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Regular languages

e A ... fixed finite set (alphabet, elements of A are called letters)

e monoid (M,-,;1) ... aset M with an associative binary
operation - and a neutral element 1

@ A* ... free monoid over A, with the operation of
concatenation; elements of A* are called words

e L C A* ... language over A

@ regular language ... language which can be created from
languages of the form () and {a}, where a € A, by means of
finite number of applications of the following operations:

e concatenation: K-L={x-y|xe K,y e L}
o iteration: L* =J°2, L" (submonoid of A* generated by L)
@ union.

@ The set of all regular languages is closed also under
complementation (and hence also under intersection).
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Quotienting lattices of regular languages

@ lattice of regular languages - a set of regular languages
containing (), A* and closed under supremum U (union) and
infimum N (intersection)

o left/ right quotient of a language L C A* by a word u € A*:

vl ={xe A |uxel}, lut={xc A" |xuel}

L = A*aA*bA* where a,be A
o a 1L =LUA*bA* = A*bA*

o blL=1L

o Quotienting lattice of regular languages is a lattice of regular
languages closed under left and right quotients (by every
word).
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Polynomial closure

Polynomial closure Pol(C) of a set of regular languages C is a set of
regular languages which are finite unions of languages of the form

Loaily...anl, where a; € A, L; € C.

Concatenation hierarchies of regular languages:

Co ... a given quotienting lattice of regular languages
Cn+1/2 = PO/(C,,) = PO/({LC ’ Le Cn—l/Z})
Cnt1 = B(Cpy1/2) ... Boolean closure of the level n+1/2

(closure under union and complementation)

o Co :={A*,0}
® Cy/p = Pol(Cp) ... finite unions of languages of the form

A*a1A* ... a,A" where a; € A

@ How to decide whether a given regular language belongs to
Pol(C) for a given C?
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Let's learn about some tools for an algebraic
description of the polynomial closure.
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Metric d: A* x A" — Ry

@ Two words u, v € A* are "close" w.r.t. d iff for distinguishing
them by a homomorphism ¢: A* — M there's needed a "big"
(finite) monoid M.

e We denote by A* a completion of a metric monoid (A*, d).

o A* still forms a monoid, with an operation of concatenation
continuously extended from A*.

@ Two pseudowords u,v € A* are "close iff for distinguishing
them by a continuous homomorphism ¢: A* — M there's
needed a "big" (finite) monoid M.

For an arbitrary pseudoword x € A* we define x¥ := limp_oox™ .

@ For every continuous homomomorphism ¢: A* — M to a finite
monoid M: ¢(x¥) = @(lim, o x™) = lim, 00 (x)™ ...
the unique idempotent power of ¢(x)
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Preorder <, on A*

@ For a regular language L and pseudowords u, v € A* the
relation
u SL v

means that the following property is satisfied:

Vp,ge A*: wepllg! = vepllg L

@ The relation ~; C A* x A* defined by
u~v & u< vandv <, u

is a congruence of finite index.

e M = A*/ ~ ... syntactic monoid of L, equipped with
a partial order induced by <;

computable algorithmically
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An equational description of the polynomial closure

Theorem (Branco, Pin, 2009)

Let C be a quotienting lattice of regular languages, K a regular
language. Then K belongs to Pol(C) if and only if x* <y x“yx“
for all x,y € A* such that x =¢ x> <c y.

@ For a quotienting lattice of regular languages C:
u<cv & VLeC:u< v
& VLeCVp,ge A uepllg! = vepllg?
& VlieC: wvel = vel

eu=cv & u<cvandv<cu
@ For the decidability of Po/(C) it suffices to be able to compute
the set of pairs

CIK]={(S5, T) e Mk x Mk | S=5%3xc S,y e T: x<cy}



Connection to the separability of regular languages

e For the decidability of Po/(C) it suffices to be able to compute
the set of pairs

CIKI={(S,T) e Mk x Mk | S =5%3x€S,Iy e T: x<cy}

For u € A* denote [ul~ ={v EA"| v~k u}

Proposition (connection of Theorems by Branco, Pin, 2009 and

Place, Zeitoun, 2018)

Let C be a quotienting lattice of regular languages, K a regular
language, x,y € A* pseudowords. Then the two following
conditions are equivalent:

QO x<cy

QVLeC: [x]wxCL = [yloxNL#D

@ The condition 2 says that the language [x]~, is not
C-separable from the language [y]~,. (Place, Zeitoun)
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Computation of C[K]

CIK]={(S,T) e Mk x Mk | S=5%3x€S,3yeT: x<cy}

Proposition
Let C be a quotienting lattice of regular languages, K a regular
language, x,y € A* pseudowords. Then the two following
conditions are equivalent:

QO x<cy

QVLeC: [x]oxCL = [ylox,NLAD

e For given S, T € M, and a given regular language L we can
check if the conditions S C L and T N L # () are satisfied.

@ So for a finite quotienting lattice of regular languages C we
can compute C[K].
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Example - Computation of Cy 5[K]

Co = {Q)v A*}
C1j = Pol(Co) ... finite unions of languages of the form
A*a1A*ar A" ... a,A* where a,...,a, €A

quotienting lattice of regular languages
Stratification: Cy/, = U2, Cf/2
C{‘/Z ... a (quotienting) lattice of regular languages generated by
languages of the form

A*a1 AT A* ... ap,AY  wheren<k,a,...,a, €A

The lattice C{‘/z is finite for every k € N.

Proposition

Let K be a regular language. Then Cy5[K] = CW;'[K].
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Work in progress - Computation of C35[K]

C3/2 = Pol({L° | L€ Cy5}) ... finite unions of languages of the
form

ByaiBia:B5 ...anB, where aj € A,Bi C A (Arfi, 1991)

C32 = Uiy é(/z where C3/2 are certain finite quotienting lattices
defined by terms of logic FO[<] on words (Place, Zeitoun)

Theorem (Place, Zeitoun, 2017)

Let K be a regular language. Then C3/5[K] = 3/2[K] for
k=18 |Mk]|? - 21Mkl.

C32 = Uiy Cé(/z where Cé(/z is a lattice of regular languages
generated by languages of the form

BjaiBia:B; ...a,B;, wheren<k,a; € A;BiCA
Ccx 3/2 1 finite for every k € N (even C3/2 C C3/2)

GOAL: Find k (as small as possible) such that C35[K] = 3/2[K]



Thank you for your attention.
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