
ABELIAN GROUPS WITH A MINIMAL GENERATING SET

PAVEL RŮŽIČKA

Abstract. We study the existence of minimal generating sets in abelian

groups. We prove that abelian groups with minimal generating sets are closed

neither under quotients, nor under subgroups, nor under infinite products. We
give necessary and sufficient conditions for existence of a minimal generating

set providing that the abelian group is uncountable, torsion, or torsion-free

completely decomposable.

Introduction

Given a subset X of an algebra A, we denote by Span(X) a subalgebra of A gen-
erated by X. A set X is called S-independent (see [3, Ch 1. §9]) if x /∈ Span(X \{x})
for all x ∈ X. An S-independent set generating A is called a minimal generating
set of A.

Minimal generating sets of groups, rings, and fields were studied in [2] and [5].
In this paper, we will target the minimal generating sets of abelian groups.

It is easy to observe that nontrivial divisible abelian groups do not have minimal
generating sets. On the other hand, we will prove that a direct sum of a divisible
abelian group D and any abelian group with a minimal generating set of cardinality
at least card(D) possesses a minimal generating set. Applying this observation, we
will characterize uncountable abelian groups with a minimal generating set.

Next, we will prove that the class of abelian groups with a minimal generating
set is closed neither under subgroups, nor under quotients, nor under infinite direct
products.

Further, we will give a necessary and sufficient conditions for a torsion abelian
group or a completely decomposable torsion-free abelian group to have a minimal
generating set.

Given an abelian group A, we denote by gen(A) the minimal size of its generating
set. By P we denote the set of all prime numbers.

1. Divisible Abelian Groups

Recall that an abelian group A is divisible if nA = A for every integer n. Divisible
abelian groups coincides with injective ones [6, Theorem 10.23] and each divisible
abelian group is a direct sums of abelian groups isomorphic to either Q or Z(p∞),
for p ∈ P [6, Theorem 10.28].
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Theorem 1.1. A nontrivial divisible abelian group does not have a minimal gen-
erating set.

Proof. Every nontrivial divisible abelian group is infinitely generated. Suppose
that there is a nontrivial divisible group D with a minimal generating set, say
X. Let x be an element of X and denote by D′ the subgroup of D generated by
X \ {x}. Since X is a minimal generating set, x 6∈ D′ and D/D′ is a cyclic group
generated by the image of x. But a quotient of a divisible abelian group is divisible
[6, Example 10.6], whence infinitely generated, which is not the case. �

Corollary 1.2. The group Q of rational numbers as well as any product and any di-
rect sum of copies of this group does not have a minimal generating set.

We strengthen Theorem 1.1 as follows.

Lemma 1.3. Let A be an abelian group and B a subgroup of A such that A/B is
a non-trivial divisible abelian group. If gen(B) < card(A), then A does not have a
minimal generating set.

Proof. Suppose that A has a minimal generating set X. Since A/B is a non-trivial
divisible group, it is not finitely generated. It follows that A is not finitely generated
and so X is infinite with card(X) = card(A). Since gen(B) < card(A), there is
a proper subset F of X (of size less than card(A)) such that B ⊆ Span(F ). It
follows that A/Span(F ) is a non-trivial divisible group with a minimal generating
set {x+ Span(F ) | x ∈ X \ F}. This is a contradiction with Theorem 1.1. �

Lemma 1.4. Let A be an abelian group and let F be a free abelian group with a free
basis X. If card(X) ≥ card(A), then F ⊕A has a minimal generating set.

Proof. Since card(X) ≥ card(A), there is a surjective map π : X → A. We claim
that Y = {2x+ π(x) | x ∈ X} ∪ {3x+ π(x) | x ∈ X} is a minimal generating set of
F ⊕ A. It is easy to see that {2x | x ∈ X} ∪ {3x | x ∈ X} is a minimal generating
set of F , whence the set Y is S-independent. On the other hand

x = (3x+ π(x))− (2x+ π(x))

for every x ∈ X, hence X ⊂ Span(Y ). It follows that A = π(X) ⊆ Span(Y ),
whence F ⊕A = Span(Y ). �

As opposed to Lemma 1.3, we prove that

Proposition 1.5. Let D be an abelian divisible group and let A be an abelian group
with a minimal generating. Then the direct sum A ⊕D has a minimal generating
set if and only if gen(A) ≥ card(D).

Proof. The “only if” part follows from Lemma 1.3. (⇐) We can suppose that
D is nontrivial, hence infinite. Let X be a minimal generating set of A, and let
π : Z(X) → A be the projection extending identity on X. A subgroup of a free
abelian group is free [6, Theorem 10.18], and so the kernel, K, of π is a free abelian
group. If gen(K) < card(D), then by the assumption gen(K) < gen(A), and both
A and A ⊕ D have a free direct summand of rank card(A ⊕ D). In this case
we apply Lemma 1.4. Suppose that gen(K) ≥ card(D). It follows that there is
a projection ϕ : K → D. Since divisible abelian groups correspond to injective
abelian groups [6, Theorem 10.23], ϕ extends to a projection ψ : Z(X) → D (see
Figure 1). We claim that Y = {π(x) + ψ(x) | x ∈ X} is a minimal generating set
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of A ⊕D. Since its image in the quotient (A ⊕D)/D ' A corresponds to the set
X, the set Y is S-independent. Let d ∈ D and let k ∈ K satisfy ϕ(k) = d. There
are x1, x2, . . . , xn ∈ F , and integers z1, z2, . . . , zn such that

k =
n∑
i=1

zixi.

It follows that
n∑
i=1

zi(π(xi) + ψ(xi)) = π(k) + d = d,

whence D ⊂ Span(Y ). Clearly then also X ⊆ Span(Y ), and so the set Y generates
A⊕D. �

0 // K //

ϕ

��:
::

::
::

::
Z(X)

π //

ψ

��

A // 0

D

Figure 1

2. Subgroups and Products

It is clear that a direct sum of abelian groups with minimal generating sets
have a minimal generating set as well. On the other hand, since every abelian
group is a quotient of a free abelian group and divisible groups does not have
a minimal generating sets, the abelian groups with minimal generating sets are not
closed under quotients. It follows from Proposition 1.5 that a direct summand of
an abelian group with a minimal generating set may not have a minimal generating
set, in particular, abelian groups with minimal generating sets are not closed under
subgroups. Not so obvious is that abelian groups with minimal generating sets are
not closed under products, which is the aim of this section.

We begin with a lemma similar to Lemma 1.4, characterizing a wide class of
groups with a minimal generating set, in particular, it implies that a product of
copies of Z has a minimal generating set. The product of infinitely many copies of Z
is a torsion free not completely decomposable group [4, p. 216], and the existence of
a minimal generating set of this group cannot be decided applying results obtained
in Sections 4 and 5.

Lemma 2.1. Let A be an abelian group. If the dimensions of A/pA, and A/qA
(as Zp, and Zq vector space, respectively) are the same as gen(A), for two different
prime numbers p, q, then A possesses a minimal generating set.

Proof. Since p, q are relatively prime, there exist integers s, t such that sp+ tq = 1.
It follows that

(2.1) A/pqA ' A/pA⊕A/qA,

indeed, a = spa + sqa, for every a ∈ A, that is, A = pA + qA, and if a = pb = qc,
for some a ∈ A, and b, c ∈ A, then a = pq(sc + tb), that is, pA ∩ qA = pqA.
Let X be a generating set of A of the smallest cardinality. By our assumption,
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A/pA ' Z(X)
p , and A/qA ' Z(X)

q . By (2.1), A/pqA ' Z(X)
p ⊕ Z(X)

q ' Z(X)
pq , and so

A/pqA possesses a minimal generating set {yx + pqA | x ∈ X}, where yx + pqA are
elements of order pq.

We claim that Y = {spyx + pqx | x ∈ X} ∪ {tqyx − pqx | x ∈ X} is a minimal
generating set of A. It is easy to see that the image of Y in A/pqA forms a minimal
generating set of the quotient, hence Y is S-independent. Since

yx = spyx + pqx+ tqyx − pqx,

yx ∈ Span(Y ), for every x ∈ X, and so also {pqx | x ∈ X} ⊆ Span(Y ), hence
pqA ⊆ Span(Y ), whence A = Span(Y ). �

Corollary 2.2. A products of copies of Z has a minimal generating set.

Proof. Let P = Zκ be a product of κ copies of Z. If κ is finite, the product is
finitely generated, and so it has a minimal generating set. If κ is infinite, then
P/pP ' Zκ

p has the same cardinality as P , for every prime number p, and we apply
Lemma 2.1. �

It follows from Proposition 1.5 or Lemma 2.1 that Q ⊕ Z(ℵ0) has a minimal
generating set. On the other hand, by Lemma 1.3, the group Q⊕ F does not have
a minimal generating set for every finitely generated abelian group F . Also observe
that, by Proposition 1.5,

Q(ℵ0) ⊕ Z(ℵ0) ' (Q⊕ Z)(ℵ0)

has a minimal generating set while the direct sum Q ⊕ Z has not, and so there is
an infinite direct sum of abelian groups without a minimal generating set which
have a minimal generating set. Finally, we prove that abelian groups with a minimal
generating set are not closed under infinite products.

Example 2.3. The group

P =
∏
p∈P

Zp

does not have a minimal set of generators.

Proof. We will regard elements of P as infinite sequences (ap)p∈P, where ap ∈ Zp.
Denote by P ′ the subgroup of P generated by all sequences which are zero for all
but finitely many prime numbers. Observe that for every prime p

pP = {(aq)q∈P ∈ P | ap = 0}.

It follows that p(P/P ′) = P/P ′, for every prime number p, whence the group
P/P ′ is divisible (in fact it is isomorphic to Q(c)). Since P ′ is countably generated
while the group P is uncountable, P does not have a minimal set of generators by
Lemma 1.3. �

Corollary 2.4. Groups with a minimal set of generators are not closed under
infinite products.
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3. Uncountable Abelian Groups

Theorem 3.1. An uncountable abelian group A has a minimal generating set if
and only if there is a prime number p such that dimZp

(A/pA) = card(A).

Proof. (⇒) Suppose that dimZp(A/pA) < card(A), for every prime number p. Let
for all p ∈ P, Bp be a subset of A such that {b + pA | b ∈ Bp} is a basis of A/pA.
Set B = Span(

⋃
p∈P Bp). Then card(B) < card(A), and A/B is divisible, which,

by Lemma 1.3, implies that A does not have a minimal generating set.
(⇐) Let A be an abelian group of an uncountable cardinality κ, and suppose

that dimZp
(A/pA) = card(A), for some prime number p. Let Iq, q ∈ P, be pairwise

disjoint sets such that dimZq
(A/qA) = card(Iq). For every prime number q 6= p,

pick elements bi, i ∈ Iq, in A so that bi + qA, i ∈ Iq form a basis of A/qA. Since
the multiples pbi + qA form a basis of A/qA as well, we can assume that bi ∈ pA,
for every i ∈

⋃
q 6=p Iq. Set I =

⋃
q∈P Iq, and let {ci + pA | i ∈ I} be a basis of

A/pA. Given a prime q 6= p, the elements ci, i ∈ Iq, can be replaced by qci so that
the new elements form a basis of A/pA. Thus we can without loss of generality
assume that ci ∈ qA for every prime q 6= p and every i ∈ Iq. Define elements ai,
i ∈ I as follows: for i ∈ Ip let ai = ci, for i ∈

⋃
q 6=p Iq put ai = bi+ ci. Observe that

{ai+pA | i ∈ I} is a basis of A/pA, hence the set {ai | i ∈ I} is S-independent. Let
B denote Span(ai | i ∈ I). We claim that the abelian group D = A/B is divisible.
Suppose otherwise. Then there is a prime number q such that the abelian group

A/B
/
q(A/B) ' A/qA

/
(B + qA)/qA

is not trivial. First suppose that q = p. Then ci + pA 6∈ (B + pA)/pA, for some
i ∈ I. Since bi ∈ pA, ai + pA = ci + bi + pA = ci + pA, for all i ∈

⋃
r 6=p Ir. But

ai + pA ∈ B + pA, for all i ∈ I, which is a contradiction. Now suppose that q 6= p.
Then bi + qA 6∈ (B + qA)/qA, for some i ∈ Iq. But ai + qA ∈ (B + qA)/qA, and
since, by our assumption ci ∈ qA, also bi + qA = (ai − ci) + qA = ai + qA belongs
to (B + qA)/qA, which is again a contradiction.

Every divisible abelian group is a direct sum of its countable subgroups, hence
there are countable subgroups Dα, α < κ, of A such that

D =
⊕
α<κ

(Dα +B)/B.

Since the groups (Dα+B)/B are divisible, (Dα+B)/B = p
(
(Dα+B)/B

)
= (pDα+

B)/B, and so we can assume that Dα ⊆ pA, for every α < κ. By our assumption,
card(I) = κ, thus we can identify the set I with the ordinal κ.

For every λ < κ let Bλ denote Span(aβ | β < λ). For every α < κ denote by
λα the least ordinal such that Dβ ∩ B = Dβ ∩ Bλα , for all β ≤ α. Notice that
the groups (Dβ +Bλα

)/Bλα
are divisible, and observe that

(Dβ +Bλα
)/Bλα

' (Dβ +B)/B,

for all β ≤ α. Let
λα < λα,0 < λα,1 < · · · < κ,

α < κ, be pairwise disjoint countable sequences. As in the proof of Proposition 1.5,
there are elements dα,i, i = 0, 1, . . . , of Dα such that {dα,i + aλα,i

+ Bλα
| i =

0, 1, . . . } is a minimal generating set of the group

Eα = (Dα +Bλα
) /Bλα

⊕
((

Span(aλα,i
| i = 0, 1, . . . ) +Bλα

)
/Bλα

)
.
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For all λ < κ define eλ ∈ A as follows:

eλ =

{
dα,i + aλα,i

, if λ = λα,i for some α < κ, i ∈ {0, 1, . . . };
aλ, otherwise.

We claim that {eλ | λ < κ} is a minimal generating set of A. Since eλ + pA =
aλ+pA, for every λ < κ, the elements eλ+pA form a basis of A/pA, and so the set
{eλ | λ < κ} is S-independent. Since the set {eλα,i

| i = 0, 1, . . . } generates Eα,
Dα + Bλα

⊆ E + Bλα
, for every α < κ. We prove by induction that Dα ⊆ E,

for all αa < κ. Let α < κ, and suppose that Dβ ⊆ E, for all β < α. Then
aα ∈ E, for every α < λα, that is, Bλα

⊆ E. Since Dα + Bλα
⊆ E + Bλα

, we
conclude that Dα ⊆ E. It follows readily from the definition of the elements eλ
that E +

⋃
α<κ Dα = A, and since

⋃
α<κ Dα ⊆ E, we conclude that E = A. �

Applying this theorem, we can generalize Corollary 2.2.

Corollary 3.2. Let A be a non-divisible abelian group of size λ. If κ is a cardinal
number satisfying λκ = 2κ, then Aκ has a minimal generating set. In particular,
an infinite product of copies of a countable group A has a minimal generating set
if and only if the group A is not divisible.

Proof. Since A is not divisible, there is a prime number p such that A/pA is not
trivial. It follows that

dimZp
Aκ/pAκ ' dimZp

(A/pA)κ ≥ 2κ = λκ = card(Aκ).

For the case of products of countable groups, recall that divisible groups are closed
under products. �

4. Torsion Abelian Groups.

Recall [6, p. 326] that a pure subgroup B of a torsion abelian group A is basic
if it is isomorphic to the direct sum of cyclic groups, and the quotient A/B is
divisible. By [6, Theorem 10.36] every torsion group has a basic subgroup. By
[6, Theorem 10.40], any two basic subgroups of a p-primary abelian group are
isomorphic. It follows that any two basic subgroups of a torsion abelian group are
isomorphic, indeed, a p-primary component of a basic subgroup of a torsion abelian
group is a basic subgroup of its p-primary component. Applying Lemma 1.3, we
obtain the following proposition.

Proposition 4.1. Let A be a torsion abelian group and B its basic subgroup. If
card(B) < card(A), then A does not have a minimal generating set.

Lemma 4.2. An uncountable torsion group A has a minimal generating set if and
only if its basic subgroup has the same cardinality as the group A.

Proof. The “only if” part again follows from Proposition 4.1. (⇐) Denote by λ
the uncountable cardinality of the group A. Let B be its basic subgroup with
card(B) = λ. Then B is a direct sum of groups Bpn , where p is prime and n ∈ N,
isomorphic to Z(λpn )

pn . Since λ is uncountable, there exist a prime number p and
n ∈ N with λpn = λ. Then Bpn is a pure subgroup of A of a bounded order, and
so it is its direct summand [6, Corollary 10.41]. Let A′ be a complement of Bp in
A. Then

A/pA ' (A′/pA′)⊕ (Bpn/pBpn),
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hence dimZp
(A/pA) ≥ dimZp

(Bpn/pBpn) = λpn = λ = card(A). Now apply Theo-
rem 3.1. �

Recall that an abelian group is reduced if it does not have a nontrivial divisible
direct summand. Every abelian group is a direct sum of a reduced and a divisible
abelian group. Countable reduced p-primary groups are classified by countable
transfinite sequences of their Ulm factors. We make use of this classification to
prove that every countable reduced torsion group has a minimal generating set.

Lemma 4.3. Every countable reduced torsion group has a minimal generating set.

Proof. Let A be a countable reduced torsion group. Since A is a direct sum of
its p-primary components, we can without loss of generality assume that A is p-
primary itself. Let τ be a type of A and {Aα | 0 ≤ α < τ} its Ulm factors (see [4,
pp. 189–190]). The group A contains a descending sequence

A = A′0 ⊃ A′1 ⊃ · · · ⊃ A′α ⊃ · · · ⊃ A′τ = 0

of length τ such that A′τ = 0 and A′α/A
′
α+1 ' Aα, for every 0 ≤ α < τ . By

[4, Existence Theorem (p. 190)], each Aα is a countable direct sum of cyclic p-
primary groups. As in the proof of the Existence theorem, denote by aα,1, aα,2, . . .
generators of these cyclic groups, where aα,i has order pnα,i . Then the group A
possesses generators cα,i, where cα,i corresponds to aα,i, such that with each cα,i is
associated either an equation pnα,icα,i = 0, or an equation pnα,icα,i = cβ,j , where
β > α, and the following properties are satisfied:

1) There is no infinite sequence of relations

pnα0,i0 cα0,i0 = cα1,i1 , p
nα1,i1 cα1,i1 = cα2,i2 , . . . .

2) If 0 ≤ γ < β, and N is a natural number, then for every cβ,j , there exists
an element cα,i such that γ ≤ α < β, N < nα,i and that relation associated
with the element is pnα,icα,i = cβ,j .

3) If σ is a limit ordinal, then for every γ less than σ and every natural
number N there exists an element cα,i such that γ < α, N < nα,i, and
the relation associated with it is pnα,icα,i = 0.

There exists a system of equations satisfying these relations, and the abelian group
defined by generators cα,i and the relations is by Ulm’s Theorem [4, p. 193] unique
up to an isomorphism, hence isomorphic to A. It follows from property 2) that
the set X = {c0,i | i = 0, 1, . . . } generates A. Elements c0,i correspond to elements
a0,i which form a minimal generating set of the group A0 isomorphic to the quotient
A/A′1. Thus the set X is S-independent, and so it is a minimal generating set of
A. �

Now we are ready to characterize torsion abelian group with a minimal generat-
ing set:

Theorem 4.4. Let A be an infinite torsion abelian group with a basic subgroup B.
Then A has a minimal generating set if and only if card(B) = card(A).

Proof. The equivalence is clear when A finite. Lemma 4.2 corresponds to the un-
countable case. Thus suppose that A is countable infinite. If card(B) < card(A),
then A does not have a minimal generating set by Lemma 1.3. Suppose that
card(B) = card(A). Let A = D ⊕ R be a decomposition of the group A into a di-
rect sum of a divisible group D and a reduced group R [6, Theorem 10.26]. If R
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was finitely generated, it would coincide with B which is not finitely generated by
our assumption. Hence R has an infinite minimal generating set and we can apply
Proposition 1.5. �

Corollary 4.5. A torsion abelian group A has a minimal generating set if and only
if there is a subgroup A′ of A such that the quotient A/A′ is isomorphic to a direct
sum of cyclic groups and card(A) = card(A/A′).

Proof. The corollary is clear for finite abelian groups, so suppose that A is infinite.
(⇐) Denote by C the quotient A/A′ and assume that card(A) = card(C). Let B
be a basic subgroup of A. Assume on the contrary that the group A does not have
a minimal generating set, that is, by Theorem 4.4, that card(B) < card(A). Denote
by B′ the quotient (B +A′)/A′. Observe that

C/B′ = A/A′
/

(A′ +B)/A′ ' A/B
/

(A′ +B)/B

is a quotient of divisible group, whence itself divisible. Since card(B′) ≤ card(B) <
card(A) = card(C), the group C/B′ has a cyclic direct summand, which is in
the contrary with its divisibility.

(⇒) Let A be a torsion group with a minimal generating set. Denote by Ap
the p-primary components of A. The group A is a direct sum of its p-primary
components by [6, Theorem 10.7], therefore it can by identified with

⊕
p∈P Ap.

Denote by Bp a basic subgroup of Ap. Then
⊕

p∈P Bp is a basic subgroup of A.
Set A′ =

⊕
p∈P pAp and B′ =

⊕
p∈P pBp. Then A/A′ ' B/B′, and it is a direct

sum of cyclic groups. We assume that A is infinite with a minimal generating set,
thus, by Theorem 4.4, B is infinite of the same cardinality as A. It follows that
card(B/B′) = card(A). �

In contrast to Lemma 4.3, an uncountable reduced p-primary group does not
necessarily have a minimal generating set. This is proved in the last example of
this section. Before recall that an element a of a p-primary abelian group is of
infinite height provided that for every positive integer n, the equation

(4.1) pnx = a

has a solution. Notice that a p-primary abelian group without elements of infinite
height is reduced.

Example 4.6. Let p be a prime number. The torsion subgroup T of the product∏∞
n=1 Zpn is reduced and does not have a minimal generating set.

Proof. We regard elements of T as infinite sequences (a0, a1, . . . ), where an ∈ Zpn .
We denote by B the subgroup of T of sequences which are finite for all but finitely
many an. Then T corresponds to a closure of B in sense of [4, p. 184], and B is its
basic subgroup. Since every element of T has a finite height, the abelian group is
reduced. Since B is countable, while T is not, T does not have a minimal generating
set. �

5. Completely Decomposable Groups

In this section we will investigate torsion-free abelian groups. Although we will
not fully characterize countable torsion-free groups with a minimal generating set,
we will prove some partial results for completely decomposable groups whose struc-
ture is well understood (see [1], [4, §§ 30, 31], and [6, pp. 331-335]). Recall that
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a rank of a torsion-free group is the size of its maximal independent subset (in
the sense of [6, p. 127], which is stronger then the S-independence).

A p-height of an element a of an abelian group A, denoted by hp(a), is the maxi-
mal nonnegative integer such that equation (4.1) has a solution in A. If the solution
exists for every nonnegative integer, then we define hp(a) = ∞. A height sequence
of a is the sequence h(a) = (h2(a), h3(a), . . . , hp(a), . . . ), where the indices run
over all prime numbers. A characteristic is a sequence of nonnegative integers and
the symbol ∞. Two characteristic are equivalent, if they differ in at most finite
number of coordinates and they have ∞ in the same coordinates. Equivalence
classes of characteristics are their types.

Abelian torsion free groups of rank 1 are exactly abelian groups isomorphic to
subgroups of Q [6, p. 321]. The height sequences of any two nonzero elements of
a torsion free abelian group A of rank 1 have the same types [6, Lemma 10.46],
and so we can define a type of A as the type of the height sequence of any of its
nonzero elements. Two torsion free abelian groups of the same type are isomorphic
and each type is represented as the type of some torsion free abelian group of rank
1 [6, Theorems 10.47-48]. Moreover, a torsion free abelian group of rank 1 of a type
τ contains an element a with h(a) = h, for any characteristic h of type τ (see
the proof of [6, Theorem 10.48]).

A torsion free abelian group A is called completely decomposable if it is a direct
sum of torsion free abelian groups of rank 1. Any two decompositions of a com-
pletely decomposable abelian group into the direct sum of groups of rank 1 are
isomorphic [4, p. 212].

We are going to make use of a coarser classification of torsion free abelian groups
of rank 1. Thus a torsion free abelian group A of rank 1 is of Type I if its type
is represented by the characteristic h = (h2, h3, . . . , hp, . . . ) with 0 < hp < ∞ for
infinitely many primes p, and it is of Type II if it is neither divisible nor of Type I.

Lemma 5.1. Let A be an abelian group and let F be its finitely generated subgroup.
Then A has a minimal generating set if and only if A/F has a minimal generating
set.

Proof. First observe that if X, Y are subsets of an abelian group A such that
both the image of X in Span(X)/

(
Span(X) ∩ Span(Y )

)
, and the image of Y in

Span(Y )/
(
Span(X)∩ Span(Y )

)
are S-independent, then X ∪ Y is a S-independent

subset of A.
(⇒) Let X be a minimal generating set of A. Then F ⊆ Span(X1) for some finite

subset X1 of X. Observe that the image of X rX1 in Span(X rX1)/
(
Span(X1)∩

Span(X r X1)
)

is S-independent, the more so the image of X r X1 in A/F is S-
independent. The quotient Span(X1)/

(
Span(X1) ∩ Span(X rX1)

)
is finitely gen-

erated, and so it possesses a minimal generating set Y ′. Denote by Y the preimage
of Y ′ in Span(X1)/F . Then the union of the image of X \X1 in A/F and Y forms
a minimal generating set of A/F .

(⇐) Let X ′ be a minimal generating set of A/F . Denote by X its preimage in
A. Since F is finitely generated, the quotient A/Span(X) ' F/

(
F ∩ Span(X)

)
is

finitely generated as well, and so it has a minimal generating set Y ′. Denote by Y
the preimage of Y , and conclude that X ∪ Y is a minimal generating set of A. �



10 P. RŮŽIČKA

Theorem 5.2. Let A = A1 ⊕ A2 ⊕ · · · ⊕ An be a finite direct sum of torsion-free
abelian groups A1, A2, . . . , An of rank 1. Then A has a minimal generating set if
and only if either A is free or one of the groups Ai is of Type I.

Proof. Let xi be a nonzero element of Ai. By Lemma 5.1, we can restrict ourselves
to the quotient

A′ = A/Span(x1, x2, . . . , xn) =
(
A1/Span(x1)

)
⊕ · · · ⊕

(
An/Span(xn)

)
.

This is a countable torsion group isomorphic to a direct sum D ⊕ B, where D is
divisible and B is a direct sum of cyclic groups. By Theorem 4.4, the group A′ has
a minimal generating set if and only if either card(B) = ℵ0, which happens if and
only if at least one of the groups Ai is of Type I, or B is finite and D is trivial
which is equivalent to A being free. �

Lemma 5.3. An infinite direct sum of torsion-free abelian groups of rank 1 of
Type II has a minimal generating set.

Proof. It suffices to prove the lemma for countable direct sums. LetA =
⊕

m,nAm,n
be a countable direct sum of torsion-free abelian groups Am,n of rank 1 of Type II.
Each of the abelian groups Am,n contains an element am,n such that hpm,n(am,n) =
1 for some prime number pm,n, and hq(am,n) = 0, or hq(am,n) = ∞ for every q 6=
pm,n. Let bm,n ∈ A be such that am,n = pm,nbm,n. DenoteAi =

⊕
n≤i

( ⊕
mAm,n

)
.

By induction we construct an increasing sequence X0 ⊆ X1 ⊆ . . . such that Xi are
S-independent subsets of Ai, Ai/Span(Xi) are divisible, and Ai−1 ⊆ Span(Xi) for
all 1 ≤ i. Thus the union X =

⋃∞
i=1Xi will be a minimal generating set of A.

Set X0 = {b0,n | n = 0, 1, . . . }. Clearly X0 is S-independent, and observe that
the abelian group A0/Span(X0) is divisible.

Suppose that the sequence is constructed up to some positive integer i. By
the induction hypothesis, there is a subset Xi of Ai with the required properties,
that is, Ai/Span(Xi) are divisible, and if 1 ≤ i, then Ai−1 ⊆ Span(Xi). By Propo-
sition 1.5, the group A′i =

(
Ai/Span(Xi)

)
⊕ Span(b0,i+1, b1,i+1, . . . ) has a minimal

generating set Yi+1 whose image in

A′i
/(
Ai/Span(Xi)

)
' Span(b0,i+1, b1,i+1, . . . )

corresponds to {b0,i+1, b1,i+1, . . . }. It follows that the set Xi+1 = Xi ∪ Yi+1 is
S-independent, and that Ai ⊆ Span(Xi+1). Finally observe that the quotient

Ai+1/Span(Xi+1) '
( ∞⊕
m=0

Am,i+1

)/
Span(b0,i+1, b1,i+1, . . . )

is divisible. �

Lemma 5.4. Every completely decomposable reduced torsion free abelian group of
an infinite rank has a minimal generating set.

Proof. Let A be a completely decomposable reduced torsion free abelian group of
an infinite rank κ. Than A does not have nontrivial divisible subgroup, and so it
has a decomposition

(5.1) A =
( ⊕
λ<κ1

Aλ
)
⊕

( ⊕
λ<κ2

Bλ
)

into a direct sum of torsion free abelian group of rank 1, where κ1 + κ2 = κ,
Aλ are torsion free abelian group of rank 1 of Type I, and Bλ are torsion free
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abelian group of rank 1 of Type II. Abelian groups Aλ have minimal generating
sets by Theorem 5.2. If ℵ0 ≤ κ2, then

⊕
λ<κ2

Bλ has a minimal generating set by
Lemma 5.3, while if κ2 is finite, we can rewrite (5.1) as

A =
( ⊕

1≤λ<κ1

Aλ
)
⊕

(
A0 ⊕

⊕
λ<κ2

Bλ
)
,

and we apply Theorem 5.2. �

Theorem 5.5. Let A be a completely decomposable torsion free abelian group of
an infinite rank and let A = R ⊕ D be its decomposition into a direct sum of
a divisible group D and a reduced abelian group R. Then A has a minimal generating
set if and only if rank(R) ≥ card(D).

Proof. It is a consequence of Lemma 5.4, and Proposition 1.5 providing that the abelian
group R is completely decomposable. Let

A =
( ⊕
λ<κ1

Aλ
)
⊕

( ⊕
λ<κ2

Dλ

)
be a decomposition of A into a direct sum of torsion-free abelian groups of rank 1,
where Dλ are divisible while Aλ are not. It suffices to prove that D =

⊕
λ<κ2

Dλ,
because then

R ' A
/( ⊕

λ<κ2

Dλ

)
'

⊕
λ<κ1

Aλ.

Suppose otherwise. Then

D
/(( ⊕

λ<κ2

Dλ

)
∩D

)
↪→ A

/( ⊕
λ<κ2

Dλ

)
'

⊕
λ<κ1

Aλ,

and so the abelian group
⊕

λ<κ1
Aλ has a nontrivial divisible subgroup, which we

denote byD′. For µ < κ1 denote by πµ :
⊕

λ<κ1
Aλ → Aµ the canonical projection.

There is µ < κ1 such that πµ(D′) is a nontrivial subgroup of Aµ. Since a quotient
of a divisible group is divisible [6, Example 10.6], Aµ has a nontrivial divisible
subgroup. Since Aµ is of rank 1, it is indecomposable, and so it is divisible itself,
which is not the case. �
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