Discrete Calculus and Weighted
Fibonacci and Tribonacci Sums

Antonin Slavik

Abstract. We show the power of discrete calculus, especially the summation by parts formula,
in evaluating Fibonacci and Tribonacci sums with polynomial and exponential weights. We
provide new, short, and elementary proofs of several known results, and derive new identities
involving Fibonacci, Lucas, and Tribonacci numbers.

1. INTRODUCTION. Everyone is familiar with integration by parts as a basic
method for evaluating definite integrals; surprisingly, it seems that its discrete version,
summation by parts, which is useful for calculating the values of finite sums, is much
less known. The technique goes back to N. H. Abel’s 1826 paper [1]] on the binomial
series, and forms the core of modern proofs of Abel’s criterion for the convergence of
an infinite series. One goal of the present paper is to show that summation by parts
is not merely an ad-hoc trick serving to prove Abel’s test, and to convince the reader
that it should be in every mathematician’s toolbox. A second goal is to demonstrate
the power of this technique by providing short and elementary proofs of some old and
new identities involving the Fibonacci, Lucas, and Tribonacci numbers.

We will focus on weighted Fibonacci sums of the form Y., Fyw;, where F; are
the Fibonacci numbers, and w; are prescribed weights. We are mainly interested in
polynomial weights, which are discussed in the classical book [12], as well as expo-
nential weights, which are treated in [5]. The identities that we will obtain apply not
only to the Fibonacci sequence, but to any sequence { G }32, satisfying the recurrence
relation G;,» = GG; 1 + G; and having arbitrary initial values Gy and G';. Following
the book [4], such sequences are known as the Gibonacci numbers (shorthand for gen-
eralized Fibonacci numbers). One advantage is that we do not need to specify whether
we deal with the Fibonacci sequence whose initial values are Fy = 0 and F; = 1,
or with the sequence whose initial values are Fy = F; = 1; both choices appear fre-
quently in literature. More importantly, our identities apply also to the Lucas sequence,
which is defined by the recurrence relation L;. o = L;,; + L; and the initial values
L() - 2, L1 =1.

For example, using the summation by parts formula, we can easily derive identities
such as

)

zn:G-ci _ G+ G+ (¢ — 1)Gy — Gic
—~ ! 2+c—1

which holds for any Gibonacci sequence (see Section [)).

To demonstrate that the methods of discrete calculus are not limited to weighted
Gibonacci sums, we will also consider weighted sums Y, T;w; involving the Tri-
bonacci numbers. These numbers satisfy the relation T}, 3 = T;,5 + T;1 + T3, and
their history goes back to C. Darwin’s Origin of Species as well as the 1914 article [3]]
by the Russian mathematician N. A. Agronomof. More details can be found in the
enlightening recent paper [20].
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The outline of the paper is as follows: We begin with a brief introduction to discrete
calculus—a discrete version of differential and integral calculus, whose basic opera-
tions are differences and antidifferences (for more information on discrete calculus,
see [10, 16} 18]). We include a short derivation of the summation by parts formula,
and then show how to find antidifferences for the Gibonacci and Tribonacci numbers.
Using these results, we will successively evaluate several types of weighted Gibonacci
and Tribonacci sums with exponential and polynomial weights. We will provide sim-
ple proofs of several known results, and obtain new identities involving the Gibonacci
and Tribonacci numbers. For example, the recurrence formulas for Gibonacci and Tri-
bonacci sums with polynomial weights presented in Sections[5]and [6|are new. We will
conclude the exposition with a brief look at sums containing squares of Gibonacci and
Tribonacci numbers. Throughout the whole paper, we include several exercises for the
reader.

There are numerous sources dealing with weighted Fibonacci and Tribonacci sums,
see e.g., [2, [7, 11]] and the references therein, but as far as we are aware, none of
them uses summation by parts. The reader is invited to compare our approach with
Gauthier’s differential method described in [8] and [12, Chapter 25], which is more
laborious and uses Binet’s explicit formula for the Fibonacci numbers, and with the
derivations in [S]], which are based on generating functions.

2. A SHORT INTRODUCTION TO DISCRETE CALCULUS. Given a real or
complex sequence {a; };cz, the basic operation in discrete calculus is the difference

Aai = A;11 — A4, 1 € 7.

Conversely, an antidifference (or indefinite sum) of {a; };cz is an arbitrary sequence
{b;}icz such that Ab;, = a; for all i € Z; we write

Zai = bl

Antidifferences are similar to antiderivatives; for example, they are unique up to a
constant. The expression Y a; is only a formal symbol, but it suggests than antidif-
ferences are useful for calculating finite sums (similarly, antiderivatives are helpful in
calculating definite integrals). Indeed, if {b; };c7 is an antidifference of {a; };cz, then

q

q
Zai = Z(bi+1 - bz) = [bz]g:; = bq+1 - bp (1)
i=p

i=p

whenever p, g € Z and p < g; this is the fundamental theorem of discrete calculus.

Finding antidifferences in closed form is not always easy; some basic results and
techniques are described in [10, [16]. In short, formulas for differences often give rise
to formulas for antidifferences. Here we restrict ourselves only to a single example
that will be needed throughout the rest of the paper. The difference of the geometric
progression {c'};cz is

Act =t —ct = ci(c—1). (2)

If ¢ # 1, we can divide by ¢ — 1 and obtain

A( ¢ )zci.
c—1




Hence, the antidifference of {¢; };cz is

. c
ZCic—l'

Using this result and the fundamental identity (I]), we obtain the well-known formula
for the sum of a finite geometric series:

> o= B e aite
c—l c—1

The product rule for differences is

A(aibi) = ai+1bi+1 —ab; = ai+1bi+1 - ai+1bi + ai+1bi — a;b;
= ai+1Abi + (Aai)bi.

Rearranging gives

(Aal)lh = A(a1b2> — a/i—i—lAbi,

and summing over ¢ = p, . . ., q yields the summation by parts formula
q
> (Aai)b; = [abi]t) ZamAb 3)
i=p

This is the discrete version of integration by parts, and will be our main tool. We have
already mentioned that the identity goes back to Abel’s paper [1], where it appeared
in the proof of “Lehrsatz III” (this part of the paper and its English translation is also
available in [19, subsection 16.1.3]) in the slightly different but equivalent form

gopo +e1(p1 — po) +e2(p2 —p1) + -+ + € (D — Pm—1)
=po(eo —€1) +pi(e1 —€2) + -+ Pm—1(Em—1 — €m) + PmEm-

This equality is obvious by inspection, and Abel felt no need to explain it. On the other
hand, the above-mentioned form seems more useful for calculations, and exhibits
the similarity to integration by parts.

To provide an example, we evaluate the sum Y. 2. Noting that 2' = A2’
(cf. @) with ¢ = 2) and Ai = (i + 1) — i = 1, we use the formula (3) with a; = 27,
b; = 1 to calculate

n

22% = i (A2Y)i = [2']) =) 2!
=0

1=0
=2""(n+1)—22"" —1)=(n—1)2""" +2.

3. THE ART OF FINDING ANTIDIFFERENCES. To be able to evaluate weight-
ed Gibonacci sums, we need the differences and antidifferences for the Gibonacci
numbers. The recurrence relation G, 2 = G;,1 + G; makes it possible to extend the
definition of G to all ¢ € Z. Consequently, for all ¢ € Z we have

AG; =Gi — G =Gy,
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and therefore

Z Gi = Gi-i—l-

With this result, it is easy to recover the classical result Y ;" | G; = G, 12 — Ga; see
[4., p. 24] for a nice combinatorial proof, and [21, Chapter 1] for a proof in the spirit of
discrete calculus. Indeed, the fundamental equation (I) yields

ZGi = ZAGiJrl = [Gi+1]?:+11 = Gnya — Go. @)
i=1 i=1

If we restrict ourselves to Gibonacci numbers with even or odd indices, we get

AGQi = G2i+2 - GQi = G2i+17
AG2i4 = G2i+1 - G2i71 = G2i7

and therefore

Z G2i+1 = G2i7 Z G2i = G2i71'

From these relations and the fundamental equation (IJ), we obtain the classical identi-
ties

ZGQi = ZAG%A = [Gziq]?;l = Gans1 — G, (5
i=1 i=1
Z G2i—1 = Z AG2i—2 = [Gzi—ﬂ?;l = G2n - Go (6)
i=1 i=1

(see e.g., [4l p. 32], or [21} Chapter 1] for the special case G; = F}).
We also need an antidifference for the Tribonacci numbers, which satisfy the recur-
rence relation

Tiys =Tipo +Tip1 + 15 (7N

Again, we leave the initial values T}, T}, T5 unspecified to make our formulas more
general. For example, the papers [5}, 20] take Ty, = T; = 0 and T, = 1, while [3, 7]
use Ty = 0 and T} = T5 = 1. Another natural choice is 7o = 17 = 1 and T, = 2;
in this setting, 7;, corresponds to the number of tilings of a 1 X n rectangle with
monominoes, dominoes, and trominoesﬂ

This combinatorial interpretation of the Tribonacci numbers immediately leads to Agronomof’s identity
discussed in [20], namely

Togp =TpTn +Tp 1Th 1 +Tp2Tn_1+Tp 1Th 2

(the subscripts in [20] are shifted because of the initial conditions). The first term 7},7), on the right-hand
side gives the number of tilings of a 1 X (n + p) rectangle such that no tile covers cells p and p + 1 at the
same time, the second term T}, 173, 1 is the number of tilings such that cells p and p + 1 are covered by
a single domino, and the last two terms 7}, 27,1 and T}, 17,2 count the tilings where cells p and p + 1
are covered by a single tromino (there are two ways of doing this).



The recurrence relation (7) makes it possible to consider 7; for all ¢ € Z (in partic-
ular, our later calculations will involve T"_, which is just 75 — T7 — T{). Then, for all
1 € 7, we have

ATy =T — Ty =T, + T4,
AT, =T, —T, =T, o+ T;_3.
Therefore, A(T;,1 + T;_1) = 2T}, which means that

ZT—* Tiv1 + Tioa)- ®)

An immediate application of the previous equality and the fundamental formula (1) is
the identity

n+1

1
ZT = [ Tiv1 + T 1)} = 5 (T2 + T = T = Ty). ©)
i=1

This result includes as a special case formula (7) from [20], where Ty = 77 = 0 and

T2 = 1
We close this section with a pair of exercises:

* Verlfy that Z Tgi = %(T%—l + Tgi_g) and ZTQH-l = %(T%—l + T2i)- Use the
fundamental identity (I) to determine >, , T5; and Y ;- To; 1.

® Verlfy that Z Tgi = %(Tgi_l — Tgi_g). Try to guess Z T37‘,+1 and Z T3i+2- Cal-
culate Z?:O Tgi, Z?:O T3i+1 and Z?:O T3i+2-

The sums Y, Ts; and > T3; were evaluated in [7] in the special case when

TO :OandT1 :T2 =

4. GIBONACCISUMS WITH EXPONENTIAL WEIGHTS. We are finally ready
to proceed to the next goal of this paper and demonstrate that summation by parts is
an excellent tool for the evalutation of weighted Fibonacci and Tribonacci sums.

Let us begin with Gibonacci sums of the form E(n) = Y1 | G;c', i.e., sums with
exponential weights. We will encounter a phenomenon that is familiar from integration
by parts: Summation by parts does not lead directly to the result, but instead yields an
equation for the unknown value E'(n). Assume that ¢ # 0, recall that G; = AG, 44,
and apply the formula (3) with a; = G;,1 and b; = ¢" to get

- Z Gic' = Z A(Gi)e' = [Gigac'] :I+01 Z Gipa(c =Y
1=0 i=0

+2
c—1n

ZGC

(E(n) + Gn+1cn+1 + Gn+20n+2— GO — Glc).

= Gn+2 cn+1

c—1

i +1
— Grppd =Gy —

Solving this equation for F/(n) and simplifying the result using G,, 4o = G, + G,,_1,
we obtain the identity

n n+42 n+1 o _
Z GZ‘Ci _ Gnc + Gn-‘,—lc + (C 1)G0 Glc, (10)

2+c—1
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which holds for all ¢ € C such that ¢* + ¢ — 1 # 0 (note that the result is obviously
true for ¢ = O)EI This identity generalizes formula (11) from [5]], which deals with the
case G; = F;.

In a similar way, we can deal with weighted sums involving only Gibonacci num-
bers with either even or odd indices, which we denote by A(n) = > G and
B(n) = >, Goiy1¢'. Recalling that Ga; = AGo;—1 and Gaiy1 = AGy;, we ap-
ply the summation by parts formula (3) with b; = ¢, and a; = Ga;_; or a; = Gy,
respectively. If ¢ # 0, we get

A(TL) = [G’Qi,lci] n+1—(C — ].) ZG2i+1Ci = G2n+1cn+l— G*l — (C — 1)B(n),

=0
i=0
1 n ¢ 1 n+1
i1t i n - i
B(n) = [GQiC ]i:O _(C — 1) Z G2i+20 = G2n+20 1 GO — c Z GQ»L‘C
=0 =1
c—1

= G2n+26n+1 - GQ - (G2n+26n+1 + A(n) — Go)

Solving this system of two linear equations for A(n) and B(n) yields

(C — 1)Cn+1G2n+2 — Cn+2G2n+1 + CG_1 + (1 — C)GO

A =

(n) ey ,

B(n) = (c= 1" Gangr — C2n+1G2n+2 +(1-0)G_ 1+ Go’
c?—3c+1

Finally, applying the identities G'a,, 12 = Ga, + Ga,41 and G_; = G — Gy, we get

)

zn: G *Ci _ (C - ]-)Cn+1G2n - Cn+1G2n+1 + CG1 + (1 — 2C)G0
P . c2—3c+1

i G i (C — 2)Cn+1G2n+1 — CnJrlGQn + (1 — C)Gl + Gy

i+1C =
— . c2—3c+1
for each ¢ € C such that ¢> — 3¢ + 1 # 0. (Again, the remaining cases can be dealt
with using L’Hbpital’s rule.) These formulas might be known, but we were unable to
find them in the literature even in the special case when G; = F;,.

5. GIBONACCI SUMS WITH POLYNOMIAL WEIGHTS. We now proceed to
Gibonacci sums of the form Ry (n) = Y., G;i*, i.e., sums with polynomial weights.
This section will be somewhat formula-heavy, but all calculations are elementary, re-
lying only on the binomial theorem and summation by parts. However, they demon-
strate an interesting technique: Instead of giving the explicit value of Rj(n), sum-
mation by parts leads to a new recurrence relation that expresses Ry (n) in terms of

Ro(n),...,R_1(n).

2What happens if ¢2 + ¢ — 1 = 0? This equation has roots c1,2 = (—1 & v/5)/2. The left-hand side
of ([E]) is a continuous of function of c; hence, we can calculate its value at c; as the limit of the right-hand
side of (I0) for ¢ — ¢;. Using L’Hopital’s rule, we obtain

n Gn(n + 2)C?+1 =+ Gn+1(n + 1)65-1 —+ Go —Gq

S Gic, = . jef2h

2¢c; +1




For k£ > 1, the binomial theorem yields
k=l
Aif = (i +1)F % = ()zﬂ (11)

Therefore, the summation by parts formula (3) with a; = G, and b; = i* gives

Rk(n) = [ 1_,’_12 n+1 Z GH_Q Z <f>

k—1 n
n k ) ,
<t () S
j=0 i=1

=Gra(n+1)" =G> — i <k> > (?) (=2 i Gita(i +2)".

=0 \J/ =0

Here we have interchanged the order of sums, and then invoked the binomial theorem.
Since Y| Giya(i +2)! = Ry(n+ 2) — Ry(2), we get the promised recurrence re-
lation

Ri(n) = Gria(n + 1) — G,
B Z ( ) > () (=2 (Ri(n+2) — G, —2'Gs), keN.

Using the value of Ry(n) from (@), we can now calculate (it is best to use computer
software such as Wolfram Mathematica)

ZGZZ - (n + I)Gn+2 - Gn+4 + Gl + GQ,

i=1

Y Gii? = (n+1)*Gris — (20 + 3)Gria + 2G 46 — 3Gy — 5Ga,

D G = (n+1)°Ghpn — (30 + 9+ 7)Grps + 6(n + 2) G

— 6Gss + 19G, + 31G.,

etc. In the special cases when G; = F; or G; = L;, the formulas up to k = 4 are given
in [[12, Section 25.2]. Also, the first formula is equivalent to Glaister’s result from [9].

Essentially the same method works for sums with polynomial weights and Gi-
bonacci numbers with even or odd indices; denote them by Ej(n) = Y1 | Go;i*
and Og(n) = Z?:l G;_1i". The new idea here is that summation by parts will lead
to a system of recurrence relations for £}, and Oy. Indeed, for k£ > 1, we use (L)) and
summation by parts to obtain

Ey(n) = [Gm 1Z nH ZG21+IZ< )
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k—1 n
n k . a
[G2z 1Z i +11 < . ZG2i+1(Z +1-1)

7=0 J =1

i=1

k>z<> Y (Oln+1) = Gy)

= Gapp1(n + 1)]C — ;

= Ganpi(n+1)" =Gy — i (f) Z (g) (—1) Z Gaipa (i + 1)

=0

for all £ € N. Similarly,

Ouli) = (a1} = 3Gy <k>

i=1 j=0 J
k—1 k n
[G% 20 ]:H_ll - < > ZG%H
j=0 J) =
k—1 k
=Gan(n+1)F —Go— <3> E;(n)
j=0

for all £ € N. Using these recurrence formulas for Ejy(n), Or(n) and the values of
Ey(n), Og(n) from (3) and (6)), one can calculate

> Gaii = (n+1)Gans1 — Ganya + G, 12)

i=1

Z Gai—1i = (n+ 1)Gay, — Gopi1 — Go + Gy, (13)

i=1

> Goii® = (04 1)*Gang1 — (20 4 3)Gangz + 2Gangs + Go — 2G1,  (14)

i=1

Z Ggi_liQ = (Tl + ].)ZGQ»” — (2n + 3)G2n+1 + 2G2n+2 — 3G0 + Gl, (15)

=1

etc. Special cases of the formula (T4)) corresponding to G; = F; and G; = L; are in
agreement with identities (11) and (14) in [13].
With the help of (12)), it is straightforward to calculate

Z ngfgjj = —Z Gg(n,j) (n — ]) +n Z GQ(nfj) = ng — nG1 + (n — 1)G0
— — —

This result generalizes Theorems 4.1 and 4.2 from [6], which deal with the Fibonacci
and Lucas numbers. In a similar way, using (I2)) again, we obtain

n—1 n—1 n—1
Z Gan—2jj=— Z Gog—jy(n—j) +n Z Ga(n—j) = Gan —nG1 — Go.
j=1 j=1 =1



A result of this type appeared as identity 3.12 in the recent paper [14], where the
coefficients of G; and G are swapped; a numerical calculation indicates that our
version is correct.

6. WEIGHTED TRIBONACCI SUMS. We now switch to weighted sums involv-
ing the Tribonacci numbers. This section will be a short one because the methods of
Sections ] and [5] are still applicable without any significant changes. We just need to
recall that, according to (8), we have > T; = (Tz+1 +T;1).

First, we evaluate the weighted Tribonacci sum H(n) = Y., T; c' with exponen-
tial Welghts For ¢ # 0, the summation by parts formula (3) with a; = (EH +T; 1)
and b; = ¢’ gives

ZA ( erl + ﬂ 1)) = 5 [(E+1 + zjifl)cl] iiol

-1 T, T, T+ T
‘ Z(THQ—FTi)C’: +22+ e 1_; !

i=0

c—1
2

1
<c2 (Ty2"? + Ty + H(n) — Ty — Thc) + H(n)) .

Solving this equation for H (n) leads to the identity

i T — 1 — )Ty + P + T, + Ty + (¢ — 1)Ty — T}
—~ A+ct+c—1 ’

which holds for all ¢ € C such that ¢® + ¢? + ¢ — 1 # 0. This result generalizes for-
mula (14) from [5]], which deals with the case Ty, =17 = 0 and T5, = 1.

Second, consider the weighted sum Uy (n) = Z?:l Tyi* with polynomial weights.
For k > 1, summation by parts with a; = £(T;41 + T;_1) and b; = ¢* gives

ZA( T 1o 1)) = B(Tiﬂ—ﬁ-ﬂ_l)ik}

-3 %(T FT(+ 1) =) = (T + T+ 1) = ST+ T

=1

n+1

i=1

1 k—1 k n . n . ‘
_2Z<j> (Z’I‘Z'ZJ—FZTL‘+2(Z+2—2)J>.
3=0 i=1 i=1
Applying the binomial theorem as in Section[5] we get the recurrence relation

Ui(n) = 1(Tn+2 +T)(n+1)" = %(T2 +To)

2

() e (o venn-en)
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which expresses Uy (n), k € N, in terms of Uy_1(n), . .., Uy(n). For example, letting
k = 1 and using the value of Uy(n) from (9), a straightforward calculation gives

ST
=1

For Ty = T} = 0 and T, = 1, this identity agrees with the formulas in [3} p. 515] and
[2} Eq. (2.17)], where they are written in a slightly different but equivalent form.

An alternative method of evaluating Tribonacci sums with polynomial weights is
described in [2, Section 2].

Following what we did for the Gibonacci numbers, we could continue investigating
sums involving only Tribonacci numbers with even or odd indices. Instead, we leave
this task as an exercise for the reader: Using summation by parts and the antidif-
ferences mentioned in the end of Section {4} find the values of the sums Y, To;c"
and Z?:O Tyip1ct. For ¢ = —1, your results should agree with the formulas for
Soro(=1)"Ty; and Y7 (—1)"T5; 11 presented in [5}7].

((2n + 1)Tn + 2nTn+2 — Tn+4 + 2T1 + 2T2) .

=

7. GIBONACCI AND TRIBONACCI SQUARED. We hope the reader is now ea-
ger to discover further identities using discrete calculus. Why not explore sums with
squares of Gibonacci and Tribonacci numbers? Of course, we need antidifferences for
the squared sequences. For the Gibonacci numbers, we have

Gf = Gi(GiJrl - Gi71) = GiGiJrl - GiGifl = A(GiflGi)a
and therefore
> G =GiG. (16)

This result immediately leads to the formula for the sum of squared Gibonacci numbers
D G =[GiG = GoGrgr — GoGh
i=1

(see e.g., (4l identity 67]).

Sometimes we also need a second-order antidifference of G?, i.e., a first-order an-
tidifference of G;,_G;. Clearly, it suffices to find an antidifference for the shifted
sequence GG;(G;, 1, which is done as follows. We calculate

GiGi+1 = (Gi+1 - Gifl)Gile = G?—s-l - Gi+1Gi717

and apply the Cassini-type identity G,;11G;—1 = G7 + (—=1)"(G} — GoG>) (see [4,
identity 46]) to get

GiGin = G}y — GY + (=1)7H(G] — GoGo)

= AG; + (G] — GoGh) (_1)”12_ CU A <G3 + (G — GoGa) (_21)i> :

Thus, we see that

—1)¢
Y GG =G + (G - GOG2)( 2) . (17)

10



The relations (T6) and allow us to calculate antidifferences of G? or arbitrarily
high order. Armed with this information, the reader will have no trouble solving the
following exercises:

* Use summation by parts to calculate Y ., G%i. (For G; = F; and G; = L;, the
result should agree with the identities in [13].)

* Use repeated summation by parts to calculate " | G7c'.

And what about squared Tribonacci numbers? The antidifference

1
DT =TTy = (Tioy + Tiy)? (18)

is not easy to discover, but the verification is routine, and we leave this task to the
reader’| Once we have the formula, it is obvious that

1

Ty +Th2)* = ToTy + 1

- 1
N TP =T,Thir — - (To + T-)*.
i=1

i

A slightly different but equivalent formula was presented in [15]], whose author
merely remarked it can be proved by induction. For an alternative derivation based on
Agronomof’s identity, see [20]; note, however, this derivation deals only with the case
TO :Tl :0andT2 =1.

8. CONCLUSION. This is the end of our journey into the world of discrete calculus
and weighted sums. We hope the readers will enjoy discovering and proving additional
identities using the tools described in this article. Of course, there is no need to restrict
oneself to Gibonacci and Tribonacci sums. A possible project is to consider sums
involving the Jacobsthal numbers, which are given by

Jo=0, Ji=1, J,=dJdp_1+2J,_o forn>2.

The simplest combinatorial interpretation is that J,, corresponds to the number of
tilings of a 2 x (n — 1) rectangle with dominoes and 2 x 2 squares. Additional prob-
lems related to the Jacobsthal numbers are listed in [17]. From the viewpoint of discrete
calculus, an attractive feature of these numbers is that their difference and antidiffer-
ence are easy to express in terms of J,,. A few basic identities involving the Jacobsthal
numbers, which can serve as an inspiration, are available in [22]. The readers will
surely find further ideas to explore.
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