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How To Mepsure COMPLEX|TY
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[NTRODUCTION

How To MEASURE COMPLEXITY 2

- BY THE LENGTH OF THe SHoRTEST
DEscripTION.

S = "oA' Ao0-TiMEQ
= 2

Comprex\Ty ~ COMPRESSIBILITY
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lNT‘P\ObUCTION

DoeSs THERE EX\ST AN OPT\MA L

DESCRIPTION LANGUAGE U

CONCSIBER DESCRIPTION LAVGUAGE U WHERE
STRINGS ARE DESCRIBED B¢ (SUITABRLE CODING OF )
TuaING MACHINES WHICH coMPuTES THeM

—> DECODING 1S COMPUTED BY UMWERSAL TURING
MACHINR




1NTRODUCTION

OPTIMALITY OF U :

SCSIBER Gy SRR e e D
Deco™IvGg FuneTion For D s COMPUTARBLE
BY Turing MAcCHInE ™M

FOR STRING &, LeT ¢ Be Twe SHORTEST
BESCR\PT[OM SE S N D

THEN WE OBTAIN DescapTion OF S v U
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INTRODUCTION

DEMOTING RESPecTive KoLMocoROV

COMPLE X |TIES

WE OBTAIN

Ku(e) &

Ku(SB) Kp(s) FoRr Ul D

IM] + el = M|+ Kylsy
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INTRODUCTION

~~—> INVARIANT THEOREM :

Two Tualne compleTe DE S CRIPTION

vV ARE EQUALLY EFFICIENT



InNTRODUCTION

ALy STRnNG %

» ComPRESS|IBLE e

K=y << 15

- wcon??\essmz.e) OTHERWISE

N
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(NTRODUCTION

How MAnY  (INYCOMPRESSIBLE
STRINGS THERE ARE 2

HoRE CoRCRETELY : How MANY OF STRINGS OF
LENGTH M ARE COMPRESSIBLE BY L 2

— AT MOSY As MANY AS PROGRAMS OF
LENCREAC on—L
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INTRODUCTION

(2 S (3.9
&t vioatr 2 OUT OF 2 STRINGS

OF LeNGeTH m Aape comprESSIBLE RY L

—7 PROBABILITY THAT RANDOMLY CHOOLEM
STRING (S comMPRess|Rre By L (s

m=-3

A _.3:3_.4
2% g

—> MOsSYT OF THE STRINGS ARE COMPLE X
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INTROBULCTION

How To peTermine KoLMoooroy
COMPLEX|TY K(S) FOR PART\CULAR STAING 2



A
INTARODUCTION

UPPER BOUNDS FOR KI(5):

SUFFICES TO FIND A PROGRAM P
TEAT ovTPLUTS ' B

~n K(sY £ |P|

TRIVIAL APPROACH :

-

; PRINT "[L\TE.N%L. NOTATION OF S |! ‘1

S —

~or K(S) & [S]+ 8



INTROBUCT ION

LLOowER BOUNDS FOR K(s):

NAWE APPROACH :

GO THROUGH ALL PROGRAMS
OF LENGTH < M

\F NO ONE OUTPUTS ¢ ) THEN
KEsY > m

~~> HALTING PROBLEM
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INTRODUCTION

IT TURNS OUT
THAT wE& ARE UNABRLE TO DETERMINE K(s)
FOR ALMOST ALL STRINGS ¢




CHAITIN'S INCOMPLETENESS THEOREM

THERE EXISTS A CONSTANT L. Sucn THAT
FOR NO STRING OF BITS S wE CAN PROvVE
K=



CHOZVTIN'S (INCOMPLE TENESS THEOREM

wWHAT DOES 1T MEAN "To prove K> L' 1

CHOOSE YOUR FAVQURI\TE FORMAL THeEORYy T

STRONG ENOUGH TO TRALK AROUT KOLMOGOROV
ComMPpPLE X |TY

=7 ZFC , PEANG ARITHMETICS, ...



CHAITIN'S INCOMPLETENESS THEOREM

WHAT |8 THEORY
—~ LancUAGE = FuncTion AND RELATION SYMROLS

— SET OF AX\OMS (= FORMULAS) IN THAT LANGUAGE

PROOF OF FORMULA A IN THeEory T
= SEQUENCE OF FORMULAS

%°3B“: )Bm=ﬂ
SUCH THAT ...




/‘i 3
[}

CualTIN'S INCOMPLETENESS THEOREWM

1N ADITION |, WE REQUIRE THAT wWE CAN

VERIFY N ome MECHAN | cAL WAY \WETHER

GweN FORMULA 18 AXIOM ©F THE THEORY



A8
CrATIN'S INCOMPLE TENESS THEOREM
WHAT DOES IT MERN THAT
"THEoRY T caN TALK ARoUT KoLMooorov

COHPLEX\T\-{ t '?.

— FOR GIVEN STRING S AND melN, wWe CAN
EXPRESS THE COMDITION " K(s)>m" BY FORMULA
As\m SO THAT

IF T PROVES Agm, THEN K& >m
— WE ALIO REQRUIRE FORMULAS Asm TO BE
RECOGNIZARLE IN MECHANICAL WAY



CrenTin's INCOMPLETENESS THEOREM

BACK TO THE. THEOREM ...

THERE EXISTS A CONSTANT L SUCH THRT
FOA NO STRING S WwWE CAN PROVE

2 L6 R

= WE EIXED TTHECRY T
— We HAVE FORMULAS Asm SAYING "K(s)y >m'



CHAITIN'S (NCOMPLETENESS THEOREM

IDEA OF THE PROOF:

FIRST NOTE THE FOLLOWING ...

'F P 1s & PROGRAM wHICH FOR INPUT me N
OLTPUTS STRING S$m, THAN

K(sm) & [P]+ Logy m

b b 8 et e = o = e
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ChaTin's INcompLeTEVE SS THEQREM

IDEA OF THE PROOE :

CONSIDER A PROGRAM P wHICH FOR (vPUT
MmMeae N wiLL oo THROUGH ALL PROOFS N

THE THEORY T LookING FoRr PROOF
OF Asmw FOR SOME S

I SUeh PROOF 15 FOUND PROGR &M
QUTPUTY THE STRING .

o B



ChAITin's INCOMPLETENESS THEOREM

RUNNING THE PROGRAM P ON INPUT M,
THERE ARE Tw(Q CASENR :

THERE 1S NO PROOF OF ANY FORMULA Asg,m
SO THE PROGRAM WILL RUN FOREVER

OR ), THERE IS A STRING S FOR WHICH

THE PROOF OF Asim ExisTs® Tihen B
QUTPUTS SucH STRING S

IN THE SECOND CASE, we Have Kdsy < [Pl + Log, 0 |
BUT ALSO K(s)>m | Becquse T PROVES IT .
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CHAwTIV'S INCOMPLETENESS THEOREM

PUTING THESE INEQUALITIES TOGETHER
WE OBRTAIN

m < KLs) £ 1Pl'+f.o'%,_m
o £ P+ ﬁoa;_m

IF WE CHOOSE comsTanT L LARGE ENOUGH

SO THaT
THE SECOND CASE cAn'TtT OCLUR |



CHMAITIN'S INCOMPLETENESS THEOREM

THAT 1S | FOR SucH | PROGRAM WILL NEVER

SYOP ) RECAUSE THERE |S NO PROOE OF As L
FOR ANY STRING S

IN OTHER WORDS y WE CaN'T PROVE

KEY> L
FOR ANY STRING S

D I e LS D At s S



ChaiTin's INCOMBLETENESS THEOREM

REMAINS TO SHOW THRT SUCH PRoGRAM P
REALLY EMETS

i

PROGRAM P (m: INTEGER)
FOR [:=

A TO INFINITY DO

FOoR ERCH STRWG o OF LENGTH A DO
g lF{ ol IS PROOF OF FORMULR Asm ‘THE.M
| RETOAN §; J

WE RRE ABLE To veAlp
GIVEN STRING

Y BY COMPUTER WHETHER

'> FORMULA, AxloM oF T, PROOF w T
FORMULA Asm and FIvALLY PROOF‘ OF Asim (v T

ST L e
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ChpiTin'e IVCOMPLETENESS THEDOREM

(CounTERYEXAMPLE -

ConeIDER THE THEORY
= ZFC +{ Ay ; KGSY>m}

FOoR ALL L THERE EX(STS STRING $

SUCH THAT K(s) >L, THeREFORE As e T,
IN PARTICULAR Asy ts. PROVABLE N T

IS 1T AGAINST THE STATEMENT OF THE THEOREM?



