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1. Generating of an aggregation clone
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Aggregation function

Definition
Let (L,≤) be a finite lattice and k ∈ N. A mapping A : Lk → L is called a
k-ary aggregation function on lattice L, if it is non-decreasing, i.e., for any
x,y ∈ Ln:

x ≤ y⇒ A(x) ≤ A(y)

and it fulfills boundary conditions

A(0, . . . , 0) = 0 and A(1, . . . , 1) = 1.
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Aggregation clone

Definition
Let OA be a set of all (finitary) operations defined on a set A. Then
subset C ⊆ OA is called a clone on A if it contains all projection
operations on A and is closed under the composition of functions.

• all aggregation functions form a clone ( aggregation clone AGGA )
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The generating set of an aggregation clone using
functions χ and ⊕

Definition
Let L be a finite lattice. Then functions χa : L→ L and ⊕a : L2 → L for
all a ∈ L are defined as follows

χa(x) =
{

1 ; x ≥ a, x 6= 0
0 ; otherwise,

x⊕a y =


1 ; x = 1, y = 1
0 ; x = 0, y = 0
a ; otherwise.

• the number of functions is 2n + 2 for n-element lattice L
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The generating set of an aggregation clone using
functions χ and ⊕

Theorem
Let L be a finite lattice. Then the aggregation clone AGGL on L is generated
by the lattice operations ∨, ∧ and by functions χa, ⊕a, a ∈ L.

• Let A : Lk → L be an aggregation function on lattice L. Then

A(x) =
∨

a∈Lk
∗

∧
i∈Ja

χai(xi) ∧
k⊕

A(a)
i=1

xi


where x = (x1, . . . , xk), a = (a1, . . . , ak),

Lk
∗ = Lk \ {(0, . . . , 0), (1, . . . , 1)}, Ja = {1 ≤ i ≤ k | ai 6= 0},
k⊕

A(a)
i=1

xi = x1 ⊕A(a) x2 ⊕A(a) . . . ⊕A(a) xk.
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2. Properties of functions χ and ⊕
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Properties of functions ⊕

Lemma
Let L be a finite lattice. Then the equalities are valid:

i) x⊕0 y = χ1(x) ∧ χ1(y),
ii) x⊕1 y = χ0(x) ∨ χ0(y).

Moreover:
i) x⊕0 x = χ1(x),

ii) x⊕1 x = χ0(x).

Lemma
Let L be a finite lattice. Then the following equalities are valid for all a, b ∈ L:

i) (x⊕a y) ∧ (x⊕b y) = x⊕a∧b y,
ii) (x⊕a y) ∨ (x⊕b y) = x⊕a∨b y.
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Properties of functions ⊕

Proposition
Let L be a finite lattice and let HL be a minimal generating set of lattice L.
Denote

G =
{
χa | a ∈ L

}
∪
{
⊕b | b ∈ HL \ {0, 1}

}
∪
{
∨,∧

}
.

Then the set Gc = G \ {⊕c} does not generate the aggregation clone AGGL
for any c ∈ HL \ {0, 1}.
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Properties of functions χ

Lemma
Let L be an n-element lattice, n ≥ 4. Then for any a, b, c ∈ L such that
a, b 6= 1, a � b, c 6= 0 we have

i) χ0(x) = χc (x⊕c x),
ii) χ1(x) = χa (x⊕b x),

iii) χ0(x) = χα(x) if α is a unique atom of L.

Lemma
Let L be a finite lattice. Then for any a1, . . . , ap ∈ L we have

i) χa1(x) ∧ . . . ∧ χap(x) = χa1∨...∨ap(x),
ii) χa1(x) ∨ . . . ∨ χap(x) = χa1∧...∧ap(x) = χ0(x) assuming a1, . . . , ap are

just all the atoms of L.
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Properties of atomary functions χ

• An atom α⇒ χα . . . an atomary function

•
0︷ ︸︸ ︷

χα1(x)∨ . . . ∨ χαi(x) ∨ . . . ∨
0︷ ︸︸ ︷

χαq(x) = χ0(x), x 7→ x ∧ (x⊕αi x)︸ ︷︷ ︸
⇓

Lemma
Let L be a finite lattice with atoms α1, . . . , αq. Then all atomary functions χαi

can be generated according to the following formula:

χαi(x) = χ0

(
x ∧ (x⊕αi x)

)
.
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3. The forms of a generating set
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The cardinality of generating sets

• χa1(x) ∧ . . . ∧ χap(x) = χa1∨...∨ap(x)⇒ JL . . . join-irreducible elements of L

χα1(x) ∨ . . . ∨ χαq(x) = χα1∧...∧αq(x)⇒ AtL . . . atoms of L

• Duality:
µa1(x) ∨ . . . ∨ µap(x) = µa1∧...∧ap(x)⇒ML . . . meet-irreducible elements of L

µω1(x) ∧ . . . ∧ µωr(x) = µω1∨...∨ωr(x)⇒ CoAtL . . . coatoms of L

• (x⊕a y) ∧ (x⊕b y) = x⊕a∧b y
(x⊕a y) ∨ (x⊕b y) = x⊕a∨b y

}
⇒ HL . . . a generating set of lattice L

Theorem
Let L be a finite lattice with q atoms and r coatoms. Let HL ⊂ L be a set of
minimal cardinality generating the lattice L. Let G ⊂ OA be a set of minimal
cardinality generating the aggregation clone AGGL. Then

|G| ≤ min
(
|JL| − q, |ML| − r

)
+ |HL|+ 2.

R. Halaš, Z. Kurač, J. Pócs On min. of gen. sets of agg. clones 6. 9. 2018 14 / 23



The cardinality of (χ,⊕)-generating sets

Example

• G1 = {χb, χc, χd} ∪ {⊕a,⊕b,⊕c,⊕d} ∪ {∨,∧} . . . greatest cardinality

• G2 = {χc, χd} ∪ {⊕a,⊕b,⊕c,⊕d} ∪ {∨,∧}
• G3 = {χc, χd} ∪ {⊕a,⊕b,⊕c,⊕d} ∪ {∨,∧}
• G4 = {χd} ∪ {⊕a,⊕b,⊕c,⊕d} ∪ {∨,∧}
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The cardinality of (χ,⊕)-generating sets

Example

• G5 = {χb} ∪ {⊕a,⊕c,⊕d} ∪ {∨,∧}
• G6 = {χd} ∪ {⊕a,⊕c,⊕d} ∪ {∨,∧}
• G7 = {χc} ∪ {⊕a,⊕b,⊕c} ∪ {∨,∧}
• G8 = {χd} ∪ {⊕a,⊕b,⊕d} ∪ {∨,∧}
• G9 = {⊕0,⊕a,⊕b,⊕c} ∪ {∨,∧}
• G10 = {⊕a,⊕b,⊕c,⊕1} ∪ {∨,∧}
• G11 = {⊕a,⊕b,⊕c,⊕d} ∪ {∨,∧}
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The cardinality of (χ,⊕)-generating sets

Example

• G12 = {χd} ∪ {⊕b,⊕c} ∪ {∨,∧} . . . smallest cardinality

• G13 = {⊕b,⊕c,⊕d} ∪ {∨,∧} . . . smallest cardinality

• G14 = {⊕a,⊕b,⊕c} ∪ {∨,∧} . . . smallest cardinality

• G15 = {⊕a,⊕b,⊕c} ∪ {∨,∧} . . . smallest cardinality
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The greatest cardinality of a (χ,⊕)-generating set

Proposition
Let n ≥ 4 be a positive integer and L be n-element lattice. Let α ∈ L be an
atom of lattice L. Consider the set

G =
{
χb | b ∈ L \ {0, α, 1}

}
∪
{
⊕c | c ∈ L \ {0, 1}

}
∪
{
∨,∧

}
.

Then the lattice L is a chain if and only if the set G is a minimal
(χ,⊕)-generating set of the aggregation clone AGGL.

• |G| = 2n− 3

• n = 2 . . . G = {∨,∧}
• n = 3 . . . G = {⊕0,⊕a,⊕1} ∪ {∨,∧}
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A generating set of an aggregation clone on an
atomary lattice

Definition
Let L be a lattice. Let JL be the set of join-irreducible elements of L and
AtL be the set of atoms of L. Then L is called an atomary lattice if
JL = AtL.

Proposition
Let L be a finite atomary lattice. Let HL be a minimal generating set of lattice
L. Then the set {⊕b | b ∈ HL} ∪ {∨,∧} is a minimal (χ,⊕)-generating set of
the aggregation clone AGGL.
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The smallest cardinality of a (χ,⊕)-generating set

Hypothesis
Let L be an n-element atomary (resp. coatomary) lattice such that for another
n-element atomary (resp. coatomary) lattice M we have

|HL| ≤ |HM|,

where HL and HM are sets of minimal cardinality generating lattices L and
M, respectively. Then the sets GL and GM of minimal cardinality generating
aggregation clones AGGL and AGGM fulfill

|GL| ≤ |GM|.

• |GL| = |HL|+ 2
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Example

• G = {χn, χk} ∪
{
⊕a,⊕c,⊕f ,⊕h,⊕i,⊕m,⊕p

}
∪ {∨,∧}
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Thank you for your attention
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