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Stokes and Navier-Stokes flow

@ Note: all equations in weak form
@ Stationary/transient Navier - Stokes equations

(O, v) +2pu(Du, Dv) + (u-Vu) + (V-v,p) + (V- u,q) = (f,v)

e 2Du = Vu+ Vu' is the symmetric gradient
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e 2Du = Vu+ Vu' is the symmetric gradient
@ Spaces:

e H'(Q;RY) for velocities u, v

e L?(Q) for pressures p, q

e Restriction by suitable boundary conditions
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Stokes and Navier-Stokes flow

@ Note: all equations in weak form
@ Stationary/transient Navier - Stokes equations

(O, v) +2pu(Du, Dv) + (u-Vu) + (V-v,p) + (V- u,q) = (f,v)

e 2Du = Vu+ Vu' is the symmetric gradient
@ Spaces:

e H'(Q;RY) for velocities u, v

e L?(Q) for pressures p, q

e Restriction by suitable boundary conditions

@ Simplified stationary Navier - Stokes equations

v(Vu,Vv) + (u-Vu) + (V-v,p) + (V-u,q) = (f,v)
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Darcy flow

@ Darcy equations
(K 'u,v) ++(V-v,p) + (V-u,q) = (f,v)

@ Permeability or permeability tensor K.
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Darcy flow

@ Darcy equations
(K 'u,v) ++(V-v,p) + (V-u,q) = (f,v)

@ Permeability or permeability tensor K.
@ Spaces
e HIV(Q) for velocities u, v
e [2(Q) for pressures p, g
e Restriction by suitable boundary conditions
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Abstract incompressible flow

@ Common form of examples:
a(u,v)+(V-v,p) + (V-u,q) = (f,v)

@ Suitable subspaces V ¢ HI for velocities u, v and Q c L? for
pressures p, q.

@ V, Q determined by boundary conditions

@ Bilinearform a(., .) stable and bounded on divergence free
subspace of V
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Abstract incompressible flow

@ Common form of examples:
a(u,v)+(V-v,p) + (V-u,q) = (f,v)

@ Suitable subspaces V ¢ HI for velocities u, v and Q c L? for
pressures p, q.

@ V, Q determined by boundary conditions

@ Bilinearform &(., .) stable and bounded on divergence free
subspace of V

@ These conditions imply solvability in some sense

e Unique, stable solutions for linear problems
e But, beware of Navier-Stokes
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Darcy-Stokes coupling

@ Stokes in subdomain Qg, Darcy in Qp.
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Darcy-Stokes coupling

@ Stokes in subdomain Qg, Darcy in Qp.
@ Interface conditions (Beavers-Joseph-Saffman)
e Mass conservation

5 D
uy = uy
e Balance of forces
p® — vonuy = p°

@ Friction condition

voud — yK=12u5 =0
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Darcy-Stokes coupling

@ Stokes in subdomain Qg, Darcy in Qp.
@ Interface conditions (Beavers-Joseph-Saffman)
e Mass conservation

uS=uP =ueHYQ)
e Balance of forces
p° —vd,us =pP  integration by parts
e Friction condition

vopud — yK-12u5 =0
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Weak formulation of Darcy-Stokes coupling

@ Mixed bilinear form

(K 'u, V)q, +2u(Du,Dv)q + (yK="2u8, v3),

T VT

+(V-v,p)+ (V-u,q) = (f,v)
@ Velocity space
V ={veH"Q)|v|o, € H'(Qs;RY) and b. c.}

@ Conservative at the interface
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e Finite element cochain complexes
@ Hilbert complexes in 3D and 2D
@ Finite element complexes
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The Hilbert cochain complex

@ Exact sequence in 3D

R — H'(Q) —L— Howl(Q) —2 Hiv(Q) —Y [2(Q) —— R

e o s |

v Vx v
— v sV —
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The Hilbert cochain complex

@ Exact sequence in 3D

R — H'(Q) —L— Howl(Q) —2 Hiv(Q) —Y [2(Q) —— R

e o s |

X v v Vx v \%

@ Exact sequence in 2D

R —— H'(Q) 2 HIV(Q) —Y [2(Q) —— R

o o |
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Use of the cochain complex

@ Hodge decomposition
VO = ker(V:) = im(Vx) @ H

@ All subspaces are closed (continuous projectors)
@ Harmonic forms H are finite dimensional
@ Can we mimick this with finite elements?
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Finite element cochain complexes

R —— H'(Q) —— Hol(Q) —2 HIvV(Q) —Y [2(Q) —— R

o el wl o a

conf _ V VX % dg

Qgonf: H'-conforming tensor product polynomials
Nk: Nedelec elements
RTy: Raviart-Thomas elements
Q,fg: discontinuous tensor product polynomials
Other options based on BDM or on simplices
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Finite element cochain complex in 2D

R—s v >, v Y, Qq R

I B

Wh——zx——)Vh——v——)Qh

| | |

Qo RT Qg
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9 Discretization of incompressible flow
@ Discretization of Darcy/Stokes coupling
@ DGFEM on 3 slides
@ Summary
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Raviart-Thomas elements for flow

@ Subspace of HIV, therefore conforming for Darcy

@ Not a subspace of H', therefore inconsistent for Stokes
@ Possible solution: higher continuity

@ Conforming subspace
o Difficult to achieve, but exists
@ Restriction on meshes
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Raviart-Thomas elements for flow

@ Subspace of HIV, therefore conforming for Darcy

@ Not a subspace of H', therefore inconsistent for Stokes
@ Possible solution: higher continuity

@ Conforming subspace
o Difficult to achieve, but exists
@ Restriction on meshes

@ Possible solution: consistency through discontinuous Galerkin
e A DG formulation for the Laplacian is needed

DG-Stokes cochain complex: K./Sharma
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DG step 1: Nitsche boundary conditions

@ Goal: solution of the Dirichlet problem for the Laplacian
@ Finite element space does not obey boundary conditions
e Inconsistency (weak form solves Neumann problem)
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DG step 1: Nitsche boundary conditions

@ Goal: solution of the Dirichlet problem for the Laplacian
@ Finite element space does not obey boundary conditions
e Inconsistency (weak form solves Neumann problem)

@ Remove natural boundary condition

(Vu,Vv)q — (0, v)og
= (f, V)Q
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DG step 1: Nitsche boundary conditions

@ Goal: solution of the Dirichlet problem for the Laplacian
@ Finite element space does not obey boundary conditions
e Inconsistency (weak form solves Neumann problem)

@ Remove natural boundary condition
@ Symmetrize the bilinear form
@ Additional terms are indefinite

(Vu,Vv)q — (0pu, vV)aa — (U, 0nV)aa

= (f,v)a — (U7, 9nV)oq
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DG step 1: Nitsche boundary conditions

Goal: solution of the Dirichlet problem for the Laplacian
Finite element space does not obey boundary conditions
e Inconsistency (weak form solves Neumann problem)

Remove natural boundary condition
Symmetrize the bilinear form

Additional terms are indefinite
Stabilize

(Vu,Vv)q — (0nu, V)sa — (U, 0nV)aq + 7 (U, V)

= (f,v)a — (UP,07V)aq + 2(UP, v)oa
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DG step 2: interior penalty

@ Apply Nitsche’s method on each cell of the mesh T}, functions not
continuous at element faces
© Do some reshuffling on interior faces

o Replace d,u by averages {Vu} from left and right
o Now every {Vu} appears twice with different test functions:

/ 2{Vu}{vn} ds
F

e {vn}isajump
© Add consistent stabilization

/ " fun}{vn} ds
F

= Interior penalty method (Arnold, Wheeler, ...)
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DG step 3: other schemes (Laplacian)

@ Babuska/Zlamal, Baker, Interior Penalty, Bassi/Rebai
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DG step 3: other schemes (Laplacian)

Baker, Interior Penalty, Bassi/Rebai
e LDG, BMMPR, NIPG, IIPG,...

@ Reduction to three assumptions

@ Consistent
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DG step 3: other schemes (Laplacian)

Baker, Interior Penalty, Bassi/Rebai
e LDG, BMMPR,
@ Reduction to three assumptions

© Consistent
© Adjoint consistent
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DG step 3: other schemes (Laplacian)

Baker, Interior Penalty, Bassi/Rebai
e LDG, BMMPR,

@ Reduction to three assumptions

@ Consistent
© Adjoint consistent
© Stable and bounded in the broken H'-norm

’
WIFa= > IviEr+ > h—Fllﬁvn}}II%

TEeTy FeFy
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DG step 3: other schemes (Laplacian)

Baker, Interior Penalty, Bassi/Rebai
e LDG, BMMPR,

@ Reduction to three assumptions

@ Consistent
© Adjoint consistent
© Stable and bounded in the broken H'-norm

WIFa= > IviEr+ > —H{V"}}IIF

TEeTy FeFy

Personal opinion: Interior penalty is simple and has all good proper?EiR
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Summary discretization

@ Darcy/Stokes coupling

@ Beavers/Joseph/Saffman condition

@ Velocities in HV space based on RTj
@ Interior penalty for consistency with H'

Convergence theorems

@ Pointwise divergence free velocities or (Cockburn/K./Schétzau,
K./Riviere)

Veup=Np_qV-u |V-u—V-up| =0
@ Balanced L? approximation (Girault/K./Riviére)

U — upll 20y = O(HHT)
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Benefits from cochain property

@ Pressure free a posteriori estimates derived from cochain complex

lu = unlla < n(un, °)

@ Examples:

e boundary driven flows
@ gravitation forces

@ Adaptive iteration on velocity space only
@ Relation to C%-IP method
@ Multigrid

Sharma/K.
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Why not stream function?
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@ Global Hodge decomposition fails on not simply connected
domains
@ Analysis and multigrid only use local decompositions IR
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0 Multigrid methods
@ V-cycle setup
@ Multigrid based on cochains
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Solution of the discrete systems

Saddle point system for u and p
@ Schur complement iterations
o Generally slow
@ No closed form of pressure Schur complement
© Alternating solvers on subdomains
o Relies on simple domain structure
e Particular solution, not generic
© Multigrid for the whole system

e Generic solution for all cochain problems
o Implicitly solves in divergence free subspace
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Hierarchies of level spaces

@ Sequence of meshes through refinement
ToCTyC---CTyCT---C Ty
@ Sequences of nested spaces

VWwwcVic---cVc---CV,
Qcic---cQc---Ccq

@ Subspace property defines canonical embedding operators
IV’g Vi1 >V, /Q’g : Qg_1 — Qg

@ The index ¢ in the hierarchy is called “level”
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The multigrid V-cycle

The multigrid V-cycle: given a current guess, do iteratively:
@ Perform one or more pre-smoothing steps on the current level

© Coarse grid correction:

@ Project the residual to the next coarser level

@ Perform one step of this algorithm there (or solve on the coarsest
level)

© Add the result to the pre-smoothened solution

© Perform one or more post-smoothing steps on the current level
If on the coarsest level, solve exactly.
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Construction of divergence free multigrid

Simple guiding principles:
@ The smoother may never produce a solution which is not
divergence free
@ The result of the coarse grid correction must be divergence free
Tools:
@ Subspace correction methods (Schwarz)
@ Cochain complexes
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Hierarchy of nested complexes

hy g1 lv,e41 la,e41
Vx A%

\Ug —_— Vg E— Qg
by o Iy la,e
Vx V-

Vo g —— Vg —— Q1

hy o1 lv,e—1 lg,e—1

Consequence: divergence free subspaces are nested as well!
.0 0
lv’g . VZ—'I — Vf

Coarse grid corrections are divergence free, if smoother results are
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Original idea: Arnold/Falk/Winther 1997
@ On level 4, find many small subspaces V, ;

e Have a commuting diagram for embedding operators
e Sum of divergence free subspaces is big enough

Y=V

o Typically: patches of cells around vertices
@ Solve Stokes problems in V,; and add or compose
o Result will be divergence free
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Multigrid summary

Contraction theorems

The described multigrid method is a uniform contraction independent
of the level L.

@ Darcy with smooth permeability: Arnold/Falk/Winther, Powell,
Schaberl

@ Stokes: K./Mao

Missing analysis:
@ Darcy with high contrast
@ Darcy/Stokes coupling
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Some results for Stokes

level | RTy | RT, | RT3

[ec]RaNINeING) [RN-N N}

N O OO O W —
DO W —
DO O W —

Number of iterations nyq to reduce the residual by 10~19,
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Darcy with high contrast

K | 1/K

/K| K




Some results for Darcy with high contrast

Problem with coefficients K and 1/K, jumps respected by the coarse
mesh.

o
N

o
w

o
S

level

OO OB~ W

DO O OOl —=| =
NN OO W) = =
N O oo o W ==

Preconditioned GMRES steps to gain 10'°, symmetric multiplicative
method
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Some results for Darcy-Stokes

level |1 [10-7 [102[ 103 | 10*
2 16 | 16 15 16 18
3 19 | 18 17 20 23
4 21 | 21 19 22 27
5 23 | 23 21 22 29
6 23 | 23 22 21 28
7 23 | 23 23 21 26
8 24 | 23 23 22 24
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Conclusions

@ Cochain complexes provide a framework for the discretization of
various incompressible flow models

@ Finite element cochains yield strongly divergence free
approximations

@ They provide a structure that allows highly efficient multigrid
methods
Work in progress:
@ Convergent adaptive iterations (w. N. Sharma)
@ Navier-Stokes (w. N. Shakir)
@ Poroelasticity (w. B. Riviere)
@ Fluid structure interaction (L. Heltai)
@ Radiation transport (w. J. Ragusa, J. P. Lucero Lorca)
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