Appendix

A.1 Some properties of Sobolev spaces

Lemma 1.1 Let Ω ⊆ R^d be an open set. Let a_0 ≥ 0 be given and let G ∈ C^1(R). We assume that there are constants M, k = k(a_0), such that |G^′(ξ)| ≤ M , |G(ξ − a_0)| ≤ k|ξ| . (1.2)

Let u ∈ W^{1,p}(Ω), 1 ≤ p < ∞, and denote v ≡ u − a_0. Then G ∘ v belongs to W^{1,p}(Ω) and

∇(G ∘ v) = G^′(v)∇v a.e. in Ω . (1.3)

Proof : The following proof is only a slight modification of a similar result by Kinderlehrer and Stampacchia [1980]. Since u ∈ W^{1,p}(Ω), there exists a sequence u^n ∈ C^1(Ω) such that u^n → u in W^{1,p}(Ω) and almost everywhere in Ω. Let us denote v^n ≡ u^n − a_0, then obviously ∇v^n → ∇v in L^p(Ω)^d and v^n → v almost everywhere in Ω (but in general not v^n → v in L^p(Ω)). Further we have G ∘ v^n ∈ C^1(Ω) and due to (1.2)_2, G ∘ v^n, G ∘ v ∈ L^p(Ω). Now, from |G(v^n) − G(v)| ≤ M |v^n − v| ≤ |u^n − u| we obtain that G ∘ v^n → G ∘ v in L^p(Ω) . We will show that also ∂ ∂x_i G(v^n) = G^′(v^n) ∂v^n ∂x_i → G^′(v) ∂v ∂x_i in L^p(Ω) . (1.4)

282 APPENDIX

Indeed,

G^′(v^n) ∂v^n ∂x_i − G^′(v) ∂v ∂x_i = G^′(v^n) ( ∂v^n ∂x_i − ∂v ∂x_i ) + (G^′(v^n) − G^′(v)) ∂v ∂x_i ≡ A_n + B_n .

Now, obviously, A_n converges to zero in L^p(Ω) and B_n converges to zero almost everywhere in Ω. Since |B_n|^p ≤ (2M)^p | | | ∂v ∂x_i | | |^p , we conclude from the Lebesgue dominated convergence theorem that B_n converges to zero in L^p(Ω). Since the derivatives of G ∘ v in the sense of distributions are the limits of^∂_{∂xi} ( G ∘ v^n ) in L^p(Ω), we obtain immediately (1.3).

Remark 1.5 Note that if v ∈ W^{1,p}(Ω) is such that v : Ω^′ → (α, β), for some Ω^′ ⊂ Ω, and G ∈ C^1(α, β), then (1.3) holds in Ω^′. Lemma 1.6 Let Ω ⊆ R^d be an open set and let u ∈ W^{1,p}(Ω), 1 ≤ p < ∞, and again set v ≡ u − a_0 for given a_0 ≥ 0. Then for all 1 ≤ i ≤ d we have ∂v ∂x_i = 0 a.e. in E = {x ∈ Ω; v(x) = 0} .

Proof : see for example Kinderlehrer and Stampacchia [1980, Lemma A.4, page 53].

Note that this lemma also holds for E = {x ∈ Ω; v(x) = a},

a ∈ R fixed constant.

Now we are able to give a slight generalization of Lemma 1.1. Lemma 1.7 Let Ω ⊆ R^d be an open set. For u ∈ W^{1,p}(Ω), 1 ≤ p < ∞, and a given constant a_0 ≥ 0 put v ≡ u − a_0. Then v^+ ≡ max(v, 0) belongs to W^{1,p}(Ω) and

∇v^+ = H(v)∇v a.e. in Ω , (1.8) where H(ξ) = 1 if ξ > 0, H(ξ) = 0 if ξ ≤ 0. In (1.8) the convention that both sides are zero on the set {x ∈ Ω; v(x) = 0} is used. Moreover, the mapping u → v^+ is continuous in W^{1,p}(Ω).

SOME PROPERTIES OF SOBOLEV SPACES 283

Proof : The first part follows immediately from Lemma 1.1 and Remark 1.5 with Ω^′ = Ω \ {x ∈ Ω; v(x) = 0}. Lemma 1.6 justifies the convention used in (1.8). It remains to show the continuity of the mapping u → v^+. Put F (ξ) ≡ max(ξ, 0). From (1.8) and |F (ξ − a_0)| ≤ |ξ| we get ‖v^+‖_W 1,p_{(Ω)} ≤ ‖u‖_W 1,p_{(Ω)} , (1.9)

which is the boundedness of the (nonlinear) mapping u → v^+. From (1.9) follows that for a given sequence u_n → u in W^{1,p}(Ω) we can extract from v^+_n ≡ F ∘ (u_n − a_0) a subsequence still denoted {v^+_n } converging weakly in W^{1,p}(Ω) and having then necessarily the limit v^+. Indeed, ∫ Ω |v^+_n − v^+|^p dx ≤ ∫ Ω |v_n − v|^p dx = ∫ Ω |u_n − u|^p dx , (1.10) where we used the fact that the constant of Lipschitz continuity of F is equal to 1. Relation (1.10) is nothing other than the strong continuity of u → v^+ in L^p(Ω). Further we have, ∫ Ω |∇v^+_n − ∇v^+|^p dx = ∫ Ω |H(v_n)∇v_n − H(v)∇v|^p dx ≤ c ∫ Ω |H(v_n)|^p|∇v_n − ∇v|^p + |H(v_n) − H(v)|^p|∇v|^p dx ≤ c ∫ Ω |∇u_n − ∇u|^p dx + c ∫ Ω |H(v_n) − H(v)|^p|∇u|^p dx = A_n + B_n , (1.11) where we used |H(ξ)| ≤ 1 and ∇v_n = ∇u_n, ∇v = ∇u, respectively. The sequence A_n converges to zero due to u_n → u in W^{1,p}(Ω), while B_n converges to zero due to the Lebesgue dominated convergence theorem. Therefore we have F (v_n) → F (v) in W^{1,p}(Ω) which completes the proof.

Remark 1.12 Note that for the special case of a_0 = 0 we can extend the previous lemma also for G(ξ) ≡ |ξ|. Thus we have for v ∈ W^{1,p}(Ω), ∂ ∂x_i |v| = sgn (v) ∂v ∂x_i a.e. in Ω . (1.13)

284 APPENDIX

Lemma 1.14 Let T > 0 and let a_0 ≥ 0 be a given constant. Let u ∈ W (T ) ≡ { u ∈ L^2(0, T ; W^{1,2}(R^d )),^{∂u}_{∂t} ∈ L^2(0, T ; W^{−1,2}(R^d )) } . Set v ≡ u − a_0 again. Then

v^+ ∈ L^2(0, T ; W^{1,2}(R^d )) ∩ C(0, T ; L^2(R^d )) , (1.15) and, for almost all 0 ≤ t_1 < t_2 ≤ T , 2 ∫_{t2} t_1 ⟨ ∂v ∂t (s), v^+(s) ⟩ ds = ‖v^+(t_2)‖^2_L2_(Rd_) − ‖v^+(t_1)‖^2_L2_(Rd_). (1.16) Proof : The assumption u ∈ W (T ) implies for almost all t ∈ (0, T ) that u(t) ∈ W^{1,2}(R^d ) and thus Lemma 1.1 gives v^+(t) ∈ W^{1,2}(R^d ). Further we have for F (ξ) ≡ max(ξ, 0) that |F (ξ − a_0)| ≤ |ξ| , |F^′(ξ)| ≤ 1 . (1.17) Formulae (1.8) and (1.17) imply

‖v^+(t)‖_W 1,2_(Rd_) ≤ ‖u(t)‖_W 1,2_(Rd_) a.e. in (0, T ) . (1.18) Thus we obtain v^+ ∈ L^2(0, T ; W^{1,2}(R^d )) and ‖v^+‖_L2_{(0,T ;W} 1,2_(Rd_{))} ≤ ‖u‖_L2_{(0,T ;W} 1,2_(Rd_{))}.

Let us first show (1.16) for u ∈ W^{1,2}((0, T ) × R^d ): Lemma 1.1 implies v^+ ∈ W^{1,2}((0, T ) × R^d ) and since v^+F^′(v) = v^+ (almost everywhere), we obtain

v^+ ∂v^+ ∂t = v^+F^′(v) ∂v ∂t = v^+ ∂v ∂t a.e. in (0, T ) × R^d . (1.19) From (1.19) it follows that ⟨ ∂v ∂t , v^+ ⟩ = ∫ R^d ∂v ∂t v^+ dx = ∫ R^d ∂v^+ ∂t v^+ dx , which, together with the partial integration formula (2.46) from Chapter 1 for u = v = v^+, implies (1.16) for u ∈ W^{1,2}((0, T )×R^d ). Now we use the density of W^{1,2}((0, T ) × R^d ) in W (T ). Let u ∈ W (T ) and let {u^n} ⊆ W^{1,2}((0, T )×R^d ) converge strongly in W (T ) to u. Let v^n ≡ u^n − a_0. We want to show that

(v^n)^+ → v^+ in L^2(0, T ; W^{1,2}(Ω)) ∩ C(0, T ; L^2(R^d )). (1.20)

PARABOLIC THEORY 285

We know that W (T ) → C(0, T ; L^2(R^d )) and therefore it follows (see (1.17)) that

‖(v^n)^+(t)‖_L2_(Rd_) ≤ ‖u^n(t)‖_L2_(Rd_) ∀ t ∈ (0, T ) , (1.21) ‖(v^n)^+(t) − (v^n)^+(s)‖_L2_(Rd_) ≤ ‖u^n(t) − u^n(s)‖_L2_(Rd_). (1.22) From (1.21) and (1.22) we find that (v^n)^+ ∈ C(0, T ; L^2(R^d )). In the same way we obtain

max_{[0,T ]} ‖(v^n)^+(t) − v^+(t)‖_L2_(Rd_) ≤ max_{[0,T ]} ‖u^n(t) − u(t)‖_L2_(Rd_) which implies (v^n)^+ → v^+ in C(0, T ; L^2(R^d )). (1.23) However, Lemma 1.7 shows that u(t) → v^+(t) is a continuous mapping in the space W^{1,2}(R^d ), which implies

‖(v^n)^+(t) − v^+(t)‖_W 1,2_(Rd_) → 0 for a.a. t ∈ [0, T ] . From this and (1.18) we obtain (v^n)^+ → v^+ in L^2(0, T ; W^{1,2}(R^d )) . (1.24) In order to finish the proof we must justify the limiting process in 2 ∫_{t2} t_1 ⟨ ∂vn ∂t (s),(v^n)^+(s) ⟩ ds = ‖(v^n)^+(t_2)‖^2_L2_(Rd_) − ‖(v^n)^+(t_1)‖^2_L2_(Rd_).

This is possible in the first term due to the boundedness of^{∂vn}_{∂t} (= ∂u^n ∂t ) in the space L^2(0, T ; W^{−1,2}(R^d )) and due to (1.24). On the right-hand side we use (1.23). A.2 Parabolic theory Let us consider the following Cauchy problem ∂u ∂t − εΔu + λu = f in (0, T ) × R^d , u(0, ·) = u^0 in R^d ,

(2.1)

where T ∈ (0, ∞], λ ≥ 0, ε > 0. We have the following existence and regularity result.

286 APPENDIX

Theorem 2.2 Let u^0 ∈ L^2(R^d ), f ∈ L^2 ( 0, T ; W^{−1,2}(R^d ) ) . Then (2.1) has a unique solution u ∈ W (T ) ≡ { u ∈ L^2(0, T ; W^{1,2}(R^d )); ∂u ∂t ∈ L^2(0, T ; W^{−1,2}(R^d )) } , satisfying (2.1) in the following sense:

for almost all t ∈ (0, T ) we have ⟨ ∂u ∂t (t), φ ⟩ + ε ∫ R^d ∇u(t) ∇φ dx + ∫ R^d λuφ dx = ⟨f(t), φ⟩ for all φ ∈ W^{1,2}(R^d ).

Proof : See Lions and Magenes [1972a, Chapter 3].

Remark 2.3 Recall that W (T ) → C(0, T ; L^2(R^d )) and therefore the initial condition (2.1)_2 is meaningful in the classical sense.

Theorem 2.4 Assume that for some m ≥ 0, m ∈ N, we have u^0 ∈ W^{m,2}(R^d ), f ∈ L^2(0, T ; W^{m−1,2}(R^d )). Then the solution of (2.1) satisfies

u ∈ L^2(0, T ; W^{m+1,2}(R^d )) ∩ C(0, T ; W^{m,2}(R^d )) , ∂u ∂t ∈ L^2(0, T ; W^{m−1,2}(R^d )) .

(2.5)

Proof : See Lions and Magenes [1972b, Chapter 4].

In the case of a smooth bounded domain Ω ⊂ R^d and T ∈ (0, ∞) we consider ∂u ∂t − εΔu + λu = f in (0, T ) × Ω ,

u(0, ·) = u^0 in Ω , u = u^D on (0, T ) × ∂Ω ,

(2.6)

where u^0 and u^D are supposed to satisfy appropriate compatibility conditions. Then we have the following theorem.

Theorem 2.7 Let u^0 ∈ L^2(Ω), u^D ∈ L^2(0, T ; W^{1/2,2}(∂Ω)) ∩ W^{1/4,2}(0, T ; L^2(∂Ω)), f ∈ L^2(0, T ; W^{−1,2}(Ω)). Then there exists a unique solution u ∈ W (T ) ≡ { u ∈ L^2(0, T ; W^{1,2}(Ω));^{∂u}_{∂t} ∈ L^2(0, T ; W^{−1,2}(Ω)) } , satisfying (2.6) in the following sense: for almost all t ∈ (0, T ) we have ⟨ ∂u ∂t (t), φ ⟩ + ε ∫ Ω ∇u(t) ∇φ dx + ∫ Ω λuφ dx = ⟨f(t), φ⟩

ORDINARY DIFFERENTIAL EQUATIONS 287

for all φ ∈ W^{1,2}_0 (Ω). Moreover, for almost every t ∈ (0, T ),^†

u(t) − ~u^D(t) ∈ W^{1,2}_0 (Ω) . (2.8) Proof : See Lions and Magenes [1972b, Chapter 4]. Remark 2.9 For the initial condition (2.6)_2 we argue in the same way as in Remark 2.3.

Theorem 2.10 Let f ∈ L^2(0, T ; W^{m−1,2}(Ω)), u^0 ∈ W^{m,2}(Ω) and u^D ∈ L^2(0, T ; W^{m+1/2,2}(∂Ω)) ∩ W^{m+1/4,2}(0, T ; L^2(∂Ω)) for some

m ∈ N ∪ {0}. Then the solution of (2.6) satisfies

u ∈ L^2(0, T ; W^{m+1,2}(Ω)) ∩ C(0, T ; W^{m,2}(Ω)) , ∂u ∂t ∈ L^2(0, T ; W^{m−1,2}(Ω)) .

(2.11)

Proof : See Lions and Magenes [1972b, Chapter 4].

A.3 Ordinary differential equations Let us consider for c : I_δ ≡ (t_0 − δ, t_0 + δ) −→ R^N , the system of ordinary differential equations d dt c(t) = F(t, c(t)) , t ∈ I_δ ,

c(t_0) = c_0 ∈ R^N .

(3.1)

Assume F : I_δ × K −→ R^N , where K ≡ {c ∈ R^N , |c − c_0| < Δ} for some Δ > 0.

Definition 3.2 A function F : I_δ × K −→ R^N is said to satisfy the Carathéodory conditions if • t → F_i(t, c) is measurable for all i = 1, . . . , N and for all c ∈ K, • c → F_i(t, c) is continuous for almost all t ∈ I_δ , • there exists an integrable function G : I_δ −→ R such that |F_i(t, c)| ≤ G(t) ∀ (t, c) ∈ I_δ × K , ∀ i = 1, . . . , N . (3.3) Theorem 3.4 Let F satisfy the Carathéodory conditions. Then there exist δ^′ ∈ (0, δ) and a continuous function c : I_δ′ −→ R^N such that

† From the assumption on u^D it follows that there is a ~u^D (t) ∈ W^{1,2}(Ω) such that u^D (t) = ~u^D (t) on ∂Ω for almost all t ∈ (0, T ) in the sense of traces. This observation makes (2.8) meaningful.

288 APPENDIX

•^{dc}_{dt} exists for almost all t ∈ I_δ′ , • c solves (3.1).

Proof : See for example Coddington and Levinson [1955, Chapter 2] or Walter [1970, Chapter 1].

Lemma 3.5 (Gronwall) Let y : (0, T ) → R and g : (0, T ) → R be non-negative functions, g ∈ L^1(0, T ). Let the inequality y(t) ≤ C + ∫_t 0 g(s) y(s) ds (3.6) hold for t ∈ (0, T ) with C ∈ R. Then y(t) ≤ C exp ∫_t 0 g(s) ds , t ∈ (0, T ) . (3.7) Proof : See for example Walter [1970, Chapter 1].

A.4 Bases consisting of eigenfunctions of an elliptic operator Let Ω ⊂ R^d be a bounded domain with a Lipschitz boundary ∂Ω. We will investigate (construct) bases of spaces of divergence-free functions. For s ≥ 1 and p > 1 let us define V ≡{φ ∈ D(Ω)^d; div φ = 0}; (4.1) H ≡ the closure of V in the L^2(Ω)^d-norm ; (4.2) V_p ≡ the closure of V in W^{1,p}(Ω)^d

with ‖∇(·)‖_p-norm ; (4.3) V^s ≡ the closure of V in W^{s,2}(Ω)^d-norm . (4.4) If s = 1 or p = 2, then V will denote the spaces V_2, V^1, respectively. The scalar product in H is marked by (·, ·) while the scalar product in V^s is marked by ((·, ·))_s.

Remark 4.5 The spaces V_p and V^s can be characterized as follows:

V_p = {u ∈ W^{1,p}_0 (Ω)^d; div u = 0} , V^s = {u ∈ W^{s,2}(Ω)^d; γ(u) = 0 at ∂Ω, div u = 0} , where γ is a trace operator defined in (2.14)–(2.15) in Chapter 1.

EIGENFUNCTIONS OF AN ELLIPTIC OPERATOR 289

The characterization of H requires a definition of an appropriate trace operator. Let

γ : W^{1,2}(Ω) → H^{1/2}(∂Ω)

denote an usual trace operator introduced in (2.14)–(2.15) in Chapter 1. By H^{−1/2}(∂Ω)^d we mean the dual space of H^{1/2}(∂Ω)^d, i.e., the space ( H^{1/2}(∂Ω)^d )_∗ . Defining E(Ω) ≡ { u ∈ L^2(Ω)^d; div u ∈ L^2(Ω) } , it is possible to construct a trace operator ^γ : E(Ω) → H^{−1/2}(∂Ω)^d , such that ^γ(u) = u · n for u ∈ C^1(Ω), n being an outer normal vector. Then it holds that H = { u ∈ L^2(Ω)^d, ^γ(u) = 0, div u = 0 in D^′(Ω) } . (4.6)

We refer to Constantin and Foias [1988], Temam [1977] and Galdi [1994a, 1994b] for proofs of these and other detailed results about the space H.

In some parts of the book, we consider spaces of space-periodic functions. For this purpose, it will be necessary to change slightly the definition of V in (4.1) to

V = {φ ∈ C^∞_{per}(Ω)^d; div φ = 0, ∫ Ω φ dx = 0} , (4.7)

where Ω is a cube in R^d .

Let us introduce the projector

P : L^2(Ω)^d −→ H ,

sometimes called Leray’s operator.

Definition 4.8 The operator A ≡ −PΔu : H −→ H with the domain of definition D(A) = W^{2,2}(Ω)^d ∩ V is called the Stokes operator.

It is worth recalling that in general (for Dirichlet boundary conditions) the operators P and Δ do not commute. But if the space periodic problem is taken into consideration, then

Au = −PΔu = −Δu . (4.9)

290 APPENDIX

We will study the following spectral problem: find ω^r ∈ V^s and λ_r ∈ R satisfying

((ω^r, φ))_s = λ_r(ω^r, φ) , ∀ φ ∈ V^s . (4.10)

Theorem 4.11 There exists a countable set {λ_r}^∞_{r=1} and a corresponding family of eigenvectors {ω^r}^∞_{r=1} solving the problem (4.10) such that • (ω^r, ω^s) = δ_{rs} ∀ r, s ∈ N , • 1 ≤ λ_1 ≤ λ_2 ≤ . . . and λ_r → ∞ as r → ∞ , • ((^{ωr√}_{λr} ,^{ωs√}_{λs} ))_s = δ_{rs} ∀ r, s ∈ N , • {ω^r}^∞_{r=1} forms a basis in V^s .

Moreover, defining H^N ≡ span{ω^1, . . . , ω^N } (a linear hull) and P^N (v) ≡ ∑_N i=1(v, ω^r) ω^r : V^s −→ H^N , we obtain

‖P^N ‖_{L(V} s_{,V} s_) ≤ 1 , ‖P^N ‖_{L((V} s_)∗_{,(V} s_)∗_) ≤ 1 , (4.12)

‖P^N ‖_{L(H,H)} ≤ 1 . (4.13)

Remark 4.14 If we consider instead of (4.10) the problem of finding ω^r ∈ W^{s,2}_0 (Ω)^d and λ_r ∈ R satisfying

((ω^r, φ))_s = λ_r(ω^r, φ) , ∀ φ ∈ W^{s,2}_0 (Ω)^d , (4.15)

all conditions of Theorem 4.11 hold, too. A particular case, s = 1, is used in Chapter 4 of this book.

Proof (of Theorem 4.11): • The existence of ω^1

Define 1 λ_1

≡ sup ‖v‖_{s,2}≤1 (v, v) . (4.16)

(Note that^1_{λ1} ≤ 1). Then there exists a sequence {v^k}^∞_{k=1} such that

(v^k , v^k) → 1 λ_1 and ‖v^k‖_{s,2} = 1 .

Consequently, there exists ω^1 ∈ V^s and a subsequence {v^{k′} } ⊂ {v^k} such that

v^{k′} ⇀ ω^1 in V^s and v^{k′} → ω^1 in H .

EIGENFUNCTIONS OF AN ELLIPTIC OPERATOR 291

Clearly, ‖ω^1‖_{s,2} ≤ 1. In fact, ‖ω^1‖_{s,2} = 1. Indeed, if ‖ω^1‖_{s,2} < 1 then ω ≡ ω^1/‖ω^1‖_{s,2} fulfills

‖ω‖_{s,2} = 1 and (ω, ω) =

(ω^1, ω^1) ‖ω^1‖_{s,2} > 1 λ_1 , which contradicts the definition of λ_1, see (4.16). It remains to show that ω^1 is an eigenvector.

Let h ∈ V^s. Defining Φ(t) ≡ (ω^1 + th, ω^1 + th) ((ω^1 + th, ω^1 + th))_s , we obtain 0 = d dt Φ(t)|_{t=0} =

2 (ω^1, h) ((ω^1, ω^1))_s − 2 (ω^1, ω^1) ((ω^1, h))_s ((ω^1, ω^1))^2_s = 2 (ω^1, h) −^2_{λ1} ((ω^1, h))_s

((ω^1, ω^1))^2_s . This implies λ_1 (ω^1, h) = ((ω^1, h))_s ∀ h ∈ V^s .

• Iterative construction

Let us assume that the existence of the first N, N ≥ 1, eigenvectors {ω^i}^N_{i=1} and corresponding eigenvalues {λ_i}^N_{i=1} has already been proved. Define

W^N ≡ {v ∈ V^s; ((v, ω^i))_s = 0, i = 1, . . . , N} .

Then the same construction as in the first part of the proof allows to find ω^{N+1} such that (ω^{N+1}, ω^{N+1}) = sup_{‖v‖s,2=1} v∈W^N (v, v) ≡ 1 λ_{N+1} . (4.17)

From this construction we see that

1 ≤ λ_1 ≤ λ_2 ≤ · · · ≤ λ_{N+1} ≤ . . . , (4.18) (ω^r, ω^s) = 0 if r ≠ s , (4.19) ((ω^r, ω^s))_s = δ_{rs} ∀ r, s ∈ N . (4.20)

292 APPENDIX • λ_r → ∞ as r → ∞ Let lim_{r→∞} λ_r = λ < ∞. Since ‖ω^r‖_{s,2} = 1, we have

ω^{rk} → ω in H , as k → ∞ . (4.21)

Simple calculations give

2 = ((ω^{rk} − ω^{rℓ} , ω^{rk} − ω^{rℓ} ))_s = λ_{rk} (ω^{rk} , ω^{rk} − ω^{rℓ} ) − λ_{rℓ} (ω^{rℓ} , ω^{rk} − ω^{rℓ} ) , and due to boundedness of λ_{rk} and (4.21), we can make the righthand side arbitrarily small letting k, ℓ → ∞. • {λ_r}^∞_{r=1}are all eigenvalues of (4.10)

Let us assume for contradiction the existence of λ ∈ R and ω ∈ V^s such that λ ≠ λ_r for all r ∈ N, ‖ω‖_{s,2} = 1 and ((ω, φ))_s = λ(ω, φ) for all φ ∈ V^s. Clearly, there is an i ∈ N such that λ_i < λ < λ_{i+1}. Since ((ω^k, ω))_s = λ_k(ω^k, ω) and ((ω, ω^k)) = λ(ω, ω^k) for all k = 1, . . . , i, we see that (ω, ω^k) = 0 for all k = 1, . . . , i. Therefore ω ∈ W^i. However, (ω, ω) = 1 λ > 1 λ_{i+1} = sup ‖v‖_{s,2}=1 v∈W^i (v, v) ,

which is a contradiction. • {ω^r}^∞_{r=1} is a basis in V^s

Put X ≡ span{ω^1, . . . , ω^N , . . . }. Assume that X ≠ V^s. Therefore there exists Ψ ∈ V^s, ‖Ψ‖_{s,2} = 1 such that ((Ψ, ω^r ))_s = 0 for all r ∈ N. Then we have for all r ∈ N,

(Ψ, Ψ) ≤ sup_{v∈W r} ‖v‖_{s,2}=1 (v, v) = 1 λ_r .

Since^1_{λr} → 0, Ψ has to be zero element of V^s. This contradicts the fact that ‖Ψ‖_{s,2} = 1. • Renormalization of basis

We have already proved that {ω^r}^∞_{r=1} satisfies (4.19), (4.20) and (4.10). Setting ^ω^r ≡ ω^r/ √ λ_r we see that ^ω^r solves again (4.10) with eigenvalues λ_r. Moreover, ^ω^r are orthonormal in H.

Replacing {ω^r}^∞_{r=1} by {^ω^r}^∞_{r=1} the proof of the first four assertions is finished.

EIGENFUNCTIONS OF AN ELLIPTIC OPERATOR 293

• The continuity of P^N

Consider now v ∈ V^s. Then

‖P^N (v)‖^2_{s,2} = N∑ i=1 (v, ω^i)^2((ω^i, ω^i))_s = N∑ i=1 ((v, ω^i))^2_s λ^2_i

((ω^i, ω^i))_s

≤ N∑ i=1 (( v,^{ωi√}_{λi} ))_2 s ≤ ‖v‖^2_{s,2} . Thus (4.12) is proved, since P^N is a selfadjoint operator. Finally, (4.13) follows immediately.

The proof of Theorem 4.11 is complete.

We will consider henceforth the eigenvalue problem (4.10) for the special case s = 1, i.e. V^1 = V . Then the eigenvalue problem (4.10) is equivalent to the problem of finding eigenvalues (and eigenvectors) for the Stokes operator A defined in (4.8), if ∂Ω is smooth (C^2, for example), and we have

λ_r(ω^r, u^N ) = (Aω^r, u^N ) = (∇ω^r, ∇u^N ) . (4.22)

Let us consider the so-called Stokes system, studied in detail in Galdi [1994a, 1994b]:

−Δu + ∇p = F in Ω , div u = 0 in Ω , u = 0 at ∂Ω .

(4.23)

If ∂Ω ∈ C^2, then from the regularity result for the Stokes system follows (let us refer again to Galdi [1994a, 1994b] and references therein) that for all F ∈ L^2(Ω)^d,

‖u‖_{2,2} + ‖p‖_{1,2} ≤ c ‖F‖_2 , (4.24)

where c = c(Ω, d). Taking F = Au ∈ H, we have in particular (see also Proposition 4.7 in Constantin and Foias [1988]),

‖u‖_{2,2} ≤ c‖Au‖_2 ∀ u ∈ D(A) . (4.25)

From Theorem 4.11 it follows that the operators P^N are continuous in V = V^1. The inequality (4.25) allows us to prove the continuity of P^N also in D(A).

Lemma 4.26 Let A = −PΔu, D(A) and P^N be as above. Then there exists C = C(Ω, d) > 0 such that

‖P^N u‖_{2,2} ≤ C ‖u‖_{2,2} ∀ u ∈ D(A) . (4.27)

294 APPENDIX

Proof : Let us first prove that AP^N (u) = P^N Au a.e. in Ω. It suffices to show that (AP^N u, v) = (P^N Au, v) ∀ v ∈ D(A) . (4.28) However, (AP^N u, v) = ((P^N u, v))_1 and

(P^N Au, v) = N∑ r=1 (Au, ω^r) (ω^r, v) = N∑ r=1 1 λ_r (Au, ω^r) ((ω^r, v))_1

= N∑ r=1 1 λ_r ((u, ω^r))_1 ((ω^r , v))_1 = N∑ r=1 (ω^r, u) ((ω^r, v))_1

= ((P^N u, v))_1 . So (4.28) holds.

Now we have ‖P^N u‖_{2,2}^{(4.25)}≤ c ‖AP^N u‖_2 = c ‖P^N Au‖_2^{(4.13)}≤ c ‖Au‖_2 .

But ‖Au‖_2 ≤ ‖u‖_{2,2}, and (4.27) follows.