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Meteorology: Navier-Stokes-cloud model

op' +V - (pu)=0
o1 (pu) + V- (pu e u+pld— pppn (Vu+ (Vu)T) ) = —'ges
(p0) +V - (pu — pupV) = Sy(C, E, p,0)
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Meteorology: Navier-Stokes-cloud model

op' +V - (pu)=0
o1 (pu) + V- (pu e u+pld— pppn (Vu+ (Vu)T) ) = —'ges
(p0) +V - (pu — pupV) = Sy(C, E, p,0)

o (pgw) +V - (pgvu — pppVay) = p(—C + E)
Ot(pge) + V- (pgew — pnpVae) = p(C — Ay — As)
O (par) + V - (—vgpares + pgyu — pppVar) = p(Ar + Az — E)
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Meteorology: Navier-Stokes-cloud model

op' +V - (pu)=0
o1 (pu) + V- (pu e u+pld— pppn (Vu+ (Vu)T) ) = —'ges
(p0) +V - (pu — pupV) = Sy(C, E, p,0)

o (pgw) +V - (pgvu — pppVay) = p(—C + E)
Ot(pge) + V- (pgew — pnpVae) = p(C — Ay — As)
O (par) + V - (—vgpares + pgyu — pppVar) = p(Ar + Az — E)

e to describe uncertainty propagation of data = the solution is a random
process

e Chertock, Kurganov, ML, Spichtinger, Wiebe: Math. Clim. Weather
Forecast ('19), JCP ('23)

-second order FVM in space-time & spectral approx. in random space
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Test: Rayleigh Bénard Convection
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3D Rayleigh Bénard Convection

Time evolution of the potential temperature in 3D
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Time evolution of rain: Mean value

E[q}°%] at t=1000s [g}°%*] at t=6000s
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Figure: Time evolution of the expected values (left) with their standard deviations
(right) for the potential temperature 6 and mass concentration of rain g, per m?




Shallow water system with bottom topgraphy

e Chertock, Herty, Ishakov, Janajra, Kurganov, ML: Comm.Appl.Math.Comp. ('24)
- FVM with 2nd order in space-time & 5th order Ai-WENO-Z in random space

- random water surface, discharge & deterministic bottom topography

September, 2024
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Shallow water system with bottom topgraphy

e Chertock, Herty, Ishakov, Janajra, Kurganov, ML: Comm.Appl.Math.Comp. ('24)
- FVM with 2nd order in space-time & 5th order Ai-WENO-Z in random space

- random water surface, discharge & deterministic bottom topography

Water surface Water surface

1.2 —surface mean - - surface st. dev. |0.012 1.2 0.012
--=-bottom topogr.
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Figure: Mean and standard deviation of water surface at ¢ = 0 (top left), 0.5 (top
right), 0.75 (bottom left), and 1 (bottom right)
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Random compressible flows

= compressible Navier-Stokes-Fourier / Euler equations:

® conservation of mass, momentum, energy

® second law of thermodynamics
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Random compressible flows

= compressible Navier-Stokes-Fourier / Euler equations:

® conservation of mass, momentum, energy
® second law of thermodynamics

m Goal: rigorous convergence analysis of Monte Carlo FVM, stochastic
collocation FVM without assuming existence of regular exact sol.
uncertainties in initial /boundary data, model parameters
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Random compressible flows

= compressible Navier-Stokes-Fourier / Euler equations:

® conservation of mass, momentum, energy
® second law of thermodynamics

m Goal: rigorous convergence analysis of Monte Carlo FVM, stochastic
collocation FVM without assuming existence of regular exact sol.
uncertainties in initial /boundary data, model parameters

® rigorous analysis for random elliptic, parabolic problems: Babuska et al.
('10), Nobile et al. ('08), Charrier et al. ('13), Bespalov et al. ('12),
Mishra & Schwab ('12), Cohen & Schwab ('11), ...
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Random compressible flows

= compressible Navier-Stokes-Fourier / Euler equations:

® conservation of mass, momentum, energy
® second law of thermodynamics

m Goal: rigorous convergence analysis of Monte Carlo FVM, stochastic
collocation FVM without assuming existence of regular exact sol.
uncertainties in initial /boundary data, model parameters

® rigorous analysis for random elliptic, parabolic problems: Babuska et al.
('10), Nobile et al. ('08), Charrier et al. ('13), Bespalov et al. ('12),
Mishra & Schwab ('12), Cohen & Schwab ('11),

= fundamental problem: weak solutions of compressible flows are in
general not unique
pathwise arguments for statistical convergence analysis do not work!
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Barotropic Navier-Stokes equations

o+ divg(ou) =0
O (ou) + divy(ou @ u) + Vop = divyS(u, A, Viu)

2
S(p, A\, Vau) = <qu + VT - ddivzul[) + Mivgull, d =2,3

p(o) =ag’, a>0, v>1

e total energy

1
E = 70u2+

5 - p(e)

plays the role of entropy

d
— | F <
dt/ﬂ (#)de <0

-periodic BC
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Known results ...

= |ocal well-posedness (regularity) Valli-Zajaczkowski ('86), Cho-Kim
('06), Kotschote ('15)

= global weak solutions Lions ('98) for v > 9/5,
Feireisl-Novotny-Petzeltova ('01) for v > d/2

m Buckmaster et al. ('22), Merle et al. ('22) originally regular sol. may
develop finite time blow up
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Main Goal:
statistical analysis of random compressible NS egs.
by means of the Monte Carlo/stochastic collocation FVM method
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Main Goal:
statistical analysis of random compressible NS egs.
by means of the Monte Carlo/stochastic collocation FVM method

I. Deterministic convergence/error analysis

Lax equivalence principle:
stability 4+ consistency < convergence

September, 2024
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Finite volume scheme

e (Qp, p.w. constant functions on regular rectangular grid 7},

.7l _
I: LYQ) = Qn. Tlp= Y 1K‘K|/¢dx

KeTy,
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Finite volume scheme

e (Qp, p.w. constant functions on regular rectangular grid 7},

I1: LYQ) = Q). Tp= 1% $dx
= v ),

e average and jump on edge 0 = K|L

o} ) = L@ g ot (a) o)

e upwind velocity

up o if o) -n >0,
/r‘ =
o if o) -n <0.

Up[r,v] =r"Pv-n
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Finite volume scheme

e (Qp, p.w. constant functions on regular rectangular grid 7},

. 1
I: LYQ) = Qn. Tlp= Y 1K‘K|/¢dx

KeTy,
e average and jump on edge 0 = K|L

o} (o) = LD () )
e upwind velocity
up o if o) -n >0,
DT e {v} - n<o.

Up[r,v] =r"Pv-n

e numerical flux

Fy(r,v) =Up[r,v] = h[r], >0
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e discrete divergence

. . . 1
leh’u,h(X) = Z (dlvhuh)KlK, (dlvhuh)K = @ Z |O'| {{uh}}»n

KeTy, o€E(K)
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e discrete divergence

1
dth’u,h(X) = Z (divhuh)KlK, (divhuh)K = @ Z |O'| {{uh}}»n

KeTy, o€E(K)

e Finite Volume Method

/Q Dicknds = Y [ Fuleh ub)lonlds. =0 forall oy € Q
ceEV 9
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e discrete divergence

. 1

dth’u,h(X) = Z (divhuh)KlK, (dlvhuh)K = @ Z |O'| {{uh}}»n
KeTy, ceE(K)

¢ Finite Volume Method

/Q Dicknds = Y [ Fuleh ub)lonlds. =0 forall oy € Q
ceEV 9

| /Q Dy(ofuf) - pnde — > / Falcful,ub) - [en] - {ehJ} n- Lenlas.

oV ?

1 . .
= —u Z/ E[[ué]] en]dS: — (u + /\) /Q lehuz divyppdx
i aed

for all ¢, € Qy,
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Discrete energy dissipation: Stability

1 .
Dt/o(zgﬁuﬁ”??(gi)) da+

~ 2 .
he > | Lok Huk] dSe + plVeu|l7 +(M+/\)/Q\dlvhulf;|2 d

oecEVT

At [, 1 " 2 (e
=-7 [, POl dx =5 3 [P’ (1 + o ni) s,

At _ 1 2
=5 [ do =5 S [ (el - nifufas,
oeg’?

P(0) = —— 07 ... pressure potential
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Consistency

Let At~ h,ifl<y<2then -1<e<2y—1—-d/3, elsee > —1

tk: tk
[/ on(T)o(7,-) dx} :/ /[Qhat¢+9huh-vz¢} dzdt
O =0 0 (@]

ly
+/0 e1,n(ty, ¢)dt

for any ¢ € C*([0,T] x Q), k=0,...,N, NAt =T
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Consistency

Let At~ h,ifl<y<2then -1<e<2y—1—-d/3, elsee > —1

tk: tk
[/ on(T)o(7,-) dx} :/ /[Qh5t¢+9huh-vz¢} dzdt
O =0 0 (@]

ly
+/0 e1,n(ty, ¢)dt
for any ¢ € C*([0,T] x Q), k=0,...,N, NAt =T
tg

[/Q on(T)un(7)e(7, ) dx} _

7=0

tg
/ /Q [onup - Orp + opup @ up 2 Ve + +ppdivee] dadt,
0

173 173
—/ / uVeuy : Ve + (p+ Ndivyuy divee dzdt 4+ / ean(t,)dt
0 Q 0

for any ¢ € C2([0,T] xQ), k=0,...N, NAt =T
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Consistency
Let At = h,ifl<y<2then -1 <e<2y—1—-d/3, elsee > —1

tk: tk
[/ on(T)o(7,-) dx} :/ /[Qh5t¢+9huh-vz¢} dzdt
O =0 0 (@]

ly
+/0 e1n(ty, ¢)dt
for any ¢ € C*([0,T] x Q), k=0,...,N, NAt =T

[/QQh(T)uh(T)Lp(T,.) dxr’“ _

7=0

tg
/ /Q [onup - Orp + opup @ up 2 Ve + +ppdivee] dadt,
0

tr ti
—/ / uVeup : Voo + (p+ Ndivpuy divee dzdt —I—/ ean(t,)dt
0 Q 0
for any ¢ € C2([0,T] xQ), k=0,...N, NAt =T

||ej,h('7¢)||L1(0,T) = hﬁH(b”C’Q’ j=1,2, forsome §>0
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Passing with i — 0: convergence

e we do not have enough regularity from a priori estimates to pass to the
limit as A — 0 in the momentum upwind term
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Passing with i — 0: convergence

e we do not have enough regularity from a priori estimates to pass to the
limit as A — 0 in the momentum upwind term

e BUT: any sequence bdd. in L? has a weakly convergent subsequence

Maria Lukéaova September, 2024



Passing with i — 0: convergence

e we do not have enough regularity from a priori estimates to pass to the
limit as A — 0 in the momentum upwind term

e BUT: any sequence bdd. in L? has a weakly convergent subsequence

—> Dissipative weak solutions
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Dissipative weak solutions
A pair (p,u) such that ¢ € Cyear ([0, 7]; L7 (QY)),

2
m = 0u € Cuear([0, T); L7 (Q))), u € L2((0,T); W2(Q))
= continuity eq.

t=1 T
. — Veod
[/Q 0o (t, )dl’]t_o /O /ant¢+@u V¢ dadt
7€ [0,7] and ¢ € C*([0,T] x Q)
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Dissipative weak solutions
A pair (p,u) such that ¢ € Cyear ([0, 7]; L7 (QY)),

2
m = 0u € Cuear([0, T); L7 (Q))), u € L2((0,T); W2(Q))
= continuity eq.

[/Q Q¢(t,-)d$] Z:; = /()TA)93t¢+QU~Vm¢dxdt

7€ [0,7] and ¢ € C*([0,T] x Q)

= momentum eq.

] -

/ / oudrp + [ou @ u +p(o)Id] : Vi drdt

/ /S : mgodxdt%—/ /Vq;(p d9R(t)dt,

R e L0, T; MT(Q; Rgl;n%)) ... Reynolds turbulent defect,
peC([0,T] x Q)
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= energy inequality

/n (éguup(é’)) (7) dx+/(:/08(VIU) Vo dedt

+ [ae< [ (o +P0) 0

- energy defect € € L*°((0,T), MT(Q))
= defect compatibility

de¢<trR|<de¢ 0<d<d
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Convergence of FVM

Theorem (Feireisl, ML, Mizerova, She (M?AN'21))

Let {(on,un)}n\po be upwind FV solutions,
ifl<~y<2then —1<e<2y—1-—d/3, elsee > —1.
Let

oo > 0, /QE(po,mo) S 1.

Then there is a subsequence of {0y, My} o that converges to a dissipative
weak sol.

Oh, — 0 weakly-(*) in L>((0,T); L7(Q)),
2y

my, — m  weakly-(*) in L*>(0,T; L7+ (Q})),
By, — E weakly-(*) in L=(0,T; M"T(Q)) ash — 0.
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Nash hypothesis

= Do we have global strong sol.?

= Nash (1958)
“Probably one should first try to prove a conditional existence and
uniqueness theorem for flow equations. This should give existence,
smoothness, and unique continuation (in time) of flows, conditional on
the non-appearance of certain gross types of singularity, such as infinities
of temperature or density.”
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= Nash (1958)
“Probably one should first try to prove a conditional existence and
uniqueness theorem for flow equations. This should give existence,
smoothness, and unique continuation (in time) of flows, conditional on
the non-appearance of certain gross types of singularity, such as infinities
of temperature or density.”

m global in time boundedness of certain variables = global in time strong
sol.
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Nash hypothesis

= Do we have global strong sol.?

= Nash (1958)
“Probably one should first try to prove a conditional existence and
uniqueness theorem for flow equations. This should give existence,
smoothness, and unique continuation (in time) of flows, conditional on
the non-appearance of certain gross types of singularity, such as infinities
of temperature or density.”

m global in time boundedness of certain variables = global in time strong
sol.

= Feireisl, Wen, Zhu (2022): Navier-Stokes-Fourier: viscous heat
conductive fluids:
. < < I
if ||Q||Loo((07T)><Q) ~ 1, ||19||Loo((07T)XQ) ~ 1 then local (in time) strong
sol. remains strong sol. on (0,7)
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Nash hypothesis

= Do we have global strong sol.?

= Nash (1958)
“Probably one should first try to prove a conditional existence and
uniqueness theorem for flow equations. This should give existence,
smoothness, and unique continuation (in time) of flows, conditional on
the non-appearance of certain gross types of singularity, such as infinities
of temperature or density.”

m global in time boundedness of certain variables = global in time strong
sol.

= Feireisl, Wen, Zhu (2022): Navier-Stokes-Fourier: viscous heat
conductive fluids:
. < < I
if ||Q||Loo((07T)><Q) ~ 1, ||19||Loo((07T)XQ) ~ 1 then local (in time) strong
sol. remains strong sol. on (0,7)

= Sun, Wang, Zhang (2011): viscous, barotropic fluids:
, < < —
if loll oo ((0,m)x) ~ 1o llwllLeo((0,7)xq) ~ 1 then local (in time) strong
sol. remains strong sol. on (0,7)
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Bounded numerical solutions

Theorem (Feireisl, ML, Mizerova, She (M2AN '21))

Let o9 € W*?(Q)), 0 < o < min gy, mo € W**(QQ).
and

[ (ons wn )|l Loo ((0,m)x00) < € uniformly for h — 0,
Then

on — o (strongly) in L9 ((0,T) x Q) ,
my, — m (strongly) in LY ((0,7) x Q), 1 < g < o

where (9, m) is the strong sol.
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Error estimates

e suitable tool: relative energy

1
E(on, mplo,u) _/qrd( onlup, —ul? + E(onlo)

\_/

E(onlo) = P(on) —P'(0)(on — 0) — P(0), =
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Error estimates

e suitable tool: relative energy

1
E(on, mplo,u) = /Td( onlup, —ul? +E(op|0)
E(onlo) = P(on) —P'(0)(on — 0) — P(0), =

Theorem (Feireisl, ML, She (Num.Math. '22))
Let oo € W6’2(Q), 0 < ¢ < min g, My € WG’Q(Q) and

v

lonllpoo((0,r)x0) £ @ and  |lupllpoo((0,7)x0) < T-

Then

T
sup /S(Qh,mhm,u)dx-l-u/ / |Vhup — Veul?de dt < C(h 4+ At)
o<t<r.Ja 0o Ja
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Error estimates

e suitable tool: relative energy

1
E(on, mplo,u) = /Td( onlup, —ul? +E(op|0)
E(onlo) = P(on) —P'(0)(on — 0) — P(0), =

Theorem (Feireisl, ML, She (Num.Math. '22))
Let oo € W6’2(Q), 0 < ¢ < min g, My € WG’Q(Q) and

v

lonllpoo((0,r)x0) £ @ and  |lupllpoo((0,7)x0) < T-

Then

T
sup /S(Qh,mh|g,u)dx+u/ / |Vhup — Veul?de dt < C(h 4+ At)
o<t<r.Ja 0o Ja

llon(7) = o(7)ll 2 () + Ima(7) = m(7)ll2(q) < C(VR+ VAL, T € (0,T).

where C' = C(T,||(00,uo0) |lyye.2, 0,0, ).
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Statistical sols.

e probability space {F,B,P}
e data are random variables in D

b= {[Qo’mﬂ% )‘]‘ 00 € WH2(Q), mo € W32(Q),

Il’gllg()>0,,u2ﬁ>0, )\20}

Up:weT  [go(w), mo(w), u(w), AN(w)] € D is Borel measurable
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Statistical sols.

e probability space {F,B,P}
e data are random variables in D

D = {[Qoymo,lh )\]‘ 00 € W3(Q), mg € WH(Q),

Il’gllg()>0,,u2ﬁ>0, )\20}

Up:weT  [go(w), mo(w), u(w), AN(w)] € D is Borel measurable
We set

U(t,w):=U[Up(w);t], t €0, Tmax(w)), a.a.wel

U = (p,m) is the strong statistical solution

Maria Lukéaova September, 2024



Following J. Nash...

Principal Hypothesis: Numerical solutions are bounded in probability.

for any € > 0, there exists M = M () such that for all b € (0,1)
P ([lonllzoe oz + lunllo(oryxay > M|) <.

Maria Lukéaova September, 2024



Statistical sol. / Convergence of Monte Carlo FVM

Theorem (Feireisl, ML, She, Yuan (M?AS '22))

Let [gg,mo,m )\} € D be random data

00 € VV3’2(Q)7 mingp = ¢ >0, mg € W3’2(Q) P — as.

Let [Qo,mo,,u A", n=1,2,...,N beiid. copies and
(o mh)h\‘0 2% solutions, that are bounded in probability.
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Statistical sol. / Convergence of Monte Carlo FVM

Theorem (Feireisl, ML, She, Yuan (M?AS '22))

Let [go,mo,u7 )\} € D be random data

00 € VV3’2(Q)7 mingp = ¢ >0, mg € W3’2(Q) P — as.

Let [Qo,mo,,u A", n=1,2,...,N beiid. copies and
(o mh)h\‘0 2% solutions, that are bounded in probability.

Then for N — oo, h — 0

- v .
1
E NZ(@,, ) —0 for 1<q< 2y,
L =t L7(0,T;L7(Q))
- v .
1 4y
E NE (meIE[mD N —0 for1<q<?
LIl n=t L7(0,T;L77T ((;RY))

where (o, m = pu) is the strong statistical solution and 1 < r < co.

Méria Lukéaova September, 2024



Main ideas of the proof

= FV solutions (op, , %n, )n,\0 --- a family of random variables

{Qo/mow, A, Qhkauhk,/\hk} Ay, = [l(ony, wny )l Lge,

hi\O
ranging in the Polish space

Y = W32(Q) x W32(Q) x Rx Rx W 22 x W, ? xR, k >4
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Main ideas of the proof

= FV solutions (op, , %n, )n,\0 --- a family of random variables

{Qo/mmu, A, Qhkauhk,/\hk} Ay, = [l(ony, wny )l Lge,

hi\O
ranging in the Polish space

Y = W32(Q) x W32(Q) x Rx Rx W 22 x W, ? xR, k >4

t,x

» the family of laws associated to above family is tight in Y

Maria Luké&ova September, 2024
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= FV solutions (op, , %n, )n,\0 --- a family of random variables

{Qo/mmu, A, Qhkauhk,/\hk} Ay, = [l(ony, wny )l Lge,

hi\O
ranging in the Polish space
Y = W32(Q) x W32(Q) x Rx Rx W 22 x W, ? xR, k >4

» the family of laws associated to above family is tight in Y
m Skorokhod representation thm. ... there is a new probability
space/family of random var. equivalent in law
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Main ideas of the proof

= FV solutions (op, , %n, )n,\0 --- a family of random variables

{Qo/mow, A, Qhkauhk,/\hk} Ay, = [l(ony, wny )l Lge,

hi\0

ranging in the Polish space
Y = W32(Q) x W32(Q) x Rx Rx W, P2 x W, P2 x R, k>4

t,x T

» the family of laws associated to above family is tight in Y
m Skorokhod representation thm. ... there is a new probability
space/family of random var. equivalent in law

[éo,hk7 ,ﬁo,hk ) ﬁhk ) )\hka Ehku ﬂhk ) Ahk] ~ |:907 mo, i, )‘7 Ohy» Uhy, Ahk

Ay = [1(@ny ny ) Lo, < 0o,

- N T

00.h, — 00, Mg p, — Mg in W2(Q)),

ﬁhk - ﬁa )‘h — )‘a

On,, — 0, Up, —win Lj . 1<r<oo a.s

where (3, ) is the strong statistical sol.
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® strong sol. (convergence of the whole seq.) ... Gydngy—Krylov thm.

llen — QHL{I -0 ||y — m||L§I — 0 in probability, 1 <r < oo
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Statistical sol./ Error estimates for Monte Carlo FVM

Theorem (Feireisl, ML, She, Yuan (M3AS'22))

Let [gg,mo,m )\} € D be random data

(00, u0) € WO2(Q) x WO2(Q),

mingg =9 >0, P-—as.
Suppose that [0y, m§, ", A"], n =1,2,... are i.id. copies of random data.
Let (op, mZ)h\O be FV solutions that are bounded in probability.
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Statistical sol./ Error estimates for Monte Carlo FVM

Theorem (Feireisl, ML, She, Yuan (M3AS'22))

Let [gg,mo,u7 )\} € D be random data

(00, u0) € WO2(Q) x WO2(Q),

mingg =9 >0, P-—as.
Suppose that [0y, m§, ", A"], n =1,2,... are i.id. copies of random data.
Let (op, mZ)h\O be FV solutions that are bounded in probability.

Then for the expectation of the statistical errors
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Statistical sol./ Error estimates for Monte Carlo FVM

Theorem (cont.)

The approximation errors are estimated in probability: for any € > 0, there exists
K(e)

1 N
~ D (mi(t, ) —m"(t,)

n=1

+
L2(Q)

L2(Q)
<K(s)(\/ﬁ+\/ﬂ)] >1-¢ for all t € [0,T),

h e (0,1), Ate (0,1), N=1,2,....
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Random perturbation of the vortex interface

oo(z) =1
<[1cos(27r|x|/])]zg [1cos(27r|a7|/I)]/I):c1) o] < 1
u () = ] | o e
(0,0) otherwise
where

I=05+Y(w), Y ~ U(=0.1,0.1), j=1,2,3.

Maria Lukéaova September, 2024
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6.62e-01 0.00e+00
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(b) o - Deviation




3.3e-029 0

Figure: Statistical convergence for mean and devation
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Navier-Stokes-Fourier system

Theorem (Feireisl, ML, Mizerova, She (IMA J. Num. Anal.20),

Basaric, ML, Mizerov4, She, Yuan (MathComp'23) )

Let (00,90, uo) € W2(Q). Let (04, Vp, up) i~ be the FVM solution, s.t.
for allh — 0 and t € (0,T)

0<o<op<o 0<9<9,<9
Then

(Qh)’l?hvuh) — (9719711') (Strong/y) in Lp ((OaT) X 0)7 pE [1,00),
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Navier-Stokes-Fourier system

Theorem (Feireisl, ML, Mizerova, She (IMA J. Num. Anal.20),

Basaric, ML, Mizerov4, She, Yuan (MathComp'23) )

Let (00,90, uo) € W2(Q). Let (04, Vp, up) i~ be the FVM solution, s.t.
for allh — 0 and t € (0,T)

0<g<opn<o 0<I<I,<9
Then
(on, O, up) — (0,9,u) (strongly) in LP ((0,T) x Q), p € [1,00),
If (00,90, u0) € W52(Q) then

llon — oll Lo (0,752 () + l1wn — wll oo 0,1 2(0)) + 190 — Il oo 0,722 (02))
+IVhun — Veul p2o,7,22()) + Vel = Vadll 201,02 ()
< (A2 4 pt/H,

where o, ¥, and u is the strong solution of the Navier—Stokes—Fourier system.
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Error analysis of MC FVM for NSF system

Theorem (ML, She, Yuan (arXiv'24))

Let the data be random variables Uy = |09, wo, %9, 4, A\, k| € D P-a.s,

(00,u0,%) € W6’2(Q) and bdd. total energy and entropy in expectation.

Let Uy, n =1,2,... are iid. copies of random data and (o}, u},, ﬂZ)h\(o be a
sequence of corresponding FV solutions, bounded in probability.

Then MC estimators satisfy for all t € [0,T] and N = 1,2,...

§N71/27 k>£i

2
w-k2(Q)

N
% (@ m", 8™t )—E [(e,m, S)(t, )]
n=1

P — a.s., and for any € > 0, there exists K = K (e, N), such that

N N
Nz 7,rnn Sn : Z Q}mmh Sh ( )

gK(Atl/Q—i—th)] >1—¢

L2(Q)

Maria Lukéaova September, 2024



Raleigh-Bénard problem
e initial data: [Feireisl, ML, She, Yuan: FoCoM ('24)]

o0(z) = 1.2+ (14 Yi(w)) sin (%”2) . (Y1,Ya) ~U([-0.1,0.1]2)
Yo(z) = a+ bxg + cP(x1) sin(mze) 4+ Yo (w) sin(7z1) sin (77(56244—1))

- _’11’2

102
(2/160, 1/40) (2/80, 1/20) (2/40, 1/10) (2/20, 1/5)
(h,1/M)

Figure: MCFV Total errors of the expectation EMC(U, h, M (h)) with
(h,1/M(h)) = (h,O(h)) = (2/(20-2"), 1/(5-2")),1=0,...,3. The blue dashed
and black solid lines denote the reference lines of A2 and h
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Expectation of o

1
2.5
2
T2 1.5
1 o -
-2 X 2

N W

Expectation of ¢

10

-2 i)

Expectation of

Figure: Rayleigh—Bénard experiment: the deterministic FV solution (left) and the
MCFV solutions (right) at time 7' = 8 on a mesh with 640 x 320 cells.
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Euler system

Good and bad news:

d
» local-in-time well-posedness in class C([0, T]; W52(Q)), k > 1 + 3
Majda ('84)
= non-unique weak admissible solutions: (energy dissipative/entropy

stable) De Lellis, Székelyhidi ('10), Buckmaster, DelLellis, Székelyhidi
('19), Buckmaster, Vicol ('19), Chiordarolli, Feireisl ('24)
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Euler system

Good and bad news:
® local-in-time well-posedness in class C([0, T]; W*2(Q)), k > 1 + g
Majda ('84)
® non-unique weak admissible solutions: (energy dissipative/entropy

stable) De Lellis, Székelyhidi ('10), Buckmaster, DelLellis, Székelyhidi
('19), Buckmaster, Vicol ('19), Chiordarolli, Feireisl ('24)

® semigroup selection of global-in-time dissipative solutions that maximize
energy dissipation /entropy production Breit, Feireisl, Hofmanova ('20)

September, 2024
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IC-convergence: averaging over mesh resolutions

e Kémlés ('67), Banach-Sachs ('30)

Theorem (Feireisl, ML, Mizerova, She (Springer'21))

Let [00,m0] € L}(Q) x L'(Q), / Eloo,m0) 51, g0 > 0.
O

Let {on, mp}rN0 be a sequence of consistent approximation (viscosity FVM)
of barotropic Euler equations.

Then there is a {hy, }7— such that

K

1
Z Ohpy s Mhy,, ) = (0,m) in LI((0,T) x Q) as K — oo
k:l

2
forany 1 < q < % Here (9, m) € U(0o, m0) is a dissipative sol.
v

emanating from [pg, mo] .
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IC-convergence of Monte Carlo FVM

Theorem (Feireisl, ML, Mizerova, Yu (arXiv'24))

Let (of,m§)y>, be i.i.d. copies of random data |09, mg| € D satisfying

1
I < oo(z) <L, /mo(z)| < L for a.a. z € Q.

Let {0}, m} i\ be consistent approximations (viscosity FVM) of the
barotropic Euler system.
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IC-convergence of Monte Carlo FVM

Theorem (Feireisl, ML, Mizerova, Yu (arXiv'24))

Let (of, m{)pey be i.i.d. copies of random data [0o, mo| € D satisfying

1
I < oo(z) <L, /mo(z)| < L for a.a. z € Q.

Let {0}, m} i\ be consistent approximations (viscosity FVM) of the
barotropic Euler system.

Then there is a subsequence {hy,, }7=, such that

—0asK, N =

| N K
HKZZ Ohrmy» M, ) — E [(0,m)]

La((0,T)xQ)

2
forany 1< q< % where (0,m) € U(00, my0) is a measurable selection.
Y

Maria Luké&ova
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Numerical convergance rates

e Césaro averages

® €rrors

N

=1 n=1 L1(Q)

1 1 '
,
By =1 Y |5 2 (OniT,) — E[Oh, (7))
/=1 n=1 LI(Q)
with L =20, N = N(h)
ref 1 Nref .
E[U, Z Us, E[U,,]= N Y Ui, Neeg=100

ref —1 ref s—1

September, 2024
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log2(E;)
log2(E, )

i ~

8 -9
(1/64,5) (1128,10) (1/256,20) (1/512,40) (1/1024,80) (1/64,5) (1128,10) (1/256,20)

(1/512,40) (1/1024,80)
(h,N) (h,N)

Figure: The errors E1 and E3 in L' —norm with parmaters h = 1/(22+5),
N(h) =5-2"1 =125




Concluding remarks

m dissipative solutions = elegant way to study convergence of nonlinear
problems (even essentially ill-posed Euler egs.)
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Concluding remarks

® dissipative solutions = elegant way to study convergence of nonlinear
problems (even essentially ill-posed Euler egs.)

» | ax-equivalence principle for nonlinear problems:
consistency & stability <= convergence
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Concluding remarks

® dissipative solutions = elegant way to study convergence of nonlinear
problems (even essentially ill-posed Euler egs.)

= | ax-equivalence principle for nonlinear problems:
consistency & stability <= convergence

m if the FV solution is uniformly bdd. w.r.t A\, 0 =
the strong solution exists
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Concluding remarks

® dissipative solutions = elegant way to study convergence of nonlinear
problems (even essentially ill-posed Euler egs.)

= | ax-equivalence principle for nonlinear problems:
consistency & stability <= convergence

m if the FV solution is uniformly bdd. w.r.t A\, 0 =
the strong solution exists

® stochastic compactness techniques, Strong Law of large numbers,
Central limit theorem = error analysis for random problems
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