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Modeling
Mass balance for two-phase flow

• Consider the total mass density of a mixture

ρ = ρ(t, x) := ρf(t, x) + ρp(t, x),

with ρf , ρp: the current densities of the fluid and SPION particle phase
• The mass balance for individual phases reads

∂tρj + ∇ · (ρjvj) = 0, j ∈ {f, p},

with vj: the individual velocity of phase j

• Introducing the volume density of a phase

uj(t, x) := 1
ρ̃j
ρj(t, x), ρ̃f , ρ̃p > 0, j ∈ {f, p},

and the volume-averaged velocity of the mixture (Boyer 2002, Abels et al. 2012)

v := ufvf + upvp,

we obtain the modified mass balance equations

∂tuj + ∇ · (ujv + ujvj,rel) = 0, j ∈ {f, p}
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Modeling
Mass and momentum balance for two-phase flow

• We obtain the modified mass balance equations

∂tuj + ∇ · (ujv + ujvj,rel) = 0, j ∈ {f, p}.
• Here,

vj,rel := vj − v
is the velocity of phase j relative to the volume-averaged velocity v.

• Assuming uf + up = 1, one can compute
∇ · v = 0.

• Assume that we can describe the mixture as a single fluid with v, which satisfies the following law of momentum
conservation (Abels et al. 2012)

ρ∂tv + ((ρv + J̃) · ∇)v = ∇ · T − ∇p + f ,

with the additional flux
J̃ := Jf + Jp = (ρ̃p − ρ̃f)upvp,rel,

stress tensor T, pressure p and force density f .
• It remains to specify T, vp,rel and f .
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Modeling
The magnetic field

• We assume that the magnetic field strength h : (0, T ) ×Ω → Rn and the magnetization of the particles
m : (0, T ) ×Ω → Rn are connected via the magnetostatic equations with matter, i.e.

∇ × h = 0,
∇ · (h + m) = 0

• For m, different choices are reasonable:
PDE for m (Weiß et al. 2019)

D

Dt

′
m − σ∆m = − 1

τrel
(m − χ(up)h)

Nonlinear algebraic relation (Reinelt
et al. 2023)

m = χ(up)L(|h|) h
|h|

Linear algebraic relation

m = χuph

• With h = ∇ϕ we get a quasi-static elliptic Neumann problem

∇ · ((1 + χ0up)∇ϕ) = 0 in (0, T ) ×Ω,

(1 + χ0up)∇ϕ · n = he · n on (0, T ) ×Ω,

with the external magnetic field he.
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Modeling
Constitutive relations

• We consider the following energy and dissipation functionals
◦ Potential energy

Epot(t) :=
∫
Ω

ρ(up)gx3dx
◦ Kinetic energy

Ekin(t) := 1
2

∫
Ω

ρ(up)|v|2dx
◦ Mixing energy

Emix(t) := RT

∫
Ω

κpup ln
(
κpup
c̃p

)
dx

+RT

∫
Ω

κfuf ln
(
κfuf
c̃f

)
dx

◦ Magnetic energy

Emag(t) := µ0
2

∫
Ω

h · (h + m) dx,

◦ Kinetic dissipation

Dkin(t) :=
∫
Ω

|T|2

4η
,

◦ Drag dissipation

Ddrag(t) := NA

2

∫
Ω

ξ(up)|vp,rel|2 dx,

where
ξ(up) := 6πηrpκp

up
1 − up

is a nonlinear friction coefficient

Onsager ’s variational principle

δ(T,vp,rel)

(
E ′

kin(t) + E ′
pot(t) + E ′

mix(t)

+E ′
mag(t) + Dkin(t) + Ddrag(t)

)
= 0
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Summary: The nondimensional model

• Modified Navier-Stokes equation for the volume-averaged velocity v and the pressure p:

ρ(up)∂tv +
((

ρ(up)v +
( ρ̃p
ρ̃f

− 1
)

vp,rel(up,h)
)

· ∇
)

v− 1
Re

∆v + ∇p= f(up,h),

∇ · v= 0,

• Transport equation for the SPION’s volume density up:

∂tup + ∇ ·
(
upv + vp,rel(up,h)

)
= 0,

• Velocity vp,rel of the SPIONs relative to the volume-averaged velocity v (with h = ∇ϕ):

vp,rel(up,h) := − 1
Pe

κ(up)∇up︸ ︷︷ ︸
nonlinear diffusion

− 1
Fr2

∗
up(1 − up)e3︸ ︷︷ ︸

drift due to gravity

+ 1
Ke2

∗
up(1 − up)(h · ∇)h︸ ︷︷ ︸

drift due to magnetic attraction

• Elliptic equation for the magnetic potential ϕ:

∇ ·
(

(1 + χ0up)∇ϕ
)

= 0.
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Discretization and implementation aspects

• The discrete model is determined by the
◦ magnetic potential ϕnh ∈ Vh
◦ magnetic field strength hn

h ∈ Wh

◦ velocity vnh ∈ Vh,ΓD
, pressure pnh ∈ Wh

◦ SPION volume density unh ∈ Wh

• Use a semi-implicit splitting scheme

• Grid generation and refinement with gmsh (tetrahedra, unstructured)
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A semi-implicit splitting scheme

For n = 0 do
1. Obtain u0

h ∈ W from initial datum u0
p

2. Find ϕ0
h ∈ Vh such that ∫

Ω

(1 + χ0u
0
h)∇ϕ0

h · ∇ψh dx = −
∫
∂Ω

he(t0) · nψhdσ ∀ψh ∈ Vh.

3. Find h0
h ∈ Wh such that ∫

Ω

h0
h · gh dx = −

∫
Ω

∇ϕh0 · gh dx ∀gh ∈ Wh.

4. Find v0
h ∈ Vh,ΓD

and p0
h ∈ Vh such that∫

Ω

[(
ρ(u0

h)v0
h +

(
ρ̃p
ρ̃f

− 1
)

vp,rel(u0
h,h0

h)
)

· ∇
]

v0
h · wh dx+ 1

Re

∫
∇v0

h : ∇wh dx

+
∫
Ω

vh0 · ∇qh dx−
∫
Ω

p0
h∇ · wh dx =

∫
Ω

f(u0
h,h0

h) · wh dx ∀(wh, qh) ∈ Vh,0 × Wh.
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ρ(u0

h)v0
h +

(
ρ̃p
ρ̃f

− 1
)

vp,rel(u0
h,h0

h)
)

· ∇
]

v0
h · wh dx+ 1

Re

∫
∇v0

h : ∇wh dx

+
∫
Ω

vh0 · ∇qh dx−
∫
Ω

p0
h∇ · wh dx =

∫
Ω

f(u0
h,h0

h) · wh dx ∀(wh, qh) ∈ Vh,0 × Wh.
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For n = 1, ..., N do:

1. Find ϕnh ∈ Vh such that ∫
Ω

(1 + χ0u
n−1
h )∇ϕnh · ∇ψh dx = −

∫
∂Ω

he(tn) · nψhdσ ∀ψh ∈ Vh.

2. Find hn
h ∈ Wh such that ∫

Ω

hn
h · gh dx = −

∫
Ω

∇ϕnh · gh dx ∀gh ∈ Wh.

3. Find vnh ∈ Vh,ΓD
and pnh ∈ Vh such that

1
τ

∫
Ω

ρ(un−1
h )vnh · wh dx +

∫
Ω

[(
ρ(un−1

h )vnh +
(
ρ̃p
ρ̃f

− 1
)

vp,rel(un−1
h ,hn

h)
)

· ∇
]

vnh · wh dx+ 1
Re

∫
∇vnh : ∇wh dx

+
∫
Ω

vn0 · ∇qh dx−
∫
Ω

pnh∇ · wh dx =
∫
Ω

f(un−1
h ,hn

h) · wh dx + 1
τ

∫
Ω

ρ(un−1
h )vn−1

h · wh dx ∀(wh, qh) ∈ Vh,0 × Wh.

4. Find unh ∈ Wh such that

1
τ

∫
Ω

unhsh dx−
∫
Ω

(vnhunh + vp,rel(unh,hn
h)) · ∇sh dx =

1
τ

∫
Ω

un−1
h sh dx−

∫
Γin

uin(tn)vnh · nshdσ−
∫
Γout

unhveff(unh,hn
h) · nshdσ ∀sh ∈ Wh.



For n = 1, ..., N do:
1. Find ϕnh ∈ Vh such that ∫

Ω

(1 + χ0u
n−1
h )∇ϕnh · ∇ψh dx = −

∫
∂Ω

he(tn) · nψhdσ ∀ψh ∈ Vh.

2. Find hn
h ∈ Wh such that ∫

Ω

hn
h · gh dx = −

∫
Ω

∇ϕnh · gh dx ∀gh ∈ Wh.

3. Find vnh ∈ Vh,ΓD
and pnh ∈ Vh such that

1
τ

∫
Ω

ρ(un−1
h )vnh · wh dx +

∫
Ω

[(
ρ(un−1

h )vnh +
(
ρ̃p
ρ̃f

− 1
)

vp,rel(un−1
h ,hn

h)
)

· ∇
]

vnh · wh dx+ 1
Re

∫
∇vnh : ∇wh dx

+
∫
Ω

vn0 · ∇qh dx−
∫
Ω

pnh∇ · wh dx =
∫
Ω

f(un−1
h ,hn

h) · wh dx + 1
τ

∫
Ω

ρ(un−1
h )vn−1

h · wh dx ∀(wh, qh) ∈ Vh,0 × Wh.

4. Find unh ∈ Wh such that

1
τ

∫
Ω

unhsh dx−
∫
Ω

(vnhunh + vp,rel(unh,hn
h)) · ∇sh dx =

1
τ

∫
Ω

un−1
h sh dx−

∫
Γin

uin(tn)vnh · nshdσ−
∫
Γout

unhveff(unh,hn
h) · nshdσ ∀sh ∈ Wh.



For n = 1, ..., N do:
1. Find ϕnh ∈ Vh such that ∫

Ω

(1 + χ0u
n−1
h )∇ϕnh · ∇ψh dx = −

∫
∂Ω

he(tn) · nψhdσ ∀ψh ∈ Vh.

2. Find hn
h ∈ Wh such that ∫

Ω

hn
h · gh dx = −

∫
Ω

∇ϕnh · gh dx ∀gh ∈ Wh.

3. Find vnh ∈ Vh,ΓD
and pnh ∈ Vh such that

1
τ

∫
Ω

ρ(un−1
h )vnh · wh dx +

∫
Ω

[(
ρ(un−1

h )vnh +
(
ρ̃p
ρ̃f

− 1
)

vp,rel(un−1
h ,hn

h)
)

· ∇
]

vnh · wh dx+ 1
Re

∫
∇vnh : ∇wh dx

+
∫
Ω

vn0 · ∇qh dx−
∫
Ω

pnh∇ · wh dx =
∫
Ω

f(un−1
h ,hn

h) · wh dx + 1
τ

∫
Ω

ρ(un−1
h )vn−1

h · wh dx ∀(wh, qh) ∈ Vh,0 × Wh.

4. Find unh ∈ Wh such that

1
τ

∫
Ω

unhsh dx−
∫
Ω

(vnhunh + vp,rel(unh,hn
h)) · ∇sh dx =

1
τ

∫
Ω

un−1
h sh dx−

∫
Γin

uin(tn)vnh · nshdσ−
∫
Γout

unhveff(unh,hn
h) · nshdσ ∀sh ∈ Wh.



For n = 1, ..., N do:
1. Find ϕnh ∈ Vh such that ∫

Ω

(1 + χ0u
n−1
h )∇ϕnh · ∇ψh dx = −

∫
∂Ω

he(tn) · nψhdσ ∀ψh ∈ Vh.

2. Find hn
h ∈ Wh such that ∫

Ω

hn
h · gh dx = −

∫
Ω

∇ϕnh · gh dx ∀gh ∈ Wh.

3. Find vnh ∈ Vh,ΓD
and pnh ∈ Vh such that

1
τ

∫
Ω

ρ(un−1
h )vnh · wh dx +

∫
Ω

[(
ρ(un−1

h )vnh +
(
ρ̃p
ρ̃f

− 1
)

vp,rel(un−1
h ,hn

h)
)

· ∇
]

vnh · wh dx+ 1
Re

∫
∇vnh : ∇wh dx

+
∫
Ω

vn0 · ∇qh dx−
∫
Ω

pnh∇ · wh dx =
∫
Ω

f(un−1
h ,hn

h) · wh dx + 1
τ

∫
Ω

ρ(un−1
h )vn−1

h · wh dx ∀(wh, qh) ∈ Vh,0 × Wh.

4. Find unh ∈ Wh such that

1
τ

∫
Ω

unhsh dx−
∫
Ω

(vnhunh + vp,rel(unh,hn
h)) · ∇sh dx =

1
τ

∫
Ω

un−1
h sh dx−

∫
Γin

uin(tn)vnh · nshdσ−
∫
Γout

unhveff(unh,hn
h) · nshdσ ∀sh ∈ Wh.



For n = 1, ..., N do:
1. Find ϕnh ∈ Vh such that ∫

Ω

(1 + χ0u
n−1
h )∇ϕnh · ∇ψh dx = −

∫
∂Ω

he(tn) · nψhdσ ∀ψh ∈ Vh.

2. Find hn
h ∈ Wh such that ∫

Ω

hn
h · gh dx = −

∫
Ω

∇ϕnh · gh dx ∀gh ∈ Wh.

3. Find vnh ∈ Vh,ΓD
and pnh ∈ Vh such that

1
τ

∫
Ω

ρ(un−1
h )vnh · wh dx +

∫
Ω

[(
ρ(un−1

h )vnh +
(
ρ̃p
ρ̃f

− 1
)

vp,rel(un−1
h ,hn

h)
)

· ∇
]

vnh · wh dx+ 1
Re

∫
∇vnh : ∇wh dx

+
∫
Ω

vn0 · ∇qh dx−
∫
Ω

pnh∇ · wh dx =
∫
Ω

f(un−1
h ,hn

h) · wh dx + 1
τ

∫
Ω

ρ(un−1
h )vn−1

h · wh dx ∀(wh, qh) ∈ Vh,0 × Wh.

4. Find unh ∈ Wh such that

1
τ

∫
Ω

unhsh dx−
∫
Ω

(vnhunh + vp,rel(unh,hn
h)) · ∇sh dx =

1
τ

∫
Ω

un−1
h sh dx−

∫
Γin

uin(tn)vnh · nshdσ−
∫
Γout

unhveff(unh,hn
h) · nshdσ ∀sh ∈ Wh.



Simulation results

FAU J. Knoch Magneto two-phase flow for magnetic drug targeting 6.2.2025 14/18



Simulation results

FAU J. Knoch Magneto two-phase flow for magnetic drug targeting 6.2.2025 15/18


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton0'){ocgs[i].state=false;}}





Convergence tests

• Quantitiy that enters the transport problem:

(hh · ∇)hh

• Find ϕh ∈ Vh such that∫
Ω

∇ϕh · ∇ψh dx = −
∫
∂Ω

he · nψhdσ ∀ψh ∈ Vh

• Find hh ∈ Wh such that∫
Ω

hh · gh dx = −
∫
Ω

∇ϕh · gh dx ∀gh ∈ Wh
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Outlook

• Validate the model using experimental data

• Model transmission of particles into
surrounding tissue

• Optimize magnet position for branched
vessel systems

Thank you for your attention!
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