8. Stream function
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Problem 1.
Decide, if the parity described by the following equations

is a symmetry for the Euler equations containing the gravity

Du 1

— =—-Vp—gk,

D SVP=g

where k is a unit vector in the direction z. If not, how do we have to modify the transformation, so
that it is a symmetry?

Solution:
With the transformation, it obviously holds (by the chain rule)

8{ - 8t,
u = —u,
V' =-V.

Equation
1
du+u-Vu=—-—-Vp—gk
p

can be therefore rewritten as
1
-0 —u'-V'u' = +;V’p’ — gk,
and therefore .
ou' +u' -V = —;V’p’ + gk.

The equation with the dashes differs therefore from the equation without dashes in the sign of the
term gk. Given transform is thus not a symmetry of the system - it is not a symmetry for the vertical
component of the Euler equations.

To get the symmetry and conserve the character of the transform (the simplest transform would be
of course to change it to identity), we can modify the equation of the pressure force. If we write



p’ = p+ p instead of the original formula p’ = p, we would get the term +V’p/p in the last equation.
The function p would therefore satisfy

1
V' gk = ~gk.

With the transform of the gradient to the coordinates without dashes, this is equivalent with the
formula

1
-Vp = 2¢k.
p
By integration, we can get for example (with zero integration constants) p = 2pgz.

To conserve the symmetry, we therefore need to transform the pressure by the formula p’ = p + 2pgz.
This makes sense: for the hydrostatic equilibrium, if the density is constant, we would have equilibrium
pressure pgz. If we changed the direction of the z coordinate, this value change from plus to minus,
in total twice.

Problem 2.
Find the velocities for the following stream functions. Test whether the velocities correspond to a
potential flow and the fields are incompressible.

Y1 = Azy, o = A(2? — y?).

Solution:

2D potential flow can be described by the velocity potential, whose gradient defines the velocity
(potential flow means that there exist a potential, which is equivalent to the condition on zero curl).
This means that the curves of constant velocity potential connect the points with the same velocity.

The idea of the stream function, another useful function to describe the 2D flow, is to connect points
tangential to the velocity vector - to be constant along streamlines (dx/u = dy/v). These curves
should be orthogonal to curves of constant velocity potential. Hence the definition of the stream
function v is given by formulas u = 9¢/0dy and v = —0y /0.

In the first case, we therefore have
uy = A.T, v = 7Ay

The zero vorticity condition (potential flow) is satisfied in this case. The divergence is also zero, hence
the flow is incompressible.

In the second case, the velocities are
uy = —2Ay, vy = —2Ax.
The vorticity and divergence is here also zero.

The reason why the flow defined by the stream function has always zero divergence follows directly
from substituting the stream function definition to the incompressibility condition.

The condition on zero vorticity ensures that for these fields also a velocity potential exists. For general
fields, it should be always possible to decompose the fields to curl-less and divergence-less part by
Helmholtz decomposition and describe it by the combination of a velocity potential and a stream
function.

Problem 3.
For the following fields, find the stream function and the velocity potential:



a) Couette flow: Flow between two infinitely long horizontal plates with distance h. One of them is
moving with velocity U and the second one is stationary. The velocity of the Couette flow is

uzU%7 v=0.

b) Velocity field
u=A(z® —y?), v=—2Axy,

where A is a constant.

Solution:

a) Vorticity equals 0—du/ dy = —U/h, divergence is zero. The resulting flow can be therefore described
by the stream function 4, obtained by the integration of equations v = 9¢/dy and v = —90y/0x.
From the equations:

1 y2
Y= §Uﬁ+f(3?)7 Y =g(y).
Combination of the previous gives
1. 42
=-U=—+C
v=RUE TG
where C' is an arbitrary constant from set by fixing one point of the stream function.

b) Vorticity in this case is —2Ay + 2Ay = 0, divergence is 2Ax — 2Ax = 0. This means that both
stream function and velocity potential are defined and they are equivalent (it is possible to pass
between them). Let us compute again the stream function: By integrating the definition, we would
get

1
P=A <x2y - 3y3) +C.
Alternatively, we can integrate equations u = d¢/0z and v = dp/dy to obtain

o = —A(xy® — %x?’) +C.

Any of these functions is sufficient to describe the flow.



