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application

utomobile & heavy industry

@@a@ | * Suspension, damping, ...
B85 | * seismic shock absorbers

* Bullet-proof vests
* Damper for helicopters

* Electro-rheological fluids
* Magneto-rheological fluids
* Photo-rheological fluids

* Thermo-rheological fluids

* Chemically-reacting fluids

Biomedicine
* Prostheses
* Artificial muscles
* Synovial fluid

* Foldable keyboards
* Haptic displays

* Haptic control
* MEMS, NEMS
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The steady p(x)-Navier—Stokes equations

¢ Steady p(x)-Navier-Stokes equations: (Dv := (Vv + (Vv) "))
Seek velocity vector field v: Q — RY, d € {2, 3}, and pressure g: Q — R such that

—divS(:,Dv) + div(vev) + Vg=f inQ,
divv=0 inQ, (p(x)-NSE)
v=0 on 092,

where for pe C%*(Q), a€(0,1], withp~ :fmmxenp(x)>dJrz and 6 >0, we have that

S(-,Dv) := (6 + |Dv|)’)?Dv.



The steady p(x)-Navier—Stokes equations

¢ Steady p(x)-Navier-Stokes equations: (Dv := (Vv + (Vv) "))
Seek velocity vector field v: Q — RY, d € {2, 3}, and pressure q: Q — R such that

—divS(:,Dv) + div(vev) + Vg=f inQ,
divv=0 inQ, (p(x)-NSE)
v=0 on 092,

where for pe C%*(Q), a€(0,1], withp~ :fmmxenp(x)> 4.2 and >0, we have that
S(-,Dv) := (6 + |Dv|)’)?Dv.
¢ Related contributions:
— Error analyses:
B [4, Breit, Diening, Schwarzacher, "15] (p(x)-Laplace equation);
[ [2, Berselli, Breit, Diening, '16] (p(x)-Stokes equations);
— Convergence analyses:
B [5, Del Pezzo, Lombardi, Martinez, "12] (p(x)-Laplace equation);
[ [7, Ko, Pustéjovska, Siili, 18], [8, Ko, Siili,"19] (p(x)-Navier—Stokes equations).



The steady p(x)-Navier—Stokes equations

¢ Steady p(x)-Navier-Stokes equations: (Dv := (Vv + (Vv) "))
Seek velocity vector field v: Q — RY, d € {2, 3}, and pressure g: Q — R such that

—divS(:,Dv) +div(vev) + Vg=f inQ,
divv=0 inQ, (p(x)-NSE)
v=0 on o9,

where for pe C>*(Q), a€(0,1], with p~ :=min, 5 p(x) > 2 3.3 and 6 >0, we have that
S(-,Dv) := (6 4 |Dv|)"")~?Dv.
¢ Functional analytical framework:
— Energy estimate:
IDv| € LP(Q) = {z € L°(Q) | |2V e L'()} .
—» Energy spaces:
ve (W™ (@) = {ze W' (Q)| vz e (LPV(@)™“},
qel”V@),
where p’ € C%*(Q) is defined by p’(x) :=
—




Continuous and discrete formulation

¢ Continuous problem: Seek (v,q)" € (WP (Q))? x (LP")()/R) such that
(8(7 DV)7 DZ)Q - (V XV, DZ)Q - (q7 div Z)Q = (f7 Z)Q )
(divv,z), =0,
forall (z,2)T € (WP (Q))? x LP'O(Q).



Continuous and discrete formulation

¢ Continuous problem: Seek (v,q)" € (W,*"(Q))? x (LP)(R2)/R) such that
(S(-,Dv),Dz)q — (V& Vv,Dz)q — (q,divz)q = (f, 2)a,
(divv,z), =0,

forall (z,2)T € (WP (Q))? x LP'O(Q).

¢ Discretized extra-stress tensor:
S “ Sh
where S;: Q x RY — R, for every T € Ty, is defined by
Sh(x,-) ==8(¢(r,-) forallxeT,

where & € T is an arbitrary quadrature point.



Continuous and discrete formulation

¢ Continuous problem: Seek (v,q)" € (W,*"(Q))? x (LP)(R2)/R) such that
(S(-,Dv),Dz)q — (V& Vv,Dz)q — (q,divz)q = (f, 2)a,
(divv,z), =0,
forall (z,2)T € (WP (Q))? x LP'O(Q).
¢ Discretized extra-stress tensor:
S “ Sh
where S;: Q x RY — R, for every T € Ty, is defined by
Sh(x,-) ==8(¢(r,-) forallxeT,
where & € T is an arbitrary quadrature point.
¢ Discrete problem: Seek (v4,gn) " € Vi, x (Qn/R) such that
(Sh(-,DVh),Dz4)a — 5(Vh @ Vh,DZp)a + 3(Zh ® Vh, DVh)a — (Gh, divzs)o = (f,z4)a,
(divvy,zp), =0,

forall (zy,z4) " € Vi, x Qp, where (Vy,, Qp) is a discretely inf-sup stable FE couple
(e.g., MINI, P2PQ, Taylor-Hood...).



‘Natural’ (fractional) regularity assumptions

= Dv)

¢ ‘Natural’ regularity on the velocity: (F(-,Dv) = (§ + \Dv\)p(‘)z
— ‘Full’ regularity: (cf. [1, Acerbi, Mingone, '02])
pec™@ =  F(-Dv)e Wg(@)™.

loc
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— ‘Full’ regularity: (cf. [1, Acerbi, Mingone, '02])
pec™@ =  F(-Dv)e Wg(@)™.
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— Fractional regularity: (cf. [6, Diening, Ettwein, '08])
peC™(®@ =  F(,Dv) € (N (@)™

loc



‘Natural’ (fractional) regularity assumptions

¢ ‘Natural’ regularity on the velocity: (F(-,Dv) = (6 + IDv|)*5 Dv)
— ‘Full’ regularity: (cf. [1, Acerbi, Mingone, '02])
pec™@ =  F(-Dv)e Wg(@)™.

loc

— Fractional regularity: (cf. [6, Diening, Ettwein, '08])
pec®™ (@) = F(,Dv)e (Np2(Q)™.

loc
¢ ‘Natural’ regularity on the pressure:
— ‘Full’ regularity: (cf. [3, Berselli, K., '23+])
pec™'(@ & F(DveW @)™ =  qew”Q).
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¢ ‘Natural’ regularity on the pressure:
— ‘Full’ regularity: (cf. [3, Berselli, K., '23+])
pec® (@) & F(,Dv)e W)™ = qgew" Q).

— Fractional regularity:
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‘Natural’ (fractional) regularity assumptions

¢ ‘Natural’ regularity on the velocity: (F(-,Dv) = (6 + IDv|)*5 Dv)
— ‘Full’ regularity: (cf. [1, Acerbi, Mingone, '02])
pPeC™(®@ =  F(.Dv) e (Wg(@)™.

— Fractional regularity: (cf. [6, Diening, Ettwein, '08])
pec™(@ =  F(.Dv)& (NS (@)™

¢ ‘Natural’ regularity on the pressure:
— ‘Full’ regularity: (cf. [3, Berselli, K., '23+])
pec’(@ & F(.DeW? @)™ = qew"0 Q).
— Fractional regularity:
pec™@ & F-DMeW @)™ 3 qenV@),
where the fractional variable Hajlasz—Sobolev space is defined by
H*P' Q) := {ueLlP(Q) | Ga(u) £0},
Ga (u) = {geL”(Q) | [u(x)—u(y)| <(9(x)+g(y))lx—y|* forae x,yeQ} .



A priori error estimate for the velocity

Theorem (a priori error estimate for the velocity)

If p e C%*(Q), F(-,Dv) € (N*2(Q))7*% g e H**'1)(Q), and [[VVllzpp(y.0 <1 then

|IF(-, Dvy) — F(-, Dv)”;Q < pmin{2,(1) Yo



A priori error estimate for the velocity

If p e C%*(Q), F(-,Dv) € (N*2(Q))7*% g e H**'1)(Q), and [[VVllzpp(y.0 <1 then

|[F(-,Dvp) — F(:, D\,)”%’Q < hmi"{Z,(P+)’}a .

¢ Proof.
— 1. Step: (Best-approximation type estimate)
IF(-, Dv) = F(-, DV)[I3,0 S [I(«2jov) " (IS(, DY) = Sa(-, DV)])|1.0
+infz,cv, {IF(-, DV) — F(-,Dz4)3 o}
+ infz,c0, { I (01ov) (19 = Z8]) 1.0},
where (o))" (-, 1) ~ ((8 + [Dv|)PO =T 4+ t)P")=2¢2 uniformly for all t > 0.



A priori error estimate for the velocity

If p e C%*(Q), F(-,Dv) € (N*2(Q))7*% g e H**'1)(Q), and [[VVllzpp(y.0 <1 then

|[F(-,Dvp) — F(:, D\,)”%’Q < hmi"{Z,(P+)’}a .

¢ Proof.
— 1. Step: (Best-approximation type estimate)
IF(-,Dv) — F(-, DVy)[[3.0 S [(jov )" (IS(, DV) — Sh(-,DV)|)[l1.0
+ ianhEVh{HF('7 DV) - F(7 Dzh)”%,ﬂ}
+ infz,cq, {II(e1ov)) " (I — z8l) h.a}
where (o))" (-, 1) ~ ((8 + [Dv|)PO =T 4+ t)P")=2¢2 uniformly for all t > 0.
— 2. Step: (Oszillation/Expressivity estimates)
I(e1ov)) " (IS(-, DV) = S4(-, DV)|)[1.0 S h**
infz,ev, {IF(-, V) — F(-,Dzy)|3.0} S h*;
infzyc0, {1 (£iov)" (19 = z8)ll.a} S AT EBED T 8



Numerical experiments: velocity error

¢ Experimental setup: Letd = 2, Q = (0, 1)2, 0 =1e—5a € (0,1],

[e% «@
. |‘ + || - . 22115 /0 1 . a—245
p.=<1—2a/2>p T 5z P > vi=[ TP (55) (), g=[ 7P
[i p]] 15 | 175 | 20 | 225 | 25 | 275
@ 1.0
4 0.750 0.719 0.695 0.676 0.659 0.645
5 0.801 0.757 0.725 0.701 0.681 0.665
6 0.824 0.774 0.739 0.713 0.692 0.674
7 0.833 0.782 0.746 0.718 0.696 0.678
8 0.835 0.785 0.749 0.721 0.699 0.680
) 0.836 0.786 0.750 0.722 0.700 0.681
_ theory || 0838 [ 0786 | 0750 [ 0722 | 0700 [ 0682 |
«a 0.5
4 0.573 0.512 0.439 0.381 0.346 0.327
5 0.530 0.473 0.413 0.369 0.345 0.331
6 0.503 0.451 0.400 0.366 0.346 0.335
7 0.486 0.438 0.393 0.365 0.348 0.338
8 0.476 0.430 0.390 0.365 0.350 0.339
9 0.470 0.425 0.388 0.365 0.350 0.341
. theory || 047 [ 0393 [ 0375 [ 0361 | 0350 [ 0341 |
Table: Experimental order of convergence (MINI element): EUC,»(HF(u, Dv) — F(-, DVh’,)Hz_Q),i =4,..., 9.



Numerical experiments: velocity error

¢ Experimental setup: Letd = 2, Q = (0,1)%/ )~y (0, 1],
O B N Ty ot
p = 573 ) P 5am P, vi=|-T~Oacy |
2 2 ~ @/77 U/ ~
= "'ath ¢ o ~
; p] 15 [ 175 [ 20 [ 225 T~ tlUpg,
- r//n f
o 1.0 > "da |
4 0.750 0.719 0.695 0.676 0.659 To~
5 0.801 0.757 0.725 0.701 0.681 0.665
6 0.824 0.774 0.739 0.713 0.692 0.674
7 0.833 0.782 0.746 0.718 0.696 0.678
8 0.835 0.785 0.749 0.721 0.699 0.680
9 0.836 0.786 0.750 0.722 0.700 0.681
| theory | 083 [ 0786 | 0750 | 0722 [ 0700 | 0682 |
@ 0.5
4 0.573 0.512 0.439 0.381 0.346 0.327
5 0.530 0.473 0.413 0.369 0.345 0.331
6 0.503 0.451 0.400 0.366 0.346 0.335
7 0.486 0.438 0.393 0.365 0.348 0.338
8 0.476 0.430 0.390 0.365 0.350 0.339
9 0.470 0.425 0.388 0.365 0.350 0.341
[ theory ]| \ | \ \
Table: Experimental order of convergence (MINI element): EDC,(HF(n, Dv) — F(-, DVm)Hz_Q).i =4,..., 9.
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