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Point-wise traction

® Flow force inducing local deformation of bodies

® Net forces (lift, drag) insufficient

Fluid-Structure Interaction (FSI)

Estimate of initial deformation without FSI

No benchmarks yet
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Turek Benchmark

Cannonical computational benchmark for Navier-Stokes equation

Flow around cylinder

Provides referential values for lift and drag only

Aim: Compare different approaches for computing point-wise traction
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Figure: Turek, Schaefer; Benchmark computations of laminar flow around cylinder; in Flow Simulation
with High-Performance Computers Il, Notes on Numerical Fluid Mechanics 52, 547-566, Vieweg 1996
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Equations and traction

e Steady incompressible Navier-Stokes equations
pv-Vv=divT in(Q,
divv=0 in(,
T = —pl+ u(Vv + (Vv)),
v=vh onl;C 9,
Tn=0 ondQ\UIL;.

® Traction
t := Tn.
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Traction computation

® Direct approach
® Compute solutionv,p
® Evaluate traction from definitiont := T(Vv,p)n

e Weak / Dual / Poincaré-Steklov operator approach

® Compute solution v, p
® Use equation again!

/p(v~Vv)-¢dx: —/ 'I[‘~Vq§dx+/ (Tn) - ¢ dS.
Q Q a0
® Make new unknown tPS to solve for

/(thS.quS:/Q’]I‘-V(;SdX—i—/Qp(V.VV)_¢dx
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Analysis result

Standard estimate for Stokes equation

le = phlliz(@) + IV (Y = vh)lliz) < ChIV2Vliz(q) + ChlIVRlli2(o)

Scaling argument on the boundary (direct computation)

1
IV = Vi) liza0) < Cllv = Vallws/2 () < Ch2[[V2V]i2(q)

We hope: Poincaré-Steklov approach retains former convergence rate

1t°5 — 65 ]l2(00) < ChIIVV]l2(0)

Conjecture

This also holds for the Navier-Stokes equation.
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Implementation

® Firedrake — customizable finite element library

® Taylor-Hood pair

Monolithic approach — Newton solver and sparse LU factorization

Reference obtained on mesh with 7TM DoFs
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Implementation: Traction Computation

® Poincaré-Steklov (PS): using CG1 elements solve for

/89tps'¢d‘9:/QT'ngdX“‘/QP(V'VV)-¢dx

e [?—projection (proj): using CG1 elements solve for

/ tpr°j-¢>dS:/’]I‘n-¢dx
o0 Q

® Direct (dir): interpolate values in nodes
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Convergence plots: Turek benchmark

Turek Benchmark: Poincaré-Steklov compared to direct computation Turek Benchmark: Poincaré-Steklov compared to direct computation
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Point-wise drag for Turek benchmark

Re: 20 F
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Turek square benchmark

Re = 20, Refinement Ilgvel: 3
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Convergence plots: Turek square bench.

Turek Square Benchmark: Poincaré-Steklov compared to direct computation
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L2 error

PS, EOC fit = 0.45
Dir., CG1 proj., FacetN., EOC fit = 0.32
Dir, DG1 int., an. n., EOC fit = 0.31
Dir., DG1 int., CG1 n., EOC fit = 0.24
Dir., DG1 int., FacetN., EOC fit = 0.29
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a) Stokes equations

MPDE 2024

FACULTY
OF MATHEMATICS
AND PHYSICS
Charles University

Turek Square Benchmark: Poincaré-Steklov compared to direct computation

L2 error

PS, EOC fit = 0.46
Dir., CG1 proj., FacetN., EOC fit = 0.34
Dir, DG1 int., an. n., EOC fit = 0.21
Dir., DG1 int., CG1 n., EOC fit = 0.29
Dir., DG1 int., FacetN., EOC fit = 0.3
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b) Navier-Stokes equations
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