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S-valued distance

Definition

An S-valued distance is a map δ : X × X → S, where X is a set
and S is a (∨, 0)-semilattice satisfying:

- δ(x , x) = 0;

- δ(x , y) = δ(y , x);

- δ(x , z) ≤ δ(x , y) ∨ δ(y , z).
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An S-valued distance is a map δ : X × X → S, where X is a set
and S is a (∨, 0)-semilattice satisfying:

- δ(x , x) = 0;

- δ(x , y) = δ(y , x);

- δ(x , z) ≤ δ(x , y) ∨ δ(y , z).

Definition

The S-valued distance δ satisfies the V -condition if whenever
δ(x , y) ≤ α ∨ β
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S-valued distance

Definition

An S-valued distance is a map δ : X × X → S, where X is a set
and S is a (∨, 0)-semilattice satisfying:

- δ(x , x) = 0;

- δ(x , y) = δ(y , x);

- δ(x , z) ≤ δ(x , y) ∨ δ(y , z).

Definition

The S-valued distance δ satisfies the V -condition if whenever
δ(x , y) ≤ α ∨ β there is a chain x = z0, z1, . . . , zn = y in X such
that δ(zi , zi+1) ≤ α for i even and δ(zi , zi+1) ≤ β for i odd.
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S-valued distance

Definition

An S-valued distance is a map δ : X × X → S, where X is a set
and S is a (∨, 0)-semilattice satisfying:

- δ(x , x) = 0;

- δ(x , y) = δ(y , x);

- δ(x , z) ≤ δ(x , y) ∨ δ(y , z).

Definition

The S-valued distance δ satisfies the V -condition if whenever
δ(x , y) ≤ α ∨ β there is a chain x = z0, z1, . . . , zn = y in X such
that δ(zi , zi+1) ≤ α for i even and δ(zi , zi+1) ≤ β for i odd.
If the length of such a chain can be always bounded by n, we say
that δ is a V -ditance of type n.

Pavel Růžička Representations of algebraic distributive lattices



S-valued distance

Definition

An S-valued distance is a map δ : X × X → S, where X is a set
and S is a (∨, 0)-semilattice satisfying:

- δ(x , x) = 0;

- δ(x , y) = δ(y , x);

- δ(x , z) ≤ δ(x , y) ∨ δ(y , z).

Definition

The S-valued distance δ satisfies the V -condition if whenever
δ(x , y) ≤ α ∨ β there is a chain x = z0, z1, . . . , zn = y in X such
that δ(zi , zi+1) ≤ α or δ(zi , zi+1) ≤ β.
If the length of such a chain can be always bounded by n, we say
that δ is a V -ditance of type n and 1/2.
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m-permutable congruences

Proposition

Let A be an algebra with (m + 1)-permutable congruences. Then
the (∨, 0)-semilattice Conc(A) (of all finitely generated (=
compact) congruences) is join generated by the range of a
V -distance of type n.
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m-permutable congruences

Proposition

Let A be an algebra with (m + 1)-permutable congruences. Then
the (∨, 0)-semilattice Conc(A) (of all finitely generated (=
compact) congruences) is join generated by the range of a
V -distance of type n.

Example
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m-permutable congruences

Proposition

Let A be an algebra with (m + 1)-permutable congruences. Then
the (∨, 0)-semilattice Conc(A) (of all finitely generated (=
compact) congruences) is join generated by the range of a
V -distance of type n.

Example

– Let M be a module over a ring R. Then the (∨, 0)-semilattice
SubF(M) of finitely generated submodules of M is
join-generated by the range of the V -distance δ of type 1
defined by δ(x , y) = (x − y)R.
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m-permutable congruences

Proposition

Let A be an algebra with (m + 1)-permutable congruences. Then
the (∨, 0)-semilattice Conc(A) (of all finitely generated (=
compact) congruences) is join generated by the range of a
V -distance of type n.

Example

– Let M be a module over a ring R. Then the (∨, 0)-semilattice
SubF(M) of finitely generated submodules of M is
join-generated by the range of the V -distance δ of type 1
defined by δ(x , y) = (x − y)R.

– If G is a group, then the (∨, 0)-semilattice NSubF(G) of
finitely generated normal subgroups of G is join-generated by
the range of the V -distance δ of type 1 defined by
δ(x , y) = 〈xy−1〉G.
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Refinement properties

Definition

A distributive (∨, 0)-semilattice is characterized by satisfying the
refinement property If e = a0 ∨ a1 = b0 ∨ b1, then there are di ,j

such that
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Refinement properties

Definition

A distributive (∨, 0)-semilattice is characterized by satisfying the
refinement property If e = a0 ∨ a1 = b0 ∨ b1, then there are di ,j

such that a0 = d0,0 ∨ d0,1, a1 = d1,0 ∨ d1,1,
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Refinement properties

Definition

A distributive (∨, 0)-semilattice is characterized by satisfying the
refinement property If e = a0 ∨ a1 = b0 ∨ b1, then there are di ,j

such that a0 = d0,0 ∨ d0,1, a1 = d1,0 ∨ d1,1,
b0 = d0,0 ∨ d1,0, b1 = d0,1 ∨ d1,1.
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Refinement properties

Definition

A distributive (∨, 0)-semilattice is characterized by satisfying the
refinement property If e = a0 ∨ a1 = b0 ∨ b1, then there are di ,j

such that a0 = d0,0 ∨ d0,1, a1 = d1,0 ∨ d1,1,
b0 = d0,0 ∨ d1,0, b1 = d0,1 ∨ d1,1.

This can be transformed for a larger collecton of equalities: If
e = ai ∨ bi , i = 0, . . . , n − 1, then there are df , f : n → 2 with
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Refinement properties

Definition

A distributive (∨, 0)-semilattice is characterized by satisfying the
refinement property If e = a0 ∨ a1 = b0 ∨ b1, then there are di ,j

such that a0 = d0,0 ∨ d0,1, a1 = d1,0 ∨ d1,1,
b0 = d0,0 ∨ d1,0, b1 = d0,1 ∨ d1,1.

This can be transformed for a larger collecton of equalities: If
e = ai ∨ bi , i = 0, . . . , n − 1, then there are df , f : n → 2 with
ai =

∨
{df |f (i) = 0} and bi =

∨
{df |f (i) = 1}
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A distributive (∨, 0)-semilattice is characterized by satisfying the
refinement property If e = a0 ∨ a1 = b0 ∨ b1, then there are di ,j

such that a0 = d0,0 ∨ d0,1, a1 = d1,0 ∨ d1,1,
b0 = d0,0 ∨ d1,0, b1 = d0,1 ∨ d1,1.

This can be transformed for a larger collecton of equalities: If
e = ai ∨ bi , i = 0, . . . , n − 1, then there are df , f : n → 2 with
ai =

∨
{df |f (i) = 0} and bi =

∨
{df |f (i) = 1}

Put ci ,j =
∨
{df |f (i) = 0 and f (j) = 1}. Then
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Refinement properties

Definition

A distributive (∨, 0)-semilattice is characterized by satisfying the
refinement property If e = a0 ∨ a1 = b0 ∨ b1, then there are di ,j

such that a0 = d0,0 ∨ d0,1, a1 = d1,0 ∨ d1,1,
b0 = d0,0 ∨ d1,0, b1 = d0,1 ∨ d1,1.

This can be transformed for a larger collecton of equalities: If
e = ai ∨ bi , i = 0, . . . , n − 1, then there are df , f : n → 2 with
ai =

∨
{df |f (i) = 0} and bi =

∨
{df |f (i) = 1}

Put ci ,j =
∨
{df |f (i) = 0 and f (j) = 1}. Then

ci ,j ≤ ai ∨ aj and ci ,j ≤ bi ∨ bj ;
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Refinement properties

Definition

A distributive (∨, 0)-semilattice is characterized by satisfying the
refinement property If e = a0 ∨ a1 = b0 ∨ b1, then there are di ,j

such that a0 = d0,0 ∨ d0,1, a1 = d1,0 ∨ d1,1,
b0 = d0,0 ∨ d1,0, b1 = d0,1 ∨ d1,1.

This can be transformed for a larger collecton of equalities: If
e = ai ∨ bi , i = 0, . . . , n − 1, then there are df , f : n → 2 with
ai =

∨
{df |f (i) = 0} and bi =

∨
{df |f (i) = 1}

Put ci ,j =
∨
{df |f (i) = 0 and f (j) = 1}. Then

ci ,j ≤ ai ∨ aj and ci ,j ≤ bi ∨ bj ;

e ≤ ci ,j ∨ aj ∨ bi ;
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Refinement properties

Definition

A distributive (∨, 0)-semilattice is characterized by satisfying the
refinement property If e = a0 ∨ a1 = b0 ∨ b1, then there are di ,j

such that a0 = d0,0 ∨ d0,1, a1 = d1,0 ∨ d1,1,
b0 = d0,0 ∨ d1,0, b1 = d0,1 ∨ d1,1.

This can be transformed for a larger collecton of equalities: If
e = ai ∨ bi , i = 0, . . . , n − 1, then there are df , f : n → 2 with
ai =

∨
{df |f (i) = 0} and bi =

∨
{df |f (i) = 1}

Put ci ,j =
∨
{df |f (i) = 0 and f (j) = 1}. Then

ci ,j ≤ ai ∨ aj and ci ,j ≤ bi ∨ bj ;

e ≤ ci ,j ∨ aj ∨ bi ;

ci ,k ≤ ci ,j ∨ cj ,k ;
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Idea

A Weak uniform refinement property is an infinite combinatorial
property
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Idea

A Weak uniform refinement property is an infinite combinatorial
property

satisfied by all the structures we want to represent;

not satisfied by some distributive (∨, 0)-semilattice.
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Idea

A Weak uniform refinement property is an infinite combinatorial
property

satisfied by all the structures we want to represent;

not satisfied by some distributive (∨, 0)-semilattice.

Definition

We say that a (∨, 0)-semilattice S satisfies WURP
=(e), for some

e ∈ S, if there is a positive integer m such that for all families
(ai | i ∈ I ), (bi | i ∈ I ) of elements of S with e ≤ ai ∨ bi for all I ,
there are subsets I0, . . . , Im−1 of I such that I =

⋃

i<m Ii and
elements ci ,j , i , j ∈ I of S satisfying
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Idea

A Weak uniform refinement property is an infinite combinatorial
property

satisfied by all the structures we want to represent;

not satisfied by some distributive (∨, 0)-semilattice.

Definition

We say that a (∨, 0)-semilattice S satisfies WURP
=(e), for some

e ∈ S, if there is a positive integer m such that for all families
(ai | i ∈ I ), (bi | i ∈ I ) of elements of S with e ≤ ai ∨ bi for all I ,
there are subsets I0, . . . , Im−1 of I such that I =

⋃

i<m Ii and
elements ci ,j , i , j ∈ I of S satisfying

ci ,j ≤ ai ∨ aj and ci ,j ≤ bi ∨ bj , for all h < m and i , j ∈ Ih;
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Idea

A Weak uniform refinement property is an infinite combinatorial
property

satisfied by all the structures we want to represent;

not satisfied by some distributive (∨, 0)-semilattice.

Definition

We say that a (∨, 0)-semilattice S satisfies WURP
=(e), for some

e ∈ S, if there is a positive integer m such that for all families
(ai | i ∈ I ), (bi | i ∈ I ) of elements of S with e ≤ ai ∨ bi for all I ,
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Idea

A Weak uniform refinement property is an infinite combinatorial
property

satisfied by all the structures we want to represent;

not satisfied by some distributive (∨, 0)-semilattice.

Definition

We say that a (∨, 0)-semilattice S satisfies WURP
=(e), for some

e ∈ S, if there is a positive integer m such that for all families
(ai | i ∈ I ), (bi | i ∈ I ) of elements of S with e ≤ ai ∨ bi for all I ,
there are subsets I0, . . . , Im−1 of I such that I =

⋃

i<m Ii and
elements ci ,j , i , j ∈ I of S satisfying

ci ,j ≤ ai ∨ aj and ci ,j ≤ bi ∨ bj , for all h < m and i , j ∈ Ih;

e ≤ ci ,j ∨ aj ∨ bi for all h < m and all i , j ∈ Ih;

ci ,k ≤ ci ,j ∨ cj ,k for all i , j , k ∈ I .

A (∨, 0)-semilattice S satisfies WURP
= if it staisfies WURP

=(e)
for every e ∈ S.

Pavel Růžička Representations of algebraic distributive lattices



Application of WURP
=

Theorem

Let S be a (∨, 0)-semilattice and let δ : X × X → S be a
V -distance of type 3/2 ( = 1 and 1/2). Then S satisfies
WURP

=(e) for every e bounded by the range of δ.
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Application of WURP
=

Theorem

Let S be a (∨, 0)-semilattice and let δ : X × X → S be a
V -distance of type 3/2 ( = 1 and 1/2). Then S satisfies
WURP

=(e) for every e bounded by the range of δ.
Thus if A is an algebra with almost permutable congruences, then
the (∨, 0)-semilattice ConcA satisfies WURP.
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Application of WURP
=

Theorem

Let S be a (∨, 0)-semilattice and let δ : X × X → S be a
V -distance of type 3/2 ( = 1 and 1/2). Then S satisfies
WURP

=(e) for every e bounded by the range of δ.
Thus if A is an algebra with almost permutable congruences, then
the (∨, 0)-semilattice ConcA satisfies WURP.

Theorem

Let V be a non-distributive variety of lattices and let F be a free
(bounded) lattice in V generated by at least ℵ2 elements. Then
Conc(F) does not satisfy WURP

=.
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Application of WURP
=

Theorem

Let S be a (∨, 0)-semilattice and let δ : X × X → S be a
V -distance of type 3/2 ( = 1 and 1/2). Then S satisfies
WURP

=(e) for every e bounded by the range of δ.
Thus if A is an algebra with almost permutable congruences, then
the (∨, 0)-semilattice ConcA satisfies WURP.

Theorem

Let V be a non-distributive variety of lattices and let F be a free
(bounded) lattice in V generated by at least ℵ2 elements. Then
Conc(F) does not satisfy WURP

=.
Thus there is no V -ditance δ of type 3/2 with range
join-generating ConcF and there is no algebra A with almost
permutable congruences (e.g., an R-module or a group) such that
ConF ≃ ConA.
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The cardinality bound

The ℵ1 bound, as in some other cases, is optimal.
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The cardinality bound

The ℵ1 bound, as in some other cases, is optimal.

The non-satisfiability of a weak uniform refinement property in
congruence lattices of some bigger algebras is proved using
Kuratowski free set theorem:
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The cardinality bound

The ℵ1 bound, as in some other cases, is optimal.

The non-satisfiability of a weak uniform refinement property in
congruence lattices of some bigger algebras is proved using
Kuratowski free set theorem:

Definition

Let k be a positive integer, let Ω be a set. For a map
Ψ: [Ω]k−1 → [Ω]<ω, we say that a k-element subset B of Ω is free
(with respect to Ψ) if b /∈ Ψ(B r {b}), for all b ∈ B.
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The cardinality bound

The ℵ1 bound, as in some other cases, is optimal.

The non-satisfiability of a weak uniform refinement property in
congruence lattices of some bigger algebras is proved using
Kuratowski free set theorem:

Definition

Let k be a positive integer, let Ω be a set. For a map
Ψ: [Ω]k−1 → [Ω]<ω, we say that a k-element subset B of Ω is free
(with respect to Ψ) if b /∈ Ψ(B r {b}), for all b ∈ B.

Theorem

Let k be a positive integer, let Ω be a set, and let
Ψ: [Ω]k−1 → [Ω]<ω be any map. If |Ω| ≥ ℵk−1, then there is a
k-element free subset of Ω.
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CLP

The congruence lattice problem asked whether every algebraic
distributive latice is isomorphic to a congruence lattice of a lattice.
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CLP

The congruence lattice problem asked whether every algebraic
distributive latice is isomorphic to a congruence lattice of a lattice.

The previous ideas can be applied only to lattices with almost
permutable congruences.
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CLP

The congruence lattice problem asked whether every algebraic
distributive latice is isomorphic to a congruence lattice of a lattice.

The previous ideas can be applied only to lattices with almost
permutable congruences.

The general counter-example was found by F. Wehrung as a
colision of the Evaporation lemma (which in some sense replace
uniform refinement properties) and the Erosion lemma. The
colision is gained by applying the Kuratowski free set theorem.
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CLP

The congruence lattice problem asked whether every algebraic
distributive latice is isomorphic to a congruence lattice of a lattice.

The previous ideas can be applied only to lattices with almost
permutable congruences.

The general counter-example was found by F. Wehrung as a
colision of the Evaporation lemma (which in some sense replace
uniform refinement properties) and the Erosion lemma. The
colision is gained by applying the Kuratowski free set theorem.
However to obtain a counter-example of (optimal) cardinality ℵ2,
we need to use free trees instead of free sets.
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Free trees

Let Ω be a set, Φ: [Ω]<ω → [Ω]<ω a map, 0 < k and n natural
numbers.
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Free trees

Let Ω be a set, Φ: [Ω]<ω → [Ω]<ω a map, 0 < k and n natural
numbers.

An indexed subset T = {αf | f : n → k} of Ω is called a free k-tree
of height n (with respect to Φ) if the sets

Φ
(
{αf | f : n → k | f ↾ [m + 1, n − 1] = g and f (m) 6= i}
︸ ︷︷ ︸

T(g ,¬i)

)
,

{αf | f : n → k | f ↾ [m + 1, n − 1] = g and f (m) = i}
︸ ︷︷ ︸

T(g ,i)

are disjoint for all m < n, all maps g : [m + 1, n − 1] → k , and all
i < k .
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Free trees

Let Ω be a set, Φ: [Ω]<ω → [Ω]<ω a map, 0 < k and n natural
numbers.

An indexed subset T = {αf | f : n → k} of Ω is called a free k-tree
of height n (with respect to Φ) if the sets

Φ
(
{αf | f : n → k | f ↾ [m + 1, n − 1] = g and f (m) 6= i}
︸ ︷︷ ︸

T(g ,¬i)

)
,

{αf | f : n → k | f ↾ [m + 1, n − 1] = g and f (m) = i}
︸ ︷︷ ︸

T(g ,i)

are disjoint for all m < n, all maps g : [m + 1, n − 1] → k , and all
i < k .

Lemma

Let Ω be a set, let Φ: [Ω]<ω → [Ω]<ω be a map, and let 0 < k
and n be natural numbers. Then every subset X of Ω of cardinality
at least ℵk−1 contains a free k-tree of height n.
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m-permutable congruences

Definition

A (new) operation on an algebra A is congruence compatible if
each congruence relation of A is a congruence relation of (A, f ).
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m-permutable congruences

Definition

A (new) operation on an algebra A is congruence compatible if
each congruence relation of A is a congruence relation of (A, f ).
An algebra A is congruence m-permutable if for any α, β ∈ ConA,
α ∨ β = α ◦ β ◦ α ◦ . . .

︸ ︷︷ ︸

m times

.
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m-permutable congruences

Definition

A (new) operation on an algebra A is congruence compatible if
each congruence relation of A is a congruence relation of (A, f ).
An algebra A is congruence m-permutable if for any α, β ∈ ConA,
α ∨ β = α ◦ β ◦ α ◦ . . .

︸ ︷︷ ︸

m times

. Let F be a free lattice in the variety of

bounded lattices generated by the lattice M3 with at least ℵ2

generators.
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m-permutable congruences

Definition

A (new) operation on an algebra A is congruence compatible if
each congruence relation of A is a congruence relation of (A, f ).
An algebra A is congruence m-permutable if for any α, β ∈ ConA,
α ∨ β = α ◦ β ◦ α ◦ . . .
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m times

. Let F be a free lattice in the variety of

bounded lattices generated by the lattice M3 with at least ℵ2

generators.

Theorem (M. Ploščica)

Let A be an algebra with m-permutable congruences. If either
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m-permutable congruences

Definition

A (new) operation on an algebra A is congruence compatible if
each congruence relation of A is a congruence relation of (A, f ).
An algebra A is congruence m-permutable if for any α, β ∈ ConA,
α ∨ β = α ◦ β ◦ α ◦ . . .
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m times

. Let F be a free lattice in the variety of

bounded lattices generated by the lattice M3 with at least ℵ2
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Theorem (M. Ploščica)

Let A be an algebra with m-permutable congruences. If either

A admits a congruence compatible lattice structure, or

A admits a congruence compatible (∨, 1)-semilattice sructure,

Pavel Růžička Representations of algebraic distributive lattices



m-permutable congruences

Definition

A (new) operation on an algebra A is congruence compatible if
each congruence relation of A is a congruence relation of (A, f ).
An algebra A is congruence m-permutable if for any α, β ∈ ConA,
α ∨ β = α ◦ β ◦ α ◦ . . .

︸ ︷︷ ︸

m times

. Let F be a free lattice in the variety of

bounded lattices generated by the lattice M3 with at least ℵ2

generators.

Theorem (M. Ploščica)

Let A be an algebra with m-permutable congruences. If either

A admits a congruence compatible lattice structure, or

A admits a congruence compatible (∨, 1)-semilattice sructure,

then ConcA is not isomorphic to ConcF.
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