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Introduction — surface energy
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Surface/interface elasticity
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Steigmann & Ogden (1997)

Silhavy (2011, 2013) - interfacial energy, phase transition

Javili & Steinmann (2009, 2010) FEM for continua with
boundary energies

Mogilevskaya et al. (2020, 2021) surface elasticity in linearized
setting

Casado Dias-Francfort-Lopez Pamies-Mora (2023) elastomers
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Functional of elastic energy for nonsimple materials

Let Q ¢ RY, d > 2, be a bounded open connected Lipschitz set,
representing the reference configuration of a hyperelastic body. The
elastic-energy functional depending on the deformation field

y : Q — R reads

G(y) = /Q (W(Ty(x)) + H(T2y(x))) dx — Z(y(x) — x)
+ 7 [ leof Vyn| = 1]l 11(90) -

Here, W is the stored energy density, H is a convex coercive
function representing the energy density depending on the second
gradient £ is a dead loading linear bounded functional, accounting
for the work of given external force fields. Local changes in the
surface measure of the boundary of Q are penalized, as |cof Vy n|
represents the surface area element of the deformed configuration:
~v > 0, n is the outer unit normal to 9.



Formal linearization

In the linearization process, we assume that y(x) = x + ev(x) for a
suitable rescaled displacement v and we set £ = £/¢, which
reflects the scaling of external forces. Assuming that H and W are
frame indifferent, that H is convex positively p-homogeneous for
some suitable p > 1 and that W is minimized at the identity with
W(l) = DW(l) =0, i.e., that identity is the natural state of the
body 2, we consider the rescaled nonlinear global energy

G-(v) ::612/QW(I—i—z-:Vv)dx—l—;p/QH(svzv)—E(v)

Y
+ g ” ‘COf(l + EVV) n\ -1 HLl((?Q)'



Formal linearization - bulk term

Ase — 0

W(l+eVv) = fE(v) VW () E(v) + o(?),

the second order term in the Taylor expansion of W produces the
standard quadratic potential of linear elasticity (being D>W/(l) the
fourth order elastic tensor), acting by frame indifference only on the
symmetric part of the gradient

4 4 T
5 = DT



Formal linearization - surface term

On the other hand, by the formula cof F = (det F) F~T we have

cof (I +eVv) = det (I +eVv) (I +¢(Vv)T)?
= (1 +edivv+o(e)) (I — £(Vv)T + o(e))
=1+ ¢eA(v) + o(e),

where we have introduced the tensor
A(v) =Ildivv — (Vv)" = 1txVv — (Vv) T,

corresponding to the linearization of the cofactor matrix. As a
consequence,

lcof (I+eVVv)n| = /1 +2e A(v)n-n+ o(e) = 1+ A(v)n-n+o(e).



Formal limit as e — 0

Gi(v) Z:;/QE(V) DQW(l)E(v)dX—}—/QH(Vzv)dx—ﬁ(v)

—i—’y/ |A(v)n-n|dS
Bls!

Note that
A(v)n-n=(1trVv)n-n—(Vv)'n-n
— (E(v))n-n — E(v)n-n
divA(v) =0,
and

8j2k V= 8J-E(V);k + 8kE(V)ij - aiE(V)jk7

so that G, depends only on v, E(v), and on its gradient.



Another model of surface energy

F»)i= [ (W(Ty) + H(T2y)) e = Zly() — )
+ '/ |cof Vy(a)n(o)|dS(c) — aQ]‘ .
o
The associated rescaled energies are given by

Fo(v) :_;/Qwaﬂw) dx+;/QH(5V2V)_£(V)

L
3

/ |cof (I +eVv)n|dS — ]89[' .
lo)
We get as the as e — 0

‘/ |cof (I +eVv)n|dS — |8Q|‘ =c
o

/BQ A(v)n-n dS‘ + o(e),



We notice that the divergence theorem implies, assuming enough
smoothness of 9 and introducing a suitable extension of the
normal n to the whole of ,

/ A(v)n-ndS = A(v)™n-ndS
o0 o0
:/diV(A(v)Tn)dx:/A(v):Vndx,
Q Q

having used the fact that A(v) is divergence free. Therefore the
limit functional F, can also be rewritten as

Fi(v) = /QE(V) D2W(I)E(v) dX%—/QH(V2v) dx — L(v)

+7

/QA(V) : Vndx




Assumptions on W and H

W : R9*9 — [0, 4+oc] is continuous ,

W(RF) = W(F) for every R € SO(d) and every F € IR¥*9,

W(F) > W(l) = 0 for every F € IR9*9,

W € C?(U) for some suitable open neighborhood ¢/ of SO(d) in IR9*9,
FT D*W(I)F > C|symF|? for every F € R9*9,

W(F) > C dist?(F, SO(d)) for every F € R9%4.

H:RI¥99 _, IR is a convex positively p-homogeneous function,
VB e R¥4*d G|B|P < H(B) < Ci(1 + |BJP),
H(RB) = H(B) for every B € R?*9*? and every R € SO(d).

Here the product between R and B is defined as
(RB)imn = RixBimn for all i,m,n € {1,...,d}.



Main results

Theorem (Convergence of minimizers)

Let p > d/2. Suppose that L is a bounded linear functional on
W?2P(Q;IRY), that W and H satisfy the assumptions above. Let
(¢j)jen C (0,1) be a vanishing sequence and let

(vj)jen C Wr2 P(Q; RY) be a sequence of minimizers for functionals
Ge; over Wr2’p(Q; RY). Then the sequence (vj)jen is weakly
converging in W?P(Q;R?) to the unique solution to the problem

min {g*(v) v E Wrz’p(Q;IRd)}.




Theorem

Let p> d/2. Let W and H satisfy the assumptions above. Let L
be a bounded linear functional over W22"P(Q;TR9). Let

(¢j)jen C (0,1) be a vanishing sequence. If (vj)jen C W?P(Q,RY)
is a sequence of minimizers ofggj over W2’p(Q; IRd), then there
exists a sequence (R;)jen C SO(d) such that, by defining

5i(x) = R vi(x) + —(R]x — x),

in the limit as j — +oc, along a suitable (not relabeled)
subsequence, there holds

Vuj — Vu, weakly in WHP(Q; RI*Y),

where u, € W>P(Q,1RY) is a minimizer of G over W?P(Q, R9),
and

gsj(vj) — G(uy), min  G..— min G.

w2r(QRY) ' W2p(QRY)




Main results

Lemma ([-limsup)

Let p > d/2. Suppose that L is a bounded linear functional on
W?2P(Q;R?), that W and H satisfy the assumptions above. Let
(¢j)jen C (0,1) be a vanishing sequence. Let v € WZP(Q; IRY).
There exists a sequence (v;)jen C C®(Q;TR) N Wrz’p(Q; RY) such
that

vj — v strongly in W>P(Q;IR?) as j — +oo

and




Main results

Lemma (I-liminf)

Let p > d/2. Suppose that L is a bounded linear functional on
W?2P(Q;IRY), that W and H satisfy the assumptions above. Let
(¢j)jen C (0,1) be a vanishing sequence. Let v € Wrz’p(Q; RY).
Let (vj)jen C Wrz’p(Q; IRY) be a sequence that weakly converges
to v in W2P(Q;IRY). Then

liminf G . (v;) > Gi(v).

Jj—+oo




Key lemma

The following is a key lemma, providing the rigorous linearization of
the interfacial term.

Lemma

Let p > d/2. Let v e WP(Q;IRY). Let (gj)jen C (0,1) be a
vanishing sequence and let (v;)jen C W?P(Q;TR?) be a sequence
such that Vv; weakly converge to Vv in WHP(Q; IR¥*9) as

Jj — +oo. Then

1
lim — |lcof (I +¢€;Vvj)n| —1] dS = / )n-n|dS .
j=+o0 € Joq




Important steps of the proof
By the Cayley-Hamilton formula, we have
d—1
cof (1 +¢;Vvj) =1+ ¢;A(v;) + Z 6}‘ B(v))
k=2

where By (v;) is a matrix whose entries are polynomials of degree k
in the entries of Vv;, and the sum is understood to be zero if
d = 2. Letting

we get therefore
cof (1 +&;Vv)) = | + ;A(v)) + & B(v)).
We notice that
lcof (I +&;Vv;)n|2 = |n + &;A(v;) n + €7 2B(v;)n|?
=1+2A(vj)n-n —|—6J- D(vj)n - n,

where



D(v;) := A(vj) TA(v) +2B(v;) +25; B(v;) TA(v) +<] B(v;) " B(v)).
We observe that the following properties hold:
Vv; — Vv strongly in L}(9Q; IRI*9) as j — +o0,

A(Vv;) = A(Vv) strongly in L1(0Q; RY*9) as j — 400,
the sequence (B(v}))en is bounded in L1(9Q; R¥*7).



We define
Q = {x € 09 : |A(y(x))| + [B(v;(x))| < 2% %}

and we notice that
509\ Q) < / . 16=74(14 ()| + &1 B(v})]) dS
< 1614 /8 (14()] + B () dS

so that S(0Q2\ Q;) — 0 as j — +o0.



On Q; it holds

1
25 A nen+22 D) nenl < 22 A+ D) < 557 < 5.

gj[D(vi)l < V/&j + 2¢5|B(v))].

|cof (I +¢;Vvj)n| —1= \/1+2£J-A(vj)n-n+ej?]D>(vj)n-n—l

2 +o00
=¢gjA(vj))n-n+ 2J}D)(vj)n n—{—Zak 2jA(vj)n- n+5 D(vj)n - n)k,
k=2
(=1 }(2k)!

and

where o = (k)2 2k — 1)



+o00
Zak (2¢jA(vj)n-n+ 512 D(vj)n-n)k =0

k=2
We have
lo |cof (I +¢;Vvj)n| -1 1 Ay)n-n+1g —ID)(VJ-)n-n
€j 2
1 X
+1q — Zak 2ejA(vj)n- n+5 D(v;)n - n)k,
%=

Since 5(092\ Q;) — 0 we deduce that
|cof (I +¢;Vvj)n| -1

o - — A(v) n-n strongly in L1(0Q) as j — +o0
J
so that
lim / ||cof (I +¢€;Vvj)n| —1]dS = / )n-n|dS.
Jj—4o0 EJ

The proof concludes by showing that

1
lim = ||cof (1 +¢;Vvj)n| —1]dS = 0.
J—+oo EJ' BQ\QJ-



Take home messages

—_

. In many cases, surface elasticity plays an important role.

N

. We introduced two model examples of surface elastic energy

w

. Results for pure traction problems are also available if

L(a+Mx) =0 for every a € RY and every M = —M T,

N

. Preprint available at arXiv:2312.08783



Take home messages

—_

. In many cases, surface elasticity plays an important role.

N

. We introduced two model examples of surface elastic energy

w

. Results for pure traction problems are also available if
L(a+Mx) =0 for every a € RY and every M = —MT.

4. Preprint available at arXiv:2312.08783

Thank you for your attention!
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