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Abstract

We study product integrability of functions with values in unital Banach algebras. The product inte-
grals are understood in the sense of Kurzweil, McShane, or Riemann. In particular, we introduce new
concepts of strong Kurzweil and McShane product integrals, and investigate their properties. We also
provide necessary and sufficient conditions for product integrability of functions with countably many
discontinuities.
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1 Introduction

The concept of product integration goes back to V. Volterra (see e.g. [21, 17]), who studied linear systems
of differential equations of the form

W'(t) = A(t)W (t), t € la,b],

W 1 (1.1)

where I is the identity matrix, A : [a,b] — R™*"™ is a given continuous function and W : [a,b] — R™"*"
is the unknown function. To find the solution (whose existence and uniqueness is easy to prove), Volterra

considered products of the form

(L + A&m) (tm — tm—1))(I + A§m—1)(tm—1 — tm—2)) - (I + A(&)(t1 — t0)), (1.2)

where a = tg <t1 < ... <tym =band § € [t;—1,t], ¢ € {1,...,m}, is a tagged partition of [a,b]. As the
lengths of the subintervals [t;_1,t;] approach zero, the value of the product (1.2) tends to a matrix which
is called the product integral of A over [a,b]; let us denote it by HZ(I + A(t)dt). Now, if we consider the
indefinite product integral W (t) = [T, (I + A(s) ds), it can be shown that W is the solution of (1.1).
Volterra observed that this procedure still works if A is no longer continuous but merely Riemann integrable;
in this case, the indefinite product integral satisfies

t

W(t) = I—I—/ A(s)W (s)ds, t € la,b],

a

where the integral on the right-hand side is the Riemann integral. Consequently, we have W’ (t) = A(t)W (t)
almost everywhere in [a,b]. Later, the concept of product integral was extended to Lebesgue integrable
functions A (see [13, 2, 17]). On the other hand, P. R. Masani realized that the definition of the product



integral makes sense if A takes values in an arbitrary unital Banach algebra (see [12, 17]). For example, if
X is a Banach space and A has values in the Banach algebra £(X) of all bounded linear operators on X,
then the product integral of A provides the unique solution of the operator equation (1.1).

It is well known that the Henstock-Kurzweil integral (also known as the gauge integral) generalizes the
integrals of Riemann, Lebesgue, and Newton (see e.g. [6]). Hence, it seems natural to replace the original
Riemann-type definition of product integral by a gauge-type definition; this idea was pursued by J. Jarnik,
J. Kurzweil [11] and S. Schwabik [14], who also introduced the related concept of McShane product in-
tegral [15]. These authors developed a complete theory of Kurzweil and McShane product integrals for
matrix-valued functions, but also realized that the proofs of their main results are not applicable in infinite
dimension.

The aim of this paper is to provide a satisfactory theory of Kurzweil and McShane product integration
in infinite-dimensional Banach algebras. We show that in infinite dimension, the two product integrals
cannot be expected to have exactly the same properties as in finite dimension; for example, the indefinite
product integrals need not be differentiable almost everywhere. On the other hand, we introduce the con-
cepts of strong Kurzweil and McShane product integrals, whose properties are completely analogous to the
finite-dimensional product integrals. In infinite dimension, the class of strongly Kurzweil/McShane product
integrable functions is a proper subset of the class of Kurzweil/McShane product integrable functions, but
is still wide enough for practical purposes. For example, a function with countably many discontinuities is
strongly Kurzweil product integrable if and only if it is Kurzweil product integrable.

The paper is organized as follows. Section 2 summarizes some preliminaries, namely the definitions of the
Kurzweil and McShane integrals and their strong counterparts, and the properties of the exponential and
logarithm functions in Banach algebras. In Section 3, we recall the definitions of the Kurzweil and McShane
product integrals, introduce their strong versions, and develop some of their basic properties. Section 4 is
devoted to the properties of the indefinite strong product integrals, which are then used to show that strong
McShane product integrability coincides with Bochner integrability. In Section 5, we develop necessary and
sufficient conditions for product integrability of functions with countably many discontinuities. The final
Section 6 contains a list of some open problems.

A detailed account of the history of product integration theory can be found in [17]. For applications of
product integrals to differential equations in the real and complex domain, probability theory, dynamic

equations on time scales, etc., see [2, 4, 17, 18].

2 Preliminaries

Let us recall some definitions of integrability for vector-valued functions.

A tagged partition of an interval [a,b] is a collection of point-interval pairs D = (&, [ti—1,%:])1%,, where
a=ty<t; < <ty=>band{ € [t;_1,t;] for every i € {1,...,m}. We refer to tg,...,t, as the division
points of D, while &;,...,&,, are the tags of D. If we relax the assumption &; € [t;—1,%;] and replace it by
&; € [a,b], then the collection D is called a free tagged partition.

Given a function ¢ : [a,b] — RT (called a gauge on [a,b]), a free tagged partition is called d-fine if

[tifhti] C (51—5(51),614—(5(51)), 1€ {1,,m}

Let X be a Banach space. A function f : [a,b] — X is called Henstock-Kurzweil integrable if there is a vector



St € X with the following property: To each £ > 0, there is a gauge ¢ : [a,b] — R™ such that

m

D &)t —tica) = Sy

i=1

<e (2.1)

for every o-fine tagged partition of [a,b]. In this case, Sy is called the Henstock-Kurzweil integral of f over
[a,b], and is denoted by f; f(t)dt.

If (2.1) holds for all §-fine free tagged partitions of [a, b], then f is called McShane integrable over [a, b]. The
McShane integral Sy will again be denoted by f; f@t)dte.

The definition of Riemann integrability is obtained from the definition of Henstock-Kurzweil integrability if
the gauge 0 is assumed to be constant on [a, b]. In this case, the integral f: f(t) dt is called the Riemann (or
Graves) integral.

A function f : [a,b] — X is called strongly Henstock-Kurzweil integrable if there is a function F : [a,b] — X
with the following property: To each € > 0, there is a gauge ¢ : [a,b] — R such that

Z [ £(&)(ti —tiz1) — (F(t:) — F(ti-1))ll <e (2.2)

for every d-fine tagged partition of [a,b]. In this case, we define the strong Henstock-Kurzweil integral of
f over [a,b] as fab f(t)dt = F(b) — F(a). This integral is also known as the Henstock-Lebesgue integral or
variational Henstock integral.

If (2.2) holds for all é-fine free tagged partitions of [a,b], then f is called strongly McShane integrable over
[a,b]. The strong McShane integral is again defined as ff f(t)dt = F(b) — F(a). Some authors refer to this
integral as the variational McShane integral.

For the basic properties of these integrals, see [16]. We also need the concept of Bochner integrability (see

e.g. [16, Chapter 1]), in particular the following facts:

e A strongly measurable function f : [a,b] — X is Bochner integrable if and only if the function || f]| is
Lebesgue integrable.

e A function f : [a,b] — X is Bochner integrable if and only if there exists an absolutely continuous
function F : [a,b] — X such that F' = f almost everywhere in [a,b]; in that case, we have fab f=
F(b) — F(a) (see [9, Theorem 1.4.6]).

e A function f : [a,b] — X is strongly McShane integrable if and only if it is Bochner integrable; in this

case, the values of the integrals coincide (see e.g. [1, 3]).

Note that in infinite-dimensional spaces, Riemann integrability does not necessarily imply Bochner integra-
bility (see Example 4.4).

In the rest of the paper, we assume that X is a complete normed algebra with a unit element I whose norm
is 1, i.e., it is a unital Banach algebra.

We occasionally use the following identity, which can be found in [15, Lemma 11].

Lemma 2.1. For everyn € N and all x1,...,xn,y1,---,yn € X, we have
n
Tpo L= YY1 = D pe T (T — Y)Yt YL (2.3)
j=1



Recall that in a unital Banach algebra X, we may introduce the exponential and logarithm function as

follows:
_ oo zn_[ 172 n X
expr= r=Tdat gttt X,
n=0
- n— (x_[)n
logx:Z(—l) 17, le = I|| < 1.
n=1

These functions have similar properties as in the familiar case when X = R"*™ in particular:
1. The exponential and logarithm are continuous functions.

2. For every x € X, expx is an invertible element and its inverse is exp(—zx).

3. If z, y € X are such that zy = yx, then exp(z + y) = expzexpy and log xy = logx + logy if all three

logarithms are defined.
4. exp(logz) =z if ||z — I]| < 1, and log(expz) = z if ||z| < log 2.
5. We have the estimates

[l exp || < exp ||z,
lexpz —expy|| < [lz -yl exp(max(|[z]], [y])),

lz = yll
— max(||lz — I, [ly — I]})

[ log z — logyl| < :

The first one follows immediately from the definition of the exponential function, and the second one can be

found in [15, Lemma 13]. Let us prove the third one; according to (2.3), we have

n

Y -0 —y)ly-DF!

k=1

[z =D)" = (y—D)"[| =

n
<=yl Y lle = 11"y = 1" <l =yl -0 max(fle = ]|, |y = 21",
k=1

and therefore

- =D = (y-1)" — [z = D" = (y—D"|
1 —1 — -1 n l(x <
[ log z — log y| ;( ) - _; -
- i o~
<lz—yll Y max(z 1|, [ly = 1])" ! = :
2 T max(lz — 1], Ty 1)

3 Product integrals and their strong versions

b

We start with the definitions of the Riemann, McShane and Kurzweil product integrals [[(I + A(t) dt).

1

i=m

Let us make the following agreement: If m € N and «1,...,x, € X, then the symbol []

the product x,,xmy_1 - 1.

x; stands for



Definition 3.1. A function A : [a,b] — X is called Kurzweil product integrable, if there exists an invertible

element P4 € X with the following property: For each & > 0, there exists a gauge § : [a,b] — RT such that

[T+ A&t —tia) — Pal| <e (3.1)

for all d-fine tagged partitions of [a, b]. In this case, P4 is called the Kurzweil product integral of A and will
be denoted by HZ(I + A(t)dt). This integral is also known under the name Perron product integral.

If (3.1) holds for all é-fine free tagged partitions of [a, b], then A is called McShane product integrable over
[a,b]. The McShane product integral P4 will again be denoted by HZ(I + A(t) dt).

The definition of Riemann product integrability is obtained from the definition of Kurzweil product integra-
bility if the gauge § is assumed to be constant on [a,b]. In this case, the integral HZ(I + A(t) dt) is called

the Riemann product integral.
Remark 3.2. Let us mention two basic properties which are common to all three types of product integrals:

o If HZ(I—i— A(t) dt) exists, and if ¢ € (a,b), then []; (I + A(t) dt) and Hg(I + A(t) dt) exist as well, and

b b c
[[U+A® dt) = J[(1+ Aw)dt) [ [ + A(t) de).

Conversely, if the product integrals on the right-hand side exist for a certain ¢ € (a, b), then the product

integral on the left-hand side exists as well and the equality holds.

o If HZ(I + A(t)dt) exists, then the functions ¢ — [[L(I 4+ A(s)ds) and t — H?(I + A(s)ds) are

continuous on [a, b].

More information on Riemann product integrals, including the proofs of the two properties from Remark 3.2,
can be found in [12, 17]. Kurzweil product integrals were introduced in [11], where they were called “Perron
product integrals” and denoted by (PP)f;(I + A(t) dt); additional results can be found in [14, 20]. McShane
product integrals were introduced in [15], where they were referred to as “Bochner product integrals”; further
results were obtained in [20]. In these sources, the Kurzweil and McShane product integrals are studied in
the special cases X = R™"*"™ or X = L(Y), where Y is a Banach space; however, the proofs of the two

properties from Remark 3.2 remain valid in all unital Banach algebras.

Remark 3.3. Next, we summarize some more specific properties of the Riemann, McShane and Kurzweil

product integrals:

e Riemann or McShane product integrability implies Kurzweil product integrability; this follows imme-

diately from the definitions.

e A function is Riemann product integrable if and only if it is Riemann integrable; see [12, Section 5] or
[17, Section 5.5].

e In Definition 3.1, we were assuming that P4 is an invertible element of X. For the Riemann product
integral, it turns out that this assumption is not necessary, i.e., if the products in (3.1) have a limit
Py, then it is always invertible; see [12, Theorem 14.1] or [17, Theorem 5.4.6]. On the other hand, this

is no longer true for Kurzweil or McShane product integrals (cf. [20, Example 9]).



e For the Kurzweil product integral, we have the following Hake-type theorem: Assume that HZ(I +
A(s) ds) exists for all t € [a,b). Tflim;_,_ [ (I+A(s) ds) exists and is invertible, then HZ(I+A(S) ds)
exists as well and is equal to the limit. See [14, Theorem 1.13] (the proof still works in unital Banach

algebras).

In [11, Theorem 2.4], J. Jarnik and J. Kurzweil pointed out that in the finite-dimensional case X = R™*",
the indefinite Kurzweil product integral W (t) = [[,(I + A(s) ds) has the following property:
For every € > 0, there is a gauge ¢ : [a,b] — R such that

Z 1T+ A&)(ti —tioa) =W ()W (ti1) | <e

for every é-fine tagged partition of [a, b].

This property plays a key role in their proof that W’(t) = A(t)W (¢) almost everywhere in [a, b]. However, the
original proof of the above-mentioned property is no longer applicable in infinite dimension; it depends on [11,
Lemma 2.2], which holds if and only if the dimension is finite (see [19]). Moreover, one can easily construct
examples of functions whose indefinite Kurzweil product integral is not differentiable almost everywhere; see
Example 4.4.

A similar situation is known from the Henstock-Kurzweil integration theory; in infinite dimension, the
indefinite Henstock-Kurzweil integral need not be differentiable almost everywhere, but one can overcome
this problem by working with the strong Henstock-Kurzweil integral instead (see e.g. [16]). These facts

provide a motivation for introducing the strong Kurzweil and McShane product integrals as follows.

Definition 3.4. A function A : [a,b] — X is called strongly Kurzweil product integrable if there is a function
W : [a,b] — X such that W (¢)~! exists for all ¢ € [a,b], both W and W~! are bounded, and for every £ > 0,
there is a gauge 4§ : [a,b] — RT such that

SO+ AG) (i — tima) = W)W (tia) | < e (3:2)
=1

for every é-fine tagged partition of [a,b]. In this case, we define the strong Kurzweil product integral as
[15(1 + A(t) dt) = W (D)W (a) L.

If (3.2) holds for all é-fine free tagged partitions of [a, b], then A is called strongly McShane product integrable
over [a,b]. The strong McShane product integral is again defined as HZ (I + A(t)dt) =W ()W (a)~L.

As we will see later in the paper, the properties of strong product integrals are quite similar to the properties

of finite-dimensional product integrals.

Note that if A is strongly product integrable, then the function W from Definition 3.4 is not unique (any
function obtained from W by multiplying it from the right by an arbitrary invertible element of X has the
same properties as W). However, the next theorem shows that strong product integrability implies ordinary
product integrability, and if W is an arbitrary function satisfying the conditions from Definition 3.4, then
W (b)W (a)~! is the ordinary product integral of A; this justifies the correctness of Definition 3.4, and also
explains why we use the same symbol for product integrals and strong product integrals. (On the other
hand, product integrability does not necessarily imply strong product integrability; see Example 4.4.) The
proof is inspired by the proof of [11, Theorem 2.7].

Theorem 3.5. If A : [a,b] — X is strongly Kurzweil/McShane product integrable, it is also Kurzweil/McShane

product integrable and the values of the integrals coincide.



Proof. Let us prove the statement concerning Kurzweil product integrals; the proof of the McShane counter-
part is a straightforward modification. Consider the function W from Definition 3.4. There exists a constant
M > 0 such that |[W(t)|| < M and |W(¢)~!|| < M for all t € [a,b]. Take an arbitrary ¢ € (0, z). There
exists a gauge § : [a,b] — RT such that

SO+ AG) (i — tioa) = W ()W (tia) | <e

i=1

for every d-fine tagged partition of [a, b]. Consequently,
Z W (1) ™M + A&t — ti )W (1) — 1)) < M2 < 1.
Now, we need the following estimate from [11, Lemma 2.1]: If y1,. .., ym € X are such that > .~ |ly;|| <1,

then )
< (Z ||yi|>
i=1

By letting y; = W (t;) (1 + A(&)(ti — ti1))W (tiz1) — I, i € {1,...,m}, we get

(I+ym)"'(l+y1)_l_zyi

H W I+ A(&l)( i — lie 1))W(ti,1) -1

i=m

HW(tm)_l (H (I + A(&)(t — til))) W(t

m m 2
= +ym) - T +y) =T < lyall + (Z Iyz-||> < M+ M*e”,
=1 =1

It follows that

1

[T+ AE) G —tien) =W OW(a)~!

i=m

1

[T+ At = ti1)) = W (tm) W (to) ™!

i=m

< MAe+ MOe?

for every d-fine tagged partition of [a, b], which proves that the Kurzweil product integral exists and equals
W(b)W(a)~t. O

Remark 3.6. The strong Kurzweil and McShane product integrals have the following properties:

e If the strong integral HZ(I+ A(t) dt) exists, and if ¢ € (a,b), then the strong integrals [T (I + A(t) dt)
and Hg([ + A(t) dt) exist as well, and

b b c
T[T+ A at) = [J(1 + A at) [T + A(t) dt). (3.3)

Indeed, strong product integrability on subintervals is a direct consequence of Definition 3.4, while the

relation (3.3) follows from Theorem 3.5 and Remark 3.2.

o If A is strongly product integrable, then (3.2) holds with W (t) = []%(I + A(s)ds), i.e., it reduces to

t;

i I+ AG)(t—tia) — [JU + A(s)ds)|| < e.

ti—1

The reason is that for every i € {1,...,m}, A is strongly product integrable on [t;_1,;], and it follows
from Theorem 3.5 that Hi:_l(I + A(s)ds) = W(t;)W(t;—1)~ L



e If the strong integral HZ(I + A(t) dt) exists, then the functions ¢ — H’;(I + A(s)ds) and t — H?(I +

A(s)ds) are continuous on [a,b]. This is a direct consequence of Theorem 3.5 and Remark 3.2.

According to the previous two facts, the function W from Definition 3.4 is necessarily continuous.

o If X = R™*™ and A is Kurzweil/McShane product integrable, then it is also strongly Kurzweil/McShane
product integrable (see [20, Theorem 14]).

Next, we recall the definitions of the exponential product integrals and introduce their strong counterparts.

The following two definitions are motivated by the fact that

exp(A(&) (i — tim1)) = 1+ A(&)(t: — tim1) + O(|AG)[* (ti — tim1)?),
and it seems plausible that the higher-order terms do not contribute to the value of the product integral.

Definition 3.7. A function A : [a,b] — X is called Kurzweil exponentially product integrable, if there
exists an invertible element P4 € X with the following property: For each ¢ > 0, there exists a gauge
§: [a,b] — RT such that

<e (3.4)

[T exp(at) (= ti1)) = Pa

for all o-fine tagged partitions of [a,b]. In this case, P4 is called the Kurzweil exponential product integral
of A and will be denoted by HZ exp(A(t) dt).

If (3.4) holds for all §-fine free tagged partitions of [a, b], then A is called McShane exponentially product in-
tegrable over [a,b]. The McShane exponential product integral P4 will again be denoted by HZ exp(A(t) dt).
The definition of Riemann product integrability is obtained from the definition of Kurzweil exponential prod-
uct integrability if the gauge ¢ is assumed to be constant on [a, b]. In this case, the integral HZ exp(A(t) dt)

is called the Riemann exponential product integral.

Definition 3.8. A function A : [a,b] — X is called strongly Kurzweil exponentially product integrable if
there is a function W : [a,b] — X such that W (t)~! exists for all ¢ € [a,b], both W and W ! are bounded,
and for every € > 0, there is a gauge § : [a,b] — RT such that

m

D lexp(A(G) (t = tioa)) = W(t)W (k1) M| <& (3.5)
i=1
for every d-fine tagged partition of [a,b]. In this case, we define the strong Kurzweil exponential product
integral as HZ exp(A(t)dt) = W(b)W (a)~ L.
If (3.5) holds for all o-fine free tagged partitions of [a,b], then A is called strongly McShane exponen-

tially product integrable over [a,b]. The strong McShane exponential product integral is again defined as
10 exp(A(t) dt) = W)W (a) .

Remark 3.9. It is not our intention to develop a systematic theory of exponential product integrals; let us

collect only some basic facts that will be needed later.

e If A is Riemann integrable, then the Riemann product integral HZ exp(A(t) dt) exists and equals
HZ(I—l— A(t)dt); see [12, Lemma 24.1] or [17, Theorem 3.2.2].



e If A is Bochner integrable, then the McShane product integrals HZ exp(A(t)dt) and HZ(I + A(t) dt)
exist and are equal to each other; see [15, Theorems 14 and 16]. Moreover, the corresponding indefinite
product integral W (t) = [, (I + A(s) ds) = []. exp(A(s) ds) satisfies

W(t)=1+ /t A(s)W(s)ds, t€ [a,b],

where the integral on the right-hand side is the Bochner integral; for a proof of this fact, see [2, Theorem

1.2 and Section 1.8] (the original proof for X = R™*™ remains valid in unital Banach algebras).

o If A is strongly Kurzweil/McShane exponentially product integrable, then it is also Kurzweil/McShane
exponentially product integrable and the values of the integrals coincide. The proof is the same
as the proof of Theorem 3.5; it is enough to replace all terms of the form I + A(&)(¢t; — t;—1) by
exp(A(&)(ti — tiz1)).

o If X = R™™ and A is Kurzweil/McShane exponentially product integrable, then it is also strongly
Kurzweil/McShane exponentially product integrable (see [20, Theorem 14]).

Lemma 3.10. For every function A : [a,b] — X and every € > 0, there is a gauge § : [a,b] — RT such that
D I+ At — tir) — exp(A(&)(t: — tio1))] < &
i=1

for every §-fine free tagged partition of |a,b].

Proof. Take a gauge 4 : [a,b] — RT such that

Q) < 55

N =

IA(E)NI6() <

for all £ € [a,b]. Then, for every é-fine free tagged partition of [a, b], we get
1T+ A(&) (i — ti1) — exp(A(&) (i — ti1)) || < JAE (8 — ti1)? exp(|| A& (8 — tim1))

< 26(6) A€ (0 — ti-r) exp(28(E A6 ) < L1,
and consequently
; 1T+ A(&)(t;: —tim1) —exp(A(&)(t: — tiz1))|| < ; % . -

Corollary 3.11. A function A : [a,b] — X is strongly Kurzweil/McShane product integrable if and only
if A is strongly Kurzweil/McShane exponentially product integrable. In this case, the values of the product

integral and exponential product integral coincide.

In general, product integrals are much harder to calculate than ordinary integrals. However, if the values of

A :]a,b] = X commute with each other, it turns out that

b

H(I+ A(t)dt) = exp (/bA(t) dt)

a
whenever at least one of the integrals exists. For Riemann-type integrals, this theorem was proved by Masani;
see [12, Theorem 24.3] or [17, Theorem 5.5.11]. The corresponding statement for Kurzweil-type integrals
and X = R™* can be found in [11, Theorem 3.7]. Here we focus on strong Kurzweil and McShane product

integrals.



Theorem 3.12. Consider a function A : [a,b] — X such that
A(tl)A(tg) = A(tQ)A(tl) fO?” all t1,ts € [a, b] (36)

If A is strongly Henstock-Kurzweil/McShane integrable, then it is strongly Kurzweil/McShane product inte-

grable. In this case, we have
b

[+ A) dt) = exp (/b A(t) dt> .

a

Proof. We prove the statement concerning the Kurzweil integrals; the McShane version can be obtained in an

analogous way. Clearly, it is enough to prove that A is strongly Kurzweil exponentially product integrable.

Let W(t) = exp ( J! A(s)ds), t € [a,b]. If [z,9] C [a,}], then
— oxp ( / " As) ds) exp (- / " AGs) ds)

W)W (2)"! = exp ( / " AGs) ds) exp ( / " AGs) ds)
—exp (/ayA(s)ds—/;A(s)ds> — exp (/:A(s)ds) ,

because assumption (3.6) implies that [ A(s)ds and [ A(s)ds commute. (Think of the integrals as limits
f; A(s) dsH Then we have || [ A(s) ds|| =

-1

of integral sums, which obviously commute.) Let M = SUD;e[q,5]
| [YA(s)ds — [7 A(s)ds| < 2M whenever [z,y] C [a,b).
Take an arbitrary € > 0. There exists a gauge 0 : [a,b] — R such that

> A(gi)(ti—ti_l)—/ti A(s)ds|| < e

for every d-fine tagged partition of [a,b]. Without loss of generality, we can assume the gauge is chosen so
that 2||A(€)]|6(&) < 1 for all £ € [a, b].
Using the estimate (2.5), we get

Z HeXP(A(fz)(tz - ti—l)) — W(ti)W(ti_l)_lH = Z exp(A({i)(ti — ti—l)) - &Xp (/t i A(S) dS) H
<3 AE ) = [ Al ds|exp <max <||A<si>|<tz- .| [ Aw)as ))
< Z A(&)(t; —ti—1) — i A(s) ds|| exp (max (1,2M)) < exp (max (1,2M)) e
i=1 ti-1

for every d-fine tagged partition of [a,b]. This proves that A is strongly Kurzweil product integrable and
TT" exp(A(t) dt) = W ()W (a)~" = exp ( ) dt). O
Theorem 3.13. Consider a function A : [a,b] — X such that (3.6) holds. If A is strongly Kurzweil/McShane
product integrable, then it is strongly Kurzweil-Henstock/McShane integrable. In this case, we have

b

b
[+ A() dt) = exp (/ A(t) dt) .

a
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Proof. We prove the statement concerning the Kurzweil integrals; the McShane counterpart can be obtained
in an analogous way. We use the fact that strong product integrability implies strong exponential prod-
uct integrability. Let W (t) = [} exp(A(s)ds), t € [a,b]. Denote M = SUPyeap) |W ()71, Since W is
(uniformly) continuous, there exists a A > 0 such that [z, y] C [a,b] and ||z — y|| < A implies

1
W(x)-W < —.
IW (@)~ W) < 57
Without loss of generality, we can assume that b — a < A (otherwise, we can split [a,b] into subintervals

whose length is smaller than A). Now, if [z, y] C [a, b], we have

[T exo(A(s)ds) — 1| = [W ()W) 11 < W) ~ W)l - [W) ) <,
H(Hexp<A<s>ds>> 1| = W @)W ()™ T < W) - W) - 1W< 5

Let F(t) = log (HZ exp(A(s) ds)). If [z,y] C [a,b], then

F(y) — F(z) = log <H exp(A(s) ds)) —log (H exp(A(s) ds))
= log (H exp(A(s) ds)) + log <H exp(A(s) ds))
= log (H exp(A(s) ds)) (H exp(A(s) ds)) = log <H exp(A(s) ds))

because assumption (3.6) implies that [[” exp(A(s)ds) and ([T} exp(A(s) ds))_1 commute. (Think of the
product integrals as the limits of products from Definition 3.7; these products obviously commute.)

Take an arbitrary € > 0. There exists a gauge ¢ : [a,b] — R such that

m ti

> llexp(A(&) (ti — tic1) — [ exp(A(s) ds)|| <

i=1 tio1

for every d-fine tagged partition of [a,b]. Without loss of generality, assume the gauge ¢ is chosen so that

2[|A(©)116(€) exp(2[|A(E)[I6(£)) < § € la, 0],

N |

which in turn means that

[l exp(A(&:) (ti —tim1)) = 11| < AN (t: —ti1) exp([[AE)I(t: — tim1)) < [|A(E)]120(&:) exp([|A(§)[I126(&:)) < %
and also )
ANt — ti-1) < [[A(&)II20(&) < 5 < log2.
Using the estimate (2.6), we get
Z [A(&)(t: — tie1) — (F(t:) = F(tiz1))ll = Z log (exp(A(&)(ti — ti—1))) — log (H exp(A(s) ds))

11



Hexp(A(fi)(ti— 1) — Ht exp( ()ds)H
_ max <||exp(A(5i)(ti—ti,1))— _ exp(4 ()ds)—IH)

23
i=1 1

m

§22 exp(A(&)(t; —ti—1) Hexp s)ds)|| < 2e,

i=1
i.e., A is strongly Henstock-Kurzweil integrable and f; A(t)dt = F(b) — F(a) = log (HZ exp(A(s) ds)). O

Our next goal is to show that every Bochner integrable function is strongly McShane product integrable. In

the following lemma, the symbol p stands for the Lebesgue measure in R.

Lemma 3.14. Assume that A : [a,b] — X is Bochner integrable. Then for every € > 0, there is a gauge
4 : [a,b] = RT such that

ZZHGXP u(Ji OV Ly)) — exp(A(s;)u(Ji N Ly))|| < e

for each pair of 6-fine free tagged partitions (t;, J;);_; and (sj, L;)5_;-

Proof. Let M = exp (1 + fab A®)]| dt). Take an arbitrary ¢ > 0. Every Bochner integrable function is
strongly McShane integrable, and therefore satisfies the so-called condition $* M (see [16, Lemma 3.6.12]),
i.e., there is a gauge 6 : [a,b] — R* such that

334G — Al (0 ) < =

i=1 j=1

for each pair of d-fine free tagged partitions (¢;,.J;);_; and (sj, L;);_;-

also McShane integrable, we can assume that § is chosen in such a way that

ZHA M)~ [ 1A

for every d-fine free tagged partition (¢;, J;)I_; of [a,b].

Since ||A| is Bochner and therefore

<1

Consequently, using the estimate (2.5), we get

ZZ [l exp(A(ti)u(Ji N L)) — exp(A(s;)u(Ji 0 Ly))||

=1 j=1

< ZZ [A(t:) = Asy) | (i 0 Ly) exp(max(||A(:) [ 4(Ji 0 Ly), [|AGs) | 1(Ji 0 L))

=1 j=1

DD A = Alsy)u(Ji N Ly)| | exp | max ZHA RIS i),ZIIA(Sj)IIM(LJ)

i=1 j=1 i=1

IN

ZZH A(s)u(Ji VL) | exp <1+/ |A(t ||dt> <e. 0

=1 j=1

Theorem 3.15. If A : [a,b] — X is Bochner integrable, then it is strongly McShane product integrable.

12



Proof. By Corollary 3.11, it is enough to prove that A is strongly McShane exponentially product integrable.
From Remark 3.9, we already know that A is McShane exponentially product integrable. Let W(t) =
1. exp(A(s)ds), t € [a,b]. Denote M = exp (1 —|—fab ||A(t)||dt). Take an arbitrary € > 0 and let § :
[a,b] — RT be the corresponding gauge from Lemma 3.14. Since ||A]| is Bochner integrable and therefore
also McShane integrable, we can assume that ¢ is chosen is such a way that if (n;, [u;—1, u;])i%, is a d-fine

free tagged partition of [a, b], then

m b
Z A (ui — uir) = / A8 dt

Consider an arbitrary é-fine free tagged partition (&;, [t;—1,t:])F_, of [a,b].
Forevery i € {1,...,k}, Ais Bochner integrable and therefore also exponentially McShane product integrable

<1. (3.7)

on [t;_1,t;]. Hence, there exists a d-fine free tagged partition (£}, [t} 1,t;]) ', of [t;—1,t;] such that
Hexp 51 Atl Hexp < %, 1e{l,...,k}, (3.8)
j=l

where Aty =t} —t%_,.
Note that the collectlons (&, [t5 1, t%]) and (&5, [t%_y,t%]), where i € {1,...,k} and j € {1,...,1}, are &-fine
free tagged partitions of [a, b].

Using the identity (2.3), we obtain the estimate

H exp(A(&) Atl H exp( §l Atl)

g=lt j=li
It j+1 . 4 . ‘ 1 . 4
<> T expUlA@) 1AL | exp(A&)AL) —exp(AEA)] | T] exp(lAE)IAL)
=L \p=tt p=j—1

l?ﬂ

<exp | STIAE) AL, | exp ZHA &)lat, ZHeXp (6)AE) — exp(A(E)AL)|

p=1
ko0 , 4 ,
<exp | DD IAG)AL, | exp ZZHA )AL, ZHGXP (&) At)) — exp(A(E)) AL
1=1p=1 =1 p=1

< M? Z | exp(A(&)At]) — exp(A(E)At)]],
Jj=1
where the last inequality is a consequence of (3.7). According to the conclusion of Lemma 3.14, we get

Z H exp(A(&) At H exp( 51 At’ < M? ZZ | exp(A(&) At %) = exp(A(gj-)At;-)H < MZ.

zljl7 j=li =1 j=1

By combining the previous estimate with (3.8), we obtain

k
Z llexp(A(&) (t; — ti—1)) — W(t)W (tim1) 7| = Z H exp(A(&) At H exp(A
i=1

11311 ti—1

k|1
< Z H exp(A(&;) At H exp( fz At’ +Z H exp( {’ Atz H exp(A <e(M?+1),

i=1 ||j=I* j=l i=1 ||j=I*
which proves that A is strongly McShane exponentially product integrable. O
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4 Indefinite strong product integrals

In this section, we investigate the properties of the indefinite strong Kurzweil and McShane product integrals.
Also, we prove that strong McShane product integrability is equivalent to Bochner integrability. The proofs
of Theorems 4.1, 4.6, and 4.7 are fairly straightforward adaptations of the proofs of Theorems 3.1, 3.3, and

3.4 from [11], but we provide them here for reader’s convenience.

Theorem 4.1. Assume that A : [a,b] — X is strongly Kurzweil product integrable and W (t) = [, (I +
A(s)ds), t € [a,b]. Then there exists a set Z C |a,b] of measure zero with the following property: For every
e>0 andt € [a,b]\Z, there is a §(t) > 0 such that

11+ At)(y — 2) = W)W ()| < ely — @) (4.1)
whenever [z,y] C (t —§(t),t+ 0(t)) N [a,b].
Proof. Let Z C [a,b] be the set of all ¢ € [a,b] for which (4.1) does not hold. For every t € Z, there exist
n(t) > 0 and sequences {z;(t)};°, and {y;(¢)}2, such that

zi(t) St <w(t),  lm () — () =0,

17+ A (g (t) = a(t)) = Wy (@))W (20(£) 7 | = n(t) (e (8) — 2a(2)). (4.2)

Clearly, Z = |J,2, Z,. Assume that Z has outer Lebesgue measure p*(Z) > 0. Hence, there is an r € N
such that p*(Z,) > 0. Consider an arbitrary gauge d : [a,b] — RT. For every ¢t € Z,, find ly(t) € N such
that

t—0(t) <a(t) <t <wy(t) <t+6(t)

for all I > Iy(t). The collection of intervals {[x;(t), v (¢)]; t € Z,,1 > lo(t)} is a Vitali cover of the set Z,.. By
the Vitali covering theorem, it contains a finite subsystem of intervals ([¢;,7;])5-; for which
Tj—(S(Tj)<€jSTjS’ﬂj<Tj+(5(Tj), T € Ly, jE{l,Q,...,S},

n <&+, Je{L2,...,s -1},

( U é}ﬂ?g ) (Zr)~
Consequently,
. s 1 .
(77j _gj) ZH (ZT N U[gjvnj]) > 5# (Zr)'
Jj=1 j=1
This inequality together with (4.2) yields
s B 1 s ) )
DI+ Alr)(my = &) = W)W (&) = - > &) > ol (Zr).
j=1 j=1

Since the expression on the right-hand side is a constant independent on the choice of the gauge J, we get

a contradiction with the assumption that A is strongly Kurzweil product integrable. O

Theorem 4.2. Assume that A : [a,b] — X is strongly Kurzweil product integrable and W (t) = T[4 (I +
A(s)ds), t € [a,b]. Then W'(t) = A(t)W(t) almost everywhere on [a,b].
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Proof. Consider an arbitrary € > 0. By Theorem 4.1 there exists a Z C [a,b] of measure zero such that for
every t € [a,b] \ Z there is §(¢) > 0 such that

1T+ A(t)(y —t) = W)W () <e(y—1t)

whenever y € (¢,t + §(¢)). Dividing by (y —t), we get

W(y) —W(t
HA(t) _ (y) ( )W(t)71 < g,

y—1
and consequently

W) =WOI - i

W@l
Y-

i.e., the right-sided derivative of W at the point ¢ exists and equals A(¢)W (¢). A similar reasoning shows
that also the left-sided derivative of W at ¢ exists and equals A(t)W (¢). O

Theorem 4.3. FEvery strongly Kurzweil product integrable function is strongly measurable.

Proof. f A : [a,b] — X is strongly Kurzweil product integrable, then the indefinite Kurzweil product
integral W (t) = [[%(I + A(s) ds), t € [a, D], satisfies W’ = AW almost everywhere on [a,b]. W and W~

continuous, and therefore strongly measurable. W' is also strongly measurable because it is the derivative
of a strongly measurable function (a verification of this fact, which is analogous to the proof for real-valued
functions, can be found e.g. in the proof of [9, Theorem 1.4.6]). Now, A = W/W =1 is almost everywhere

equal to a product of two strongly measurable functions, and therefore A is also strongly measurable. O

Example 4.4. Consider the space X of all bounded real functions defined on [0,1] equipped with the
supremum norm. For two functions f,g € X, let fg € X be the function obtained by pointwise multiplication
of f and g. Clearly, X is a unital Banach algebra.

Let A :[0,1] = X be given by A(t) = x[o,4. L. M. Graves observed in [7] that A is nowhere continuous,
but Riemann integrable. In [5, Example 12], R. Gordon noted that A is not strongly measurable. From the

viewpoint of product integration theory, it is useful to observe the following facts:

e Ais Riemann product integrable (because it is Riemann integrable) and therefore also Kurzweil product

integrable.

e A is neither Bochner integrable nor strongly Kurzweil/McShane product integrable (because it is not

strongly measurable).
e A is McShane product integrable.

Let us verify the last claim. First, we show that A is McShane integrable (cf. [3, Example 3.1], which is
concerned with a similar function ¢ — x[;,1]) and fol A(t)dt = S, where S(7) = 1—7 for 7 € [0,1]. For a given
€>0,let 6(t) =€ for all t € [0,1]. Now, consider an arbitrary J-fine free tagged partition (&, [ti—1,t:])"
of [0,1]. We have

m

Z A(&) (i — tiz1) —

i=1

ZA& Y(t; —ti—1) — S(1)| = sup Z (ti—tic1)—(1—1)

i=1 TEOA] i e >y

= sup
7€[0,1]

Note that & > 7 implies t;_1 > & — e > 7 — ¢, and therefore

Y o (ti—ti)<l—(r—g)=1-7+e.

1627

15



A lower bound for the same sum is obtained by finding an upper bound for Zi; ¢ or(ti —=ti—1). Now & <7
implies ¢; < & + ¢ < 7+ €. It follows that ZZ & <-(ti =ti—1) <7+ ¢, and consequently

Z (ti —ti-1) =1- Z (ti—tic))>1—(T+e)=1—-7T—¢.

586 >T 458 <T

This proves

ZA(fi)(ti —ti—1) — SH = sup Z (ti —ti-1) —(1—17)| <¢, (4.3)
i=1 T7€[0,1] e

or [y A(t)dt = S.

Next, we claim that A is McShane product integrable with H(l)(l + A(t) dt) = exp S. Take an arbitrary ¢ > 0
and consider the corresponding gauge ¢ : [0,1] — R™ from Lemma 3.10. Without loss of generality, assume
that §(§) < e for all £ € [0, 1]. For every d-fine free tagged partition (&;, [t;—1,t:])7, of [0, 1], we get

H<I+A<fi>(ti—ti_1)>—exps H (I + A(&)(ti —tio1)) — H exp(A(&)(ti — ti-1))

f )(Q — ti—l)) — expS .

An estimate for the first term can be obtained using identity (2.3):

1 1
H (I + A&t —ti1)) — H exp(A(&)(ti — ti-1))

1+1

<> H (L+ JAE)I(E; = t-1)) | IT+HAE) (ti—ti-1) —exp(AE) (t—ti DI | [T exp(1AE) I = t5-1)

i=1 \j=m j=i—1

<exp | Y NAE)NEG —ti—1) | DI+ At — tima) — exp(A(&) (i — tim1))l| < (exp1)e
i=1

j=1
To estimate the second term, we use inequality (2.5) together with (4.3), as well as the fact that X is

a commutative algebra:

)(t;i —ti—1)) —exp S (ZA& i —tie 1)) —expS

exp <max ( ZA({i)(ti —ti—1) 7||S||>> <eexpl.

This confirms that the McShane product integral Hé([ + A(t) dt) exists and equals exp S.

ZA(&')(?% —ti-1) =S

Definition 4.5. A function W : [a,b] — X is said to satisfy the strong Luzin condition on [a, b] if for every
e >0 and Z C [a,b] of measure zero, there exists a function ¢ : Z — RT such that

Z”W (vj) = W(uy)l <e

for every collection of point-interval pairs (7, [u;, v )72, with [u;,v;] C [a,b], 7; € Z, and 7; — 6(75) < u; <
7; <wvj <71 +6(7y;) for all j € {1,2,...,m}.
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We remark that every function which satisfies the strong Luzin condition is necessarily continuous.

Theorem 4.6. If A: [a,b] — X is strongly Kurzweil product integrable, then the indefinite product integral
W(t) = HZ(I + A(s)ds), t € [a,b], satisfies the strong Luzin condition on [a, b].

Proof. Let M = sup,c(, 4 [[W(t)[|. Take arbitrary e > 0 and Z C [a,b] of measure zero. For every i € N,
let Z, ={te Z;i—1<|A(t)|| <i}. Since Z; has measure zero, it can be enclosed in an open set of an

arbitrarily small measure. Hence, there exists a function §; : Z; — R* such that

i ( U ¢ —6it),t + &(t))) < g

tez,;
Using the strong product integrability of A, we find a gauge ¢ : [a, b] — R such that
DT+ At —ti) = W)W (1) < e (4.4)
i=1

for every d-fine tagged partition of [a, b]. Without loss of generality, we can assume that §(¢) < §;(t) whenever
t € Z;. Take an arbitrary collection of point-interval pairs (7, [u;, v;])J, satisfying [u;,v;] C [a,b], 7; € Z,
and 7; — 0(7;) <u; <75 <wv; <7+ 0(7y) for all j € {1,2,...,m}. Then

m (o] (o] ) €

S AW —u) =" > AT (v —uy) < Zlﬁ =e.

j=1 '

=1 j;TjEZi =1
It follows from (4.4) that
DI =W W () 7H < DI+ Ay (0 — ) = W o)W (u) 7+ DA (v — ) < 2e,
j=1 j=1 =1

and therefore

Z W (0g) = W (ug)| < D IW (o)W (wg) ™ = I - |W (uy)]] < 2Me,

Jj=1

which confirms that W satisfies the strong Luzin condition. O

Theorem 4.7. Consider a function A : [a,b] = X. Assume there is a function W : [a,b] — X which satisfies
the strong Luzin condition, W (t)~1 ezists for all t € [a,b], and W'(t) = A(t)W (t) for every t € [a,b]\Z,
where u(Z) = 0. Then A is strongly Kurzweil product integrable and HZ(I + A(t)dt) = W(b)W (a)~ L.

Proof. The strong Luzin condition implies that W is continuous. Hence, W~! is continuous as well. Let
M = sup;epq ) [W(t)~t|. Take an arbitrary e > 0.
For every t € [a,b]\Z, there exists a A > 0 such that

W(y) =W(t) - Wty -t <ely—1), yett+A)N]a,b],

(W (t)—W(x)—W ()t —2)| <e(t—=z), z€(t—AtN][a,b.

Consequently,

W (y) = W(z) =W (t)(y — )|l < [[W(y) = W(E) =W @)y =)l + [[W(t) = W(x) =W ()t —2)|| <ely—=z)

17



whenever z,y € [a,b] and t — A <z <t <y <t+ A. This means that

W(y) — W(x)

lim =W'(t),
T, y—t, y—x
r#y, t€[z,y]
and thus
W)W (z)™' =1 W(y) — W
lim W)W (z) = lim MW(CE)_1> W OWE) = A1)
z,y—t, y—x z,y—t, Yy—x
z#y, t€z,y] r#y, t€]z,y]

It follows that for every ¢ € [a,b]\Z and € > 0, there exists a §(¢) > 0 such that

H W(y)W(x)" -1

- —A(t)H<

b—a

whenever z,y € [a,0], t — () <z <t <y <t+d(t), and z < y. Hence, we also have

W)W (z)" =T —A(t)(y — )| < %

ifx,y €la,bland t — () <ax <t <y<t+4(t).
Next, we extend the domain of § to the whole interval [a,b] by taking the function § : Z — RT from
Definition 4.5. Moreover, using the same argument as in the proof of Theorem 4.6, we can assume that ¢ is

chosen in such a way that
l

S IAE Iy —uy) <&

Jj=1
for every collection of point-interval pairs (7;, [u;, vj])é-:l satisfying [u;,v;] C [a,b], 7; € Z, and 7; — d(7;) <
uj <7 <wv; <71 +6(r;) for all j € {1,2,...,1}.

Now, for every d-fine tagged partition of [a, b], we obtain

Do IM+AE) E—tim) =W EW (i) T < D0 NAGIG—tim)+ Y W () =W )|V (timn) 7

1=1 i;§,€Z i;6,€Z
_ 3 ti — ti_
+ S M+ AG) (G — tim) = W)W (ti1) | < e +eM + | > % <e(M+2).
i;&:€[a,b]\Z i;€,€la,b]\Z
Hence, A is strongly Kurzweil product integrable and HZ (I + A(t)dt) =W ()W (a)~ L. O

As an immediate consequence of Theorems 4.2, 4.6 and 4.7, we obtain the following characterization of

strongly Kurzweil product integrable functions.
Corollary 4.8. For every function A : [a,b] — X, the following conditions are equivalent:
1. A is strongly Kurzweil product integrable.

2. There is a function W : [a,b] — X which satisfies the strong Luzin condition, W (t)~! exists for all
t € [a,b], and W'(t) = A(t)W(t) for everyt € [a,b]\Z, where u(Z) = 0.

Remark 4.9. From Corollary 4.8, we deduce that the strong Kurzweil product integral has the following

properties:
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e In Remark 3.6, we already noticed that strong product integrability on [a,b] implies strong product
integrability on every subinterval. Now, consider an arbitrary ¢ € (a,b). If A : [a,b] — X is strongly
Kurzweil product integrable on [a, ¢] and [c, b], then A is strongly Kurzweil product integrable on [a, b].

To see this, it is enough to let

_ T+ A(s) ds), t € [a,dl,
Wit = {HZ(I—%—A(s)ds) TIS(I + A(s)ds), t€ (c,b],

and apply Corollary 4.8. (A different proof can be found in [10].)

o If Ay, As : [a,b] — X are such that A7 = Ay almost everywhere and A; is strongly Kurzweil product
integrable, then A, is strongly Kurzweil product integrable and HZ(I + Ay(t)dt) = HZ(I + Ay (t) di).

e We have the following Hake-type theorem: Assume that the strong product integral [, (I 4+ A(s) ds)
exists for all t € [a,b). Tf lim;_,_ ]’ (I + A(s) ds) exists and is invertible, then HZ (I 4+ A(s)ds) exists

as well and is equal to the limit. (For a different proof, see [10].)

In practice, it can be difficult to verify whether a given function W satisfies the strong Luzin condition. The
next theorem shows that if the relation W’(t) = A(¢t)W (¢) holds on [a,b]\Z with a countable set Z, then it

is enough to assume that W is continuous.

Theorem 4.10. Consider a function A : [a,b] — X. Assume there is a continuous function W : [a,b] — X
such that W (t)~1 exists for all t € [a,b], and W'(t) = A(t)W (t) for all t € [a,b]\Z, where Z is countable.
Then A is strongly Kurzweil product integrable and HZ(I + A(t)dt) = W(b)W (a)~ L.

Proof. Denote Z = {z1, za,...}. Take an arbitrary € > 0. For every n € N, let 6(z,,) > 0 be such that

JAG) Iy = o) < 5

and
_ €
IW@W () -1 < =

for every interval [x,y] C (2, — 8(2n), 2n + 6(2,)) N [a,b]. (Note that (x,y) — W (y)W (z)~! is a product of
two continuous functions, and therefore a continuous function on [a,b] X [a,b], which equals I when = = y.)
Next, consider an arbitrary ¢ € [a,b]\Z. As in the proof of the previous theorem, there exists a §(t) > 0
such that

[Wa@W) ™ 1 - Aoy - o] < 2=

whenever [z,y] C (t — (t),t + 4(t)) N [a, b].

The function § is now defined on [a,b]. For an arbitrary d-fine tagged partition of [a, b], we get
DWW (tima) ™ = 1= A& (ti — ti)|
i=1

= > IWEW ()T =T A —ti) |+ Y (W W (i)™ = T = A& (i — i)

i€{l,...,m}, ie€{l,...,m},
&gz &€z

<ot S (IWEW ) =T+ ANt — i) <e+23 25 = 3e.

ie{l,...,m},
&€z

Note that both W and W' are continuous, and therefore bounded. Hence, A is strongly Kurzweil product
integrable and HZ(I + A(t)dt) = W(b)W (a)~ L. O
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Example 4.11. If A(t) = A for all ¢ € [a,b], then the strong Kurzweil product integral ]_[Z(I + A(t)det)
exists and equals exp ((b — a)A); to see this, it is enough to apply Theorem 4.10 with W (t) = exp((t — a)A).
According to Remark 4.9, the same result holds if A(t) = A almost everywhere on [a, b].

We now turn to the properties of the strong McShane product integrals. The proof of the following theorem
is a simple adaptation of the proof of [20, Theorem 18].

Theorem 4.12. If A is strongly McShane product integrable, then the indefinite product integral W (t) =
[T1L(I + A(s)ds), t € [a, b], is absolutely continuous on [a,b).

Proof. Let M = sup,¢(, 4 [W(t)||. Take an arbitrary ¢ > 0. There is a gauge 0 : [a,b] — R such that

i 11+ A(&)(t — tir) — W(t) W (ti—1) 7| < ﬁ

for every d-fine free tagged partition of [a,b]. We fix one of these d-fine free tagged partitions and let

€
2M (maxi=1,_m [[A&)] +1)

g =

Consider an arbitrary collection of non-overlapping intervals ([u;, v;])j_; in [a,b], where 377, (v; —u;) < 0.
By subdividing the intervals [u;,v;] if necessary, it can be assumed that for every j € {1,...,r}, we have
[uj,vj] C [ti—1,t;] for a certain i € {1,...,m}; let 7; = ¢;. Then

Z W () = W(u)|l < Z 1 =W (0 )W~ ) |- W ()|

T

" _ 9 9
<MY+ Ary) (05— ug) = W (o)W (uy)|| + M max [A(&)] > (v —u) <5+
j=r j=1

:5‘,

which proves that W is absolutely continuous. O

Lemma 4.13. Consider a function A : [a,b] — X and suppose there is an absolutely continuous function
W :la,b] — X such that W(t)~! exists for all t € [a,b], and W'(t) = A(t)W (t) almost everywhere on [a,b].
Then A is Bochner integrable.

Proof. W is continuous, and therefore strongly measurable. Consequently, its derivative W', which is defined
almost everywhere on [a,b] and can be extended to [a,b] in an arbitrary way, is also strongly measurable.
Now, A = W/W~! is almost everywhere equal to a product of two strongly measurable functions, and
therefore A is also strongly measurable. Next, note that AW is Bochner integrable (since it has an absolutely
continuous primitive W). Hence, ||[AW|| is Lebesgue integrable. Because W ! is continuous, it follows that
[|[W=1|| is bounded and measurable on [a,b]. Consequently, || Al = ||[AWW ~L|| < ||[AW||-||[W ]| is Lebesgue

integrable, which in turn means that A is Bochner integrable. O
Theorem 4.14. For every function A : [a,b] = X, the following conditions are equivalent:
1. A is strongly McShane product integrable.

2. There is an absolutely continuous function W : [a,b] — X such that W (t)~1 exzists for all t € [a,b],
and W'(t) = A(t)W (t) for every t € [a,b]\Z, where u(Z) = 0.

3. A is Bochner integrable.
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4. A is strongly measurable and ||A|| is Kurzweil product integrable.

Proof. The implication 1 = 2 follows from Theorems 4.2 and 4.12, implication 2 = 3 from Lemma 4.13,
and implication 3 = 1 from Theorem 3.15. Let us prove 4 = 3: Because ||A|| is real-valued and Kurzweil
product integrable, it is strongly Kurzweil product integrable. By Theorem 3.13, || A|| is Henstock-Kurzweil
integrable. For nonnegative functions, Henstock-Kurzweil integrability implies Lebesgue integrability (see [6,
Theorem 9.13]). Taking into account that A is strongly measurable, we deduce that A is Bochner integrable.
Finally, we prove the implication 3 = 4: Bochner integrability of A implies that A is strongly measurable,

and also that ||A|| is Lebesgue integrable, which in turn means that ||A| is Kurzweil product integrable. [

Example 4.15. If A(t) = A almost everywhere on [a,b], we know from Example 4.11 that the strong
Kurzweil product integral HZ(I +A(t) dt) exists and equals exp ((b — a)A). For the same reason, the Kurzweil
product integral HZ(I + ||A(t)]| dt) exists and equals exp ((b — a)||A||). Hence, by Theorem 4.14, the strong
McShane product integral HZ (I + A(t) dt) exists as well.

A simple consequence is that for step functions with finitely many steps, the strong Kurzweil and strong
McShane product integrals always exist and are easy to calculate. Indeed, if there is a partition a = tg <
t1 <. <tm=>band A(t) = A; € X for all t € (t;—1,t;), then

b 1 ti 1
[[I+Aw)ay) = 'H [[U+Aw)at) = H exp(A;i(t; — ti_1)).

5 Functions with countably many discontinuities

Our next goal is to obtain necessary and sufficient conditions for product integrability of functions with
countably many discontinuities. This class includes every right regulated or left regulated function because

these functions have only countably many discontinuities (see [8, Lemma 2.6]).

Theorem 5.1. If A : [a,b] — X has countably many discontinuities, then the following conditions are

equivalent:
1. A is Riemann product integrable.
2. A is bounded.

If any of these conditions is satisfied, there is a Lipschitz-continuous function W : [a,b] — X such that
W ()=t exists for all t € [a,b], and W'(t) = A(t)W (t) for all t € [a,b]\Z, where Z C [a,b] is countable.

Proof. Recall that A is Riemann product integrable if and only if A is Riemann integrable. The implication
1 = 2 follows from the fact that every Riemann integrable function is bounded. On the other hand, every
bounded function which is almost everywhere continuous is Riemann integrable (see 7, Theorem 1]); this
verifies the implication 2 = 1. To prove the final statement, let

t

w(t) =+ A(s)ds), t€ [a,b].

a

Then (see [12, Theorem 23.1] or [17, Theorem 5.6.1])
t

W(t) = I+/ A(s)W(s)ds, t¢€[a,b],

a
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where the integral on the right-hand side is the Riemann integral. The set Z of all discontinuities of
A is countable, and we have W'(t) = A()W(¢t) for all t € [a,b]\Z. Both A and W are bounded; let
L = supye(q ) [[A)W (1)]|. Consequently,

IW () — W) = \ < Liy—af

L " A(s)W(s) ds

whenever z,y € [a, b]; this proves that W is Lipschitz-continuous. O

Theorem 5.2. Assume that A : [a,b] — X has countably many discontinuities and is Kurzweil product

integrable. Let
t

w(t) = [+ A(s)ds), t€a,b].

a

Then W'(t) = A(t)W (t) for all t € [a,b]\Z, where Z C [a,b] is countable.

Proof. Consider an arbitrary ¢ € (a,b) such that A is continuous at ¢. There exists a 6 > 0 such that A is
bounded on [t — d,t 4 §] C [a,b]. Consequently, A is Riemann product integrable on [t — d,¢ + 8]. Also, we

have
s t—0

W(s) = [+ Aw) du) [J(I + A(uw) du), s € [t—dt+4].

t—6 a
The first product integral is understood in Riemann’s sense; hence, at every point s where A is continuous,

W'(s) exists and equals (see the proof of Theorem 5.1)

s t—9

W'(s) = A(s) H(I + A(u) du) H(I + A(u) du).

t—6 a
In particular, for s =t we get

t t—04
W (1) = A(t) [](T + Aw) du) [T + A(u) du) = AW ().
t—ao

a

This proves that W' (t) = A(¢t)W(t) for all ¢ € [a,b]\Z, where Z C [a,b] is countable. O

Theorem 5.3. If A : [a,b] — X has countably many discontinuities, then the following conditions are

equivalent:
1. A is strongly Kurzweil product integrable.
2. A is Kurzweil product integrable.

3. There is a continuous function W : [a,b] — X such that W(t)~! exists for all t € [a,b], W is
differentiable on [a,b] with the possible exception of a countable set Z, and W'(t) = A(t)W (t) for
all t € [a, b\ Z.

Proof. The implication 1 = 2 follows from Theorem 3.5, the implication 2 = 3 from Theorem 5.2, and

3 = 1 is a consequence of Theorem 4.10. O

Theorem 5.4. If A : [a,b] — X has countably many discontinuities, then the following conditions are

equivalent:
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1. A is Bochner integrable.
2. A is strongly McShane product integrable.

3. There is an absolutely continuous function W : [a,b] — X such that W(t)~! exists for all t € [a,b],
and W'(t) = A(t)W (¢) for all t € [a,b]\Z, where Z C [a,b] is countable.

Proof. The equivalence 1 < 2 follows from Theorem 4.14.
If A is strongly McShane product integrable, consider the indefinite McShane integral

t
W(t) = H(I+ A(s)ds), tE€ a,b].

It follows from Theorem 5.2 that W/ = AW on [a,b]\Z, where Z is countable. Also, W is absolutely

continuous by Theorem 4.12; this proves the implication 2 = 3. Finally, the implication 3 = 1 follows from

Lemma 4.13. 0

Additional criteria concerning product integrability of functions with countably many discontinuities (espe-

cially right regulated functions) can be found in the recent paper [10].

Remark 5.5. In general (even for functions with countably many discontinuities), Henstock-Kurzweil in-
tegrability and Kurzweil product integrability do not imply each other; see [11, Example 4.7]. However, we

have seen that in some special cases, product integrability is equivalent to integrability. Let us recall that
e Riemann product integrability is equivalent to Riemann integrability,
e strong McShane product integrability is equivalent to Bochner (or strong McShane) integrability,

e for functions whose values commute with themselves, strong Kurzweil product integrability is equivalent

to strong Henstock-Kurzweil integrability.

In these situations, one can use existing criteria of integrability, such as those presented in [8], to study

product integrability.

6 Open problems

We conclude the paper with a list of several open problems:

e If we restrict ourselves to functions with countably many discontinuities, is it true that McShane
product integrability implies strong McShane product integrability (i.e., Bochner integrability)? If
not, is there any other simple characterization of McShane product integrable functions with countably
many discontinuities? Note that McShane product integrability implies Kurzweil product integrability,
which in turn implies strong Kurzweil product integrability (see Theorem 5.3). Hence, the question

reduces to the problem whether the indefinite McShane product integral is absolutely continuous.

e Since strong McShane product integrability coincides with Bochner integrability, it is clear that the
class of strongly McShane product integrable functions is a vector space. However, it is not at all
obvious whether this statement holds for Kurzweil/McShane product integrable functions and strongly
Kurzweil product integrable functions. A partial result in this direction can be found in [10], where
it is shown that the sum of a strongly Kurzweil product integrable function and a Bochner integrable

function is strongly Kurzweil product integrable.
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e For X = R™*" exponential Kurzweil/McShane product integrability is equivalent to Kurzweil/McShane
product integrability. Is this still true in infinite-dimensional Banach algebras? We only know that the

answer is affirmative for strong product integrals.

e Does Riemann product integrability imply McShane product integrability?
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