On unsteady flows of viscoelastic fluids of
Giesekus type

Tomas Los,
with M. Bulicek, Y. Lu and J. Malek

FACULTY

OF MATHEMATICS
AND PHYSICS
Charles University

Praha, 23th September 2024

Tomas Los Viscoelastity



Viscoelastic materials: Models P,

@ Motivation: Analysis of flows of viscoelastic materials
@ Biomaterials, geomaterials, synthetic rubbers
@ Complex structure: More relaxation mechanisms

A
Find (v, p,F1,Fy) satisfying in Qr := (0, T) x Q

divv = 0,

OV + diV(V X V) —divD + Vp = diV(G1B1 + GQBQ),
A% X 2\ .
B,‘Jr(IEB,?*A’fB} *') = 0 i=1,2

B = FF i=1,2,

detF;, > 0 i=1,2,
with boundary condition
v=0 onXr:=(0,T) x 00

and initial conditions

v(0,-) = vo, Fi(0,-) =Ty, Bi(0,-) =F4Fy inQ.
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Viscoelastic materials: Models P,

@ Second order models
@ )\ = X2 =1 — two Oldroyd-B models (=~ Burgers model)
@ )\ = X2 = 0 — two Giesekus models

A
All models: same forms of Helmholtz free energy

2
=Y Gi(tr B; — d — IndetB)).
Rate of entropy production: differs by values of A¢, Az
Gi 2 — —1y12
¢:= D] +Z IB (I-B;)"
Energy identity:

[ (vor+uw)+e [ [e= [ (voF+v©).
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Burgers-Giesekus — 3D weak formulation

A
Let

@ Q c R® bounded domain, Q € C*', i e {1,2}

@ v € L] g, Fyy € (L2(Q))%°, By, := F,F[, detFj, > 0, IndetFy, € L'(Q).

Weak solution to Burgers-Giesekus model is (v, Fy, F»)
© V € Cuear ([0, T: L2,4,) NL2(0, T; W :2,), &v € L3(0, T; (Wy2))")
® F; e C([0, Th; (LA(@)?) n (L+#(Qr) ™
® B € C ([0, TT; (L'(@))>*°) n (L*#/(Qr) ™
@ B; =F;F/, detF; > 0a.e.in Qr

,OF; € L3(0, T; (W'2))
, OB € L'(0, T; (W"*)*)

2
(Brv, W) —/(v® v):Vw+/ID>:Vw+/ZG,IB%,-:Vw:O
Q Q Q5

(8B, A) —/ (B ® v): VA —/(VV]B%,- +Bi(Vv)") ;A+/(B,?+“f —B™):A=0
Q Q Q

y
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Mathematical results — Global weak solutions

@ Oldroyd-B model — open
@ Lions, Masmoudi (2000): Oldroyd-B, instead of B

d
’
OB+ O (vB) — WB—BW', W= 5 (Vv (vv)")
j=1

@ Masmoudi (2011): Weak sequential stability of weak solutions to
Giesekus model (u = 0)
o brief outline of the proof (reference to analysis of other models)
e we found inconsistencies
@ not introduced approximations

@ BuliGek, Los, Lu, Malek (2022): Existence of weak solutions to
mixture of two Giesekus models in 2D

@ new existence result for a second order model
e rigorous proof with full details
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Key ideas/steps

First idea (Masmoudi):
@ Consider equations for F

OF + div(F ® v) — (VV)F + % ((JF]FT)”“ - (IFIE‘T)“) F=0. (1)

@ Sum of (1) multiplied by F from right with transposed (1) multiplied by F
from left

OB + Div(B ® v) — (VV)B —B(Vv) + (B*" —B'™) =0, B=FF".

@ Advantages: F better integrability than B = larger set of test functions

@ increases chance to get compactness of approximations
@ short proof of detF > 0

@ we get B = FF directly
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Key ideas/steps

Approximations:
@ Let (vi, Fi)ken be sequence of weak solutions to balance of momentum
and (1).

@ Uniform bounds for (v, 8:Vk, V Vi, Fi, 0:Fk) + Aubin-Lions lemma
= extract subsequences v, — v, Fx — F as k — oo such that

ov+div(ve v) —divD+Vp—divFFT = 0
OF + div(F ® v) — (VV)F + %((WT)W —(FFT")F = O
We need
@ (VV)F = (VV)F It suffices
@ FFT = FF’ @ Fyx — Fin (L3(Qr))*®

@ (FFT)AF = (FF')EF
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Main ideas of the proof

Proof of compactness: 3 main steps

@ Forallp e C((—00, T) xQ), v >0

/um ©(0) / ([F20ro+|F]2v- V) — <2vV FFT —(FF7)"+# FFT + (FFT ) FFT, ¢> =0

—/\Fo\ ©(0) —/ (|F 2010+ |F]2v- Vi) —/ (ZVV]F:]F—(IE‘IE‘T)”#F:F—}—(IE‘IFT)#F:F) ©=0
Q or or

@ From Step 1 derive for all p € C°((—o0, T) x Q), » >0

—/OT(W—W) arso—/QT(W—\FF) v-ve< [ L(FF-FR)

T

where L € [2(Qr) is a suitable function.

© Conclude [F[2 = |F[? a.e. in Qr, which is equivalent to

Fx — Fin (L3(Qr))**°.
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