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Introduction

> Fragmentation
A contiguous body breaks into
several pieces when loaded be-
yond design capacity.

> Application
Fragments are desired (e.g.,
kidney stones), prevented (e.g.,
bulletproof vests), or con-
trolled (e.g., rock mining).

> Analytical Modelling
Predicts minimum fragment
size in materials under con-
stant dynamic strain rates.

Can fragmentation in brittle materials be tailored?
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Functionally Graded Brittle Materials

> Funtionally Graded Materials
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Can we design FGMs with tailored wave propagation
characteristics to control fragmentation behaviour?
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Model Formulation
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Model Formulation

> Governing Equation

(EA(x)uw) = p(z)uy  where c(z) =/ E(x)/p(x)

)

> Initial Conditions

u(@,0) =0, uy(z,0) =& (m - §>

> Displacement Field (Transcendental Form)

For material properties exhibiting a polynomial variation:
0(275) =Ci1o <§ﬁ> + Cy Ky (ﬁﬁ) + 82—02 + i—o(oz2 — 52)
« (e} Sex ST

where z = (1 + %) , Iy (%\/E), and K (%f\/;) are the modified
Bessel functions of the first and second kinds, respectively.

Can we get a closed-form displacement field u(z,t)?
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Homotopy Perturbation Method (HPM)

Let u = ug + pui + pus + . .. )
> Governing Equation: V4

Ut = p{cg(l + %)u,u + Cg%u,w} "

‘4/
=777
T 12
-

where:
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p—1

Form E(x) = Egx p(x) = pox

Cases u(,t)
g wn me—n=1

éot (x — L/2+ mo)
. 72 .
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Polynomial

sin
a?y/mcy L

«
Sinusoidal sin™(B(z) —a) sin"(B(x) — ) (:: ; :LL Z g) éot (& — L/2 +me cot(B(z) — o))

Exponential  exp(mf(z)) exp(nfB(x)) m—n=0 éot (x — L/2+ mg)

+ Above B(z) = «/L. (Eq, pg, co) correspond to properties at @ = 0.
f o is an arbitrary real constant, ¥ = (1 + af(z)) and ¢ = c3at?/(6L).

What are the forward and backward components?




Decomposition of Displacement Field - I

Objective : To determine the forward and backward components of
the displacement field.

> Step 1: Let u; = v and u, = w to get

U, +D(x,t)U, = F(x,t)

_ 2 E‘T(w) ~
where: U = {;‘t} D= [0 ¢ (”3)], andF:{ Z6) w}

. -1 0

> Step 2: Use the linear transformation U = P(x,t)V such that

+ T
U = V1 +v2, V12 = (utc2(m)u> where: V = {21}
2

> Step 3: From U = P(z,t)V, we diagonalize D(x,t) to get

vir |00 | v = H
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Decomposition of Displacement Field - I

Objective : To determine the forward and backward components of
the displacement field.

> Step 1: Let vy = E(z)u, and v, = p(x)us to get
U, + D(z,t)U, = F(x,t) Non-unique !

0 _ 1
where: U = {u}’ D= . P) | and F = 0
v —FE(x) 0 0

> Step 2: Use the linear transformation U = P(x,t)V such that

Z(x) £
U =v1+v2, V2= (112(;()1;)12) where: V = {z;}

and Z(z) = \/ E(z)p(x)
> Step 3: From U = P(x,t)V, we diagonalize D(z,t) to get

—c(z) 0

W*[o o(z)

}%:H@ﬂ

when H (z,t) # 0, v; and vy are Riemann Variables.
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Decomposition of Displacement Field - I

Objective : To determine the forward and backward components of
the displacement field.

> Step 1: Let vy = E(z)u, and v, = p(x)us to get
U, + D(z,t)U, = F(x,t) Non-unique !

0 _ 1
where: U = {u}’ D= . P) | and F = 0
v —FE(x) 0 0

> Step 2: Use the linear transformation U = P(x,t)V such that

Z(x) £
U =v1+v2, V2= (112(;()1;)12) where: V = {z;}

and Z(z) = \/ E(z)p(x)
> Step 3: From U = P(x,t)V, we diagonalize D(z,t) to get

—c(z) 0

W*[o o(z)

}%:H@ﬂ

when H (z,t) =0, v; and vy are Riemann Invariants.

Ravi Sastri Ayyagari | MPDE 2024



Decomposition of Displacement Field - II
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Boundary Conditions

Prospective Fragment (c(x) = co\/$(@))

oF <] 5§<4<—>|»l ff> o

st B+ > on
u(B,t) = éo(B — L/2)t + 67 (t) E (8) s (B,1) = 0e(dc(t))
w(B+1,t) =co(B+1—L/2)t —65(t) E(B4+Dus (B+1,t) =0c((1))

where 6L (t) + 65 () = 5.(t) and 0.(5.(t)) is a suitable cohesive law.
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ODE and Minimum fragment size [y

> From the boundary conditions and after non-dimensionalising:

5e(B) + 0c(F) exp(1 — 6,(1)) = ot + 01

where

I(=3+2(m+1) ( e+ C ) _E@+D
4(1+m) e(C+1))° E(B) c(B)

> We numerically solve this ODE to obtain values of d,({).

b1 =

> Conditions for fragmentation to occur:
Oclter) = 0% = Oulter) =1 (1)
Ss(tcr) =0 = Sc(tcr) - éOlmin — gc(fcr) - g0l~mim (2)

> The conditions are substituted in the ODE to obtain an implicit
equation in terms of [yiy.

> This implicit equation is solved to obtain

lein - f(aa m, /Ba La 5.01 gcr)
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Results - 1

Dependence on m:
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Results - 11

Dependence on a:
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Open Questions

> Fragment size distribution
> Number of fragments

> Robust methods for decomposition of displacement fields even
when the field is described in terms of special functions

> Fragmentation in higher dimensions

> Fragmentation under multi-axial loading

MPDE 2024



Thank you !
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