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Introduction

Let £ be a finite lattice. The least element of £ will be denoted by 0. For
each i € L let D(i) be the lower set generated by i, i.e.

D(i)={jeL;j<i}.

Suppose that M is a finitely generated Z[X]-module whose generators will
be denoted by &;,i € L. For each i € L let ; be an element of M given by

s = H;- &

for some H; € Z[X]. By N we shall denote the submodule of M generated
by all the elements ;.
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For each lower set D C L we define the following submodules:

Let Mp be the submodule of M generated by &; for all i € D. Let Np be
the submodule of N generated by s¢; for all i € D. We further assume that
the elements &; and ¢ satisfy the following relations:

For each i € L there is a polynomial F; € Z[X] such that

F,' K€ ND(i)\{i} and F,' . f,‘ c MD(,)\{,}

Theorem
Suppose that all the polynomials F; are monic. We shall further assume
that for each i € L we have

rankZI\/ID(,-) = rankZI\/lD(,-)\{,-} + deg F;,
rankZND(,-) = rankZND(,-)\{,-} + deg F;.

It follows that ranky M = ranky; N and

[M: N =T T|ZIX1/ (Fi, Hi)| = [ [|Res (Fi, Hi) .

iel i€l
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Auxilliary result

Proposition

Let F, G € Z[X] be polynomials which have no common root in C and
suppose that F is monic. Then we have

|2[X]/(F, G)| = [Res (F, G)|.
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Auxilliary result
Proposition

Let F, G € Z[X] be polynomials which have no common root in C and
suppose that F is monic. Then we have

|2[X]/(F, G)| = [Res (F, G)|.

Proof: At first, let us suppose that G is also monic, so we can write
F(X)=X"4+a X"+ +a,1X + a,

and
GX)=X"+ b X™ 4o by 1 X + by,

where a; and b; are integers.
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Let F, G € Z[X] be polynomials which have no common root in C and
suppose that F is monic. Then we have

|2[X]/(F, G)| = [Res (F, G)|.

Proof: At first, let us suppose that G is also monic, so we can write
F(X)=X"4+a X"+ +a,1X + a,

and
GX)=X"+ b X™ 4o by 1 X + by,

where a; and b; are integers. Then we have
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Auxilliary result
Proposition

Let F, G € Z[X] be polynomials which have no common root in C and
suppose that F is monic. Then we have

|2[X]/(F, G)| = [Res (F, G)|.

Proof: At first, let us suppose that G is also monic, so we can write
F(X)=X"4+a X"+ +a,1X + a,

and
GX)=X"+ b X™ 4o by 1 X + by,

where a; and b; are integers. Then we have
ZIX)/(F, 6) = ZIX/(F- C) /(F 6)/(F - G).
Let X be the class of Z[X]/(F - G) containing X. Clearly Z[X]/(F - G) is

—n+m—

a free Z-module with a basis 1, X,..., X
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Every element of the ideal (F, G) can be uniquely expressed in the form
u-F+v-G+w-F-G
with u, v, w € Z[X] satisfying deg u < deg G and degv < deg F.
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Every element of the ideal (F, G) can be uniquely expressed in the form
u-F+v-G+w-F-G
with u, v, w € Z[X] satisfying deg u < deg G and degv < deg F. Hence
FX), XF(X),..., X" 'FX), 6(X), XG6(X),...,. X" " 6(X)

is a Z-basis for (F, G)/(F - G). Thus the index
[Z[X]/(F - G): (F,G)/(F - G)] is finite and it is equal to the absolute
value of the following determinant

1 o - 0 1 0 0
al 1 0 b1 1 0
a  a 0 b b 0

1 1
dp dp-1 - bm  bm-1
0 an O bm
. . . dp—1 . bm—l
0o 0 --- a, 0 0 - b,
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Every element of the ideal (F, G) can be uniquely expressed in the form
u-F+v-G+w-F-G
with u, v, w € Z[X] satisfying deg u < deg G and degv < deg F. Hence
FX), XF(X),..., X" 'FX), 6(X), XG6(X),...,. X" " 6(X)

is a Z-basis for (F, G)/(F - G). Thus the index
[Z[X]/(F - G): (F,G)/(F - G)] is finite and it is equal to the absolute
value of the following determinant

1 o - 0 1 0 0
a1 0 b 1 0
an al 0 bz b1 0
1 : 1
: = Res(F, G).
an an-1 - : bm  bm-1
0 an O bm
. . . dp—1 . bm—l
0 0 S a 0 0 bum
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We shall suppose now that G is not monic.
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We shall suppose now that G is not monic. We take the following
polynomial
H=X%eCt . F 4 G e 7[X].

Clearly H is monic and we have (F, G) = (F, H).
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We shall suppose now that G is not monic. We take the following
polynomial
H=X%eCt . F 4 G e 7[X].

Clearly H is monic and we have (F, G) = (F, H). Therefore it only
remains to show the equality of resultants Res (F, G) = Res (F, H). Let
a1,a,...,a, € C be all the roots of F. Then we have

n

Res (F,H) = [[ H(ew) = [ [ (o]" " F(ci) + G (i) = Res (F, G)
i=1 i=1 0'

and the proposition follows.
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We shall suppose now that G is not monic. We take the following
polynomial
H=X%eCt . F 4 G e 7[X].

Clearly H is monic and we have (F, G) = (F, H). Therefore it only
remains to show the equality of resultants Res (F, G) = Res (F, H). Let
a1,a,...,a, € C be all the roots of F. Then we have

n

Res (F,H) = [[ H(ew) = [ [ (o]" " F(ci) + G (i) = Res (F, G)
i=1 )4

i=1 0

and the proposition follows.

Proposition

Let m,n,m < n be positive integers. Then we have

pP(m) if & = pX for some prime p,
1 otherwise.

|Res (P, Om)| = {
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Proof of the main theorem

We shall prove using induction with respect to the size of D that
rankyMp = rankyzNp and that

[Mp: Nol = []|ZIX1/(Fi. H:)|.
ieD
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Suppose D = {0}. Obviously rankz;Mp = rankzNp = deg Fo.

Pavel Francirek

On an index of finitely generated Z[X]-modules

7/13



Proof of the main theorem

We shall prove using induction with respect to the size of D that
rankyMp = rankyzNp and that

[Mp: Np] = [[|Z[X1/(Fi, Hi)|-
ieD
Suppose D = {0}. Obviously rankzMp = rankzNp = deg Fy. The map
Z[X]/(Fo) — Mp given by
[fl—f-&

is a surjective homomorphism of Z[X]-modules.
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Z-rank and Z[X]/(Fo) is a free Z-module, it is an isomorphism.
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We shall prove using induction with respect to the size of D that
rankyMp = rankyzNp and that

[Mp: Np] = [[|Z[X1/(Fi, Hi)|-
ieD
Suppose D = {0}. Obviously rankzMp = rankzNp = deg Fy. The map
Z[X]/(Fo) — Mp given by
[f]—f-&
is a surjective homomorphism of Z[X]-modules. Since they have the same

Z-rank and Z[X]/(Fo) is a free Z-module, it is an isomorphism. The
preimage of Np in this isomorphism is the ideal ([Ho]).
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Proof of the main theorem

We shall prove using induction with respect to the size of D that
rankyz Mp = rankyz Np and that

[Mp: Np] = [[|Z[X1/(Fi, Hi)|-
ieD
Suppose D = {0}. Obviously rankzMp = rankzNp = deg Fy. The map
Z|X]/(Fo) — Mp given by
[f]—f-&
is a surjective homomorphism of Z[X]-modules. Since they have the same
Z-rank and Z[X]/(Fo) is a free Z-module, it is an isomorphism. The

preimage of Np in this isomorphism is the ideal ([Hp]). Therefore the
quotient Mp/Np is isomorphic to

ZIX1/(Fo) / (o).

which is isomorphic to
Z[X]/(Fo, Ho).
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Now suppose |D| > 2.
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Now suppose |D| > 2. Let m be a maximal element of D.

Pavel Francirek On an index of finitely generate



Now suppose |D| > 2. Let m be a maximal element of D. The lower set
D ~ {m} will be denoted by D’.
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Now suppose |D| > 2. Let m be a maximal element of D. The lower set
D ~ {m} will be denoted by D’. Let Tp be the Z[X]-module generated by
Mp: and 3z,.

Pavel Francirek On an index of finitely generated Z[X]-modules 8 /13



Now suppose |D| > 2. Let m be a maximal element of D. The lower set
D ~ {m} will be denoted by D’. Let Tp be the Z[X]-module generated by
Mp: and sz,,. We have

[Mp: Np]l = [Mp: Tp]-[Tp: Np].
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Now suppose |D| > 2. Let m be a maximal element of D. The lower set
D ~ {m} will be denoted by D’. Let Tp be the Z[X]-module generated by
Mp: and sz,,. We have

[Mp: Np]l = [Mp: Tp]-[Tp: Np].

From the induction hypothesis we derive that the modules Mp, Np and
Tp have the same Z-rank.
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Now suppose |D| > 2. Let m be a maximal element of D. The lower set
D ~ {m} will be denoted by D’. Let Tp be the Z[X]-module generated by
Mp: and 3,,. We have

[Mp: Np]l = [Mp: Tp]-[Tp: Np].

From the induction hypothesis we derive that the modules Mp, Np and
Tp have the same Z-rank. Moreover, the Z-bases of Tp and of Np can be
obtained by adding {X' - »,;0 < i < deg F,,,} to Z-bases of Mp/ and of
Npr, respectively.
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Now suppose |D| > 2. Let m be a maximal element of D. The lower set
D ~ {m} will be denoted by D’. Let Tp be the Z[X]-module generated by
Mp: and 3,,. We have

[Mp: Np]l = [Mp: Tp]-[Tp: Np].

From the induction hypothesis we derive that the modules Mp, Np and
Tp have the same Z-rank. Moreover, the Z-bases of Tp and of Np can be
obtained by adding {X' - »,;0 < i < deg F,,,} to Z-bases of Mp/ and of
Npr, respectively. Hence, using the determinants of transition matrices we
get

[TDZ ND] = [MD/Z ND/].
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The map Z[X]/(Fm) — Mp/Mp: given by
[f] = - [Em]

is a surjective homomorphism of Z[X]-modules.

Pavel Francirek On an index of finitely generated Z[X]-modules 9 /13



The map Z[X]/(Fm) — Mp/Mp: given by
[f] = - [Em]

is a surjective homomorphism of Z[X]-modules. Since they have the same
Z-rank and Z[X]/(Fm) is a free Z-module, it is an isomorphism.
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The map Z[X]/(Fm) — Mp/Mp: given by
[f] = - [Em]

is a surjective homomorphism of Z[X]-modules. Since they have the same
Z-rank and Z[X]/(Fm) is a free Z-module, it is an isomorphism. The
preimage of Tp/Mps in this isomorphism is the ideal ([Hp,]). Therefore we

have
Mp/Tp = MD/MD’/TD/[\/]D, = Z[X]/(Fm)/([H,,,]),
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The map Z[X]/(Fm) — Mp/Mp: given by

[f] = - [Em]

is a surjective homomorphism of Z[X]-modules. Since they have the same
Z-rank and Z[X]/(Fm) is a free Z-module, it is an isomorphism. The
preimage of Tp/Mps in this isomorphism is the ideal ([Hp,]). Therefore we

have
Mp/Tp = MD/MD’/TD/[\/]D, = Z[X]/(Fm)/([H,,,]),

which is isomorphic to
ZIX]/(Fm, Hm)-
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The map Z[X]/(Fm) — Mp/Mp: given by
[f] = - [Em]

is a surjective homomorphism of Z[X]-modules. Since they have the same
Z-rank and Z[X]/(Fm) is a free Z-module, it is an isomorphism. The
preimage of Tp/Mps in this isomorphism is the ideal ([Hp,]). Therefore we
have

Mp/Tp = MD/MD’/TD/[\/]D, = Z[X]/(Fm)/([H,,,]),

which is isomorphic to
ZIX]/(Fm, Hm)-

The induction hypothesis gives

[Mp: Np] = [Mp: Tp]-[Tp: Np] =
= |Z[X]/(Fm, Hn)| - [Mpr: Np/] =

= [Z[X1/(Fm, Hm)| - TT 1ZIX1/(Fi, Hi)].

ieD’
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It remains to show that the polynomials F; and H; have no common root
for each i € D.
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It remains to show that the polynomials F; and H; have no common root
for each i € D. Suppose that for some i € D the polynomials F; and H;
have a common root in C.
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It remains to show that the polynomials F; and H; have no common root
for each i € D. Suppose that for some i € D the polynomials F; and H;
have a common root in C. Let us denote P € Z[X] their greatest common
divisor, so we can write

Fi=PF/ and  H;= PH!

for suitable polynomials F/, H! € Z[X].
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It remains to show that the polynomials F; and H; have no common root
for each i € D. Suppose that for some i € D the polynomials F; and H;
have a common root in C. Let us denote P € Z[X] their greatest common
divisor, so we can write

Fi=PF/ and  H;= PH!

for suitable polynomials F/, H! € Z[X]. It follows that the polynomials P
and F/ are monic.
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It remains to show that the polynomials F; and H; have no common root
for each i € D. Suppose that for some i € D the polynomials F; and H;
have a common root in C. Let us denote P € Z[X] their greatest common
divisor, so we can write

Fi=PF/ and  H;= PH!

for suitable polynomials F/, H! € Z[X]. It follows that the polynomials P
and F/ are monic. The lower set D(i) \ {i} will be denoted by D’. As
before, we shall denote the Z[X]-module generated by Mp/ and s; by

TD(i)-
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It remains to show that the polynomials F; and H; have no common root
for each i € D. Suppose that for some i € D the polynomials F; and H;
have a common root in C. Let us denote P € Z[X] their greatest common
divisor, so we can write

Fi=PF/ and  H;= PH!

for suitable polynomials F/, H! € Z[X]. It follows that the polynomials P
and F/ are monic. The lower set D(i) \ {i} will be denoted by D’. As
before, we shall denote the Z[X]-module generated by Mp/ and s; by
Tp(i). Now we have

Fi s =F-(H;-&) = PFH;- &= HiF-& € Mp.
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It remains to show that the polynomials F; and H; have no common root
for each i € D. Suppose that for some i € D the polynomials F; and H;
have a common root in C. Let us denote P € Z[X] their greatest common
divisor, so we can write

Fi=PF  and H;=PH|

for suitable polynomials F/, H! € Z[X]. It follows that the polynomials P
and F/ are monic. The lower set D(i) \ {i} will be denoted by D’. As
before, we shall denote the Z[X]-module generated by Mp/ and s; by
Tp(i). Now we have

Fi-si=F - (Hi-&)=PFH;-& = HiF;-& € Mpr.
Hence

ranky Tp(;) < rankzMp: + deg Fi <
< rankzMp: + deg F; = rankZMD(,-),

which is not possible.
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Notation:

f = an odd prime number,

K = a real cyclic field of ¢-power degree [K: Q] = ¢k,
F = a quadratic imaginary field,

L = KF and Gal(L/Q) = (v),
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Application

Notation:

f = an odd prime number,

K = a real cyclic field of ¢-power degree [K: Q] = ¢k,
F = a quadratic imaginary field,

L = KF and Gal(L/Q) = (v),

L() = the unique subfield of L of degree [L(): Q] = 2¢/,
n; = the conductor of L(),
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Application

Notation:

f = an odd prime number,

K = a real cyclic field of ¢-power degree [K: Q] = ¢k,
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Application

Notation:

f = an odd prime number,

K = a real cyclic field of ¢-power degree [K: Q] = ¢k,

F = a quadratic imaginary field,

L = KF and Gal(L/Q) = (v),

L() = the unique subfield of L of degree [L(): Q] = 2¢/,

n; = the conductor of L)

s; = the number of primes ramified in L() that split completely in F.
The ideal class group C¢(L) forms a Z[{7y)]-module. We want to study
annihilators of its ¢-Sylow subgroup C¢(L),.

For each i = 0,1,..., k we define

¥j = COT [/ ()Tes Q(Cn,-)/L”i(l = 7)0n; € Z[(7)];
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Application

Notation:

f = an odd prime number,

K = a real cyclic field of ¢-power degree [K: Q] = ¢k,

F = a quadratic imaginary field,

L = KF and Gal (L/Q) = (),

L() = the unique subfield of L of degree [L(): Q] = 2¢/,

n; = the conductor of L)

s; = the number of primes ramified in L) that split completely in F.
The ideal class group C¢(L) forms a Z[{7y)]-module. We want to study
annihilators of its ¢-Sylow subgroup C¢(L),.

For each i = 0,1, ..., k we define

i = cor |y iyres gc,,)/Lni(1 — 7)0n; € Z[()],

where 7 denotes the complex conjugation and 6, is the Stickelberger
element for the field Q((m).
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F = a quadratic imaginary field,

L = KF and Gal (L/Q) = (),

L() = the unique subfield of L of degree [L(): Q] = 2¢/,

n; = the conductor of L)

s; = the number of primes ramified in L) that split completely in F.
The ideal class group C¢(L) forms a Z[{7y)]-module. We want to study
annihilators of its ¢-Sylow subgroup C¢(L),.

For each i = 0,1, ..., k we define

i = cor |y iyres gc,,)/Lni(1 — 7)0n; € Z[()],

where 7 denotes the complex conjugation and 6, is the Stickelberger
element for the field Q(¢m). Let N be the ideal of Z[(7)] generated by all
the ;.
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X = Hi(')’)fi’
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For each i = 0,1,..., k we can explicitly construct &; € Z[(7)] such that

X = Hi(')’)fi’

where

X +1)571 = (X))t ifs;>0
1, otherwise.
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For each i = 0,1,..., k we can explicitly construct &; € Z[(7)] such that

X = Hi('Y)fi’
where

X +1)571 = (X))t ifs;>0
1, otherwise.

Let M be the ideal of Z[(~y)] generated by all the &;. The elements »; and
&; satisfy the relations with

Fi(X) = ®54i(X).
Moreover, it can be shown that polynomials F; satisfy the assumptions of
the main theorem, so we can compute the index [M: N|

k

k
[M: N] =[] Res (Fi, Hi)| = ] IRes (¢, 95) |_H£ff
i=0 i=1 i=1
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For each i = 0,1,..., k we can explicitly construct &; € Z[(7)] such that

X = Hi(fY)gi’
where

X +1)571 = (X))t ifs;>0
1, otherwise.

Let M be the ideal of Z[(~y)] generated by all the &;. The elements »; and
&; satisfy the relations with

Fi(X) = ®54i(X).
Moreover, it can be shown that polynomials F; satisfy the assumptions of
the main theorem, so we can compute the index [M: N|

k

k
[M: N] =[] Res (Fi, Hi)| = ] IRes (¢, 95) |_H£ff
i=0 i=1 i=1

where t; = max{s; — 1,0}.
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Thank you for your attention!
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