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Equations:

Ov +div(vev) —divS+Vr =0, divv=0
0t + div(6v) +divg =S : Dv

Unknowns: v: Q — R3, 0,7 : @ — R, where Q = (0, 4+00) x Q and
Q C R3 open, bounded with Lipschitz boundary, I = (0, +c0)

Constitutive relations: S = v(0)(1 + \Dv\2)pz;2Dv for some p > 1,
q = —k(0)V4 for a k, v positive, bounded and bounded away from 0.

Boundary conditions: v =0, 8 = 0, on | x 012, assume 0 < 0 < 6,
Initial conditions: v = vg, 8§ = 6y in {0} x Q, assume 0 < 0 < 6

Stationary solution/steady state:
v=0, div(q(d,V0)=0inQ,
0 Wh2(Q)NL®(Q),0<6<

0 = 0, on 09,
0 <.
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Choice of Lyapunov functional

[Clausius, 1865] - The energy of the world is constant. The entropy of the
world strives to maximum.

[Bulitek et al., 2019] - based on second law of thermodynamic

[Dostalik et al., 2021] - suitable choice of temperature scale

Candidate for Lyapunov functional: L = &(v, 6,0, QA) —8(v, 6,0, OA)
In our situation (with g = —V6 and a € (0,1)):
Try 1:

L1(v,0):/Q V2 +60—0—0lg(=).

1 AN
La(v,ﬁ):/92]v|2+9—9—l_a((é)l —1).

.. convergence of smooth solutions to steady state, no rate of
convergence

>

Try 2:

relative entropy/energy functional
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Relative entropy inequality a € (0, 1]

atLa(v,0)+/ aé(?)_l_a|V(€)|2+/(€)_aS :Dv < / vve(ﬁ)—a.
Q 0 0 Q 0 Q 0

Tasks:
estimates integrals on the LHS from below with L, (v,8), p >0
estimate the remainder of the transport term on the RHS

A-priori estimates:

+00
IVl oo (0,+00;22(02)) > 101l Lo 0,1 00:12(02)) ,/0 /QS : Dv

by data.

Petr Kaplicky, Charles University, PragueNe&J Stability of steady states 4/10



Relative entropy inequality with added kinetic energy
La,a(v,0) = BIV[{2q) + La(v,0)
fora € (0,1], 6>0
There is > 0, 8 > 0 that depend only on size of data é, 0o, vo such that
Otlag+ plap <0.

— Exponential decay of the functional L, g to zero.
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Theorem
p>6/5
= there exists y > 0 s.t for almost every 7 > 0

V(D)7 < e C((Iv(0)l2),

p>8/5 ac (max(1/2,2 —5p/6),2/3] and R >0
= there exist u, 8 > 0 such that for almost every 7 > 0

Ivoll3 + 1Bl < R == La,a(v(7), 0(7)) < €77 La,5(v(0),6(0))

provided (v, #) is a solution satisfying kinetic energy inequality, relative
entropy inequality, and uniform estimates in time of

—+o00
IVl ot ootz 10l e (o s oorti () - /0 /Q S : Dv

by data.
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How to obtain solutions satisfying relative entropy inequality?

@ Derive the relative entropy inequality from definition of the weak

solution
@ Add some physical (in)equality to the notion of the weak solution in
such a way that the solution satisfies relative entropy inequality
@ relative entropy inequality

@ entropy equality
©® modified total energy inequality
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Add the relative entropy inequality to the notion of the solution

@ |t is possible in our situation.

@ Done for compressible NSF system with the forcing ez in the balance
of linear momentum, see [Feireis| et al., 2024]

@ no exponential convergence to steady state

Relative entropy inequality « € (0, 1]

atLa(v,e)+/Qaé(Z) 1- a|v<9)|2 /Q(ZA)_O‘S:Dvg/QvVG(Z)
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Add entropy equality to the notion of the weak solution

@ Existence of such solutions proved in [Abbatiello et al., 2022] for
p>11/5if Q Cc R3.

o Stability of such solution proved in [Abbatiello et al., 2024].
@ 2D situation studied in [Wintrova, 2024].

Entropy
) ) S :Dv 5
n = lg(6), O + div(nv) — div(k(0)Vn) = 5 + k()| V|

o Work in progress: generalization to x(0) = 6%, 8 € R [Hajduk,
Wroblewska, K.]—for 8 > 0, need for bounded entropies
ny = (07 —0'"7)/(y — 1) for y > 1
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Add modified total energy equality to the notion of the weak solution

@ Stability for such solution if p > 8/5.

o Weak solution+kinetic energy inequality, entropy inequality, modified
total energy inequality

Modified total energy inequality

2
at/ [2’%-3(9,0)4 —1—/v-Vng(@,@)—l—/v-VH@zB(G,Q)go
Q Q Q

— / K(0)VO - Vo b(6, ) —/ k(0)V6 - VO d2b(0,0) o <0
Q Q
for all p € C*°(Q) s.t. p =1 on Q.
b is some function s.t. b(s,s) =1 and 91 B = b.

Obtained by testing balance of linear momentum with v and the heat
equation with (1 — b(6,0)¢p).
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