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Introduction

We shall study the notion of strong endomorphism property defined by
Blyth and Silva in 2004. Let A be a universal algebra, f : A — A be an
endomorphism, © € Con(A) be a congruence on A. f is compatible with
© if a=b(0©) = f(a) = f(b)(O).
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Introduction

We shall study the notion of strong endomorphism property defined by
Blyth and Silva in 2004. Let A be a universal algebra, f : A — A be an
endomorphism, © € Con(A) be a congruence on A. f is compatible with
© if a=b(0©) = f(a) = f(b)(O).

Endomorphism f is strong (congruence preserving) (on A), if it is
compatible with every congruence © € Con(A).

Definition

An algebra A has the strong endomorphism kernel property (=SEKP) if
and only if every congruence relation on A different from the universal
congruence (4 is the kernel of a strong endomorphism on A.
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Introduction

Blyth and Silva considered the case of Ockham algebras and in particular
of MS-algebras. They proved e.g. that

@ a finite Boolean algebra has SEKP if and only if it is 2 element BA,

@ a finite bounded distributive lattice possesses SEKP if and only if it is
trivial or a 2 element chain and

@ they provided full characterization of MS-algebras having SEKP.

Blyth, J. Fang and Wang in 2013 proved a full characterization of finite
distributive double p-algebras and finite double Stone algebras having
SEKP.
SEKP for distributive p-algebras and Stone algebras has been also studied
and fully characterized by G. Fang and J. Fang in 2013.
J. Fang and Sun fully characterized semilattices with SEKP in 2013.
J. Guri¢an and M. Plos¢ica gave full characterization of unbounded
distributive lattices with SEKP in 2016. We shall use this characterization
in this talk.
The main approach in papers most of mentioned papers is done by using
the duality theory of H. Priestley.
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Introduction

Unbounded distributive lattices (UDL) with SEKP are fully described by
the following theorem

Theorem

UDL L has SEKP if and only if L is locally finite and there exists ¢ € L
such that for every x € (¢ T Uc }) \ {c} intervals [x, c] (if x < c) and
[c, x] (if x > c) are (finite) Boolean.

We shall call elements ¢ from the characterization above boolean elements
of L. There can be many boolean elements in a given UDL L.

The main purpose of this talk is to describe the structure of boolean
elements of the UDL’s with SEKP.
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Preliminaries

We shall summarize most importat properties of Priestley spaces of
unbounded distributive lattices with SEKP. Let us start with one property
of the order relation C of Spec(L) - the set of all prime ideals of L,
including () and L.

As we are considering only unbounded distributive lattices, we shall omit
the “UDL" in the next part of the talk .

Lemma

If L has SEKP, then X = Spec(L) \ {0, L} is a disjoint union of three
antichains Ag U A1 U Ay, where Ay = {a € X;(3b € X)(a< b)}

( “bottom” elements), Ax = {b € X;(3a € X)(a < b)} (“top” elements)
and Ay = X \ (A1 U A) ( “incomparable” elements).

We shall keep the notation Ap, A1, Az in the talk.
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Preliminaries

Here are most important topological properties of Priestey spaces of L (we
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Preliminaries

Here are most important topological properties of Priestey spaces of L (we
shall use the notation O(D(L))) with SEKP.

Lemma

Let L be any distributive lattice. Let L have SEKP, P € Spec(L),
P +#0,P # L. Then P is a discrete point in the topology .

Using this lemma we see, that for any subset U of Spec(L) the closure U
is a subset of U U {0, L}, it means that for a downset U € O(D(L)) we
have that U C U U {L}.

Therefore for A € O(D(L)) and U C Spec(L) we have that
ANU=AnNU. It means that for L with SEKP we can ommit a word
“closed” in the description of the congruence 8y on O(D(L)), which is a
set of pairs (A, B) such that AN U = BN U for clopen downsets A, B.
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Preliminaries

Lemma

Let L have SEKP. Then for every A € O(D(L)) the sets AN Ay and A1 \ A
are finite.

UDL with SEKP as direct sums SSAOS 2018 9 /21



Preliminaries

Lemma

Let L have SEKP. Then for every A € O(D(L)) the sets AN Ay and A1 \ A
are finite.

v

Lemma
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Preliminaries

Lemma

Let L have SEKP. Then for every A € O(D(L)) the sets AN Ay and A1 \ A
are finite.

v

Lemma

Let L have SEKP. Then there exists clopen down set C € O(D(L)) such
that Ay C C and C N Ay = (). Moreover, for any such C and for

A € O(D(L)) such that A C C the interval [A, C] of O(D(L)) is (finite)
Boolean and also for A € O(D(L)) such that C C A the interval [C, A] of
O(D(L)) is (finite) Boolean.

The element C € O(D(L)) with this property can be obtained from any
A€ O(D(L))as C=AU(A1\ A)\ (AN Az) and in O(D(L)) corresponds
to a boolean element of L, we shall also call it a boolean element.
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Decomposition

Every boolean element (its O(D(L)) “form™”) is therefore uniquely
determined by its intersection with the set Ag.
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Decomposition

Every boolean element (its O(D(L)) “form™”) is therefore uniquely
determined by its intersection with the set Ag.

Here is the first information on the structure of boolean elements of L

Lemma

Let L be a distributive lattice with SEKP. Then the set of all boolean
elements form a convex sublattice of L.

Next lemma can be used to describe the structure of the sublattice of
boolean elements

Lemma

Let L be a lattice with SEKP. Let B, C € O(D(L)). Denote By = B N Ao,
Co = CNAg. Then sets B, C and also By, Cy differ only in a finite number
of elements (i.e. the symmetrical differences BAC and ByACy are finite).
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Decomposition

Let us take one boolean element C of O(D(L)) (it means a clopen set
such that A; C C and C N A; is empty). We know that by adding or by
removing finitely many elements of Ag to (or from) C we obtain a boolean

element.
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If the intersection C N Ay is finite, we can (and shall) use C = A; U {0}, if
the intersection C N Ag is cofinite, we shall use C = A; U Ag U {0}.
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Decomposition

Let us take one boolean element C of O(D(L)) (it means a clopen set
such that A; C C and C N A; is empty). We know that by adding or by
removing finitely many elements of Ag to (or from) C we obtain a boolean
element.

If the intersection C N Ay is finite, we can (and shall) use C = A; U {0}, if
the intersection C N Ag is cofinite, we shall use C = A; U Ag U {0}.

So, in interesting cases we have that C N Ag is infinite and also its
complement in Ag is infinite.
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Decomposition

Large boolean elements

Now we are going to “separate” boolean elements larger than C.
Let L be a lattice with SEKP. Let C € O(D(L)) be a boolean element of
O(D(L)). Let us consider congruences ac, Sc on O(D(L)) given by

(A,B)Eac & Aﬂ(CUAz)IBﬁ(CUAz)
(A,B) € Bc  AN(A\C)=Bn(4\ C)

it means that a¢c = Gm and B¢ = GW'
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Decomposition

Large boolean elements

Now we are going to “separate” boolean elements larger than C.

Let L be a lattice with SEKP. Let C € O(D(L)) be a boolean element of

O(D(L)). Let us consider congruences ac, Sc on O(D(L)) given by
(A,B) coc <& Aﬂ(CUAz) = Bﬁ(CUAz)
(A,B)efc & AN(A\C)=Bn(A\C)

it means that a¢c = Gm and B¢ = GW'
Lemma

For congruences a.c, B¢ on O(D(L)) defined above we have
Q@ ac/NPc=0
Q@ acofc=1
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Decomposition

Therefore L is isomorphic to O(D(L))/ac x O(D(L))/Bc¢ and one can
prove that

O(D(L))/ac ={AN(A2UC);Ac O(D(L))}
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Decomposition

Therefore L is isomorphic to O(D(L))/ac x O(D(L))/Bc¢ and one can
prove that

O(D(L))/ac ={AN(A2UC);Ac O(D(L))}

and
O(D(L))/Bc = {(AN (A \ C))UC;Ae O(D(L))}

Clearly, AN (Ao \ C) C (AN Ap)A(C N Ag), which is finite. Moreover, by
the fact that all elements of Ag are discrete, any finite subset of Ap \ C is
of the form AN (Ag \ C) for appropriate A € O(D(L)). Therefore
O(D(L))/Bc is isomorphic to the lattice of all finite subsets of Ap \ C
which is isomorphic to the direct sum ¥£({0,1};/ € Ag \ C) with
distinguished elements O.
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Decomposition

Small boolean elements

Now we are going to decompose the first part, i.e. O(D(L))/ac. It means
that we shall work with a lattice L such that there is the boolean element
C € O(D(L)) with C = A; U Ay U {0}.

Using congruences v¢, d¢ on O(D(L)) given by

(A,B)E"}/C = Am(A]_UAQ):Bm(A]_UAQ)
(A,B)Géc =2 AﬂAo):BﬂAo)

we again have

Lemma
o ’yc/\(SC:O
Q Ycodc=1
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Decomposition

Therefore L is isomorphic to O(D(L))/v¢c x O(D(L))/é¢ and one can
prove that

O(D(L))/vc = {AN (AL U A) U{0}; Ac O(D(L))}
and
O(D(L))/6c = {(ANAo) UALU{0}; A€ O(D(L))}

We know that AN Ap is a cofinite set in Ag. Moreover, by the fact that all
elements of Ag are discrete, any cofinite subset of Ag is of the form AN Ag
for appropriate A € O(D(L)). Therefore O(D(L))/dc is isomorphic to the
lattice of all cofinite subsets of Ay which is isomorphic to the direct sum

Y ({0,1}; i € Ap) with distinguished elements 1.
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Decomposition

Therefore L is isomorphic to O(D(L))/v¢c x O(D(L))/é¢ and one can
prove that

O(D(L))/ve ={AN(ALUA) U {0}; A€ O(D(L))}

and
O(D(L))/dc 2 {(ANA)) UA; U{D}; Ae O(D(L))}

We know that AN Ap is a cofinite set in Ag. Moreover, by the fact that all
elements of Ag are discrete, any cofinite subset of Ag is of the form AN Ag
for appropriate A € O(D(L)). Therefore O(D(L))/dc is isomorphic to the
lattice of all cofinite subsets of Ay which is isomorphic to the direct sum

Y ({0,1}; i € Ap) with distinguished elements 1. It is also clear that
{(ANA)) UALU{0}; Ae O(D(L))} are all boolean elements of O(D(L))
(we must keep in mind that O(D(L)) is such that C = A; UAqU {0} is a
boolean element).
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Combining these result we can see that original lattice L with SEKP can
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where

@ A is the lattice with SEKP having exactly one boolean element, there
are no incomparable elements in Spec A, i.e. Ag is empty
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where

@ A is the lattice with SEKP having exactly one boolean element, there
are no incomparable elements in Spec A, i.e. Ag is empty

e B is the direct sum X({0,1};/ € X) with distinguished elements 1 for

some set X
o Cis the direct sum X({0,1};i € Y') with distinguished elements 0 for
some set Y
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Decomposition

Combining these result we can see that original lattice L with SEKP can
be written as a direct product

L=2AxBxC
where

@ A is the lattice with SEKP having exactly one boolean element, there
are no incomparable elements in Spec A, i.e. Ag is empty

e B is the direct sum X({0,1};/ € X) with distinguished elements 1 for
some set X

o Cis the direct sum X({0,1};i € Y') with distinguished elements 0 for
some set Y

Also, B x C is isomorphic to the subalgebra of all boolean elements of L
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Decomposition

Thank you for the attention.

| would like to thank the organizers for organizing this beautiful conference.
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