngb”)=g9, e=1,2,...,,
\ k=1
and from (73) and (74), and the fact that (73) is invertable,
(85) (@ 3 6=
=1
we also have that
(86) =3 a0 b= (@ St =,
E=1 E=1 \ k=1
and so "
(87) Z|"g|2 Z CoCo= ‘21 kz_:fikhiﬁk=v

* The generalized Pythagorean theorem states that if 22, 22, ..., 2" are » mutually
orthogonal elements, then

”
¥ 2

k=1

&k
= 3 [*]
K21
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where
n n
(88) §tk_zawak9 Z atgagk
Thus if the matrix F={a,;; 7, k =1,2,..., n}, then F2 is the matrix
(89) F2={§¢k; i,k=1,2,...,n}.

Also, by the principal axis theorem there is a matrix D, with D’'D=1I [D’ is the
transpose of D] so that D’FD=L where L is the diagonal matrix {,;, 4,,,

s Ann} (see (80)). Furthermore D’ F2D=12={2%, 22, .. ).,m} Thus, if t=D#,
where h=(hy, by, ..., h,) and t= (¢, t,, ..., ¢,), then (see (83))

(90) U= éllnktkzk

and (see (87) and (88))

(01) V=3 k.
B=1

Then (80) and (90) and (91) imply that

(92) U2V =2,,U,

or, in view of (83) and (87),

o
B3

@3

[ s

&> 2 X [6o]* 2 Aa 2 | &,[*
e=1 e=1

In particular, since 4,, =1>0,

n n
Zlal=7 2 le
and since this is true for every #, the convergence of Z |c,|? implies the con-
=1

vergence Z |g£,|2 which by a previous theorem (see (76)) insures that (54) has

a solutlon
Finally, ScHMIDT obtained another of HILBERT’s results. He considered the
resolvent of equation (54); that is, an array {b,,} which has the property that

[o.0)
2 | by ;]2< o0, and satisfies
j=1 -
Zlaiibkj=6ik: i, k=1,2,....
j=

Then, by the theorem associated with (65) and (66), a necessary and sufficient
condition for the existence of a resolvent is that |p,| 40 for all n. In this case by;
is given by

_Pri

by = .
2l

Appendix B

We present HELLINGER & TOEPLITZ’S proof of the uniform finiteness of con-
vergent bilinear forms (HELLINGER & ToEPLITZ (2; pp. 321ff.)). The notation
and numbering are that of the theorem. It should be noted that the proof is
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accomplished without the use of high-powered abstract techniques usually as-
sociated with the modern proofs of similar theorems.

Suppose the theorem is false. Then (108) is false; that is, there exists a pair
of sequences {x*={x4}} and {y*={y}}} such that x* and »* all satisfy (107)
(lie in the unit ball) for £=1, 2, ..., and such that

(A1) kllglo p§1 (q§1 O yf») =

We may assume without loss of generality that the divergence is monotonic
in & let {c;} be any sequence of positive numbers such that

(A2 2 d=

Now by (A1), we can find a sequence x* from {+*} and a sequence y* from

{»*}, and a number #, such that
”

2
o = St
Set r=1
¢={¢,=c,xk} for p=1,2,...,n, and
A~ =)

V=P =cyp} for p=1,2,....
Then, by (A2) and (107)

(AS5) Z fp Z ()2 = cf i (#p)2=<1 andalso § nP2<1.
p=1 p=1

Thus, from (A3)

(A6) 4,.En) = Zl: ( pX aﬁquﬂq) =ci A, (x", yh) >

The hypothesis of the theorem shows that Z a,,y, converges for each p and
for all y={y,} in the unit ball; hence, by a prev10us theorem, the sequence {a, .}
defines a bounded linear form for each p. Thus, Z a3, converges. Let 7, be any

=1

number greater than #,, to be determined later and split 4, (x, y) by placing

(A7) Ay (x,9) = Z Zapqxpyq+z( § Apq xﬁyq)'
=m+1

Consider the second term on the right hand side of (A7) (the remainder). By the
Schwarz inequality (94) applied twice, we have

(A8) (Z( 5 a,,qx,,yq)) (Z 3 a,,.,)(ixi)( > yﬁ)-

p=1\g=m+1 p=1 g=m,+1 g=m+1
Since Z aM converges independently of #,, the first factor on the right hand

side of (A 8) becomes arbitrarily small for sufficiently large m,, and in fact m,
can be chosen so that (A8) will be small for every x and y which are in the unit
ball. In particular, if #, is chosen so that

™

(A9) 3 a<t,

p=1 g=m+1
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we will have, for n={n,=n{’; p=1,2, ..., my} (see (A4)), using (AG), (A7) and
(A9), that

(A10) 4,,&7) =P§1 (qi%q 5»%) >1

(o]
aslong as the undetermined 5, (p=m;+1,m;+2, ...) are selected so that ¥ 75<1.
p=1
Before proceeding to the next step, observe that

™

A, (%, ) #Z (Z Apq x,,yq> and § (g Apq xﬂyq)

p=n+1 \¢g=1
are bounded forms for x and y in the unit ball since they are sums of finitely

many bounded linear forms. That is, they are finite sums of the type x, 21 Ay¥y
o0 q=

and y, 2 a,.x,. Let M, and y,, respectively, be their least upper bounds.
p=m+1

Now select 7,>#, and x* and y* so that

L 2+4-M,+2
(A11) A”‘(xk',y"')=2 (Zamx';,'x’;'>>—*—‘c—1§—/‘1
p=1 \¢=1
where ¢, is chosen from (A2). To extend &, set
(A12) £p=czxf; for p=n,+1,m+2,...,n

and set 7® = {n} where
(A13) (2)—17(]) for p=1,2,...,my; NP =cyy, for p=m+1,m+2,....
Then, as in (A5)

8

(A14) ZE,,—61+02 Z(x"')2<cl+c2<1 and X (f))*=1.
p=1

p=n+

Next, write
(A15) A, En®) =4, En®)+ 2 (Z a,,.,&,,nff’)
p=n+1\¢g=1
and consider the remainder. By adding and subtracting c2 2 ( 2 Apg X y;") one
obtains p=ratl ¢=1
"y

w16 5 (Zapter?)
(a17) =4 3 (Samss)+ 3 Basof—am

p=n,+1 \¢g=1 q=1
(A18) = 02A (a2, ) —A”l(ozxk', ¢y ¥*) ,e ; . q; apq'fp —czy;").

In deriving (A17) from (A18) we have used (A4), (A12), and (A13) as well as
the first parts of (A3) and (A11).
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We now employ (A18), (A11), (A12), (A13), (A10) and the definitions of
M, and y, to get that

A, En®) > 14 2+ M +2p) — My —2u=3.

In exact analogy with the selection of #,, m, is now to be determined so that
can be extended by setting

. np=17(P2), p=1,2,...,m2
while 4, (&, ) > 2.

Inductively then, it can be seen that for every £=1, 2, ..., one can extend
& and 7 so that at each step & and # are within the unit ball, and furthermore

"

Am (5’ 7]) =pz=:1(q=lapq 51’ nq)> £

Thus A(&, n) does not satisfy (108), even though & and % satisfy (107), which
contradicts the hypothesis.
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