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Introduction

� Fragmentation
A contiguous body breaks into
several pieces when loaded be-
yond design capacity.

� Application
Fragments are desired (e.g.,
kidney stones), prevented (e.g.,
bulletproof vests), or con-
trolled (e.g., rock mining).

� Analytical Modelling
Predicts minimum fragment
size in materials under con-
stant dynamic strain rates.

Q Can fragmentation in brittle materials be tailored?
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Functionally Graded Brittle Materials

� Funtionally Graded Materials
Spatial variation in the
material properties.

� Engineering Applications
High fidelity & robustness.

� Testing & Characterization
Elastic wave propagation in
FGM’s

� Reliable NDT methods
� Assess structural integrity

0 0.5 1

500

1,000

1,500

2,000
E(x) = E0

(
1 + α x

L

)m

ρ(x) = ρ0
(
1 + α x

L

)m−1

E0 = 610GPa

ρ0 = 3900 kg/m3

α = −0.4

L = 1m

×104

x (m)
E
(G

P
a)

E(x),m = −2

E(x),m = 0

E(x),m = 2

0

0.5

1

1.5

2
·104×104

ρ
(k
g/m

3)

ρ(x), n = −3

ρ(x), n = −1

ρ(x), n = 1

Q Can we design FGMs with tailored wave propagation

characteristics to control fragmentation behaviour?
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Model Formulation
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Model Formulation
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� Governing Equation
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� Displacement Field (Transcendental Form)
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are the modified

Bessel functions of the first and second kinds, respectively.

Q Can we get a closed-form displacement field u(x, t)?
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Homotopy Perturbation Method (HPM)

Let u = u0 + pu1 + p2u2 + . . .

� Governing Equation:

u,tt = p{c20(1 + αx
L )u,xx + c20

αx
L u,x}

where:

u = lim
p→1

(u0 + pu1 + p2u2 + . . .)
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Form Ê(x) = E0× ρ(x) = ρ0× Cases u(x, t)

Polynomial
ψm ψn m− n = 1 ε̇0t (x− L/2 +mϕ)

m− n = 2
ε̇0ψL

2

α2
√
mc0

sinh

(√
mc0αt

L

)
− ε̇0tL

α

Sinusoidal sinm(β(x)− α) sinn(β(x)− α)
m− n = 0

ε̇0t (x− L/2 +mϕ cot(β(x)− α))
(m = n = 2)

Exponential exp(mβ(x)) exp(nβ(x)) m− n = 0 ε̇0t (x− L/2 +mϕ)

† Above β(x) = x/L. (E0, ρ0, c0) correspond to properties at x = 0.

‡ α is an arbitrary real constant, ψ = (1 + αβ(x)) and ϕ = c20αt
2/(6L).

Q What are the forward and backward components?
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Decomposition of Displacement Field - I

Objective : To determine the forward and backward components of
the displacement field.

� Step 1: Let ut = v̂ and ux = ŵ to get

Ut +D(x, t)Ux = F (x, t)

where: U =

{
ut
ux

}
, D =

[
0 −c2(x)
−1 0

]
, and F =

{
Êx(x)
ρ(x) ŵ

0

}

� Step 2: Use the linear transformation U = P(x, t)V such that

ut = v1 + v2, v1,2 =

(
ut ± c(x)ux

2

)
where: V =

{
v1
v2

}

� Step 3: From U = P(x, t)V , we diagonalize D(x, t) to get

Vt +

[
−c(x) 0

0 c(x)

]
Vx = H(x, t)
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Decomposition of Displacement Field - I

Objective : To determine the forward and backward components of
the displacement field.

� Step 1: Let vt = Ê(x)ux and vx = ρ(x)ut to get

Ut +D(x, t)Ux = F (x, t) Non-unique !

where: U =

{
u
v

}
, D =

[
0 − 1

ρ(x)

−Ê(x) 0

]
, and F =

{
0
0

}

� Step 2: Use the linear transformation U = P(x, t)V such that

u = v1 + v2, v1,2 =

(
uZ(x)± v

2Z(x)

)
where: V =

{
v1
v2

}

and Z(x) =

√
Ê(x)ρ(x)

� Step 3: From U = P(x, t)V , we diagonalize D(x, t) to get

Vt +

[
−c(x) 0

0 c(x)

]
Vx = H(x, t)

when H(x, t) ̸= 0, v1 and v2 are Riemann Variables.
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√
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[
−c(x) 0

0 c(x)

]
Vx = H(x, t)

when H(x, t) = 0, v1 and v2 are Riemann Invariants.
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Decomposition of Displacement Field - II
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Boundary Conditions

dx/dt=−c(x)

dx
/dt

=c
(x)

x

t

β

A
B

B′

β + l

Prospective Fragment (c(x) = c0
√
ψ(x))

δRs δRc

δR

δLsδLc

δL

L
β (β + l)

l

x ε̇0ε̇0

u (β, t) = ε̇0(β − L/2)t+ δLc (t)

u (β + l, t) = ε̇0(β + l − L/2)t− δRc (t)

E (β)ux (β, t) = σc(δc(t))

E (β + l)ux (β + l, t) = σc(δc(t))

where δLc (t) + δRc (t) = δc(t) and σc(δc(t)) is a suitable cohesive law.
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ODE and Minimum fragment size lmin

� From the boundary conditions and after non-dimensionalising:

˜̇
δc(t̃) + δ̃c(t̃) exp(1− δ̃c(t̃)) = ˜̇ε0t̃+ ˜̇ε0β1

where

β1 =
l̃(−3 + 2(m+ 1)

4(1 +m)

(
1 +

ϵ2 + C

ϵ(C + 1)

)
, ϵ =

E(β̃ + l̃)

E(β̃)
, C =

c(β̃ + l̃)

c(β̃)

� We numerically solve this ODE to obtain values of δ̃c(t̃).

� Conditions for fragmentation to occur:

δc(tcr) = δ∗ =⇒ δ̃c(t̃cr) = 1 (1)

δ̇s(tcr) = 0 =⇒ δ̇c(tcr) = ε̇0lmin =⇒ ˜̇
δc(t̃cr) = ˜̇ε0 l̃min (2)

� The conditions are substituted in the ODE to obtain an implicit
equation in terms of l̃min.

� This implicit equation is solved to obtain

l̃min = f(α,m, β, L, ε̇0, t̃cr)
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Results - I

Dependence on m:
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Results - II

Dependence on α:
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Open Questions

� Fragment size distribution

� Number of fragments

� Robust methods for decomposition of displacement fields even
when the field is described in terms of special functions

� Fragmentation in higher dimensions

� Fragmentation under multi-axial loading
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Thank you !

Questions ?


	Introduction
	Methodology
	1D FGMs under uniform strain rates: Displacement fields
	Decomposition of Displacement Field
	Boundary Conditions
	Minimum fragment size

	Results

	anm2: 
	2.23: 
	2.22: 
	2.21: 
	2.20: 
	2.19: 
	2.18: 
	2.17: 
	2.16: 
	2.15: 
	2.14: 
	2.13: 
	2.12: 
	2.11: 
	2.10: 
	2.9: 
	2.8: 
	2.7: 
	2.6: 
	2.5: 
	2.4: 
	2.3: 
	2.2: 
	2.1: 
	2.0: 
	anm1: 
	1.8: 
	1.7: 
	1.6: 
	1.5: 
	1.4: 
	1.3: 
	1.2: 
	1.1: 
	1.0: 
	anm0: 
	0.2: 
	0.1: 
	0.0: 


