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EULER’S EQUATIONS OF ISENTROPIC GAS DYNAMICS

We consider a compressible inviscid fluid described by
o the density p(t,z) € R
@ the velocity field u(t,z) € R?
@ the pressure p = p(p), where p € C*, p' > 0,
whose evolution is governed by the Euler equations

op+ V- (pu)=0,
d(pu) + Vs (pu®u)+ Vip(p) =0,

where t > 0 denotes the time variable, € R? the space variable.
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@ Smooth and piecewise smooth solutions
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SMOOTH SOLUTIONS

The Euler equations may be written as a symmetric hyperbolic system.
This allows to solve locally in time the Cauchy problem:
o Initial data pg € p+ H*(R%),up € H*(R?%) with s > 1+ d/2.
Existence and uniqueness of a solution in the space
C([0,T);5 + H*(RY)) x C([0, T]; H*(R%)) [Kato, 1975]
@ Finite time blow-up of smooth solutions [Sideris, 1985] Formation
of singularities (shock waves).
° smooth solutions [Serre, 1997] [Grassin, 1998]

Local smooth solution of the under the
slip boundary condition u - v = 0 (characteristic boundary) [Beirao da

Veiga, 1981]
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PIECEWISE SMOOTH SOLUTIONS

The function

(p u) - (p+’u+) if Tq > 80(15,331, v axd—l)
’ (p=,u7) ifzg <ot z1,...,24-1),

is a weak solution of the Euler equations if

(p*,ut) is a smooth solution on either sides of the interface
= {.I‘d = gD(t,.I‘l, N ,.I‘d_l)} and

it satisfies the Rankine-Hugoniot jump conditions at X:

dplp] —[pu-v] =0,
O [pu] — [(pu - v)u] — [plv =0, (2)

v is a (space) normal vector to 3; [¢] := ¢ — ¢~ denotes the jump of
q across .
>3 is an unknown of the problem. Free boundary_problem !
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EXISTENCE RESULTS

@ Existence of one uniformly stable shock wave [Blokhin, 1981]
[Majda,1983]

@ Existence of two uniformly stable shock waves [Métivier, 1986]

@ Existence of one rarefaction wave [Alinhac, 1989]

@ Existence of sound waves [Métivier, 1991]

@ Existence of one small shock wave [Francheteau & Métivier, 2000]
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COMPRESSIBLE VORTEX SHEETS

(p,u) is a contact discontinuity if the Rankine-Hugoniot conditions
(?7?) are satisfied in the form

ho=ut - v=u v,
pr=p".
p monotone gives equivalently
Op=u"-v=u -v,
pt=p".

The front ¥ := {xg = ¢(t,z1,...,24-1)} is characteristic with respect
to either side.

Density and normal velocity are continuous across the front X.

Jump of tangential velocity == vortex sheet.
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We want to show the (local) existence of compressible vortex sheets
(contact discontinuities).
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LINEAR SPECTRAL STABILITY (LANDAU, MILES, ...

Linearize the Euler equations around a piecewise constant vortex sheet

(p> u) =

(p,7,0), if x4 >0,
(p,—1,0), ifzg<O.

o If d = 3, the linearized equations do not satisfy the Lopatinskii
condition (3 exponentially exploding modes!) = violent
instability.

@ If d =2, and |[u- 7]| < 2v/2¢(p) the linearized equations do not
satisfy the Lopatinskii condition = violent instability.

o If d=2, and |[u- 7]| > 2v/2¢(p) the linearized equations satisfy
the weak Lopatinskii condition = weak stability,

where ¢(p) := /p'(p) is the sound speed and 7 a tangential unit
vector to Y.
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FORMULATION OF THE PROBLEM

The interface ¥ := {x2 = ¢(t,21)} is unknown so that the problem is
a free boundary problem.

In order to work in a fixed domain {ys > 0} we introduce the

change of variables

(T7 91792) - (t,$1,$2),
(t)ajl) = (T)yl))
z2 = @(7,91,92),

where

@y {(Tv yl)yQ) € R3} = Rv
O(7,91,0) = @(t, 1), 0y, ®(7,y1,92) > £ > 0.

We write again (¢, x1,x2) instead of (7,y1,y2).
Denote ®F (¢, z1, 29) := ®(t, x1, £13).
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By the Rankine-Hugoniot conditions the boundary matrix of the
system of equations is singular at {zo = 0}, i.e. the interface is a
characteristic boundary.
The 3 + 3 equations are not sufficient to determine the unknowns
U* = (pt,ut) = (pT, vt ut) and O+
We may prescribe that ®* solve in the domain {x3 > 0} the eikonal
equations

0, d* + vi&“@i —ut=0.

This choice has the advantage that the boundary matrix of the system
for U* has constant rank in the whole domain {z5 > 0}
(uniformly characteristic boundary).
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We obtain the first order system:

Oz
OipT + vt 0, pT + (ut — 60T — v+8z1<1>+)a 2g+ + pT 8, vt
2
4+ Op ut Oy, T
+pt 22— —ptT 22— 9,,v" =0,
By, &+ By, BT 72
9,0t P (pF)
ot +vt8,,vT + (ut — 8,0 — U+8I1(I)+)8$:<I>+ p=s Oz, pt
/At aﬂ (I)Jr
_p(p ) ZT1 81;2p+20,
pt 0, @t

Oy u™” +pl(p+) O ™

+ + + + + + +
ou” + v 0 ut + (ut = 0 PT — v 0, P )amilﬁ By,

:O’

in the fixed domain {z3 > 0}.
(p~,v~,u~,®7) should solve a similar system.

*CHI (BRESCIA UNIVERSITY) COMPRESSIBLE VORTEX SHEETS



COMPRESSIBLE VORTEX SHEETS .
COMPRESSIBLE VORTEX SHEETS T, 5 AL STABILITY

FORMULATION OF THE PROBLEM

The boundary conditions are

o =P =9
|12:0 ‘12:0
(UJ’_ — U_)|12:0 611§0 — (U+ — U_)‘IQZO = 07
p+v" _ One—ut =0,
|12:0 1 ‘12:0 9
(P =P ayeo = 0, (t,z) € [0,T] x RE,
that we rewrite in the compact form as
+  _H=
@|12:0 - @‘12:0 - SO’
B(UT U|_ ,p)=0.
z9=0

|z2:07




We obtain the (non standard) IBVP

OUT + A1 (UF)0,,UT + Ay (U*,VO+)9,, Ut =0,

of =0, _ =,
|z2:0 \12:0
B(U|+ O,U|_ 0,gp):0, (t,x) € 0,7 x RZ,
o= To=!

U*,9%),_, = (U, ®5), zeR2.
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THEOREM (COULOMBEL, S., 2004, 2008)

Let d = 2 and consider a piecewise constant weakly stable vortex
sheet. LetT'> 0 and m > 6.

Consider initial data (U, o) that are perturbations in
H™H15/2(R2) x H™+8(R) of the piecewise constant vortex sheet.
The initial data have compact support and satisfy suitable
compatibility conditions.

If the perturbation is sufficiently small, then there exists a unique
solution (U*, @) on [0, T] with initial data (Ui, o). The solution
belongs to the space H™(]0, T[xR2) x H™1(]0, T[xR).
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THE LINEARIZED PROBLEM

Consider a perturbation of the piecewise constant solution

P

U= 20| + Uit ),
0

(I)r,l = +xo + (I)r,l(tv .1‘),

where U,.;, ®,; are linked by the Rankine-Hugoniot conditions, Ur,l
and ®,; have compact support, and solve the eikonal equations

atq)nl + 7)7«718561(1),.,1 — Up] = 0. (3)

Let us consider the linearized equations around U, ;, ®,;:

LUy, @)W = f in]0,T[xR2,
B(U, 1, ®.1)(W,) =g on]0,T[xR.
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A PRIORI L? ESTIMATE

THEOREM

Let T > 0. Assume that

(i) the piecewise constant solution T s weakly stable,

(i) (Ui + Ur,l, +x9 + (i)r,l) satisfies the Rankine-Hugoniot conditions
and the eikonal equations (77),

(iii) the perturbation (Ur,l, ‘i%,l) has compact support and is
sufficiently small in W3>(]0, T[xR2).

Then there exists a solution of the linearized equations that satisfies
the a priori estimate:

W12 0.1y «®%) T W —o 2200 7ixm) T+ 1% qo.rixm)

< C (1122 .m1 qorixry + 191 go.rixry
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SCHEME OF THE PROOF

o analysis of the system associated to the
linearized equations.

@ Determination of the roots of the Lopatinskii determinant, the
poles and the points of non diagonalization of the symbol.

@ The singularities of the solution are (micro)localized on
bicharacteristic curves propagating from the boundary in the
interior domain.

@ Despite the loss of regularity, the linearized problem is well-posed
in L2 with source terms in H'. [Coulombel, 2005]
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@ Paralinearization of the equations.
Using the paradifferential calculus (extension of the pseudodifferential
calculus which allows a low regularity of the symbols), we substitute in
the equations the paradifferential operators (w.r.t. the tangential
variables (¢, 1)) and obtain a system of O.D.E. in z2 with symbols
instead of derivatives in (¢, z1).
This step essentially reduces to the constant coefficient case.

@ Elimination of the front.

The projected boundary condition onto a suitable subspace of the
frequency space gives an elliptic equation of order one for the front .
One obtains an estimate of the form

1012 ory < C (2 1BV 0) 20 oy + V132 o)

~+error terms,

with no loss of regularity with respect to the source terms.

Thus, it is enough to estimate W”C|m2:0.
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@ Problem with reduced boundary conditions.

The projection of the boundary condition onto the orthogonal subspace
gives a boundary condition involving only W"¢ i.e. without involving 1.
Thus we are left with the (paradifferential version of the) linear problem
for W

Ao Wt + A0, W+ 1,0, WH + A C"W+ = Ft, 25>0,
ALOW= + AL O, W™ + 10,W- +ALC' W~ = F~, 23>0,
oMW, , =Ty, T2 =0,

(4)

where diag (0,1,1), and II denotes the suitable projection operator.
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The boundary is characteristic with constant multiplicity.

The problem satisfies a Kreiss-Lopatinski condition in the weak sense and not
uniformly. In fact, the Lopatinski determinant associated to the boundary
condition vanishes at some points in the frequency space (only simple roots).

The proof of the L? energy estimate is based on the construction of a
degenerate Kreiss' symmetrizer.

In order to explain the main idea, let us consider for simplicity the
linearization around the piecewise constant solution
(constant coefficients case).
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Then, instead of (??), we have a problem of the form (ﬁ/\ = Fourier
transform in (¢, 1))

(Ao —|—Z77A1)W—|-A2 % =0, z9 >0,

_ _ (5)
B(r,m)Wne(0) = h T2 = 0.

Because of the characteristic boundary, the two first equations do not involve
differentiation with respect to the normal variable x5:

(T + tv,m) ﬁ/\f —ic%y W\; +icp /V[73+ =0,
(T +iom) Wy —ic*nWy +ic>nW; =0.
For Re 7 > 0, we obtain an expression for /I/I71+ and Wf that we plug in the

other equations.
This operation yields a system of O.D.E. of the form:

T =AM Wre, @y >0,
)
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By microlocalization, the analysis is performed in the neighborhood of points
(1,m) of the following type:

1) Points where A(7,7) is diagonalizable and the Lopatinskii condition is
satisfied.

By using the classical Kreiss' symmetrizer we obtain an L? estimate with no
loss of derivatives.

2) Points where A(7, ) is diagonalizable and the Lopatinskii condition
breaks down (the Lopatinskii determinant has simple roots).

We construct a degenerate Kreiss' symmetrizer; this yields an L? estimate
with loss of one derivative.

3) Points where A(7,7) is not diagonalizable. In those points, the Lopatinskii
condition is satisfied.

4) Poles of A. At those points, the Lopatinskii condition is satisfied.
We construct a symmetrizer by working on the original system (?7).
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TAME ESTIMATE IN SOBOLEV NORM

THEOREM

Let T'> 0 and let m > 3 be an integer. Assume that (i) the piecewise
constant solution U™ is weakly stable,

(i) (U + Url, +xo + <I>,,l) satisfies the Rank/ne—Hugon/ot conditions
and the eikonal equations (??), (iii) the perturbation (U, ;, ®,,;) has
compact support and is sufficiently small in H®(]0, T[xR2).

Then the solution of the linearized equations satisfies the a priori
estimate:

HWHHm(OT[x]R2 + HWI _llEmgorixr) + 19l Em+1g0,7xR)

< C{HfHHmH(]o 7(xR2) T lgllEm+100,rxR)+

+ (I raqoriwez) +||guH4<0TxR)||< s )l o)
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SCHEME OF THE PROOF

@ Apply the L? energy estimates to the tangential derivatives.

@ Normal derivatives estimated via the equations and a
equation. No loss of normal regularity inspite of the characteristic
boundary. No need to work in spaces with conormal regularity.
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1) Estimate of tangential derivatives 8f8§1W and the front function v by
differentiation of the equations along the tangential directions and application
of the L? energy estimate given in Theorem 2.

2) Estimate of normal derivatives.

Consider the original non linear equations. On both sides of the interface the
solution is smooth, the interface is a streamline and there is continuity of the
normal velocity across the interface; this suggests to estimate the vorticity on
either part of the front.

We define the "linearized vorticity”

é:ﬁ: = awlui - (awl (I)r,l awgui + awg'[}j:)~

1
awg (I)r,l
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Then

8té:t + Ur,lamé:l: = 8$1~7:2:t - W(a’fl (bﬁla$2]:2i + 8$2~7:1i)
+A71”lar1 Uﬂ: + Ag,la’rg U:l: ?

where . . . .
AT = AYY (U, VU, VO, V2D,).

An energy argument gives the apriori estimate for Si.

This yields the estimate of the normal derivatives of the characteristic part of
the solution.

This allows to obtain the a priori estimate in the standard Sobolev space
H™(Qr). Otherwise we should work in the anisotropic weighted Sobolev
space H™(Qr), as for current-vortex sheets in MHD.
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NONLINEAR STABILITY: NASH-MOSER IT!

3) Since

1 . :
ale:t = 2 {a%q)ﬂl (8931ui - fi)

<8fc1 (I)r,l>
_a:nl (br,l (azQTr,l Wi)l} - (azQTr,l W:t)Q};

we may estimate 0,, VVli by the previous steps.
The estimate of normal derivatives 0., W™¢ of the noncharacteristic part of
the solution follows directly from the equations:

I 3,,W* = F* — Ay oW+ — AT 0, W* — A CHIWwE,

since
I := diag (0,1,1), W":= (W5, W5~ W5, W5 ).
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NASH-MOSER ITERATION

We use a Nash-Moser iteration where we force the Rankine-Hugoniot
jump conditions and the eikonal equations at each step:
@ Start from an approximate solution.

@ Regularize the coefficients of the linearized equations, force the
Rankine-Hugoniot conditions and the eikonal equations.

@ Solve the linearized equations, for well chosen source terms.

@ Regularize the new coefficients, force the Rankine-Hugoniot
conditions and the eikonal equations etc.
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The nonlinear problem

L(V,U) = L(V + U, ¥ + &) — L({U?,$) = f° in Qr,
EV,¥) := 00+ (v 4+ 0v) 0, ¥ —u+ 00,9 =0, in Qr,
B(V,¢) :=B((V+U?),,_0,¥ +¢") =0, onwr, (6)
\tz:o == W, on wr .

V(t, ) = Oa \Il(ta ) = 07 w(t, ) =0 Vi < 0,

V=(p,v,u)", U= (p"0"u")T,

fe:=-L({U*®*, t>0,
fe:=0, t<0.
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The smoothing operators

THEOREM (CFR. HAMILTON, FRANCHETEAU-METIVIER)

Let T >0,v>1, and let M € N, with M > 4. There exists a family
{So}te>1 of operators

So:  F2(Qr) x F3(Qr) — [ F£(Qr) x FL(Qr),
B>3

where F3(Qr) := {u € H5(Qp)u =0 fort <0} and a constant C >0
(depending on M), such that

16Ul 801y < COP=+ Ulls sy, Y B€{L,..., M},
186U = Ull g2y < CO°~* [UllHa(@ry, 1<B<a<M,

d
15550l 13 0y < C O~ U 1320

Va,8€{l,...,M}.
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THEOREM (CONTINUES...)

Moreover, (i) if U = (u,u™) satisfies u™ = u™ on wr, then Spu™ = Spu~
on wr, (ii) the following estimate holds:

1(Sou™ = Sou))upmoll 8 oy < COTFT O+ (1w — )y, ollme (wry »

Va,B€{1,...,M}.
There is another family of operators, still denoted Sy, that acts on functions
that are defined on the boundary wr, and that enjoy the properties (77),

with the norms || - || ge (wr).-
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The Nash-Moser iteration

The iterative scheme starts from V) = 0, ¥y = 0,49 = 0.

Assume that Vi, Wy, Yy are already given for k. = 1,...,n and verify
Vi=0, ¥, =0, 9,=0 fort <0,
Uh = v = Uk onwp, k=1,... n.

Given 6y > 1, let us set 6,, := (62 +n)'/? and consider the smoothing
operators Sp, . Let us set

Vn+1 — Vn = 5Vn; \I’n+1 - \Ijn + 5\1’117 wn+1 - wn aF 5wn
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We consider the decomposition

E(Vn—i-la \Ijn—i-l) - L(Vn; \I’n)

= LI(UG aF Vn+1/2a P aF \Iln+1/2)((5vn, (S\Iln) + 6 + 6” + e'"

B(VnJrla 1anrl) - B(Vna wn)

= B (Vat1/2> Yny1/2) 6V, 09n) + €, + €, + €,
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where

ef = L{U*+ Vig1, P + Upq1) — LU + Vi, ¥ + Uy,)
—L(U® 4 Vi, D% + V) (6 Vi, 0V,

€ = B(Vig1, Yry1) — B(Vi, i) — B' (Vie, Y1) (6Vi, Ot

are the "quadratic errors” of Newton's scheme,

eg = L/(Ua + Vi, @ + \I!k)(évk, 5\I/k)
—L/(Ua + Seka, P + Sek\l’k)(isvk, 5\I’k),

ey := B'(Vie,Yr) (0Vi, 00x) — B' (S, Vi, So, 10x ) (0Vi, 0thrc)

are the "first substitution errors” involving the smoothing operators,
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eg’ = L'(U*+ So, Vi, @ + Sp, Vi) (6 Vi, 6¥%)
LU + Vig1/2, 2 + Wpi1/2)(0Vi, 0W%),

&y = B'(Se, Vi, S0, ¥r) (0Vi, 00r) — B' (Viey1/2, Yit1/2) (0 Vi, 0r)

are the "second substitution errors” involving the smooth modified state

Vati2 Ynti/2, Ynyiye satisfying the Rankine-Hugoniot conditions and the
eikonal equations.
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Introducing the new unknown

6$2 (Ua + V’I’L+1/2)
nau (CI)G + \Ijn+1/2) ’

8V, =0V, — 60
gives

L(Vn+1v \Ijn+1) - L(Vm \I'n) =

f— ( n+1/2 + Cn+1/2)5V + Dn+1/2 5\:[1 + e + 6” + 6///

B(VnJrla 1/1n+1) - B(an wn) = B;,H_l/g((svna 5¢n) F é/n ¢ é” F é%l,
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where

Lnt1/2+ Cny1yz = LU + V172,24 + ¥nir2)
+C(Ua + Vn+1/27 o + \Iln+1/2) )

o
D ov,, = z
n+1/2 (9

ooy L(U? n v(I)a \Ijn )
T2 ((I)a + \I’nJrl/?) £ 2{ (U ¥ /2 * +1/2)}

Bi1/2 =B U® + Vay1/2, 0% + ¥nt1/2) -

COMPRESSIBLE VORTEX SHEETS



I STABILITY:
L  STABILITY: TA N SOBOLEV NORM
NONLINEAR STABILITY: NASH- onER ITERATI()I\

MAIN RESULT

Let us set
en = Dpy1/0 00, + +el, + el +el,

én = e + el/ + "’/I/
The iteration proceeds as follows.
Given

Vo =0, ¥y =0, Yo =0,

Jo=50f", g0 =0, Ey =0, Ey =0,
Viyoo oy Va, Uy,...,U,, Y1yeeoyWn,
fise ooy fae1, Jls- -y 0n—1,

€0y---3€n—1, €0,---,6n—1,

first compute for n > 1




TABILITY

MAIN RESULT

Then compute f,, g, from
> fot S0, En="50," Y gx+Se,E,=0,
k=0 k=0

and solve the problem

(Lpy1/2 + Cn+1/2)5vn =fn in Qr,
;14_1/2 (6an 51#71) = dn on wr,
V=0, 6, =0 fort <0,

finding (6V;,, 6¢,).

Then compute 6¥,, = (6¥;}, §W¥.) from a suitable modification of the
eikonal equations and consequently 6V,,, V11, Va1, ¥pt1.

Finally compute e, €, from

C(Vn+1, \IjnJrl) - ﬁ(Vna \Iln) = fn +én,

B(Vn+1v 1bn+1) - B(an wn) =gn +€n.
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LINEAR ST
LINEAR ITY: E ES TE IN SOBOLEV NORM
NONLINEAR STABILITY: NASH-MOSER ITERATION

MAIN RESULT

Adding (??) from 0 to N gives

L(VNy1,YN+1) = Son f*+ (I — Son)En +en s

B(Vyi1,¥n+1) = (I — Son)En + én -

Because
Soy — 1 as N — 400

EN — 07 éN = 07
we formally obtain the resolution of the problem from

LVN+1,YN41) = % B(VNg1,¥n41) — g%

The rigorous proof of convergence follows from apriori estimates of
Vi, Wi, ¥k proved by induction for every k.
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WEAKLY STABLE SHOCK WAVES
SUBSONIC PHASE TRANSITIONS

RELATED PROBLEMS

@ RELATED PROBLEMS
o Weakly stable shock waves




KLY STABLE
ONIC PHASE

RELATED PROBLEMS

The existence of weakly stable shock waves
Consider the Euler equations (??) in R? where d = 2 or 3.
Shock waves solutions to (??) are smooth solutions on either side of a
hypersurface ¥ = {zq = ¢(t,y),t € [0,T],y € R4~1}, satisfying at ¥ the
Rankine- Hugoniot conditions

pt(ut —vt - Vyp—8ip) =p~ (u” —v™ - Vyp—8ip) =1 7,

= u)+ 6% -3 (T =0, ©)

and the Lax’ shock inequalities for a 1-shock wave (for example)

ut — vt - Vyp— 0 <1l —v” - Vyp — O

c(pt) v/1+[Vyel? c(p™) VIFIVyel?

j>0, 0< (10)
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WEAKLY STABLE SHOCK WAVES

SUBSONIC PHASE TRANSITIONS
RELATED PROBLEMS

Up to Galilean transformations, the planar shock waves have the form

U, :=(pr,0,u,), ifxg>0,
(p,0,0) = { U 1= (P Oreur) (11)
U : (pl,O,ul), if g <0,

where

] ] — 1 (7 o
PrUur =prup =173, J= prle 0< —

9 <l< .
pr — P c(pr) c(p1)




WEAKLY STABLE SHOCK WAVES

SUBSONIC PHASE TRANSITIONS
RELATED PROBLEMS

The (linear) stability of planar shock waves:

THEOREM (MAJDA 1983)

The shock wave (??) is uniformly stable if and only if

2
Yr 5 <& — 1) <1.
c(pr) Pl

In particular, when p is a convex function of p, this inequality always holds.

Majda constructs shock waves that are close to a uniformly stable planar
shock.




RELATED PROBLEMS

When

UQ <pT >
— (1) >1, (12)
c(pr)® \ pu
the planar shock wave (??) is only weakly stable.

Coulombel 2004: the linearized problem around a variable coefficients small

perturbation of the planar shock (?7?) satisfies an a priori estimate with a loss
of one tangential derivative.
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RELATED PROBLEMS

THEOREM (COULOMBEL, S., 2008)

Consider a planar shock wave (??) that satisfies the weak stability condition
(??). Let T >0, and let u € N be sufficiently large. Then there exists an
integer i > yu, such that if the initial data (U, o) have the form

Ut =U,, +Us,

with Ui € HiHY2(R2), oo € HFF3/2(R), if they are compatible up to
order i — 1, have a compact support, and are sufficiently small, then there
exists a solution U* = U,.; + U*, ®*, ¢ to (2?), (??), (??), on the time
interval [0, T]. This solution satisfies U+ H“(]O T[xR41 x RY),

¢ € H1(J0, T[xR4™Y), and (U, 9),_, = (U5, o).
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WEAKLY STABLE SHOCK WAVES
SUBSONIC PHASE TRANSITIONS

RELATED PROBLEMS

@ RELATED PROBLEMS

@ Subsonic phase transitions
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RELATED PROBLEMS

Subsonic phase transitions in a Van der Waals fluid
Consider the Euler equations (??) in R% where d = 2 or 3.
Model of isothermal liquid/vapor phase transitions in a van der Waals fluid:

RT

plp) =m(v) = == — =, v:i=1/p.

Phase transition:
smooth solution of (??) on either side of a hypersurface ¥ = {z4 = ¢(t,v)},
that satisfies the Rankine-Hugoniot jump conditions at each point of 3:

pr (Wt — vt Vyp —dp) = p~ (u” —v™ - Vyp - i) =1 4,
it =)+ 6 -2 (T =0,

ut — vt Vo — 0 1

c(p®) VI+Vyo?

(undercompressive shock waves of type 0, Freistiihler 1998,

Lax’ shock inequalities are not satisfied)

(13)
i>0, 0<
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RELATED PROBLEMS

together with the generalized equal area rule
(capillary admissibility criterion):

/i ﬂ(v)dvzmgﬁ—v*).

Consider a planar phase transition

U, = (pr,0,u,), ifxg>0,
(pv,u)=4 " " ( ) )
Uy o= (pl,O,ul) 5 if g <0,

that satisfies p. > par, pi < pm, and the jump conditions

p(pr) — p(p1) 0< b
pr—pi c(pr)

/vl m(v)dv = pler) +plon) (v —vp).

Prur=prug=:j, J= \/prpz

2
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U
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WEAKLY STABLE SHOCK WAVES
SUBSONIC PHASE TRANSITIONS

RELATED PROBLEMS

THEOREM (BENZONI-GAVAGE, 1998)

There exist planar phase transitions (??), with p,; close enough to pasm,
and these planar phase transitions are weakly stable. In any case, the uniform
Lopatinskii condition is not satisfied.
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WEAKLY STABLE SHC
SUBSONIC PHASE TR/
RELATED PROBLEMS

THEOREM (COULOMBEL, S., 2008)

Consider a planar phase transition (??), as given in Theorem ??. Let T > 0,
and let 1w € N be sufficiently large. Then there exists an integer [i > i, such
that if the initial data (U, o) have the form

Ut =U,, +Us,

with Ui € HiHY2(R2), o € HFF3/2(R), if they are compatible up to
order i — 1, have a compact support, and are sufficiently small, then there
exists a solution U* = U,.; + U*, ®*, ¢ to (2?), (2?), (??) on the time
interval [0, T]. This solution satisfies U+ H“(]O T[xR4~1 x RY),

¢ € H*1(J0, T[xR4™Y), and (U, 9),_, = (U5, o).
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