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The Problem

I Ω ⊂ Rd is (bounded) C0,1 or (infinite) channel domain

I Parameters α, β, and force F = (f ,h)

I S and s are monotone functions with r , ρ-growth condition

∂tu − divS(Du) + (u · ∇)u +∇π = f in (0,T )× Ω,

β∂tu + αs(u) + [S(Du)~n]τ = βh

u · ~n = 0

}
on (0,T )× Γ,

and divu = 0 ,u(0, ·) = u0.

(NS)

I Modelling molten polymers – S. G. Hatzikiriakos ’12

I Questions: What does ∂tu on Γ? Effects of α and β?
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General results in 3D

I General existence theory in bounded 3D domains
A. Abbatiello, M. Buĺıček, E. Maringová Kokavcová ’21
r > 6

5 , ρ ≥ 2; (also for maximal monotone r , ρ-graphs)

I Attractor with finite fractal dimension exists if r ≥ 11
5 , r ≥ ρ

with D. Pražák ’24
Fractional time regularity and method of trajectories

I Attractor exists also for ρ-graph...Dimension?

I More explicit estimate for r > 12
5 (testing by ∂tu)

D. Pražák, B. Priyasad ’24

I Focus on 2D case

Michael Zelina Stability for dynamic slip



Regularity in 2D

Theorem 1
Let u0 ∈ H, r = 2. [V = W 1,2

div,~n(Ω), H = L2div,~n(Ω)× L2~n(Γ)]

(i) F ∈ L2(0,T ;V ∗) ⇒ ∃! weak solution to (NS), i.e.

u ∈ L∞(0,T ;H) ∩ L2(0,T ;V ) and ∂tu ∈ L2(0,T ;V ∗).

(ii) Moreover, let ∂tF ∈ L2(0,T ;V ∗), F (0) ∈ H, and S, s ∈ C1.
Then

∂tu ∈ L∞loc(0,T ;H) ∩ L2loc(0,T ;V )⇒ u ∈ L∞loc(0,T ;V ).

Theorem 2
Let u0 ∈ H and F ∈ V ∗. Suppose Ω ∈ C1,1, S, s ∈ C2, and

F ∈ (Lp(Ω)×W 1− 1
p
,p(Γ)) for some p ≥ 2.

Then the unique weak solution satisfies (for certain q ≥ 2)

u ∈ L∞loc(0,T ;W 2,q(Ω)) and π ∈ L∞loc(0,T ;W 1,q(Ω)).

Michael Zelina Stability for dynamic slip



Attractor dimension in 2D

I Attractor dimension using Lyapunov exponents

Theorem 3
Let F ∈ H, and Ω ∈ C0,1 (with ` = diam Ω) or Ω = R× (0, L).
Then

dimf
H A .

max{1, β/`}
min3/2{1, α`}

· `
2

ν2
||F ||H ,

.
(32L2

π2
+ βmin{1/α, L}

)2
·
(
||F ||H
ν2

)2

.

I α→ +∞, β → 0+, and α→ 0+
I with D. Pražák ’24 and M. Zelina ’25 (preprint)
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Future goals

I Further improving upper bounds (α→ 0+ for bounded Ω?)

I Lower bounds for dimf
H A

I Half-space (i.e. L = +∞)

I Regularity for more general S
I “s(u) = sgnu”...jumps

I Passing with α→ +∞ or β → 0+
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