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Let X,, = {1,...,n} be an n - element set
(n € N* := N\ {0}). The full transforma-
tion semigroup 7, is the set of all mappings,
written on the right, of X, into itself with the
composition of mappings as multiplication. A
subsemigroup of 1}, is called a transformation

semigroup.

Each ideal of 7T;, has the form
Kn,r)={a €Ty :|im a| <r} for 1 <r <n.

Thus K(n,n) = T, and K(n,n — 1) = Singn,
the semigroup of all singular selfmaps (non-
permutation transformations) on X,.



It is well known that the Green‘s equivalences
on 1;, are:

alfP <— ima = 1mp
aARE < kera = ker(

aJ B < |ima| = |imp]
Thus, the semigroup K(n,r) is the union of
J-classes Jq, Jo, ..., Jr, Where

Jp={a€eTy:|ima| =k} for k=1,2,...,r



Let us denote by A, the collection of all sub-
sets of X,, of cardinality r. Since two transfor-
mations are L-related iff they have the same
image, a typical L-class is completely deter-
mined by the image set A of transformations
in it. Therefore a typical £-class in J, may be
denoted by

Ly ={ae K(n,r):im a= A}

for some set A in A,.



We say that = is an equivalence relation on
Xpn with weight r if | Xy, /7| = r. Let Qp be
the collection of all equivalence relations on
X, with weight r. Since two transformations
are R-related iff they have the same kernel,
a typical R-class is completely determined by
the kernel of any transformations in it. Then
a typical R-class in J, may be denoted by

Ry :={a € K(n,r) : ker a = 7},

for some equivalence relation @ in 2.



Since two transformations are ‘H-related iff they
have the same image and the same Kkernel, a
typical ‘H-class is completely determined by the
image set A and by the kernel « of any trans-
formations in it. Then a typical H-class in J,
may be denoted by

H(W,A) e Rﬂ-ﬂLA

for some equivalence relation = in €2, and some
set A in A,.

The J - class (respectively L - class, R - class,
‘H - class) containing the element o € T, will
be denoted by J, (respectively Lo, Ra, Ha).



Definition 1 Let A C X, and let m be an equiv-
alence relation on X,. If|x N A| = 1 for all
x € Xp/m, then A is called a cross-section of
7, denoted by A # .

Let U be a subset of the semigroup 1;,. We
denote by E(U) the set of all idempotents in
the set U.

Proposition 1 Let o« and 8 be two elements
of the class J, C T, (1 <r<n-—1). Then the
following statements are equivalent:

1) aB € Jr. 2) LanNRg C E(Jr).

3) aB € RaN Lg. 4) LaRg = Jr.



Theorem 1 (Taijie You) Let n > 3. Then
a subsemigroup of 1y, is maximal regular iff it
belongs to one of the following types:

K(n,n —2)US,, where Sy, is the symmetric
group.

K(n,n—1)UG, where G is a maximal subgroup
of Sn.

Theorem 2 (Taijie You) Letn >3 and 2 <
r < n-—1. Then a subsemigroup of K(n,r)
is maximal regular iff it belongs to one of the
following types:

Sy = Kn,r—1)U(Jr\ Ly), where A € N\,.

Sr = K(n,r—1)U(Jr\ Rr), where w € Q.



Definition 2 Let 2 <r<n-—1. A pair (\,Q2)
is called a coupler of (Ar,Q2,) if the following
four conditions are satisfied:

1. 0 EZNC A, and 0 #= Q C Q.

2. ThereisnoAe Nandnorw € Q2 with A # .

3. Forall A e Np\N\ thereisw € Q2 with A # .

4. Forallm e Q:\S2 thereis A € N\ with A # .



Definition 3 A transformation o € T}, is called
iIsotone iIfx <y = xa < ya for all x,y € Xy,
antitone ifx <y =— xza > ya for all x,y € X,
and monotone if it is isotone or antitone.

Definition 4 The set O, = {a € Singn : a is
isotone } forms a semigroup under the opera-
tion of composition, called the semigroup of
all isotone transformations.

Definition 5 For 1 <r <n —1 we put:
1) K'(n,r) = OnnNK(n,r).
2) JL = OnnJ.

Clearly, K%(n,r) forms an ideal of the semi-
group Oy and K%(n,n — 1) = On.



Let Q;i be the collection of all equivalence re-
lations = on X, with | X, /7| = r such that all
classes x € X, /m are convex subsets of X, in
the sense that x,y € x and x < z < y together
imply that z € x.

Let us denote by £2F the set of all equivalence
relations = € Q. for which exists ¢ <n —r + 1
such that {z, 2+ 1,z 4+ 2,...,x +r — 1}#m.

The R -, £ - and 'H - classes of the class J_
have the following form:
R: = {a € J': ker a =m}, where 7 € Q,
LYy = {a€J.: ima= A}, where A € A,

Hi. a4 = RiNL.
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We put E, := E(J). It is well known that

Proposition 2 Let 1 <r<n-—1. Then

JL C (Ey).
Theorem 3 (Dimitrova and Koppitz) Let
n >3 and 2 < r<n-—1. Then a subsemi-
group of K'(n,r) is maximal iff it belongs to
one of the following types
Sa = K'(n,m — 1)U (JL\ LY), where A € N;;
Sr = K'(n,r—1)U(JL\ RL), where ™ € QL\ QS,
Scany = K'(n,r = 1) UU{LY : A e ANYUU{RL :

m € Q} for some coupler (A, Q) of (Ar, QL).
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Proposition 3 Let2<r<n-—1anda,B € J.
Then afa = « iff keraf = kera and impPa =

1Mo,

Proposition 4 Let S be a regular subsemi-
group of Oy, With the property that S intersects
each L - class and each R - class of O,,. Then

Theorem 4 Letn>3 and2<r<n—1. Then
a subsemigroup of K*(n,r) is a maximal reg-
ular subsemigroup of K'(n,r) iff it belongs to
one of the following types:

Sa = K'(n,r—1)U(JL\ LY), where A € A,.

Sz = K'n,r—1)U(JL\RL), wheren € QL\Q¢.
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From Theorem 3 and Theorem 4 we get the
following

Corollary 1 A regular subsemigroup of K*(n,r)
iIs a maximal regular subsemigroup iff it is a
maximal subsemigroup of K'(n,r).

The set M, = {a € Singn : a is monotone }
forms a semigroup under the operation of com-
position, called the semigroup of all mono-
tone transformations.

Definition 6 For1 <r<n-—1 we put:
1) K™(n,r) = MpnK(n,r).
2) JM" = MuynJy.

Clearly, K™(n,r) forms an ideal of the semi-
group My, and K™(n,n—1) = M.
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An immediate but important property is that
the product of two isotone transformations or
two antitone transformations is an isotone trans-
formation, and the product of an isotone trans-
formation with an antitone transformation, or
vice-versa, is an antitone transformation.

Let us denote by J?! the set of all antitone
transformations in the class J,. Therefore for
the class J7 we have also J™ = JL U J2.
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The R -, L - and 'H - classes of the class J!
have the following form:

R: = {a e J?: ker a =}, where m € QL
LY = {ae Jl: ima= A}, where A € Ay,

Then for the R -, L - and 'H - classes of the
class J/* we have

R™ := R' U RY,
LM = LY U LY,
HPY gy 1= H{ 4y U HE 4.
T herefore, the 'H - classes of the semigroup M,
contain exactly two transformations with the

same image and the same kernel - one isotone
and one antitone, i.e. |H ,\| = 2.
(m,A)
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Proposition b5 Forl <r <n-—1, the following
hold:

1) K™(n,r) = (Er,v) for some v € J2.

2) K™(n,r) (J&Y.

Theorem 5 (Dimitrova and Koppitz) Let
n>3and2<r<n-—1. Then a subsemigroup
S of K™(n,r) is maximal iff S = K™(n,r—1)U
JL or there exists a maximal subsemigroup S*
of K'(n,r) such that S = U{H" : o € S*}.

Proposition 6 Let2<r<n-—1anda,p e J>.

Then afa = o iff kKera = kera and impBoa =

mmao.

Proposition 7 Let 1 < r < n—1. Then the
ideal K™(n,r) is regular.
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Theorem 6 Let n > 3 and 2 < r < n-—1.
Then a subsemigroup S of K™(n,r) is a max-
imal regular subsemigroup of K™ (n,r) iff S =
K™(n,r — 1) U J. or there exists a maximal
regular subsemigroup S* of K*(n,r) such that
S=U{H™: «acS'}.

Theorem 5 and Theorem 6 provide the follow-
ing corollary

Corollary 2 A regular subsemigroup of K™ (n,r)
iIs a maximal regular subsemigroup iff it is a
maximal subsemigroup of K™(n,r).
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