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Let A;,i € I, and B, j € J, be algebras of the same type and f a
homomorphism from [ A; to [ B;. For every k € J let p, denote

icl =
the projection from [] B; onto By and fi := p, o f. More
jed
generally, for any Jo C J we let py,: [[ Bj — ][] Bj be the

jeJ Jj€db
canonical projection map. It is evident that f = (f; : j € J). Hence,
the task of describing f is reduced to the task of describing the

homomorphisms f; from [] A; to By.
i€l
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In [3] the authors solve this problem for the case that the algebras
A; and B; are conservative median algebras and the index sets are
finite. More generally, [2] considers the case that the A; are median
algebras and the B; are tree-median algebras. It turns out that the
method developed in [2] and [3] can be further generalized to
lattices. Let us note that every distributive lattice is a median
algebra (but not conversely). We are even able to extend this result
to arbitrary lattices A; provided the B; are chains. For lattice
concepts used in the rest of the paper the reader is referred to the
monographs [1] and [5].
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We call a mapping f: [[ Ai — C essentially unary if there exists a
icl

io € | and a mapping g? Ai, — C with g o p;; = f. In this case we

say that “f depends only on the ip-th coordinate”, or that "f factors

through pj,".

From f = g o pj, it easily follows that g is a homomorphism if and

only if f is.

Ivan Chajda, Martin Goldstern and Helmut Linger A note on homomorphisms betweenproducts of algebras



Fraser-Horn property and HDI algebras

A class K of algebras has the Fraser-Horn property if there are no skew
congruences on any product A1 X Ax with Ay, Az € KC, or more explicity:

For all A1, Az € K, for every congruence 6 € Con(A; x Az)
there are congruences 61 € Con(A;), 02 € Con(Az) such that
0 =01 %0, ie 0={((x,x),(y1,y2)) | xub1y1, x202y2}.

The following lemma is known from [4].

Let K be a congruence distributive (CD) variety. Then KC has the Fraser-Horn
property.
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Fraser-Horn property and HDI algebras

For the rest of the paper we fix a variety K with the Fraser-Horn
property.
We call an algebra non-trivial if its universe contains at least two
elements.

We call an algebra A hereditarily directly irreducible (HDI) if every
subalgebra B < A is directly irreducible, i.e., is not isomorphic to a
direct product of two non-trivial factors.

Q The variety of lattices is congruence distributive.
Q A lattice is HDI if and only if it is a chain.
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Fraser-Horn property and HDI algebras

Let K be a variety with the Fraser-Horn property. If n is a positive
integer, A1, ..., A, are in K and C € K is HDI, then every
homomorphism f from Ay x --- x A, to C is essentially unary, i.e.,
factors through one of the projections p;.

If f: A1 x Ay — C is not constant, then there is at most one
i € {1,2} such that f factors through p;.
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Fraser-Horn property and HDI algebras
Theorem 3

If nis a positive integer, A1,...,A, € K, (Cj;je J)isa
non-empty family of HDI algebras in K, and f is a homomorphism
from Ay x --- x A, to [[ C; then there exists a mapping

Jjed
o:J—{1,...,n} and for every j € J a homomorphism g; from
A, to C;j such that

f(x1, -5 xn) = (gi(x0(j))iJ € J)
for all (x1,...,%p) € AL X -+ X Ap.

Corollary 1

If an algebra in K is isomorphic to a finite product of non-trivial
HDI algebras, then these factors are uniquely determined up to
order and isomorphisms.
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Fraser-Horn property and HDI algebras

We can generalize this to infinite direct products as follows. Recall
that an ultrafilter on a set / is a family U of subsets of / which is
upwards closed and also closed under intersections such that for all
Io C I exactly one of Iy, '\ Iy isin U. For any family (A;:i € [) of
sets and any ultrafilter U on | we define the equivalence relation
~y on H,-A,' by

(xiciel)~yWiziel) & {iel|x=y}el,

and we write [[; A;/U for the set of equivalence classes, the
“ultraproduct of the A; modulo U". The canonical map from []; A;
to []Ai/U is denoted by ky. If (Aj)ics is a family of algebras of
the same type, then the relation ~ is a congruence relation on the
product [[; A;.
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Fraser-Horn property and HDI algebras
Theorem 4

Let K be a variety with the Fraser-Horn property. Let | be a
non-empty set, and for each i € | let A; be an algebra in KC. Let C
be an HDI algebra in IC, and let h: [];c, A; — C be a
homomorphism which is not constant. Then there is a unique
ultrafilter U on | such that h factors through ry, i.e.,

There is a homomorphism h": [];c, Ai/~uy — C such
that h= h o ky.

In particular: If there is no i € | such that h factors through p;,
then U will be a non-principal ultrafilter.

Theorem 2 was used in the proof of Theorem 4, but we can also
view Theorem 2 as a special case of Theorem 4, as any ultrafilter
on a finite index set must be principal.
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Fraser-Horn property and HDI algebras

Theorem 4 is in some sense best possible, in the sense that
homomorphisms from an infinite product []; A; into an HDI
algebra will in general not factor through any single projection pj,
as the following example shows.

Example 1

Let U be an ultrafilter on the infinite index set I, and for each i € |
let A; be the 2-element lattice {0,1}. Then the ultraproduct

[I;c) Ai/U is again the 2-element lattice.

Identifying []; Aj with the power set lattice (P(I),U,N), the
canonical map ky: P(l) — {0,1} maps each element of U to 1
and everything else to 0. If U is a non-principal ultrafilter, then hy
does not factor through any projection.
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Fraser-Horn property and HDI algebras

This example can be generalized to any Fraser-Horn variety where
the class of HDI algebras is described by a set of first order
formulas: If []; A; is a product of algebras, and (h; : i € /) is a
family of homomorphisms h;: A; — C;, where each C; is HDI, then
the family (h; : i € I) naturally defines a homomorphism

h: H,-A,' — H,-C,'.

If U is an ultrafilter on /, then the algebra C :=[]; C;/U is again
HDI (as C satisfies all first order statements that are true in each
Ci). Let k5: I[;Ci = [1;Ci/U and ): T1; Ai — T1; Ai/U be
the canonical maps. Then the map h := /{LC/ oh: [[,Ai=C
trivially factors through «7}, i.e., there is ': []; A;/U — C with
h="Ho /{f‘/. By the uniqueness claim in Theorem 4, we see that U
is the set of all M C [ such that h factors through pps. So if U is
non-principal, then h does not factor through any p;.
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Fraser-Horn property and HDI algebras
Fact 5

Let A be a lattice. Then the following are equivalent:
@ There is a non-constant homomorphism from A into a chain.

@ There is a non-constant homomorphism from A into the
2-element chain.

@ The lattice A has a prime ideal.

The following corollary can be seen as a weak version of Theorem 2.

Corollary 2

The class of lattices without a prime ideal is closed under finite
direct products.

The following example shows that even this weak version cannot be
generalized to infinite products, not even if all factors are equal.
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Fraser-Horn property and HDI algebras

Example 2

(a) There are non-trivial lattices M such that no (finite or infinite)
direct power of M has a prime ideal.

(b) On the other hand, there are lattices A without a prime ideal
such that any infinite direct power A! will contain a prime

ideal.
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Fraser-Horn property and HDI algebras

The end!

Thanks for your attention!!
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