On minimality of generating sets of aggregation
clones

Radomir Hala$, Zbynék Kura¢, Jozef Pocs

v

Palacky University
Olomouc

SSAOS 2018, Spindlertiv Mlyn, Czech Republic
6th September 2018

R. Halag, Z. Kurag, J. Pécs On min. of gen. sets of agg. clones 6.9.2018 1/23



Contents

1. Generating of an aggregation clone
2. Properties of functions y and ®
3. The forms of a generating set

R. Halag, Z. Kurag, J. Pécs On min. of gen. sets of agg. clones 6.9.2018 2/23



1. Generating of an aggregation clone
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Aggregation function

Let (L, <) be a finite lattice and k € N. A mapping A : L* — L is called a
k-ary aggregation function on lattice L, if it is non-decreasing, i.e., for any
x,y € L'

x <y = Alx) < Aly)
and it fulfills boundary conditions

A(0,...,00=0 and A(l,...,1)=1.

1,1) 1
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Aggregation clone

Definition

Let O, be a set of all (finitary) operations defined on a set A. Then
subset C C O is called a clone on A if it contains all projection
operations on A and is closed under the composition of functions.

e all aggregation functions form a clone ( aggregation clone AGG 4 )

O
y AGG 4
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The generating set of an aggregation clone using
functions x and &

Let L be a finite lattice. Then functions v, : L — L and , : L?> — L for

all a € L are defined as follows

1 ;x=1Ly=1

o _J 1 ;x>ax#0 ()
Xa(X) = { 0 ;otherwise, ¥@ay=4q 0 jx= O,y.— b
a ; otherwise.

e the number of functions is 2n + 2 for n-element lattice L
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The generating set of an aggregation clone using
functions x and &

Let L be a finite lattice. Then the aggregation clone AGG| on L is generated
by the lattice operations \/, /\ and by functions \,, <, a € L.

e LetA:L[¥ — Lbean aggregation function on lattice L. Then

k
A =\ | N\ xa(x) A @A(a) X;
acLt \i€/a i=1
where x = (x1,...,x¢), a= (a1,...,a),
LY =L\ {(0,...,0),(1,.... D}, Ja= {1 <i<k|a #0},
k

D, % =1 Ba@) 22 Baa) - Da) W
i=1

R. Halag, Z. Kurag, J. Pécs On min. of gen. sets of agg. clones 6.9.2018 7/23



2. Properties of functions y and @
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Properties of functions @

Lemma

Let L be a finite lattice. Then the equalities are valid:
) x@oy =x1(x) Axa(y),
i) x®1y = x0(x) V x0(y)-
Moreover:
i) x@ox = x1(%),
ii) x @1 x = xo(x).

Let L be a finite lattice. Then the following equalities are valid for all a,b € L:
) x@ay) AN (XxBpy) =xBanb ¥,
ii) (x@uy) V(X BpY) =xBavp V-
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Properties of functions @

Proposition

Let L be a finite lattice and let I1; be a minimal generating set of lattice L.
Denote

G:{Xa|a6L}U{@b|beHL\{O,1}}U{\/,/\}.

Then the set G, = G \ {®.} does not generate the aggregation clone AGGy,
forany c € Hy \ {0,1}.

L

Hj,
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Properties of functions x

Lemma

Let L be an n-element lattice, n > 4. Then for any a, b, c € L such that
a,b#1,a £ b, c # 0 we have

i) xo(x) = xc (x ®c x),

i) x1(x) = xa (x p x),
iii) xo(x) = Xxa(x) if a is a unique atom of L.

Let L be a finite lattice. Then for any ay, . .. ,a, € L we have
D) Xay (X) A+ A Xa, (X) = Xayv...vay (%),

i) Xay (%) V.-V Xa, (X) = Xayn...na, (X) = x0(X) assuming aq, . . . ,ap are
just all the atoms of L.
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Properties of atomary functions x

e An atom o = X, ... an atomary function

0 0
— —~

® Xoy () V.o VX (¥) VootV Xa, () = x0(¥), x> XA (X ©Dq, X)

4

Let L be a finite lattice with atoms au, . . . , o. Then all atomary functions x .,
can be generated according to the following formula:

Xau(2) = x0(% A (£ @0 %))
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3. The forms of a generating set
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The cardinality of generating sets

°* Xu (x) VANPIAN Xa, (x) = XaV...va, (x) = |1 ... join-irreducible elements of L
Xag (X) VooV Xay (¥) = Xaun...Aay (X) = Atp ... atoms of L

e Duality:
Ua, (x) V...V Ha, (x) = HaiA...Aap (x) = M ... meet-irreducible elements of L
Py (X) A oo A g, (X) = oy, v, (X) = CoAtyp . .. coatoms of L

(X @ay) N (xSpy) =X Danp Y

(x @a ) V (X By y) = X Davp } = Hj ... agenerating set of lattice L

Let L be a finite lattice with q atoms and r coatoms. Let Hy, C L be a set of
minimal cardinality generating the lattice L. Let G C O4 be a set of minimal
cardinality generating the aggregation clone AGGy. Then

|G| < min (|Jr| — g, |[M¢| —7) + [Hz| + 2.
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The cardinality of (x,®)-generating sets

1 2 3 4
1
d 1 1
G ; d
a

a b a b a c
0 0 0 0

G1 = {Xp> Xes Xd} U {®ua, By, Do, ®a} U{V, A} ... greatest cardinality
Ga = {Xe, Xd} U {®a, ®p, B¢, ®a} U {V, A}

Gs = {Xe, Xd} U {®4s, ®p, ®c, ®a} U {V, A}

Gy = {xa} U {®u, Dp, De, @4} U {V, A}
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The cardinality of (x,®)-generating sets

5 6 1 11

7 8 9 0
1 1 1 1
© d d d d 1 1
c 2 b d d 1
b ©
2 a b a b a‘ 54%

0 0 0 0 0 0 0
® GS = {Xb} U {@ﬂv @Cv®d} U {\/7 /\}
° Gé = {Xﬂ'} U {@a, @57 @d} u {\/’ /\}
o Gy = {XL‘} U {@ﬂv@h@C} u {V7 /\}
o Gg= {Xd} U {@Hv ®b7@d} U {\/7/\}
o Gy = {Do, Da, By, Bc} U {V, A}

L4 GlO = {@a,@b, @c,@l} U {\/,/\}
e G = {@u,@b, @c,@d} U {\/,/\}

v
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The cardinality of (x,®)-generating sets

12 13 14 15
1 1 1
b d c d ¢
c
a a b a (]
0 0 0
G = {Xd} U {@b, @c} U {V, /\} . . . smallest cardinality
Gi3 = {@l” De, @d} U {V, /\} . . . smallest cardinality

Gu = {@m Dp, @C} U {\/, /\} . . . smallest cardinality
Gis = {@m Py, @c} U {\/, /\} . . . smallest cardinality
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The greatest cardinality of a (x,®)-generating set

Let n > 4 be a positive integer and L be n-element lattice. Let o € L be an
atom of lattice L. Consider the set

G:{Xb|beL\{O,a,l}}U{@c|ceL\{0,1}}U{\/,/\}.

Then the lattice L is a chain if and only if the set G is a minimal
(x, ®)-generating set of the aggregation clone AGG.

e |G|=2n-3

on:2 G:{va/\}
en=3 ... G={®y, Dy, D1} U{V,A}
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A generating set of an aggregation clone on an
atomary lattice

Definition

Let L be a lattice. Let J; be the set of join-irreducible elements of L and

Aty be the set of atoms of L. Then L is called an atomary lattice if
JL = At

Proposition

Let L be a finite atomary lattice. Let Hy, be a minimal generating set of lattice
L. Then the set {&®y, | b € Hp} U {V, A} is a minimal (x,®)-generating set of
the aggregation clone AGGy.
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The smallest cardinality of a (x,®)-generating set

Hypothesis

Let L be an n-element atomary (resp. coatomary) lattice such that for another
n-element atomary (resp. coatomary) lattice M we have

|HL’ < ’HM‘?

where Hy, and Hy; are sets of minimal cardinality generating lattices L and
M, respectively. Then the sets G, and Gy of minimal cardinality generating
aggregation clones AGGy and AGG ) fulfill

G| < |Gum-

° ’GL’ — |HL‘ + 2 n-element

.H Atomary
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Example

0

o G = {xn Xk} U {&a, Bc, &, Bn, Bi, B, Bp } U {V, A}
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Thank you for your attention
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