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Outline

Galois connections
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Evariste Galois

Evariste Galois
(1811, Oct. 25 — 1832, May 31)
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Evariste Galois

Evariste Galois
(1811, Oct. 25 — 1832, May 31)

\ S B Ve

from Wikipedi\;:

Evariste Galois was a French mathematician. While still in his
teens, he was able to determine a necessary and sufficient condition
for a polynomial to be solvable by radicals, thereby solving a
problem standing for 350 years. His work laid the foundations for
Galois theory and group theory, two major branches of abstract
algebra, and the subfield of Galois connections. He died at age 20

from wounds suffered in a duel. @Eﬁ?&“&?ﬁ'ﬁé
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Galois connections

A Galois connection between two posets, here power set lattices
(B(M1), C) and (P(M2), C), is a pair of mappings

@ P(M1) = P(M2) and ¢ : P(Mz) — P(M)
satisfying (for X, X1, X2 € P(M1), Y, Y1, Yo € P(M>)):

TECHNISCHE
UNIVERSITAT
DRESDEN

Spindlerav Mlyn, Sept. 6, 2018 R. P3schel, Clones and Galois connections (5/67)



Galois connections THE Galois connection Clone lattice Modifications Applications
0e000000 000000000000 0000 000000000000 00000O00O000000000 00000000

Galois connections

A Galois connection between two posets, here power set lattices
(B(M1), C) and (P(M2), C), is a pair of mappings

@ P(M1) = P(M2) and ¢ : P(Mz) — P(M)
satisfying (for X, X1, X2 € P(M1), Y, Y1, Yo € P(M>)):

(I) X1 €T Xo = X1 2 Xo () Y1 €Yy = Y1 29Y>
(II) X C b(pX) (IV) Y C oY)
@fjﬁ?&%ﬁ'ﬁ%
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Galois connections

A Galois connection between two posets, here power set lattices
(B(M1), C) and (P(M2), C), is a pair of mappings

@ P(M1) = P(M2) and ¢ : P(Mz) — P(M)
satisfying (for X, X1, X2 € P(M1), Y, Y1, Yo € P(M>)):

(I) X1 € Xo = X1 2 ¢Xo (I) i C Y2 = ¥Y1 29V
(II) X C 9(pX) (IV) Y C oY)
(IX) Y Cp(X) <= ¢(Y)2 X (equivalent to (1)—(1V))
SuE
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Galois connections

A Galois connection between two posets, here power set lattices
(B(M1), C) and (P(M2), C), is a pair of mappings

@ P(M1) = P(M2) and ¢ : P(Mz) — P(M)
satisfying (for X, X1, X2 € P(M1), Y, Y1, Yo € P(M>)):

(D X1 € X2 = X1 2 pXo () Y1 €Yy = Y1 29Y>
(III) X C ¢(eX) (IV) Y C o(¥Y)
(V) phpX = pX (VD) Y =Y
(IX) Y Cp(X) <= ¢(Y)2 X (equivalent to (1)—(1V))
DEE
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Galois connections

A Galois connection between two posets, here power set lattices
(B(M1), C) and (P(M2), C), is a pair of mappings

@ P(M1) = P(M2) and ¢ : P(Mz) — P(M)
satisfying (for X, X1, X2 € P(M1), Y, Y1, Yo € P(M>)):

(I) X1CX2 — gOXlDQOXQ (H) Y1C Y2 — ZﬁYlDLDYQ
(III) X € ¢ (pX) V) Y C o(yY)
(V) ppX = pX (VD) YppY =Y
(VII) hy - X = (pX) (VIII) hy : Y = (v Y)
is closure operator is closure operator
(IX) Y Cp(X) <= ¢(Y)2 X (equivalent to (1)—(1V))
O
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Galois connections

A Galois connection between two posets, here power set lattices
(B(M1), C) and (P(M2), C), is a pair of mappings

@ P(M1) = P(M2) and ¢ : P(Mz) — P(M)
satisfying (for X, X1, X2 € P(M1), Y, Y1, Yo € P(M>)):

(I) X1 CT X = QOX1390X2 (H) Y1 C Y, — Zl)YlD@DYQ
(III) X € ¢(eX) (IV) Y C o(vY)
(V) ppX = pX (VD) YppY =Y
(VII) hy - X = (pX) (VIII) hy : Y = (v Y)
is closure operator is closure operator
(IX) Y Cp(X) < ¢¥(Y)2 X (equivalent to (1)—(IV))
(X) ¢ and 1 are order-reversing bijections between the TECHNISCHE
Galois closures (= closures of h; and hy) () st
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Galois connections via binary relations
Each Galois connection (¢, 1) between B(M) and P(Ma) is
uniquely determined by a binary relation

Rngng
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Galois connections via binary relations
Each Galois connection (¢, 1) between B(M) and P(Ma) is
uniquely determined by a binary relation
R - M1 X M2
via
cP(M1) = B(Mz) : o(X) :={be My |Vae X:aRb},
‘,B(Mg) — ‘B(Ml) : Q/J(Y) = {a e M | VbeyY: aRb}
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Galois connections via binary relations

Each Galois connection (¢, 1) between B(M) and P(Ma) is
uniquely determined by a binary relation

Rg M1 X M2
via

0 P(M1) = PB(Mz) : p(X) :={be My |Vae X :aRb},
P P(M2) = B(My) (YY) :={a€ My |Vbe Y : aRb}.

We have:

aRb <= b € p({a}) < a < yY({b}).
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“General Example”: Formal concepts

In Formal Concept Analysis (Rudolf Wille (~ 1970)),
(G, M, /) = (Ml, MQ, R)

is called formal context.
(g € G objects (Gegenstande), m € M attributes (Merkmale))
I C G x M incidence relation: glm : <= object g has attribute m
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“General Example”: Formal concepts
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“General Example”: Formal concepts

In Formal Concept Analysis (Rudolf Wille (~ 1970)),
(G,M, 1) := (M, M2, R)

is called formal context.
(g € G objects (Gegenstande), m € M attributes (Merkmale))
I C G x M incidence relation: glm : <= object g has attribute m

Concepts (X, Y) (defined by the property ¥ = X" and X = Y’)
have two components ( Galois closures)

extent X and intent Y
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“General Example”: Formal concepts

In Formal Concept Analysis (Rudolf Wille (~ 1970)),
(G,M, 1) := (M, M2, R)

is called formal context.
(g € G objects (Gegenstande), m € M attributes (Merkmale))
I C G x M incidence relation: glm : <= object g has attribute m

Concepts (X, Y) (defined by the property ¥ = X" and X = Y’)
have two components ( Galois closures)

extent X and intent Y (dyadic view)

(each component completely determines the other) @Eﬁ?\?s’ﬁ?ﬁ'&;
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The main problem for a Galois connection

The main problem for each Galois connection is the (internal)

Characterization of the Galois closures
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The main problem for a Galois connection

The main problem for each Galois connection is the (internal)

Characterization of the Galois closures

i.e., sets satisfying 1(p(X)) = X or p(¥(Y)) =Y
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The main problem for a Galois connection

The main problem for each Galois connection is the (internal)

Characterization of the Galois closures
i.e., sets satisfying 1(p(X)) = X or p(¥(Y)) =Y
or, equivalently,

sets of the form ¢(Y) and ¢(X) (X C My, Y C Ma).
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Example: The classical Galois connection
Let E : K be a field extension (i.e., K is a subfield of a field E).
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Example: The classical Galois connection

Let E : K be a field extension (i.e., K is a subfield of a field E).
The classical Galois connection (in modern form) is given by:
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Example: The classical Galois connection
Let E : K be a field extension (i.e., K is a subfield of a field E).
The classical Galois connection (in modern form) is given by:
Ml = E,
My = Aut(E : K) := {0 € Aut(E) |Va e K : o(a) = a}
(the Galois group of E : K),
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Example: The classical Galois connection
Let E : K be a field extension (i.e., K is a subfield of a field E).
The classical Galois connection (in modern form) is given by:
Ml = E,
My = Aut(E : K) := {0 € Aut(E) |Va e K : o(a) = a}
(the Galois group of E : K),
aRo : <= o(a) = a (fixed point).
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Example: The classical Galois connection
Let E : K be a field extension (i.e., K is a subfield of a field E).
The classical Galois connection (in modern form) is given by:
Ml = E,
My = Aut(E : K) := {0 € Aut(E) |Va e K : o(a) = a}
(the Galois group of E : K),

aRo : <= o(a) = a (fixed point).
Notation:
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Example: The classical Galois connection
Let E : K be a field extension (i.e., K is a subfield of a field E).
The classical Galois connection (in modern form) is given by:
Ml = E,
My = Aut(E : K) := {0 € Aut(E) |Va e K : o(a) = a}
(the Galois group of E : K),

aRo : <= o(a) = a (fixed point).
Notation: Aut(E : L) := ¢(L) for L C E,

Fix(E; U) :==(U) for U C Aut(E : K).
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Example: The classical Galois connection
Let E : K be a field extension (i.e., K is a subfield of a field E).
The classical Galois connection (in modern form) is given by:
Ml = E,
My = Aut(E : K) := {0 € Aut(E) |Va e K : o(a) = a}
(the Galois group of E : K),

aRo : <= o(a) = a (fixed point).
Notation: Aut(E : L) := ¢(L) for L C E,

Fix(E; U) :==(U) for U C Aut(E : K).
Theorem (Characterization of the Galois closures)
L = Fix(E;Aut(E : L)) <= K < L < E (intermediate fields),
U= Aut(E : Fix(E; U)) <= U < Aut(E : K)
(subgroups of the Galois group)
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Example: The classical Galois connection
Let E : K be a field extension (i.e., K is a subfield of a field E).
The classical Galois connection (in modern form) is given by:
Ml = E,
My = Aut(E : K) := {0 € Aut(E) |Va e K : o(a) = a}
(the Galois group of E : K),

aRo : <= o(a) = a (fixed point).
Notation: Aut(E : L) := ¢(L) for L C E,

Fix(E; U) :==(U) for U C Aut(E : K).
Theorem (Characterization of the Galois closures)
L = Fix(E;Aut(E : L)) <= K < L < E (intermediate fields),
U= Aut(E : Fix(E; U)) <= U < Aut(E : K)
(subgroups of the Galois group)
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Another well-known example

Galois connection given by (My, M,, =) with
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Another well-known example
Galois connection given by (M, Ma, =) with
M, := Alg(2) (algebras A of fixed type ),

)
My := Tq(X) x Tq(X) (identities s ~ t, i.e., pairs of terms),
t (algebra A satisfies an identity s ~ t).

—~~
)
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Another well-known example

Galois connection given by (M7, My, =) with

My = Alg(2) (algebras A of fixed type Q),

My := Tq(X) x Tq(X) (identities s ~ t, i.e., pairs of terms),
A = s~ t (algebra A satisfies an identity s ~ t).

Notation:

Id(KC) := (k) identities for a set K of algebras,

Mod(X) := ¢(X) models for a set ¥ of identities.
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Another well-known example

Galois connection given by (M7, My, =) with

My = Alg(2) (algebras A of fixed type Q),

My := Tq(X) x Tq(X) (identities s ~ t, i.e., pairs of terms),
A = s~ t (algebra A satisfies an identity s ~ t).

Notation:

Id(KC) := ¢(K) identities for a set IC of algebras,

Mod(X) := ¢(X) models for a set ¥ of identities.

Theorem (Characterization of the Galois closures)
Equational classes Mod Id IC = HSPC varieties
Equational theories |d Mod ¥ = (X) ryjes of equational logic

fully invariant congruences of Tq(X).
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Galois connections: antitone vs. monotone

A monotone Galois connection between (P, <) and (P2, <) is the
same as a Galois connection between (P, <) and (P2, >).
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Galois connections: antitone vs. monotone
Recall:

A pair (o, 0), ¢ : B(My) = PB(Ma), ¥ : PB(Ma) — PB(M) is a

Galois connection,
iffYXC M, YCM:

Y Cp(X) <= (V)2 X
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Galois connections: antitone vs. monotone

A pair (o, %), ¢ 1 PB(My) = PB(Ma), ¥ : P(Ma) — P(My) is a

(antitone) Galois connection,

A pair (¢p*, "), ¢* : B(M1) = PB(M), ¢* : P(Mz) — PB(M) is a

monotone Galois connection ifft VX C My, Y C M> :

Y Cp(X) <= (V)2 X
Y Cp"(X) <= (V)T X

(¢* upper adjoint, ¥* lower adjoint)
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Galois connections: antitone vs. monotone

A pair (o, %), ¢ 1 PB(My) = PB(Ma), ¥ : P(Ma) — P(My) is a

(antitone) Galois connection,

A pair (9%, 9%), ¢* 1 PB(M1) = B(Mz), »* : P(M2) — P(My) is a
monotone Galois connection ifft VX C My, Y C M> :

Y Co(X) <= (Y)2X

Y Co'(X) <= ¢ (Y)C X

(¢* upper adjoint, ¥* lower adjoint)
Definition via a binary relation R C My x M,:
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Galois connections: antitone vs. monotone

A pair (o, %), ¢ 1 PB(My) = PB(Ma), ¥ : P(Ma) — P(My) is a

(antitone) Galois connection,

A pair (¢p*, "), ¢* : B(M1) = PB(M), ¢* : P(Mz) — PB(M) is a

monotone Galois connection ifft VX C My, Y C M> :
Y Co(X) = (V)2 X
Y Cpi(X) <= ¢ (Y)C X
(¢* upper adjoint, ¥* lower adjoint)

Definition via a binary relation R C My x M,:
e(X):={beM:|Vac X: (a,b) € R}, Y(Y):={a€ M |VbeE Y: (ab)e€R}
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Galois connections: antitone vs. monotone

A pair (o, %), ¢ 1 PB(My) = PB(Ma), ¥ : P(Ma) — P(My) is a

(antitone) Galois connection,
A pair (¢*,9%), @ : P(M1) = P(Mz), ¢ : B(M2) — P(M,) is a
monotone Galois connection ifft VX C My, Y C M> :
Y Co(X) &= (V)2 X
Y Co'(X) <= ¢(Y)CS X
(¢* upper adjoint, ¥* lower adjoint)

Definition via a binary relation R C My x M,:
e(X):={beM:|Vac X: (a,b) € R}, Y(Y):={a€ M |VbeE Y: (ab)e€R}

©*(X) =My \ {b€ My |Vae X: (a,b) € R}
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Galois connections: antitone vs. monotone

A pair (o, %), ¢ 1 PB(My) = PB(Ma), ¥ : P(Ma) — P(My) is a

(antitone) Galois connection,
A pair (¢*,9%), @ : P(M1) = P(Mz), ¢ : B(M2) — P(M,) is a
monotone Galois connection ifft VX C My, Y C M> :
Y Co(X) &= (V)2 X
Y Co'(X) <= ¢(Y)CS X
(¢* upper adjoint, ¥* lower adjoint)

Definition via a binary relation R C My x M,:
e(X):={beM:|Vac X: (a,b) € R}, Y(Y):={a€ M |VbeE Y: (ab)e€R}

¢*(X):= Mo\ {be My |Vae X: (a,b) € R} = {b|Jac X :(a,b) ¢ R)},
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Galois connections: antitone vs. monotone

A pair (¢, 1), ¢ : B(M1) = B(Mz), ¢ : B(M2) — B(My) is a
(antitone) Galois connection,
A pair (¢*,9%), @ : P(M1) = P(Mz), ¢ : B(M2) — P(M,) is a

monotone Galois connection ifft VX C My, Y C M> :

Y Cp(X) <= (V)2 X
Y Cp"(X) <= (V)T X

(¢* upper adjoint, ¥* lower adjoint)
Definition via a binary relation R C My x M,:
e(X):={beM:|Vac X: (a,b) € R}, Y(Y):={a€ M |VbeE Y: (ab)e€R}

©*(X) =M\ {be M, |Vae X:(a,b)e R} ={b|Jac X:(a,b) ¢ R)},
P (Y):={ae My |Vbe My \ Y: (a,b) € R},
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Galois connections: antitone vs. monotone

A pair (¢, 1), ¢ : B(M1) = B(Mz), ¢ : B(M2) — B(My) is a
(antitone) Galois connection,
A pair (0, 9%), ¢ : P(M1) = B(M2), ¥ : PB(M2) — P(M,) is a

monotone Galois connection ifft VX C My, Y C M> :

Y Cp(X) <= (V)2 X
Y Cp"(X) <= (V)T X

(¢* upper adjoint, ¥* lower adjoint)
Definition via a binary relation R C My x M,:
e(X):={beM:|Vac X: (a,b) € R}, Y(Y):={a€ M |VbeE Y: (ab)e€R}

©*(X) =M\ {be M, |Vae X:(a,b)e R} ={b|Jac X:(a,b) ¢ R)},
P (Y):={ae My |Vbe My \ Y: (a,b) € R},
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note (a,b) € R < b ¢ p*({a}) < acy*(M2\ {b})
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Outline

The “most basic Galois connection” in algebra
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Applications
00000000

The “most basic Galois connection™ in algebra

ALGEBRAS,
LATTICES, VARIETIES
VOLUME I

(1223)

Ralph N. McKenzie
University of Cafifornia, Berkeley

George F. McNulty
University of South Carolina

Walter F. Taylor
University of Colorado
The most basic Galois

connection in algebra is the one associated to the binary relatiorfof preservation
between operations and relations. (Nearly all of the most basic concepts 1n
algebra can be defined in terms of this relation.)|

Observe that the automorphisms, endomorphisms, subuniverses, and con-
gruences of an algebra are defined by restricting the preservation relation to
special types of relations. The congruences of an algebra, for example, are the
equivalence relations that are preserved by the basic operations of the algebra.

4.1 Algebras and Clones P 147

$pindlerav Mlyn, Sept. 6, 2018 R. Pdschel, Clones and Galois connections (13/67)
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Notation

Notation f preserves o:
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Notation

Notation f preserves p:
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Notation

Notation f preserves p:

(©Rudolf Wille
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The first memorial intermission

Rudolf Wille (1937-2017
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Rudolf Wille (2.11.1937 — 22.1.2017)
Memorial AAA86 in Darmstadt, June 1-3, 2018
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Rudolf Wille (2.11.1937 — 22.1.2017)

Memorial AAA86 in Darmstadt, June 1-3, 2018

.| AAA series founded by
Rudolf Wille 1971
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Summerschool Rusava 1974
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Summerschool Rusava 1974
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Summerschool Rusava 1974
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Summerschool Rusava 1974
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THE Galois connection Pol — Inv

induced by the relation |function f preserves relation g‘: fDQ
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THE Galois connection Pol — Inv

induced by the relation |function f preserves relation g|: fDQ

f .. Em-=
f . )= e

f( )= @
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THE Galois connection Pol — Inv

induced by the relation |function f preserves relation g|: fDQ

~— —
i1l
(@)

Qv
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THE Galois connection Pol — Inv

induced by the relation |function f preserves relation g|: fDQ
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THE Galois connection Pol — Inv

induced by the relation |function f preserves relation g|: f[>Q

£ )
( ... )
£ . am)

- E9=E9

F C Op(A) (set of all finitary operations f : A” — A)  (“objects”)
Q@ C Rel(A) (set of all finitary relations o C A™) (“attributes”)
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THE Galois connection Pol — Inv

induced by the relation |function f preserves relation g|: f[>Q

£ )
( ... )
£ . am)

- E9=E9

F C Op(A) (set of all finitary operations f : A” — A)  (“objects”)
Q@ C Rel(A) (set of all finitary relations o C A™) (“attributes”)

InvF:={o€ Ra|VfeF:frp} invariant relations
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Pol Q := {f € Op(A) | Vo € Q: fp} polymorphisms @Tscumscus
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Characterization of the Galois closures

Theorem
A = (A, F) finite algebra.
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Characterization of the Galois closures

Theorem
A = (A, F) finite algebra.
e Clo(A) = (F) = PolInv F (clone generated by F) 1,

1D. Geiger [Gei1968] (50 years ago!), @55?\?5’2?%5
Lev Arkad’evic Kaluznin, Jles Apkagbesuq Kanyxuny [BodKKR1969] PRESDEN
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Characterization of the Galois closures

Theorem
A = (A, F) finite algebra.
e Clo(A) = (F) = PolInv F (clone generated by F) 1,
¢ [Qlz,n=) = InvPol Q (relational clone generated by Q).

1D. Geiger [Gei1968] (50 years ago!), @Eﬁ‘f\}‘éﬂ?ﬁﬁ
Lev Arkad’evic Kaluznin, Jles Apkagbesuq Kanyxuny [BodKKR1969] PRESDEN
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Characterization of the Galois closures

Theorem
A = (A, F) finite algebra.
e Clo(A) = (F) = PolInv F (clone generated by F) 1,
¢ [Qlz,n=) = InvPol Q (relational clone generated by Q).

A = (A, F) (arbitrary, also infinite) algebra

1D. Geiger [Gei1968] (50 years ago!), @Eﬁ‘f\}‘éﬂ?ﬁ%%
Lev Arkad’evic Kaluznin, Jles Apkagbesuq Kanyxuny [BodKKR1969] PRESDEN
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Characterization of the Galois closures

Theorem
A = (A, F) finite algebra.
e Clo(A) = (F) = PolInv F (clone generated by F) 1,
¢ [Qlz,n=) = InvPol Q (relational clone generated by Q).

A = (A, F) (arbitrary, also infinite) algebra
e LocClo(.A) = Loc(F) = PolInv F (locally closed clone
generated by F)
e LOC[Q](gs) = InvPol @ (locally closed relational clone
generated by Q) [Szal978, P6s1980]

1D. Geiger [Gei1968] (50 years ago!), @Eﬁ‘f&'ﬁéﬁﬁ
Lev Arkad'evic Kaluznin, Jles Apkagsesuq Kanyxunyn [BodKKR1969] DRESDEN
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What are clones?

A set F of finitary functions f : A” — A (on a base set A) is called
clone? (of operations) if

2P.M. Cohn (1965) attributes the notion to Ph. Hall @55?\?5’2?%%
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What are clones?

A set F of finitary functions f : A” — A (on a base set A) is called
clone? (of operations) if

e F contains all projections (e(xi, ..., xn) = X;)

e F is closed under composition’

2P.M. Cohn (1965) attributes the notion to Ph. Hall @55?\?5’2?%%
3K. Menger (1961) composition = operation par exellence DRESDEN
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What are clones?

X1 X2 Xm

g:AT > A e o o g AT > A
f:A" =S A Composition
f[glv A 7g’1]
|
'
f(gl(Xl, A 7Xm)7 e ag"(X17 e 7X"7)) @aﬁﬂg{gﬁ%;
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What are clones?

A set F of finitary functions f : A” — A (on a base set A) is called
clone? (of operations) if

e F contains all projections (e(x1,...,Xn) = X;i)
e F is closed under composition® i.e., if f,g1,...,8, € F
(f n-ary, gi m-ary), then
f[gl,...,gn] eF.
flgr, - &n](x1,. .y xm) = Fg(X1y - s Xm)s -y 8alx1, ..\ Xm))

2P.M. Cohn (1965) attributes the notion to Ph. Hall @55?\?5’2?%%
3K. Menger (1961) composition = operation par exellence DRESDEN
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What are clones?

A set Q of finitary relations on a set A is called a clone (of
relations) or relational clone, coclone if it is closed with respect to
primitive positive first order formulas ¢ € ®(3, A, =),
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What are clones?

A set Q of finitary relations on a set A is called a clone (of
relations) or relational clone, coclone if it is closed with respect to
primitive positive first order formulas ¢ € ®(3, A, =),

i.e. for o(x1...,Xm; 01,---,0n) € (I, A\, =) we have

Ql;--'aQneQ -
{(a1,.--,am) € A" | Ev(a1,...,am; 01,---,0n)} € Q.
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Some books about clones
(and the Galois connection Pol — Inv)

R. Péschel
L.A. Kaluznin (1979) A. Szendrei (1986) D. Lau (2006)

FUNKTIONEN-

e CLONES IN UNIVERSAL ALGEBRA
BT ONEN- Function
ALGEBREN AGNES SZENDREI Algebras

on
Finite Sets

ABasic Course on Many-Valued Logic
and Clone Theory

“.,

Ol"'w 7

- .'l

Springer Monographs in Mathematics

@ Springer
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The second memorial intermission

Dietlinde Lau (1950-2018
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Dietlinde Lau (May 1, 1950 — June 12, 2018)

§pind|erﬁv Mlyn, Sept. 6, 2018

Das Institut fiir Mathematik der Universitéat Rostock trauert um
Prof. Dr. Dietlinde Lau

*01.05.1950 t12.06.2018

Wir missen Abschied nehmen von einer Kollegin und
Hochschullehrerin. Frau Professor Dietlinde Lau hat ihre wissenschaftiche Karriere
an der Universitat Rostock absolviert. Durch eine Kinderlahmung war sie stark behin-
dert, umso hoher ist ihr auBerst erfolgreicher Weg wertzuschétzen. Sie begann ihr
Mathematikstudium im Jahr 1969 und nach einem Forschungsstudium promovierte
sie 1977 und habilitierte sich 1985 auf dem Gebiet der Diskreten Mathematik. SchiieR-
lich wurden ihre groRen Leistungen bereits 1999 mit der Berufung zur auBerplanmé-
Bigen Professorin fir Diskrete Mathematik gewiirdigt.
Frau Professor Lau hat sich mit sehr groRen Engagement fiir eine gut durchdachte,
und i Lehre eingesetzt. Sie hat die
bildung fiir Informatiker aufgebaut und bis zu ihrem Ruhestand durchgefuhrt. Ein
Denkmal hat sie sich mit ihren 2 Lehrbiichern und einem Ubungsbuch zur Mathema-
tik-Ausbildung fir Informatiker gesetzt. Einzigartig hier in Rostock waren ihre hervor-
ragenden Kenntnisse zur ichte der die sie in ihren
den Studierenden vermittelte.

Mit ihrer Forschung, insbesondere auch durch ein Buch auf dem Gebiet der Funktio-
nenalgebren und der k-wertigen Logik, hat sie groRe internationale Anerkennung ge-
funden. Abschlussarbeiten hat sie sefr intensiv betreut, was u.a. auch zu einer erfolg-
reichen Promotion gefihrt hat.

Wir werden Frau Professor Lau als herzliche, sehr kollegiale und unermdiich arbei-
tende Kollegin in Erinnerung behalten, die den groten Teil ihres Lebens dem Beruf,
der Mathematik und dem Institut gewidmet hat. Wir werden ir ein ehrendes Geden-
ken bewahren

Prof. Dr. Konrad Engel

R. Pdschel, Clones and Galois connections (24/67)
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Dietlinde Lau (May 1, 1950 — June 12, 2018)

Das Institut fiir Mathematik der Universitat Rostock trauert um
Prof. Dr. Dietlinde Lau
*01.05.1950 112.06.2018

Wir massen Abschied nehmen von einer Kollegin und
Hochschullehrerin. Frau Professor Dietlinde Lau hat ihre wissenschaftiche Karriere
an der Universitat Rostock absolviert. Durch eine Kinderlahmung war sie stark behin-
dert, umso hoher ist ihr uBerst erfolgreicher Weg wertzuschétzen. Sie begann ihr
Mathematikstudium im Jahr 1969 und nach einem Forschungsstudium promovierte
sie 1977 und habilitierte sich 1985 auf dem Gebiet der Diskreten Mathematik. SchiieR-
lich wurden ihre groBen Leistungen bereits 1099 mit der Berufung zur auRerplanma-
Rigen Professorin fir Diskrete Mathematik gewirdigt.

Frau Professor Lau hat sich mit sehr groBen Engagement fiir eine gut durchdachte,
anspruchsvolle und erfolgsorientierte Lehre eingesetzt. Sie hat die Mathematik-Aus-
bildung far Informatiker aufgebaut und bis zu ihrem Ruhestand durchgefihrt. Ein
Denkmal hat sie sich mit ihren 2 Lehrbiichern und einem Ubungsbuch zur Mathema-
tik-Ausbildung fur Informatiker gesetzt. Einzigartig hier in Rostock waren ihre hervor-
ragenden zur der die sie in ihren Vorlesungen
den Studierenden vermittelte.

Mit ihrer Forschung, insbesondere auch durch ein Buch auf dem Gebiet der Funktio-
nenalgebren und der k-wertigen Logik, hat sie groBe internationale Anerkennung ge-
funden. Abschiussarbeiten hat sie sehr intensiv betreut, was u.a. auch zu einer erfolg-
reichen Promotion gefiihrt hat.

Wir werden Frau Professor Lau als herzliche, sehr kollegiale und unermiidiich arbei-
tende Kollegin in Erinnerung behalten, die den grBten Teil ihres Lebens dem Beruf,
der Mathematik und dem Institut gewidmet hat. Wir werden inr ein ehrendes Geden-
ken bewahren.

Spindlerav My

Function

Algebras
on
Finite Sets

A Basic Course on Many-Valued Logic
and Clone Theory

Prof. Dr. Konrad Engel . ; .
'rl—Sept.—G,—ge'l'B—R.—PUschd,—elones and Galois connections (24/67)
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Dietlinde Lau (May 1, 1950 — June 12, 2018)
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Outline

The clone lattice
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The lattice £4 of clones on A

is countable

{0,1}

The lattice £4 of all clones on base set A

)

(E.L.Post 1921/41
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The lattice £4 of clones on A

|A] > 2: The lattice of all clones on base set A is uncountable
|La] = 2% for 3 < |A| €N, and |L4] = 22" for infinite A
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The lattice £4 of clones on A

|A] > 2: The lattice of all clones on base set A is uncountable
|La] = 2% for 3 < |A| €N, and |L4] = 22" for infinite A

The lattice £ 4 satisfies no nontrivial lattice identities
(A. Bulatov 1992,...)
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The lattice £4 of clones on A

|A] > 2: The lattice of all clones on base set A is uncountable
|La] = 2% for 3 < |A| €N, and |L4] = 22" for infinite A

The lattice £ 4 satisfies no nontrivial lattice identities
(A. Bulatov 1992,...)

every algebraic lattice (with at most 2lAl compact elements) is
(isomorphic to) a complete sublattice of L4 (M. Pinsker)
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The lattice L4 of clones on A

|A] > 2: The lattice of all clones on base set A is uncountable
|La] = 2% for 3 < |A| €N, and |L4] = 22" for infinite A

The lattice £ 4 satisfies no nontrivial lattice identities
(A. Bulatov 1992,...)

every algebraic lattice (with at most 24l compact elements) is
(isomorphic to) a complete sublattice of L4 (M. Pinsker)

atomic and coatomic for finite A,
but not for infinite A (M. Goldstern, Shelah 2002)

L can be partitioned in monoidal intervals (clones with the same
unary part)
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The lattice £4 of clones on A

minimal clones
J(A)
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The lattice £4 of clones on A

dyadic view

Rel(A)
maximal clones

EA ol Ql £*

A
Pol Inv v F
minimal clones
J(A) D(A)
FVF =Pol(QN Q) QV Q" =Pol(FNF')
OE
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The lattice £4 of clones on A

Maximal clones:

|A] = 2: E.L. Post

|A] = 3: S.V. Jablonski (1958)
|Al = 4: A.l. Mal'cev (< 1969)
|A| € N: I.G. Rosenberg (1970)
(of form Pol g;, i € 1)

, |A| infinite:  [.G. Rosenberg,
ol Q L. Heindorf, M. Goldstern, M.
Pinsker ...

Goldstern/Pinsker,
A survey of clones on infinite sets. 2007

La

minimal clones
J(A)
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The lattice L4 of

La

minimal clones
J(A)

Modifications Applications
000000000000 00000O00O000000000 00000000

clones on A

Maximal clones:

|A| =2: E.L. Post

|A] = 3: S.V. Jablonski (1958)

|Al = 4: A.l. Mal'cev (< 1969)
|A| € N: I.G. Rosenberg (1970)
(of form Pol g;, i € 1)

|A| infinite:  [.G. Rosenberg,
L. Heindorf, M. Goldstern, M.
Pinsker ...

Goldstern/Pinsker,
A survey of clones on infinite sets. 2007

submaximal clones: D. Lau
maximal clones C where

C N Sym(A) is maximal permu-
tation group in Sym(A):

P.P. Palfy (2007)
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The lattice £4 of clones on A

Minimal clones: complete de-
scription still open problem
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The lattice £4 of clones on A

Minimal clones: complete de-
scription still open problem

|A| = 2: E.L. Post (1920/41)
|A| = 3: B. Csakany (1983)
classification:  /.G. Rosenberg
(1983)
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The lattice £4 of clones on A

Minimal clones: complete de-
scription still open problem

|A| = 2: E.L. Post (1920/41)
|A| = 3: B. Csakany (1983)
classification:  /.G. Rosenberg
(1983)

further partial results: G. Czédli,
A. Szendrei, K. Kearnes, P.P.
Pélfy, L. Szabo, B. Szszepara, T.
Waldhauser, ...

essentially minimal clones: /.G.
Rosenberg, H. Machida, ...
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Ilvo Rosenberg's 1970 publication on maximal clones
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The third memorial intermission

vo Rosenberg (19342018
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lvo Rosenberg (Dec. 13, 1934 — Jan. 18, 2018)

Memorial session for Ivo Rosenberg at AAA95 in Bratislava,
March 2018
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lvo Rosenberg (Dec. 13, 1934 — Jan. 18, 2018)

Summerschool in Strbské Pleso 199
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lvo Rosenberg (Dec. 13, 1934 — Jan. 18, 2018)

Summerschool in Stara Lesna 2009
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lvo Rosenberg (Dec. 13, 1934 — Jan. 18, 2018)

Summerschool in Podlesi 2011
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Outline

Modifications of the Galois connection Pol — Inv
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What and how to modify?

(A) Restricting the operations and/or relations under consideration
but keeping the invariance relation “p is invariant for f".
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What and how to modify?

(A) Restricting the operations and/or relations under consideration
but keeping the invariance relation “p is invariant for f".

(B) Generalizing the operations (e.g. to partial operations or
multioperations) and/or relations with “canonically” modified
invariance relation.
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What and how to modify?

(A) Restricting the operations and/or relations under consideration
but keeping the invariance relation “p is invariant for f".

(B) Generalizing the operations (e.g. to partial operations or
multioperations) and/or relations with “canonically” modified
invariance relation.

(C) Considering “natural” closure operators on operations and/or
relations and trying to characterize the closed sets as Galois
closures of a suitable Galois connection.
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What and how to modify?

(A) Restricting the operations and/or relations under consideration
but keeping the invariance relation “p is invariant for f".

(B) Generalizing the operations (e.g. to partial operations or
multioperations) and/or relations with “canonically” modified
invariance relation.

(C) Considering “natural” closure operators on operations and/or
relations and trying to characterize the closed sets as Galois
closures of a suitable Galois connection.

(D) Modifying the preservation property “f > o".

TECHNISCHE
UNIVERSITAT
DRESDEN

Spindlerav Mlyn, Sept. 6, 2018 R. Pdschel, Clones and Galois connections (31/67)



Galois connections THE Galois connection Clone lattice Modifications Applications
00000000 000000000000 0000 0O@00000000000000000000000000 00000000

(A) Restrictions on operations and relations
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(A) Restrictions on operations and relations

Let E C Op(A) and R C Rel(A) be “interesting” subsets.
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(A) Restrictions on operations and relations

Let E C Op(A) and R C Rel(A) be “interesting” subsets.
Then EPol —RInv defined by

EPolQ := ENPol Q for Q C R,
RlnvF:= RN InvF for FC E

is a Galois connection (between B(R) and B(E)).
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(A) Restrictions on operations and relations

Let E C Op(A) and R C Rel(A) be “interesting” subsets.
Then EPol —RInv defined by

EPolQ := ENPol Q for Q C R,
RlnvF:= RN InvF for FC E

is a Galois connection (between B(R) and B(E)).
Assume E = Pol Qy, R = Inv Fy (for “nice” sets Qo, Fo) and, for
simplicity, A finite. Then:
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(A) Restrictions on operations and relations

Let E C Op(A) and R C Rel(A) be “interesting” subsets.
Then EPol —RInv defined by
EPolQ := ENPol Q for Q C R,
RiInvF:=RNInvF for FC E

is a Galois connection (between B(R) and B(E)).
Assume E = Pol Qy, R = Inv Fy (for “nice” sets Qo, Fo) and, for
simplicity, A finite. Then:

Theorem (Characterization of the Galois closures)
EPol RInv F = E N (Fo U F)op(a) for F C Op(A),
RInvEPol @ = RN [Qo U Q](3,1,=) for Q C Rel(A).
) INNERS
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The closure operator EPol RInv

The the closure operator
cls(e,ry(H) := EPol RInv H
(for HC E)
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The closure operator EPol RInv

Op(A)

The the closure operator
cls(e,ry(H) := EPol RInv H
(for HC E)

IS
C|S(E7R)(H) =EN (H V Pol R)

(A, V in the lattice L£a).

TECHNISCHE
UNIVERSITAT
DRESDEN

Spindlerav Mlyn, Sept. 6, 2018 R. Pdschel, Clones and Galois connections (34/67)



Galois connections THE Galois connection Clone lattice Modifications Applications
00000000 000000000000 0000 0000e00000000000000000000000 00000000

Restricting arities

E := Op™(A) or R := Rell™(A).
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Restricting arities

E := Op™(A) or R := Rell™(A).

A = (A, F) finite algebra.

TECHNISCHE
@ UNIVERSITAT
DRESDEN

Spindlerav Mlyn, Sept. 6, 2018 R. Pdschel, Clones and Galois connections (35/67)



Galois connections THE Galois connection Clone lattice Modifications Applications
00000000 000000000000 0000 0000e00000000000000000000000 00000000

Restricting arities

E := Op™(A) or R := Rell™(A).
A = (A, F) finite algebra.
Theorem (Characterization of the Galois closures)

e m-Loc F = PolInv{™ F (m-locally closed clones, clones with
m-interpolation property),
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Restricting arities

E := Op™(A) or R := Rell™(A).
A = (A, F) finite algebra.
Theorem (Characterization of the Galois closures)

e m-Loc F = PolInv{™ F (m-locally closed clones, clones with
m-interpolation property),

e m- LOC[Q]G,,\’:) — InvPol(™ @ (m-locally closed relational
clones).
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Restricting relations

Restricting relations to graphs g*® of operations g leads to the
Galois connection on operations induced by L: For f, g € Op(A)

flg (f commutes with g) <= g € Polf®* < f € Polg®.
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Restricting relations

Restricting relations to graphs g® of operations g leads to the
Galois connection on operations induced by L: For f, g € Op(A)

flg (f commutes with g) < g € Polf®* < f € Polg®.

4 4 4 g
X11 X12 e X1n @)
X21 X2 ... Xop o
f \Xm1i Xm2 .- Xmn o
f <o o ... 0o ) = L]
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Restricting relations

Restricting relations to graphs g*® of operations g leads to the
Galois connection on operations induced by L: For f, g € Op(A)

flg (f commutes with g) <= g € Polf®* < f € Polg®.

For F C Op(A)

centralizer  F*:={g € Op(A) |Vf € F: gLf}(=: Pol F),

bicentralizer ~ F** (= Pol Pol F) Galois closure of F.
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Restricting relations

Restricting relations to graphs g*® of operations g leads to the
Galois connection on operations induced by L: For f, g € Op(A)

flg (f commutes with g) <= g € Polf®* < f € Polg®.

For F C Op(A)

centralizer ~ F* :={g € Op(A) |Vf € F: gLf}(=: Pol F),
bicentralizer ~ F** (= Pol Pol F) Galois closure of F.

Theorem (Burris/Willard, [BurW1987])
There are only finitely many centralizer clones.
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Restricting relations

Restricting relations to graphs g*® of operations g leads to the
Galois connection on operations induced by L: For f, g € Op(A)

flg (f commutes with g) <= g € Polf®* < f € Polg®.

For F C Op(A)

centralizer ~ F* :={g € Op(A) |Vf € F: gLf}(=: Pol F),
bicentralizer ~ F** (= Pol Pol F) Galois closure of F.

Theorem (Burris/Willard, [BurW1987])
There are only finitely many centralizer clones.

|A| = 2: 25 centralizer clones
|A| = 3: 2986 centralizer clones [Dan1977](7) @Tscumscns

UNIVERSITAT
DRESDEN

Spindlerav Mlyn, Sept. 6, 2018 R. Pdschel, Clones and Galois connections (36/67)



Galois connections THE Galois connection Clone lattice Modifications Applications

00000000 000000000000 0000 000000800000 0000000000000000 VOOOOOOO

Arity bounds for centralizer clones

By the finiteness result [BurW1987], for any k € N, there must exist
a bound m € N such that every centralizer clone F on a k-element
set is determined by the set F("™) of its m-ary operations, i.e.

F = Pol Pol F(™).
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Arity bounds for centralizer clones

By the finiteness result [BurW1987], for any k € N, there must exist
a bound m € N such that every centralizer clone F on a k-element
set is determined by the set F("™) of its m-ary operations, i.e.

F = Pol Pol F(™).
Upper bound: m < kk*~K*+K* ([Burw1987], [P8]),
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Arity bounds for centralizer clones

By the finiteness result [BurW1987], for any k € N, there must exist
a bound m € N such that every centralizer clone F on a k-element
set is determined by the set F("™) of its m-ary operations, i.e.

F = Pol Pol F(™).

Upper bound: m < kk*~K*+K* ([Burw1987], [P8]),
improvement: m < k¥
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Galois connections THE Galois connection Clone lattice Modifications Application

Arity bounds for centralizer clones

By the finiteness result [BurW1987], for any k € N, there must exist
a bound m € N such that every centralizer clone F on a k-element
set is determined by the set F("™) of its m-ary operations, i.e.

F = Pol Pol F(™).

Upper bound: m < kk*~K*+K* ([Burw1987], [P8]),
improvement: m < k¥

Challenging conjecture: m = k
(or at least a polynomial upper bound)
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The Galois connections Aut — Maj and Aut — Spr

Keeping the relation f 1 g, further restrictions to permutations and
majority functions Maj (or semiprojections Spr, resp.)
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The Galois connections Aut — Maj and Aut — Spr
Keeping the relation f 1 g, further restrictions to permutations and
majority functions Maj (or semiprojections Spr, resp.)

Proposition (Behrisch/Ps Aug. 2018)
For G C Sym(A) we have:

4-Loc G C AutMaj G = AutSpr® G C 3-Loc G.
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The Galois connections Aut — Maj and Aut — Spr
Keeping the relation f 1 g, further restrictions to permutations and
majority functions Maj (or semiprojections Spr, resp.)

Proposition (Behrisch/Ps Aug. 2018)
For G C Sym(A) we have:

4-Loc G C AutMaj G = AutSpr® G C 3-Loc G.

here k-Loc G = Aut Inv(¥) G.
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The Galois connections Aut — Maj and Aut — Spr
Keeping the relation f 1 g, further restrictions to permutations and
majority functions Maj (or semiprojections Spr, resp.)

Proposition (Behrisch/Ps Aug. 2018)
For G C Sym(A) we have:

4-Loc G C AutMaj G = AutSpr® G C 3-Loc G.

here k-Loc G = Aut Inv(¥) G.

Proof: “C": The graph of a ternary function is a quaternary relation.
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The Galois connections Aut — Maj and Aut — Spr
Keeping the relation f 1 g, further restrictions to permutations and
majority functions Maj (or semiprojections Spr, resp.)

Proposition (Behrisch/Ps Aug. 2018)
For G C Sym(A) we have:

4-Loc G C AutMaj G = AutSpr® G C 3-LocG.

here k-Loc G = Aut Inv(¥) G.

Proof: “C": The graph of a ternary function is a quaternary relation.
“C": Encoding ternary irreflexive relations ¢ by majority operations
(semiprojections, resp.) f:
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The Galois connections Aut — Maj and Aut — Spr
Keeping the relation f 1 g, further restrictions to permutations and
majority functions Maj (or semiprojections Spr, resp.)

Proposition (Behrisch/Ps Aug. 2018)
For G C Sym(A) we have:

4-Loc G C AutMaj G = AutSpr® G C 3-LocG.

here k-Loc G = Aut Inv(¥) G.

Proof: “C": The graph of a ternary function is a quaternary relation.
“C": Encoding ternary irreflexive relations ¢ by majority operations
(semiprojections, resp.) f:
x if(x,y,z) €0
Fx,y,2) = y if(x,yjz)eAi-\e N

according to majority conditions,

resp. z, otherwise
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The Galois connections Aut — Maj and Aut — Spr
Keeping the relation f 1 g, further restrictions to permutations and
majority functions Maj (or semiprojections Spr, resp.)

Proposition (Behrisch/Ps Aug. 2018)
For G C Sym(A) we have:

4-Loc G C AutMaj G = AutSpr® G C 3-LocG.

here k-Loc G = Aut Inv(¥) G.

Proof: “C": The graph of a ternary function is a quaternary relation.
“C": Encoding ternary irreflexive relations ¢ by majority operations
(semiprojections, resp.) f:
x if(xy,2) €0 Then o Lf < oo,
if (x,y,z) € A3
f(X,y,Z): y ( 7.y-7 ) 75\9 .
according to majority conditions,

resp. z, otherwise
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The Galois connections Aut — Maj and Aut — Spr
Keeping the relation f 1 g, further restrictions to permutations and
majority functions Maj (or semiprojections Spr, resp.)

Proposition (Behrisch/Ps Aug. 2018)
For G C Sym(A) we have:

4-Loc G C AutMaj G = AutSpr® G C 3-LocG.

here k-Loc G = Aut Inv(¥) G.

Proof: “C": The graph of a ternary function is a quaternary relation.
“C": Encoding ternary irreflexive relations ¢ by majority operations
(semiprojections, resp.) f:

X if (x,y,z) €0 Then o Lf < o>y,

Flx,y,2) = y if (x,y,z) € Ai \ o which implies
e according to majority conditions, Aut Maj G( )
3
resp. z, otherwise C Autlnvi? 6.
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The Galois connections Aut — Maj and Aut — Spr
Keeping the relation f 1 g, further restrictions to permutations and
majority functions Maj (or semiprojections Spr, resp.)

Proposition (Behrisch/Ps Aug. 2018)
For G C Sym(A) we have:

4-Loc G C AutMaj G = AutSpr® G C 3-LocG.

here k-Loc G = AutInv¥) G.

Proof: “C": The graph of a ternary function is a quaternary relation.

“C": Encoding ternary irreflexive relations ¢ by majority operations
(semiprojections, resp.) f:

X if (x,y,z) €0 Then o Lf < o>y,
y if(xy,z)e Ao which implies

according to majority conditions, AutMajG
C Aut Inv® G.

flx.y,2) =

resp. z, otherwise

“=": For o € Sym(A) and f € Maj, g € Spr® with (0 BrutEss
f(x,y,z) = g(x,y,2) for (x,y,z) € AL we have o Lf < olg. O DRESDEN

$pindlerav Mlyn, Sept. 6, 2018 R. Pdschel, Clones and Galois connections (38/67)



Galois connections THE Galois connection Clone lattice Modifications Applications
00000000 000000000000 0000 000000008000 0000000000000000 00000000

Remark
In general, both inclusions can be strict.

4-Loc G CAutMaj G = Aut Spr(3) G C3-LocG.
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Remark
In general, both inclusions can be strict.
4-Loc G CAutMaj G = Aut Spr(3) G C3-LocG.

“right C": Let G < Sym(A) be a sharply 3-transitive but not 4-transitive
permutation group,
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Remark
In general, both inclusions can be strict.

4-Loc G CAutMaj G = Aut Spr(3) G C3-LocG.

“right C": Let G < Sym(A) be a sharply 3-transitive but not 4-transitive
permutation group,

e.g., PGL(2,5) acting on the 6-element set A of 1-dimensional subspaces of the
2-dimensional vector space over GF(5),
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Remark
In general, both inclusions can be strict.

4-Loc G CAutMaj G = Aut Spr(3) G C3-LocG.

“right C": Let G < Sym(A) be a sharply 3-transitive but not 4-transitive
permutation group,

e.g., PGL(2,5) acting on the 6-element set A of 1-dimensional subspaces of the
2-dimensional vector space over GF(5), thanks to Sven Reichard,
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Remark
In general, both inclusions can be strict.

4-Loc G CAutMaj G = Aut Spr(3) G C3-LocG.

“right C": Let G < Sym(A) be a sharply 3-transitive but not 4-transitive
permutation group,

e.g., PGL(2,5) acting on the 6-element set A of 1-dimensional subspaces of the
2-dimensional vector space over GF(5), thanks to Sven Reichard,

and let a® = {b € A* | 3g € G : a8 = b} be the orbit generated by a
quadrupel a = (a1, a2, a3, a4) € A‘; (with pairwise different components).
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Remark
In general, both inclusions can be strict.

4-Loc G CAutMaj G = Aut Spr(3) G C3-LocG.

“right C": Let G < Sym(A) be a sharply 3-transitive but not 4-transitive
permutation group,

e.g., PGL(2,5) acting on the 6-element set A of 1-dimensional subspaces of the
2-dimensional vector space over GF(5), thanks to Sven Reichard,

and let a® = {b € A* | 3g € G : a8 = b} be the orbit generated by a
quadrupel a = (a1, a2, a3, a4) € A‘; (with pairwise different components).
Define a majority operation f on A; via f(by, ba, b3) = by whenever

(b, by, b3, by) € a® (f is well-defined because G is sharply 3-transitive).
Clearly, f € Maj G.
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Remark
In general, both inclusions can be strict.

4-Loc G CAutMaj G = Aut Spr(3) G C3-LocG.

“right C": Let G < Sym(A) be a sharply 3-transitive but not 4-transitive
permutation group,

e.g., PGL(2,5) acting on the 6-element set A of 1-dimensional subspaces of the
2-dimensional vector space over GF(5), thanks to Sven Reichard,

and let a® = {b € A* | 3g € G : a8 = b} be the orbit generated by a
quadrupel a = (a1, a2, a3, a4) € A‘; (with pairwise different components).
Define a majority operation f on A; via f(by, ba, b3) = by whenever
(b, by, b3, by) € a® (f is well-defined because G is sharply 3-transitive).
Clearly, f € Maj G.

Inv® G is trivial (by 3-transitivity of G), thus AutInv® G = Sym(A),
but Aut Maj G C Aut{f} # Sym(A).
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Remark
In general, both inclusions can be strict.

4-Loc G CAutMaj G = Aut Spr(3) G C3-LocG.

“right C": Let G < Sym(A) be a sharply 3-transitive but not 4-transitive
permutation group,

e.g., PGL(2,5) acting on the 6-element set A of 1-dimensional subspaces of the
2-dimensional vector space over GF(5), thanks to Sven Reichard,

and let a® = {b € A* | 3g € G : a8 = b} be the orbit generated by a
quadrupel a = (a1, a2, a3, a4) € A‘; (with pairwise different components).
Define a majority operation f on A; via f(by, ba, b3) = by whenever
(b, by, b3, by) € a® (f is well-defined because G is sharply 3-transitive).
Clearly, f € Maj G.

Inv® G is trivial (by 3-transitivity of G), thus AutInv® G = Sym(A),
but Aut Maj G C Aut{f} # Sym(A).

“left C": Let G < Sym(A) be 3-transitive but not 4-transitive, such that
J(a, b,c) € Ain ¢ {a,b,c}: Gaped < Gape
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Remark
In general, both inclusions can be strict.

4-Loc G CAutMaj G = Aut Spr(3) G C3-LocG.

“right C": Let G < Sym(A) be a sharply 3-transitive but not 4-transitive
permutation group,
e.g., PGL(2,5) acting on the 6-element set A of 1-dimensional subspaces of the
2-dimensional vector space over GF(5), thanks to Sven Reichard,
and let a® = {b € A* | 3g € G : a8 = b} be the orbit generated by a
quadrupel a = (a1, a2, a3, a4) € A‘; (with pairwise different components).
Define a majority operation f on A; via f(by, ba, b3) = by whenever
(b, by, b3, by) € a® (f is well-defined because G is sharply 3-transitive).
Clearly, f € Maj G.
Inv® G is trivial (by 3-transitivity of G), thus AutInv® G = Sym(A),
but Aut Maj G C Aut{f} # Sym(A).
“left C": Let G < Sym(A) be 3-transitive but not 4-transitive, such that
J(a, b,c) € Ain ¢ {a,b,c}: Gaped < Gape

eg., G=PIrL(2,8), TECHNISCHE
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Remark
In general, both inclusions can be strict.

4-Loc G CAutMaj G = Aut Spr(3) G C3-LocG.

“right C": Let G < Sym(A) be a sharply 3-transitive but not 4-transitive

permutation group,

e.g., PGL(2,5) acting on the 6-element set A of 1-dimensional subspaces of the

2-dimensional vector space over GF(5), thanks to Sven Reichard,

and let a® = {b € A* | 3g € G : a8 = b} be the orbit generated by a

quadrupel a = (a1, a2, a3, a4) € A‘; (with pairwise different components).

Define a majority operation f on A; via f(by, ba, b3) = by whenever

(b, by, b3, by) € a® (f is well-defined because G is sharply 3-transitive).

Clearly, f € Maj G.

Inv® G is trivial (by 3-transitivity of G), thus AutInv® G = Sym(A),

but Aut Maj G C Aut{f} # Sym(A).

“left C": Let G < Sym(A) be 3-transitive but not 4-transitive, such that

J(a, b,c) € Ain ¢ {a,b,c}: Gaped < Gape

(e.g., G = PrL(2,8), thanks to Sven Reichard) @TECHNISCHE
N
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Remark

In general, both inclusions can be strict.
4-Loc G CAutMaj G = Aut Spr(3) G C3-LocG.

“right C": Let G < Sym(A) be a sharply 3-transitive but not 4-transitive

permutation group,

e.g., PGL(2,5) acting on the 6-element set A of 1-dimensional subspaces of the

2-dimensional vector space over GF(5), thanks to Sven Reichard,

and let a® = {b € A* | 3g € G : a8 = b} be the orbit generated by a

quadrupel a = (a1, a2, a3, a4) € A‘; (with pairwise different components).

Define a majority operation f on A; via f(by, ba, b3) = by whenever

(b, by, b3, by) € a® (f is well-defined because G is sharply 3-transitive).

Clearly, f € Maj G.

Inv® G is trivial (by 3-transitivity of G), thus AutInv® G = Sym(A),

but Aut Maj G C Aut{f} # Sym(A).

“left C": Let G < Sym(A) be 3-transitive but not 4-transitive, such that

J(a, b,c) € Ain ¢ {a,b,c}: Gaped < Gape

(e.g., G = PrL(2,8), thanks to Sven Reichard), then TECHNISCHE
UNIVERSITAT

Maj G C MajSym(A), thus AutInv® G G AutMaj G = Sym(A). @
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Further Galois connections by restricting to E and R

oa
E ®) Galois closure __References
Op(A) Rel(A) Polluv ¥ BodKKRG9a],
BodKKR69b],  [Gei68],
BakP75], [Rom76),
[Rom77a), [Rom77b),
[P6sK79), cf. 2.3, 2.5
concrete characterization problems
TnvPol Q (Gei68],  [BodKKR69a), 3 o
[BodKKRG9b],  [Sza78], E R Galois closure _ References
PasK7), [PésT9], Concrele characterization of Aut A
[P6s80a), cf. 2.3, 2.5 Op(4) Sym(4)* AutPol Q [(‘;6:2{)4}} (cf. [[Jfa,,ﬁ-;nz],
Generalization to infinitary relations or operations [AruS64), [S2a73, (Brers]
Pollv™ F [Ros72], [KraP76], [Pois1] =
concrete characterization of Aut.A for alge-
Tnv>*Pol Q [Ros79) . bras A with at most m-ary operations
Pol™ Inv™® [Kra76b), (KraP76], Op™(A) Sym(A)* Aut Pol(™ Plog], [Jon72, (2.4.1)),
I Pot* Q) [Poitl] ) m(4) e {Go,ﬂ;,] [ )
arity restrictions concrete characterization of Sub A
Op(4) Rel™ (4) Pollnv™ F [Gei68], [BakP75), Op(4) PB(A) SubPol Q [BirF48] (cf. [J6u72,
[Pés80a] (3.6.4)), [Gouts),
Inv(™ PolQ [Ros78] [GouT2b]
Op(4) Rel®)(4) PolSub P [Sch82, Thm. 1.6], [Pés80a) for unary algebras: [Jon72,
SubPolQ see below B TR (3-?-‘7)], E’JZ:I;SG;I
m " nerele characlerization of Con,
0p™(4) Rel(4) lavPol™ Q@ [Sza78), [Pis0a) Op(4) Eq(4) g:::Ple [Arm70)(partial  solu-
Tr(4) Rel(4) InvEndQ } [Kra38], [Kra50], tion), [J6n72, (44.1)],
EndIny F [Kra76a), (Kras6), [QuaW71], [Wer4],
[Gou6g], ' [BodKKR69a), Dra
[BodKKRGOL],  [P5s80al, Pol Con F for p-rings (4; F) [Isk72]
[B&r00) Concrele characterization of End
Sym(4) Rel(4) Inv Aut Q [Kra38],  [BodKKRG9a), Op(A) T(4)* EndPolQ [Lamo8), [GraL6g],
(stovAut@) | [BodKKRG9b), [GouT2a), (SauS77a], [Sto69], [Sto75),
wAutInv F [Ps80a), [Bor00) Jez2), [Sza78, Thm. 15]
Autslnv F Concrete characterization of
Sym(4) RI™(4) | Autl™ P [Wiet9) Op(4) | Sym(A)* UPB(A) | Aut.A & SubA  [Sto72], [GouT2b], cf. 35
restriction to (graphs of) operations only Sym(4)* UEq(A) | AutA & Con A [Wer74)(conjecture)  cf.
Op(4) Op(4)* Pol Pol F (Sza78, Thw. 13), [Faj77], [P6s80D], (for simple A
[Dan77)(for |4 = 3), (also [Schéd)), cf. 3.5
Kuznecov, cf. [Val76]) Op(A4)* USub(4) | End A &Sub A [SauS77b)(ct. [J6n74]))
Op(4) Te(4)* PolEnd F [SauS82], ([Reis2) implicit Op(4)*USub(4) | Ay A & SubA & Con A
ions) UEq(4
EndPol @ see below [Sza78), [Pds80al, cf. 3.5
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(B) Generalizing operations and/or relations with
“canonically” modified invariance relation
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(B) Generalizing operations and/or relations

Generalization to
e partial operations (f : B — A with B C A")
e power operations (multi-operations) (f : A — B(A))
e infinitary operations and/or relations [Ros1972]

e multisorted algebras A = (As)scs and relations [P6s1973]
e multisorted relation pairs (o, 0') = ((0s)ses, (0%)ses) and
minor closed classes (“clonoids”, "minions”, "preclones”)

[LehPW2018]
[ )
[ ]
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(C) Characterizing closures as Galois closures
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Minor closed classes of functions

f:A" — Ais a minor of g : A™ — A if there is a mapping
A:{l,...,m} — {1,...,n} such that

f(a1,---,an) = g(axa),- -+ ax(m))

(permuting/identifying variables, adding fictive variables)
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Minor closed classes of functions

f:A" — Ais a minor of g : A™ — A if there is a mapping
A:{l,....,m} — {1,...,n} such that

f(a1,---,an) = g(ara):---» ar(m))
(permuting/identifying variables, adding fictive variables)

Question: How to characterize the closure (F)me of F C Op(A)
under taking minors (minor closed classes (clonoids, minions)) as
Galois closure of a suitable Galois connection?
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Minor closed classes of functions

f:A" — Ais a minor of g : A™ — A if there is a mapping
A:{l,....,m} — {1,...,n} such that

f(a1,---,an) = g(ara):---» ar(m))
(permuting/identifying variables, adding fictive variables)

Question: How to characterize the closure (F)me of F C Op(A)

under taking minors (minor closed classes (clonoids, minions)) as

Galois closure of a suitable Galois connection?

Answer: Take the Galois connection mPol — minv of the context
(Op(A), Rel(A) x Rel(A),>) where

fo(0,0): < f(r,....,rm) €0 forr,....,r, €0
Q) INVERSiTAT
DRESDEN
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The Galois connection mPol — minv

f( ): @
folod): = f(I I .. Bm)= o

f(

€DED --

(@)
€0E9 - E9=E&D

N—
I
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The Galois connection mPol — minv

f( ): @
o0 f(I I I> :
f( )= @
- €9=ED

Theorem (Characterization of the Galois closures)

(FYme = mPolmlinv F for F C Op(A),
[Q]mec = mInvmPol Q for Q C Rel(A) x Rel(A).

[Pip2002] (N. Pippenger), [LehPW2018, Thm. 4.10]
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Logical operations

Let ¢(x1,...,Xm) be a first order formula containing quantifyers
and connectives from ® only (with relation symbols g1, ..., 0, and
free variables x1, ..., xm).
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Logical operations

Let ¢(x1,...,Xm) be a first order formula containing quantifyers
and connectives from ® only (with relation symbols g1, ..., 0, and

free variables x1, ..., xm).
corresponding logical operation € Lop,(®) on Rel(A):
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Galois connections THE Galois connection

Logical operations

Let ¢(x1,...,Xm) be a first order formula containing quantifyers
and connectives from ® only (with relation symbols g1, ..., 0, and

free variables x1, ..., xm).
corresponding logical operation € Lop,(®) on Rel(A):

Lo(o1,---50n) ={(a1,---,am) | E ¢(a1,.-.,am)}
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Logical operations

Let ¢(x1,...,Xm) be a first order formula containing quantifyers
and connectives from ® only (with relation symbols g1, ..., 0, and
free variables x1, ..., xm).

corresponding logical operation € Lop,(®) on Rel(A):
Lo(o1,---50n) ={(a1,---,am) | E ¢(a1,.-.,am)}
Example: 01002 ={(x,y) [3z:(x,2) € 01 A (2,y) € 02}
= Ly(o1,02) = {(x,y) € A’ | [= ¢(e1, 02 %, ¥)}

for the first order formula
p(o1,02:x,y) =3z 1 01(x,2) A 02(2,y)
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Logical operations

Let ¢(x1,...,Xm) be a first order formula containing quantifyers
and connectives from ® only (with relation symbols g1, ..., 0, and
free variables x1, ..., xm).

corresponding logical operation € Lop,(®) on Rel(A):
Lo(o1,---50n) ={(a1,---,am) | E ¢(a1,.-.,am)}

Example: o1 000 = {(x,y) [ 3z : (x,2) € 01 A (2,y) € 02}
= Ly(01,02) = {(x,y) € A’ | = ¢(o1, 02: %, ¥)}

for the first order formula
p(o1,00:x,y) =3z 01(x,2) N 02(2,y) € Lopa(3,A)
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Logical operations

Let ¢(x1,...,Xm) be a first order formula containing quantifyers
and connectives from ® only (with relation symbols g1, ..., 0, and
free variables x1, ..., xm).

corresponding logical operation € Lop,(®) on Rel(A):
Lo(o1,---50n) ={(a1,---,am) | E ¢(a1,.-.,am)}

Example: o1 000 = {(x,y) [ 3z : (x,2) € 01 A (2,y) € 02}
= Ly(01,02) = {(x,y) € A’ | = ¢(o1, 02: %, ¥)}

for the first order formula
p(o1,00:x,y) =3z 01(x,2) N 02(2,y) € Lopa(3,A)

Question: How to characterize closures under logical operations
Lop () (for particular ®) as Galois closures of a suitable Galo@ﬁcumscus

i TA
connection? NN ERSITAT
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Closures with logical operations

Galois connection

§pind|erﬂv Mlyn, Sept. 6, 2018

R. Pdschel, Clones and Galois connections (47/67)

LOpA(¢)_ Nota-
closure with . closed relational | closed  opera-
tion .
b= system tional system
| for finite base set A:
slnv — Aut
(1) | (3,A,V,—,=) | [Qlka | Krasner algebra | group of permu-
tations
Inv — End
2| &AVv,=) | [Qlwka | weak  Krasner | monoid of unary
algebra functions
Inv — Pol
(3) 3FA,=) [Q]ra | relational alge- | clone of finitary
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Inv — pPol
weak  system | down-closed
with identity clone of finitary

partial functions

Inv —

mPol

weak system of
relations

down-closed
clone of finitary
multifunctions

(37 /\7 \/7 _‘)

[Qlesp

slnv —sEnd (s

bmEnd, resp.)

BSP

Boolean system
with projections

Special monoid
of unary func-
tions

(down-closed

involuted mo-
noid of bitotal
multifunctions,@

resp.)

§pind|erﬂv Mlyn, Sept. 6, 2018
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Galois connection
LopA(d))_ i Nota- )
closure with . closed relational | closed opera-
tion .
b= system tional system
’ for finite base set A: ‘
slnv — spmEnd
(7)) | (A V,5,=) | [Q]esi | BSI down-closed in-
Boolean system | voluted monoid
with identity of pp-multifunc-
tions  (partial
permutations)
slnv —smEnd
(8) (A, V,) [Qlss | BS down-closed in-
Boolean system | voluted monoid
of unary multi-
functions
[BorPS2002] @
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(D) Modifying the preservation property
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Strong preservation
Modifying the Galois connection of the context (Sym(A), Rel(A),>):
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Strong preservation
Modifying the Galois connection of the context (Sym(A), Rel(A),>):
f € Sym(A) strongly preserves o € Rel(A):

f Dstrong 0 1 <= f > o and f 1o o.
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Strong preservation

Modifying the Galois connection of the context (Sym(A), Rel(A),>):
f € Sym(A) strongly preserves o € Rel(A):

f bstrong 01 <= f>pand f 1> o
The corresponding Galois connection (induced by Detrong):
sinv G := {0 € Rel(A) | Vf € G : f Psrong 0},
Aut @ := {f € Sym(A) | Yo € Q : f Bstrong 0}
G C Sym(A), Q C Rel(A).
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Strong preservation

Modifying the Galois connection of the context (Sym(A), Rel(A),>):
f € Sym(A) strongly preserves o € Rel(A):

f bstrong 01 <= f>pand f 1> o
The corresponding Galois connection (induced by Detrong):
sinv G := {0 € Rel(A) | Vf € G : f Psrong 0},
Aut @ := {f € Sym(A) | Yo € Q : f Bstrong 0}

G C Sym(A), Q C Rel(A).
Note that in general Aut Q # wAut Q = {f € Sym(A) |Vo € Q : f > o}
(but equality holds for finite A).
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Strong preservation
Modifying the Galois connection of the context (Sym(A), Rel(A),>):
f € Sym(A) strongly preserves o € Rel(A):
f Dstrong 0 1 <= f > o and f1po.

The corresponding Galois connection (induced by Detrong):

sinv G := {0 € Rel(A) | Vf € G : f Psrong 0},
Aut Q := {f S Sym(A) | Voe Q: f[>strong Q}~
G C Sym(A), Q C Rel(A).

Note that in general Aut Q # wAut Q = {f € Sym(A) |Vo € Q : f > o}
(but equality holds for finite A).

Theorem (Characterization of the Galois closures)
Loc(G)sym(a) = Autsinv G
[Q]kc = sInvAut Q
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Strong preservation
Modifying the Galois connection of the context (Sym(A), Rel(A),>):
f € Sym(A) strongly preserves o € Rel(A):
f Dstrong 0 1 <= f > o and f1po.

The corresponding Galois connection (induced by Detrong):

sinv G := {0 € Rel(A) | Vf € G : f Psrong 0},
Aut Q := {f S Sym(A) | Voe Q: f[>strong Q}~
G C Sym(A), Q C Rel(A).

Note that in general Aut Q # wAut Q = {f € Sym(A) |Vo € Q : f > o}
(but equality holds for finite A).

Theorem (Characterization of the Galois closures)
Loc(G)sym(a) = Autsinv G
[Qlkc = sInvAut Q = Inv Aut Q
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Strong preservation
Modifying the Galois connection of the context (Sym(A), Rel(A),>):
f € Sym(A) strongly preserves o € Rel(A):
f Dstrong 0 1 <= f > o and f1po.

The corresponding Galois connection (induced by Detrong):

sinv G := {0 € Rel(A) | Vf € G : f Psrong 0},
Aut Q := {f S Sym(A) | Voe Q: f[>strong Q}~
G C Sym(A), Q C Rel(A).

Note that in general Aut Q # wAut Q = {f € Sym(A) |Vo € Q : f > o}
(but equality holds for finite A).

Theorem (Characterization of the Galois closures)
Loc(G)sym(a) = Autsinv G
[Qlkc = sInvAut Q = Inv Aut Q
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The Galois connection e-Pol — e-Inv

induced by the relation f preserves ¢ at one place
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The Galois connection e-Pol — e-Inv

induced by the relation f preserves ¢ at one place

’function f e-preserves relation g‘:

f>e0

§pind|erﬁv Mlyn, Sept. 6, 2018

R. Pdschel, Clones and Galois connections (52/67)
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The Galois connection e-Pol — e-Inv

induced by the relation f preserves ¢ at one place

‘function f e-preserves relation g‘: fl>eQ

di: f(all--- al,,): (@)
f(321“' 32n): o)
f(aml"' amn): (@)
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The Galois connection e-Pol — e-Inv

induced by the relation f preserves ¢ at one place

‘function f e-preserves relation g‘: fl>eQ

di: f(all--- al,,): (@)
f(321“' 32n): o)
f(aml"' amn): (@)
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The Galois connection e-Pol — e-Inv

induced by the relation f preserves ¢ at one place

‘function f e-preserves relation g‘: fl>eQ

di: f(all--- al,,): (@)
f(321“' 32n): o)
f(aml"' amn)_

ﬁ’.
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The Galois connection e-Pol — e-Inv

induced by the relation f preserves ¢ at one place

‘function f e-preserves relation g‘: fl>eQ

di: f(all--- al,,): (@)
f(321“' 32n): o)
f(aml"' amn)_

ﬁ’.

ie., : f preserves g at i-th place
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The Galois connection e-Pol — e-Inv

induced by the relation f preserves ¢ at one place

‘function f e-preserves relation g‘: f[>eQ

di: f(all--- al,,): (@)
f(321-'- 32n): o)
f(aml"' amn)_

i’.
ie., : f preserves g at i-th place

e-InvF:={p€ Ra|Vf E€EF:frep}  e-invariant relations
e-PolQ:={f €0a|Voe Q:freo} e—po/ymorphisr@TECHNISCHE
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Connection between e-Pol and Pol
For o € R/S\m) let 0:= {0(n) | n € N1} where
omy =UL A" x...x x ... x Am e R{™

i-th place
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Connection between e-Pol and Pol
For o € R/S\m) let 0:= {o(n) | N € N4} where (cube term blocker)
oy = U AT X o o X x AT e RU™ (= (amyn (am o))

i-th place
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Connection between e-Pol and Pol
For o € R/S\m) let 0:= {o(n) | N € N4} where (cube term blocker)

no=Ur, AT x L x % .. x A™ e RO (Z (amymy (a7 o)
o(n) = Uiz 0 A (=(AT)"\(A"\ 0)")
i-th place

e.g., Q(2):{( dl,.--ydm bl,...,bm)|
(a1,...,am)€oor(by,...,bm) € o}
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Connection between e-Pol and Pol
For o € R/S\m) let 0:= {o(n) | N € N4} where (cube term blocker)

no=Ur, AT x L x % .. x A™ e RO (Z (amymy (a7 o)
o(n) = Uiz 0 A (=(AT)"\(A"\ 0)")
i-th place

eg., o2y =1{(a1,--,am, b1,...,bm) |
(a1,...,am)€oor(by,...,bm) € o}
Proposition (Characterization of e-Pol Q [Ros75], [P6s75])
Let f e O, o€ R\™, @ C Ra. Then
° freo <= FPon,
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Connection between e-Pol and Pol
For o € R/S\m) let 0:= {o(n) | N € N4} where (cube term blocker)
oy = U AT X o o X x AT e RU™ (= (amyn (am o))
i-th place
e.g., Q(2) :{( dl,.--ydm bl,...,bm ) |
(a1,...,am)€oor(by,...,bm) € o}
Proposition (Characterization of e-Pol Q [Ros75], [P6s75])
Let f e O, o€ R\™, @ C Ra. Then
o fl>eg < fl>Q(n),
e Polg = Polgy 2+ 2 Pol gy 2 Pol g(pny1) 2 - -+ 2 e-Pol g,
e Pol g = (12, Pol g(ny = e-Pol o,
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Connection between e-Pol and Pol
For o € R/S\m) let 0:= {o(n) | N € N4} where (cube term blocker)
oy = U AT X o o X x AT e RU™ (= (amyn (am o))
i-th place
e.g., Q(2) :{( dl,.--ydm bl,...,bm ) |
(a1,...,am)€oor(by,...,bm) € o}

Proposition (Characterization of e-Pol Q [Ros75], [P6s75])
Let f e O, o€ R\™, @ C Ra. Then
° freo <= FPon,
e Polg = Polgy 2+ 2 Pol gy 2 Pol g(pny1) 2 - -+ 2 e-Pol g,
e Pol g = (12, Pol g(ny = e-Pol o,
e e-Pol Q = Pol Q (where Q := {0 | 0 € Q}),

in particular it is a clone (e-clone). @lTJWErggIcT%;
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e-clones

F C Oa e-clone (Galois closed) if F = e-Pole-Inv F.

TECHNISCHE
@ UNIVERSITAT
DRESDEN

$pindlerav Mlyn, Sept. 6, 2018 R. Pdschel, Clones and Galois connections (54/67)



Galois connections THE Galois connection Clone lattice Modifications Applications
00000000 000000000000 0000 000000000000 00000O000000e0000 00000000

e-clones

F C Oa e-clone (Galois closed) if F = e-Pole-Inv F.

Which clones are e-clones?
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e-clones

F C Oa e-clone (Galois closed) if F = e-Pole-Inv F.
Which clones are e-clones?

Trivial observation:
Each clone of essentially unary operations is an e-clone.
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The 9 e-clones on a 2-element set

05 = Pol{) = e-Pol ()

Jo =PolR4 =e-Pol Ry TECHNISCHE
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Non-finitely related e-clones

If the descending chain
Pol 0= Pol Q(l) 22 Pol Q(n) 22 ﬂ Pol Q(n) = e—PoIg (*)
i=1

does not terminate, then e-Pol ¢ is non-finitely related.
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Non-finitely related e-clones

If the descending chain

Pol 0= Pol Q(l) 22 Pol Q(n) 22 ﬂ Pol Q(n) = e—PoIQ (*)
i=1

does not terminate, then e-Pol ¢ is non-finitely related.
Under which conditions this happens? Partial answer:
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Non-finitely related e-clones

If the descending chain

oo
Pol 0= Pol Q(l) 22 Pol Q(n) 22 ﬂ Pol Q(n) = e—PoIQ (*)
i=1
does not terminate, then e-Pol ¢ is non-finitely related.
Under which conditions this happens? Partial answer:
Proposition (P3s1975, Satz 15)

Let o € Rgl) be a nonempty proper subset of A. Then (*) is a
non-terminating chain. In particular, e-Pol ¢ is non-finitely related.
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Non-finitely related e-clones

If the descending chain

PO|Q = Pol Q(l) 22 Pol Q(n) 22 ﬂ Pol Q(n) = e—PoIQ (*)
i=1

does not terminate, then e-Pol ¢ is non-finitely related.
Under which conditions this happens? Partial answer:

Proposition (P3s1975, Satz 15)

Let o € Rgl) be a nonempty proper subset of A. Then (*) is a
non-terminating chain. In particular, e-Pol ¢ is non-finitely related.
Moreover, (*) is non-refinable.
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Some open problems for e-Pol — e-Inv

e Characterize relations ¢ € Rel(™(A) with non-finitely related
e-clone e-Pol p.
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Some open problems for e-Pol — e-Inv

e Characterize relations ¢ € Rel(™(A) with non-finitely related
e-clone e-Pol p.

e For finite A, are there finitely or infinitely many e-clones?
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Some open problems for e-Pol — e-Inv

e Characterize relations ¢ € Rel(™(A) with non-finitely related
e-clone e-Pol p.

e For finite A, are there finitely or infinitely many e-clones?

e Find an “inner” characterization of the Galois closures,
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Some open problems for e-Pol — e-Inv

e Characterize relations ¢ € Rel(™(A) with non-finitely related
e-clone e-Pol p.

e For finite A, are there finitely or infinitely many e-clones?

e Find an “inner” characterization of the Galois closures, i.e., of

e e-Pole-Inv F,
e e-Inve-Pol Q.
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Some open problems for e-Pol — e-Inv

Characterize relations ¢ € Rel(™(A) with non-finitely related
e-clone e-Pol p.

For finite A, are there finitely or infinitely many e-clones?

Find an “inner” characterization of the Galois closures, i.e., of
e e-Pole-Inv F,
e e-Inve-Pol Q.

Study analogously the other Galois connections introduced by
Ivo G. Rosenberg in his 1975 paper.

I.G. Rosenberg, Special types of universal algebras preserving a relation,

Portugaliae Mathematica 34(1975), 173 — 188.

(communicated as preprint in 1972) TECHNISCHE
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Outline

Some applications of THE Galois connection Pol — Inv
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Problem 1

Can one express exponentiation
f(x,y) :=x¥
as composition of addition and multiplication
gr(x,y)=x+y, glxy)=x-y
(va € N-l-)
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Answer to Problem 1
Problem: f € (gy,g) ?

Can one express exponentiation
flx,y) ="

as composition of addition and multiplication
e, y) =x+y, gly)=x-y

7

(x,y € Ny)
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Answer to Problem 1

Problem: f € (gy,g) ?
Can one express exponentiation AnSWer: NO,

flx,y) ="

as composition of addition and multiplication
e, y) =x+y, gly)=x-y

7

(x,y € Ny)
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Answer to Problem 1
Problem: f € (gy,g) ?

Can one express exponentiation AnSWer: NO,
Fxry) = Proof: Idea: Find o € Rel(A)
as composition of addition and multiplication SUCh that g+>0 8bo
but not f 1> p,
grloy)=xty, goy)=x-y because this would contradict
? to f € (g+,8)
(x,y €Ny) C PolInv{g+, g},

ie. f>Inv{gs, g}
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Answer to Problem 1
Problem: f € (gy,g) ?
Can one express exponentiation AnSWer: NO.
Fixry) = o Proof: Idea: Find o € Rel(A)
as composition of addition and multiplication SUCh that &+ >o, & > 0
but not f 1> p,
grloy)i=xty, gloy)i=x-y because this would contradict
? to f € (g+,8)
(x,y €Ny) C PolInv{g+, g},
ie. f>Inv{gs, g}
Take ¢ := {(x,x’) € N2 | 3 divides x — x"}
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Answer to Problem 1
Problem: f € (gy,g) ?

Can one express exponentiation AnSWer: NO,
Fxry) = Proof: Idea: Find o € Rel(A)
as composition of addition and multiplication SUCh that g+>0 8bo
but not f 1> p,
grloy)=xty, goy)=x-y because this would contradict
? to f € (g+,8)
(x,y €Ny) C PolInv{g+, g},

ie. f>Inv{gs, g}

Take ¢ := {(x,x’) € N2 | 3 divides x — x"}
o is invariant for g, g, but not for f:

— 04—
8-> B

S () @ TECHNISCHE
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Problem 3
Let

A:=1{0,1,2,3}
G :={e, g} :={(0),(03)(12)} < S4 (permutation group)
L:={6o,0,0",01} (lattice of equivalence relations on A)

0 0 1
0 0, 61 trivial equivalence relations
2 3
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Problem 3

Let
A:=1{0,1,2,3}
G :={e,g} :={(0),(03)(12)} < S4 (permutation group)
L :={6o,0,0",61} (lattice of equivalence relations on A)

0 0 1
o’ 0, 61 trivial equivalence relations
2 3

Does there exists an algebra
A= (AF)
such that
G = Aut A (automorphism group)
L = Con A (congruence lattice)
@55‘?&"&?%
? DRESDEN
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Clone lattice
0000

Modifications

Answer to Problem 3

00000000 000000000000
Problem 3
Let
A:={0,1,2,3}
G :={e, g} := {(0), (03)(12)} < Sy (permutation group)

Li={60,6,',6:} (lattice of equivalence relations on A)

0 0 1

0 80,6, trivial equivalence relations

2 3
Does there exists an algebra
A=(AF)
such that
G = Aut A (automorphism group)
L = Con A (congruence lattice)
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Problem 3 Problem:
A= 1{0.1,2,3} (*) JF : G = Aut F, L = Con F ?

G :={e, g} := {(0), (03)(12)} < Sy (permutation group)

L:={60,0,0',61} (lattice of equivalence relations on A) A nswer: N 0.

0 0 1

Anewer 10 the problems

0 80,6, trivial equivalence relations
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Does there exists an algebra
A=(AF)
such that
G = Aut A (automorphism group)
L = Con A (congruence lattice)
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Problem 3

A:={0,1,2,3}

G :={e, g} := {(0), (03)(12)} < Sy (permutation group)

L:={6,0.0',61} (lattice of equivalence relations on A)
0 g 1

0 80,6, trivial equivalence relations

2 3
Does there exists an algebra
A=(AF)
such that
G = Aut A (automorphism group)
L = Con A (congruence lattice)
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Problem 3

A:={0,1,2,3}

G :={e, g} := {(0), (03)(12)} < Sy (permutation group)

L:={6,0.0',61} (lattice of equivalence relations on A)
0 [ 1

6o, 6, trivial equivalence relations

2 3
Does there exists an algebra
A=(AF)
such that
G = Aut A (automorphism group)
L = Con A (congruence lattice)
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Problem:

(*)3IF: G=AutF, L=ConF?
Answer: No.

Proof:

= F>Q:={g*0,0}
w.l.o.g. F =Pol Q. Then

Inv F = Inv Pol Q =Thm. [Q]RA
and we get from (*):
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Answer to Problem 3

Problem 3

A:={0,1,2,3}

G :={e, g} := {(0), (03)(12)} < Sy (permutation group)

L:={p,0,0',61} (lattice of equivalence relations on A)
0 [ 1

6o, 6, trivial equivalence relations

2 3
Does there exists an algebra

(A,F)
such that
G = Aut A (automorphism group)

L = Con A (congruence lattice)

?

G* = (AutF)® =

Problem:

(*)3IF: G=AutF, L=ConF?
Answer: No.

Proof:

= F>Q:={g*0,0}
w.l.o.g. F =Pol Q. Then

Inv F = Inv Pol Q =Thm. [Q]RA
and we get from (*):

Sz\ Ninv F = 52 N [Q]R/_\
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L = Con F = Eq(A) NInv F = Eq(A) N [Q]ra
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Problem 3 Problem:
A= 1{0.1,2,3} (*) JF : G = Aut F, L = Con F ?

G :={e, g} := {(0), (03)(12)} < Sy (permutation group)

L:={60,0,0',61} (lattice of equivalence relations on A) Answer: N 0.

e 1 60,6, trivial equivalence relations PrOOf:
Doesthzereexistsan:;\gebra B F) (*) :> F l> Q = {g” 97 9,}
s that - w.l.o.g. F =Pol Q. Then

= Con ot iy Inv F = InvPol Q =7m. [Q]rA
! == and we get from (*):
G*® = (Aut F). = Sz\ Ninv F = 52 N [Q]R/_\
L= ConF = Eq(A)NinvF = Eq(A) N [Q]ra

in contradiction to 3h* € SAN[QJra 1 h & G
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Answer to Problem 3

Problem 3 Problem:
Let
A= 1{0.1,2,3} * JF : G =AutF, L= Con F ?
)
G :={e, g} := {(0), (03)(12)} < Sy (permutation group)
L:={60,0,0',61} (lattice of equivalence relations on A) Answer: N 0.
0 [ 1
0" .6y trivial equivalence relations PrOOf:
P /
Doestfereexzstsani\gebrj47<A h (*) = Fop Q = {g., 9, 0 }
s that ’ w.l.o.g. F =Pol Q. Then
G = Aut A (automorphism group)
L:Co:u‘(co:\gme:celajce)p Inv F = Inv Pol Q = Thm. [Q]RA
? OEE and we get from (*):

G* = (AutF)* =SanInvF = 53N [Q]ra
L = Con F = Eq(A) NinvF = Eq(A) N [Qlra ¢,
in contradiction to 3h* € SAN[Qlra: h & G 0 9’
namely h* :=L,(0,6, g°)
={(x,y) € A% | 3z : xbz A zg y A X0’y} g
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Problem 4

How to recognize whether

AutTy C Autl, (*)

for graphs ' = (V, E1), T = (V, E2) ?
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AutTy C Autl, (*)
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How to recognize whether

Autl{ C Autl, (*)

for graphs ' = (V, E1), T = (V, E2) ?

e.g.
& 2 1 2
8 3 8 3
7 4 7 4
6 5 6 5
. ? @Eﬁ?&"ééﬁﬁ
How to construct all graphs ', = (V/, E) satisfying (*) ! DRESDEN
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‘Answerwto Problem 4

Some problems THE Galsiz zonnection Pol  Iny Clancs a « of clones Complet

Problem 4

How to recognize whether

Autl; C Autl, *
for graphs [y = (V. E1). T2 = (V. E2) !
g
1 2 1
8 38 3
M= =0
7 (O 4

6 5 6 5
How to construct all graphs I = (V, E,) satisfying (*) 7 (0Bt

TECHNISCHE
@ UNIVERSITAT
DRESDEN

$pindlerav Mlyn, Sept. 6, 2018 R. Pdschel, Clones and Galois connections (65/67)



Galois connections THE Galois connection Clone lattice Modifications

Applications
00000000 000000000000 0000 000000000000 0000000O000000000 00000800
Answer to Problem 4
Problem 4
How to recognize whether
Autl; C Autl, *
for graphs [y = (V. E1). T2 = (V. E2) !
& 1 2 1
8 3 8 3
= =,
7 4 7 4
6 5 6 5
How to construct all graphs [y = (V, E,) satisfying (*) 7 bt
General answer:
Autl; = Aut E; C Aut E; = Autl
<— InvAut E; O InvAut
<~ [El]KA D) [E2]KA (by Theorem)
<= dfirst order formula p € (I, A,V, 7, =) : B> = L,(Er)
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Answer to Problem 4

Some problems THE Cal tion Pl iny Cl i e latics of cl i

Problem 4
How to ecogniz whether Concrete answer for example:
Autly C Autl, *) YES!

for graphs [y = (V. E;), 2 = (V, E2) ? g O i
eg. 1 2 1 2 E2 (El El) \ AV' I.€.

8 3 g 3 E2: LL,D(EI):{(X7y) | Jz:

= =N xE1z N\ zEry N\ —(x=y)}
7 4 7 4
6 5 6 5 Y
_ hving (1) 7 (0 SR

How to construct all graphs I = (V. Ey) satisfying (¥) e = Autl; C Autly

General answer:

Autl; = Aut E; C Aut E; = Autl

<— InvAut E; O InvAut
< [El]KA 2 [E2]KA (by Theorem)
<= dfirst order formula ¢ € (I, A, V,~,=) 1 B> = L,(Er)
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Problem 5
What can be said about the computational complexity of

Constraint Satisfaction Problems (CSP)
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Problem 5

What can be said about the computational complexity of

Constraint Satisfaction Problems (CSP)

I set of (finitary) relations on a domain D.
General (algebraic) definition of CSP:
CSP(T) := set of problems of the form
Does there exist a relational homomorphism

(V,x) = (DY)
(between relational systems of the same type) where X' C T 7
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Problem 5

What can be said about the computational complexity of

Constraint Satisfaction Problems (CSP)

I set of (finitary) relations on a domain D.
General (algebraic) definition of CSP:
CSP(T) := set of problems of the form

Does there exist a relational homomorphism
(V,£) = (D,Y))
(between relational systems of the same type) where X' C T 7

Special CSP:
GRAPH COLORABILITY, GRAPH ISOMORPHISM,
SATISFIABILITY (SAT) @55?&'2?5'&5
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Applications

Computational complexity of CSP (cf. Problem 5)

Theorem (P. Jeavons 1998). 1,2 C Rel(A) finite.

N ClnvPolly, =

Some problems THE Gales cons

T

Problem 5
What can be said about the computational complexity of
Constraint Satisfaction Problems (CSP)
I set of (finitary) relations on a domain D
General (algebraic) definition of CSP
CSP(I) = set of problems of the form

Does there exist a relational homomorphism
(V,x) - (D,Y)

0O000000e

CSP(I'1) can be reduced to CSP(I"2) in poly-

nomial time.

(between relational systems of the same type) where £’ C T ?

Special CSP:
GRAPH COLORABILITY, GRAPH ISOMORPHISM,
SATISFIABILITY (SAT)
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Computational complexity of CSP (cf. Problem 5)

Theorem (P. Jeavons 1998). 1,2 C Rel(A) finite.

CSP(I'1) can be reduced to CSP(I"2) in poly-
nomial time.

N ClnvPolly, =

Problem 5
What can be said about the computational complexity of

Constraint Satisfaction Problems (CSP) in pa I’ticu|ar
I set of (finitary) relations on a domain D

General (algebraic) definition of CSP COmpl(CSP(r)) == Compl(csp([r]RA))
COP(7) 1= set of problems of the form depends only on the clone PolT.

Does there exist a relational homomorphism

(V.T) = (D, Z’)

(et rlstondlsysem o e oty where T C 2 large ' <— small Pol T
Special CSP:

GRAPH COLORABILITY, GRAPH ISOMORPHISM,

SATISFIABILITY (SAT) TR
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