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(Higman (1967), Neumann (1963)) If V is a locally finite group variety,
then the size of the free group generated by n elements in the varitey is

@ exponential in n, if V is nilpotent,
@ at least double exponential, if V is not nilpotent.




Groups

(Higman (1967), Neumann (1963)) If V is a locally finite group variety,
then the size of the free group generated by n elements in the varitey is

@ exponential in n, if V is nilpotent,

@ at least double exponential, if V is not nilpotent.

where
@ V locally finite : every finitely generated algebra is finite in V

@ V nilpotent: every group in V is nilpotent
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The free spectrum of the V variety (|Fy(n)| (n=0,1,2,...) sequence):
@ the size of the free algebra generated by n elements

@ the number of different n-ary terms

@ Abelian group of exponent d:
terms: Hxid", 0<d <d
[Fy(n)| = d"

@ Boolean algebra: |Fy(n)| = 2%




A algebra, if |A| = k > 1, then

n < [Fyay(n)| < k<




A algebra, if |A| = k > 1, then

n < [Fyay(n)| < k<

n: the number of projections
kX": the number of functions







e log |Fy(n)| is polynomial, if V nilpotent




e log |Fy(n)| is polynomial, if V nilpotent

e loglog|Fy(n)| is polynomial, if V is finitely generated and not
nilpotent




Known free spectra for groups

@ log [Fy(n)| is polynomial, if V nilpotent
@ loglog |Fy(n)| is polynomial, if V is finitely generated and not
nilpotent

@ there are free spectra such that for an integer k loglog...log|Fy(n)|
is bounded by a polynomial (log is iterated k-times)
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Known free spectra for groups

@ log [Fy(n)| is polynomial, if V nilpotent
@ loglog |Fy(n)| is polynomial, if V is finitely generated and not
nilpotent

@ there are free spectra such that for an integer k loglog...log|Fy(n)|
is bounded by a polynomial (log is iterated k-times)

@ no other free spectra is known
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A semigroup is called completely regular, if it is a union of groups. J

@ groups :-)
@ semilattices (union of one element groups)

e idempotent semigroups (bands)




the completely regular semigroups form a variety I
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A semigroup variety V is called a CRS variety if every S € V is completely
regular.




the completely regular semigroups form a variety

A semigroup variety V is called a CRS variety if every S € V is completely
regular.

A locally finite semigroup variety is a CRS variety if and only if it satisfies
the identity

x" = x, for some r.




Let t = t(x1,...,X,) be an n-ary term. A term operation t" is said to be
essentially n-ary, if it depends on all of its variables, i.e. if forall 1 </ <n
there exist ai,...,aj—1,a, b,ai11,...,an € A such that

t(al, ey 3i-1,8,3i415- - a,,) == t(al, .oy di—1,b,ai41,- .., a,,).




Let t = t(x1,...,X,) be an n-ary term. A term operation t* is said to be
essentially n-ary, if it depends on all of its variables, i.e. if forall 1 </ <n
there exist ai,...,aj—1,a, b,ai11,...,an € A such that

t(al, e, 8i-1,8,3i41, - -+, a,,) == t(al, .oy di—1,b,ai41,- .., a,,).

pn(A): the number of essentially n-ary terms over A J




pn sequence

Let t = t(xq,...,X,) be an n-ary term. A term operation t* is said to be

essentially n-ary, if it depends on all of its variables, i.e. if forall 1 </ <n

there exist aj,...,aj_1,a, b,ai11,...,an € A such that

t(al, ey 8i—1,8,8i41,- -+, a,,) 75 t(al, ce.yai—1,b,ai41,. .., a,,).

pn(A): the number of essentially n-ary terms over A

Pt =3 (7)eeca)

k=0
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A locally finite semigroup variety is a CRS variety if and only if it satisfies
the identity

x" = x, for some r.

Semigroup varieties defined by x" = x. I

@ the semigroup variety defined by x” = x is locally finite <
the group variety defined by x"~1 = 1 is locally finite.

@ a recurrence formula for p,




pn = n*p2_1|Gn| for some m, where

G is the m-generated free group in the group variety defined by x" % = 1.
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pn = n*p2_1|Gn| for some m, where

G is the m-generated free group in the group variety defined by x" % = 1.

° |Gyl=1

o pn~ 5K, where K = 1/21/3V/4V5... ~ 1,661687




o = P2
n = Nn"py_1|Gm|




pn = 2 2
n n pn—lle|




Py =
n = n°p;
n—lle|

e |G =
|
m
| 2m




Pn = nng_lle|
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° |Gyl =2"
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° |Gyl =2"
oen=1—-m=1
en=2—-m=7

e n=3— m=374




Pn = nng_lle|

|Gm|:2m
n=1—-m=1
n=2—-m=17
n=3— m=374
n=4—-m=7"




m: complicated recursive description of the generators of G, depending
on the structure of Fy(n—1).




m="

x" = x (Kadourek, Polak (1988-1990))

m: complicated recursive description of the generators of G,, depending
on the structure of Fy(n—1).

(Dpk(v’) (1_ rili 1 *

—1 ('Z) tpe—1(Vr)
1 1
(r—1)? e ek (5) tpe—1 (V) (3) hon—1(Vr)

+

2 < 1
-+ npn—l(Vr) (1 - 7 Z

2 1 (V))

- 1 \
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pn—1 < m< npp_1 l
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° |G| =27

® pn = py_1|Gnm|




pn—1 < m< npp_1 I

° |G| =27

2.2 n—
® pn = py_1|Gm| = n?py_1 2P




pn—1 < m< npp_1 I

° |G| =27

2.2 n— n—
@ pp = ”2P3_1|Gm| > n°p;,_{2Pn—1 > 2Pn-1




pn—1 < m< npp_1 I

° |G| =27

® pn=?p2 4|Gm| = nPp2_42Pn1 > 2Pt > 2277




pn—1 < m< npp_1 I

° |G| =27

2
® pn = n2p2 4| G| > nPp2 421 > 2PnmL > 2277 > L > 02
where there are n-many 2-s.
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Finitely generated CRS varieties

(Dolinka, Szabé (2008)) Let V be a CRS variety generated by the finite
semigroup S. Then the free spectrum of V is
@ exponential if and only if
the subgroups of S are nilpotent and
the idempotens of S form a subsemigroup
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Finitely generated CRS varieties

(Dolinka, Szabé (2008)) Let V be a CRS variety generated by the finite
semigroup S. Then the free spectrum of V is

@ exponential if and only if
the subgroups of S are nilpotent and
the idempotens of S form a subsemigroup

@ double exponential, otherwise.
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