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The latties MON and SEM

We onsider monoids as algebras of type (2,0).

The olletion of all monoid varieties forms a lattie under lass-theoretial

inlusion. This lattie is denoted by MON.

The lattie MON is embedded in the lattie SEM of all semigroup varieties.

The lattie SEM is studied sine the �rst half of 1960s. There are about 250

artiles on this subjet. Among them, there are several surveys.The last survey

is the following

L.N. Shevrin, B.M. Vernikov and M.V. Volkov, Latties of semigroup varieties,

Russ. Math. Izv. VUZ, 53, No. 3 (2009), 1�28.
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The lattie of monoid varieties (artiles published untill 2018)

There are many artiles on the monoid varieties. But the most of them are

devoted to an examination of identities in monoids.

What about the lattie of monoid varieties?

Until this year, only 3 artiles have been published that is devoted to this topi

ompletely or in essential degree:

T.J. Head, The varieties of ommutative monoids, Nieuw Arh. Wiskunde.

III Ser., 16 (1968), 203�206.

The lattie of ommutative monoid varieties is ompletely desribed.

S.L. Wismath, The lattie of varieties and pseudovarieties of band

monoids, Semigroup Forum, 33 (1986), 187�198.

The lattie of idempotent monoid varieties is ompletely desribed.

Gy. Poll�ak, Some latties of varieties ontaining elements without over,

Quad. Ri. Si., 109 (1981), 91�96.

An example of a monoid variety without overs in the lattie of all monoid

varieties is given.
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The lattie of monoid varieties (artiles published untill 2018)

Several artiles, devoted prinipally to an examination of identities of monoids,

ontain some intermediate results about latties of varieties. For instane:

M. Jakson, Finiteness properties of varieties and the restrition to �nite

algebras, Semigroup Forum, 70 (2005), 154�187.

E.W.H. Lee, Varieties generated by 2-testable monoids, Studia Si. Math.

Hungar. 49 (2012), 366�389.

E.W.H. Lee, Inherently non-�nitely generated varieties of aperiodi

monoids with entral idempotents, Notes of Sienti� Seminars of the

St. Petersburg Branh of the Math. Institute of the Russ. Aad. of Si.

423 (2014), 166�182.
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The lattie of monoid varieties (the artiles appeared in 2018)

In 2018, several artiles are appeared that ontain interesting results about the

lattie MON. They are:

S.V Gusev, On the lattie of overommutative varieties of monoids, Russ.

Math. Izv. VUZ, 62, No. 5 (2018), 23�26.

It is proved that the lattie MON does not satisfy any non-trivial identity.

Analog for SEM: S.Burris and E.Nelson, 1971.

S.V. Gusev, Speial elements of the lattie of monoid varieties, Algebra

Universalis, 79 (2018), Artile 29.

Neutral and ostandard elements of the lattie MON are ompletely

desribed.

Analog for SEM: M.V. Volkov, 2005 (neutral elements); B.M. Vernikov,

2011 (ostandard elements).

S.V. Gusev, B.M. Vernikov, Chain varieties of monoids,

https://arxiv.org/abs/1707.05530.

The monoid varieties whose subvariety latties are hain are ompletely

desribed.

Analog for SEM: E.V. Sukhanov, 1982.

M. Jakson, E.W.H. Lee, Monoid varieties with extreme properties, Trans.

Amer. Math. So., 370 (2018), 4785�4812.

An example of two monoid varieties is given suh that the subvariety

latties of both the varieties are �nite, while the subvariety lattie of their

join does not satisfy the asending hain ondition.
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The asending and desending hain onditions

M. Jakson, E.W.H. Lee, Monoid varieties with extreme properties, Trans.

Amer. Math. So., 370 (2018), 4785�4812.

An example of two monoid varieties is given suh that the subvariety latties of

both the varieties are �nite, while the subvariety lattie of their join does not

satisfy the asending hain ondition.

Analog for SEM: none.

The following two questions still remain open:

Does the join of two semigroup varieties with the asending hain ondition for

subvarieties satisfy this ondition for subvarieties?

Does a over of a semigroup variety with the asending hain ondition for

subvarieties satisfy this ondition for subvarieties?

This onerns the asending hain ondition.

What about the desending hain ondition?

Two semigroup varieties U and V with the desending hain ondition for

subvarieties was found by Mark Sapir suh that the join U ∨ V does not satisfy

this ondition for subvarieties and overs U.

M.Sapir, On ross semigroup varieties and related questions, Semigroup Forum,

42 (1991), 345�364.
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The desending hain ondition

Two semigroup varieties U and V with the desending hain ondition for

subvarieties was found by Mark Sapir suh that the join U ∨ V does not satisfy

this ondition for subvarieties and overs U.

M.Sapir, On ross semigroup varieties and related questions, Semigroup Forum,

42 (1991), 345�364.

This onerns the desending hain ondition in the lattie SEM.

As for the lattie MON then the following two questions were remain open so

far:

1. Are there monoid varieties U and V with the desending hain ondition

for subvarieties suh that the join U ∨ V does not satisfy the same

ondition for subvarieties?

2. Are there monoid varieties U and V suh that U satis�es the desending

hain ondition for subvarieties and V overs U but does not satisfy the

same ondition for subvarieties?

We give an a�rmative answer to these two questions!
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The main result

Put

X = var{x2yz ≈ xyxzx ≈ yzx
2

, xzxyty ≈ xzyxty , xyzxy ≈ yxzxy , xzytxy ≈ xzytyx},

Y = var{x2yz ≈ xyxzx ≈ yzx
2

, xzxyty ≈ xzyxty , xyzxty ≈ yxzxty}.

The subvariety lattie of X is the 6-element hain (Jakson, 2005).

The subvariety lattie of Y is the 7-element hain (Gusev and Vernikov, 2018).
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, xy ≈ yx
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2 ≈ x

3

, xy ≈ yx

x
3

y ≈ xyx ≈ yx
2

x
2

yz ≈ xyxzx ≈ yzx
2

, xzxyty ≈ xzyxty , xyzxty ≈ yxzxty , xzytxy ≈ xzytyx

X

←−
X

Y

X ∨
←−
X

X ∨ Y
←−
X � the variety dual to X
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The main result

Theorem

The variety X ∨ Y overs the variety Y, while the subvariety lattie of X ∨ Y
does not satisfy the desending hain ondition.

So, the lass of monoid varieties whose subvariety latties satisfy the

desending hain ondition is not losed with respet to the join of the varieties

and to overings.

Also the lass of monoid varieties with �nite subvariety lattie is not losed

with respet to overings.
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Thank you very muh!

Thank you very muh!
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