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Least-squares problems
equivalent formulations

A

m

n

x ≈ b

min
x∈Rn

∥ b − Ax ∥

AT A x = AT b , A x = b|R(A)

A has full column rank (for simplicity)
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Solving system of normal equations
using conjugate gradients (CG)

min
x∈Rn

∥ b − Ax ∥ ⇔ AT A x = AT b.

Let x0 = 0, CG constructs xk ∈ Kk(AT A, AT b) which minimize

∥ x − xk ∥2
AT A = ∥

rk︷ ︸︸ ︷
(b − Axk) −

r︷ ︸︸ ︷
(b − Ax) ∥2

= ∥ b − Axk ∥2 − ∥ r ∥2,

r ⊥ R(A) and rk − r ∈ R(A).

algorithms ? stopping ?
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CG for normal equations
CGLS and LSQR algorithms

CGLS [Hestenes & Stiefel, 1952] LSQR [Paige & Saunders, 1982]
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Stopping criteria
Normwise relative backward error

Given ε, ideally stop when xk solves

(A + E)T (A + E) xk = (A + E)T (b + f) (⋆)

and min
E,f,ξ

{
ξ : (⋆) holds with ∥E∥

∥A∥ ≤ ξ, ∥f∥
∥b∥ ≤ ξ

}
≤ ε

Sufficient conditions (too conservative) [Paige & Saunders, 1982]

∥rk∥ ≤ ε ( ∥A∥ ∥xk∥ + ∥b∥ ) ,

∥AT rk∥ ≤ ε ∥A∥ ∥rk∥ .

Sufficient condition (asymptotically tight)

∥ x − xk ∥AT A

∥A∥ ∥xk∥ + ∥b∥
≤ ε .

[Chang & Paige & Titley-Peloquin, 2009]
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Stopping criteria
AT A-norm of the error

Recall

∥ x − xk ∥2
AT A = ∥ rk ∥2 − ∥ r ∥2.

Stop if

∥ rk ∥2 − ∥ r ∥2

∥ r ∥2 ≤ ε

i.e.

∥ x − xk ∥2
AT A ≤ ε

1 + ε
∥rk∥2 .

[Papež & Tichý, 2024]
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How to estimate ∥ x − xk ∥AT A ?





Error norm estimation in CG
A is symmetric and positive definite, Ax = b

input A, b, x0, τ
r0 = b − Ax0, p0 = r0
for k = 1, . . . do

...
xk = xk−1 + γk−1pk−1
rk = rk−1 − γk−1Apk−1
...
∆k−1 = γk−1∥rk−1∥2

(ℓ, EST) = adaptive({∆j}k−1
j=0 , τ)

end for

Heuristically,

∥ x − xℓ ∥2
A − EST

∥ x − xℓ ∥2
A

≤ τ

EST =
k−1∑
j=ℓ

∆j

EST
1 − τ

r r r r r r r r r r r r
0 1 . . . ℓ k

[Meurant & Papež & Tichý, 2021], [Papež & Tichý, 2024]
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Error norm estimation in CGLS
for solving least-squares problems

1: input A, b, x0, τ
2: r0 = b − Ax0
3: s0 = p0 = AT r0
4: for k = 1, 2, . . . do
5: qk−1 = Apk−1
6: γk−1 = ∥sk−1∥2/∥qk−1∥2

7: xk = xk−1 + γk−1pk−1
8: rk = rk−1 − γk−1qk−1
9: sk = AT rk

10: δk = ∥sk∥2/∥sk−1∥2

11: pk = sk + δkpk−1

12: ∆CGLS
k−1 = γk−1 ∥sk−1∥2

13: (ℓ, EST) = adaptive({∆CGLS
j }k−1

j=0 , τ)
14: end for

[Papež & Tichý, 2024]
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Error norm estimation in LSQR

1: input A, b, x0 = 0, τ
2: β1u1 = b, α1v1 = AT u1
3: w1 = v1, ϕ̄1 = β1, ρ̄1 = α1
4: for k = 1, 2, . . . do
5: βk+1uk+1 = Avk − αkuk

6: αk+1vk+1 = AT uk+1 − βk+1vk

7: ρk = (ρ̄2
k + β2

k+1)1/2

8: ck = ρ̄k/ρk, sk = βk+1/ρk

9: θk+1 = skαk+1, ρ̄k+1 = −ckαk+1
10: ϕ̄k+1 = skϕ̄k, ϕk = ckϕ̄k

11: xk = xk−1 + (ϕk/ρk)wk

12: wk+1 = vk+1 + (θk+1/ρk)wk

13: ∆LSQR
k−1 = ϕ2

k

14: (ℓ, EST) = adaptive({∆LSQR
j }k−1

j=0 , τ)
15: end for

[Papež & Tichý, 2024]
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Finite precision computations
and the estimates in CG
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(E)   || x−x
j
 ||

A

(FP) || x−x
j
 ||

A

(FP) || I−V
T

j
V

j
 ||

 F

∥ x − xk−1 ∥2
A = ∆k−1 + ∥ x − xk ∥2

A + ERR

and
ERR ≪ ∆k−1 ⇔ |rT

k pk−1|
∥rk−1∥2 ≪ 1 .

[Strakoš & Tichý, 2002]
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Finite precision computations
and the estimates in CGLS and LSQR

In finite precision LSQR it holds that

∥ x − xk−1 ∥2
AT A − ∥ x − xk ∥2

AT A = ϕ2
k (1 + ηk−1 − ηk)

where
ηk ≡ θk+1

ρk
vT

k+1wk .

Estimates are reliable, if local orthogonality is preserved

|sT
k pk−1|

∥sk−1∥2
CGLS
≪ 1,

θk+1
ρk

|vT
k+1wk|

LSQR
≪ 1

where sk = AT Axk − AT b.
[Papež & Tichý, 2024]
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Preconditioning
and the AT A-norm of the error

L nonsingular, modify the problem

min
z∈Rn

∥b − AL−T︸ ︷︷ ︸
Â

LT z︸︷︷︸
ẑ

∥ .

Solve the corresponding system of normal equations

L−1AT︸ ︷︷ ︸
ÂT

AL−T︸ ︷︷ ︸
Â

LT x︸︷︷︸
x̂

= L−1AT︸ ︷︷ ︸
ÂT

b.

L → a split preconditioner for AT A.

It holds that

∥x̂ − x̂k∥2
ÂT Â

= ∥x − xk∥2
AT A

and our techniques can be used in PCGLS and PLSQR.
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Note on least-norm problems

Let A ∈ Rm×n, b ∈ Rm, b ∈ R(A), consider

x = arg min
z∈Rn

∥z∥ s.t. Az = b .

Solve AAT y = b using CG and compute xk = AT yk. Then

∥ x − xk ∥

is mimimized over x0 + Kk(AT A, AT r0).

CGNE [Craig, 1955; Faddeeva 1963] CRAIG [Paige & Saunders, 1982]

results on error estimation in [Papež & Tichý, 2024]
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Numerical experiments



Test problems
SuiteSparse Matrix collection

problem m n b precond

illc1033 1033 320 ✓ no
well1850 1850 712 ✓ no
illc1850 1850 712 ✓ ✓

sls 1 748 122 62 729 rand ✓

b comes together with the matrix or randomly generated.

L constructed using the incomplete Cholesky of AT A without
explicitly forming it → MATLAB interface of HSL_MI35.

[HSL library], [Scott & Tůma, 2014]
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Problems without preconditioning
illc1033 and well1850

illc1033, CGLS
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Problems with preconditioning
illc1850 and sls

illc1850, PCGLS
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Conclusions

The techniques for error estimation developed for CG
can also be used in CGLS and LSQR.

The estimates are cheap, numerically reliable, and
work with preconditioning.

The heuristic strategy for estimating the quantity of interest
with a tolerance τ has shown to be robust and reliable.

In the final stage, the suggested ℓ is usually almost optimal.
Important for stopping the iterations.
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