
Mocninné řady II.

Sečtěte následující řady.
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,
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n=1

∏n
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Řešení:

1.

S(x) =

∞∑
n=1

xn

n
= x+

x2

2
+

x3

3
+ ...

S′(x) = 1 + x+ x2 + ... =
1

1− x
, |x| < 1,

S(x) =

∫
1

1− x
dx = − ln(1− x) + C,

S(0) =

∞∑
n=1

0n

n
= 0 = ln(1) + C ⇒ C = 0 ⇒ S(x) = − ln(1− x).



2.

S(x) =

∞∑
n=1

x2n−1

2n− 1
= x+

x3

3
+

x5

5
+ ...

S′(x) = 1 + x2 + x4 + ... =
1

1− x2
, |x| < 1,

S(x) =

∫
1

1− x2
dx =

1

2

∫ (
1

1− x
+

1

1 + x

)
dx =

1

2
(ln(1 + x)− ln(1− x)) + C =

1

2
ln
(
1 + x

1− x

)
+ C,

S(0) =

∞∑
n=1

02n−1

2n− 1
= 0 =

1

2
ln(1) + C ⇒ C = 0 ⇒ S(x) =

1

2
ln
(
1 + x

1− x

)
.

3.

S(x) =

∞∑
n=0

x2n

(2n)!
= 1 +

x2

2!
+

x4

4!
+ ...

S′(x) = x+
x3

3!
+

x5

5!
+ ...

S′′(x) = 1 +
x2

2!
+

x4

4!
+ ... = S(x),

S′′(x)− S(x) = 0

λ2 − 1 = 0 ⇒ λ1 = 1, λ2 = −1 ⇒ S(x) = C1e
x + C2e

−x, ⇒ S′(x) = C1e
x − C2e

−x,

S(0) = 1 = C1 + C2, S′(0) = 0 = C1 − C2 ⇒ C1 = C2 =
1

2
,⇒

S(x)=
1

2
(ex + e−x).

4.

S(x) =

∞∑
n=1

nxn = x+ 2x2 + 3x3 + ...

S(x)

x
= 1 + 2x+ 3x2 + 4x3 + ...∫

S(x)

x
dx = x+ x2 + x3 + ... =

x

1− x

S(x)

x
=

(
x

1− x

)′

=
1

(1− x)2

S(x)=
x

(1− x)2
.



5.

S(x) =

∞∑
n=1

(−1)n+1 x
2n−1

2n− 1
= x− x3

3
+

x5

5
− ...

S′(x) = 1− x2 + x4 − ... =
1

1 + xx

S(x)= arctg x.

6.

S(x) =

∞∑
n=1

xn

n(n+ 1)
=

x

2
+

x2

2 · 3
+

x3

3 · 4
+ ...

xS(x) =
x2

2
+

x3

2 · 3
+

x4

3 · 4
+ ...

(xS(x))′ =
x

1
+

x2

2
+

x3

3
+ ...

(xS(x))′′ = 1 + x+ x2 + x3 + ... =
1

1− x

(xS(x))′ =

∫
1

1− x
dx = − ln(1− x) + C

0

1
+

02

2
+

03

3
+ ...= 0 = ln(1− 0) + C ⇒ C = 0

xS(x) =

∫
− ln(1− x)dx

p.p.
= −x ln(1− x)−

∫
x

1− x
dx

= −x ln(1− x) + x+ ln(1− x) + C

02

2
+

03

2 · 3
+

04

3 · 4
+ ...= 0 = −0 ln(1− 0) + 0 + ln(1− 0) + C ⇒ C = 0

S(x)=
(1− x) ln(1− x)

x
+ 1.
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S(x) = 1 +

∞∑
n=1

∏n
i=1(2i− 1)∏n
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xn = 1 +

1

2
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(S(x))′ =
1

2
+

1 · 3
2 · 4

2x+
1 · 3 · 5
2 · 4 · 6

3x2 + ...

(S(x))′(1− x) =
1

2
(1− x) +

1 · 3
2 · 4

2x(1− x) +
1 · 3 · 5
2 · 4 · 6

3x2(1− x) + ...

(S(x))′(1− x) =
1

2
+

(
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2 · 4

· 2− 1

2

)
x+

(
1 · 3 · 5
2 · 4 · 6

· 3− 1 · 3
2 · 4

· 2
)
x2...

=
1

2
+

1

2

(
3

4
· 2− 1

)
x+

1 · 3
2 · 4

(
5

6
· 3− 2

)
x2...

1 · 3 · ... · (2n− 3)

2 · 4 · ... · (2n− 2)

(
2n− 1

2n
· n− (n− 1)

)
=

1

2
· 1 · 3 · ... · (2n− 3)

2 · 4 · ... · (2n− 2)

(S(x))′(1− x) =
1

2

(
1 +

1

2
x+

1 · 3
2 · 4

x2 +
1 · 3 · 5
2 · 4 · 6

x3 + ...

)
=

1

2
S(x)

(S(x))′

S(x)
=

1

2(1− x)

ln(S(x)) = −1

2
ln(1− x) + C

S(x) =
C√
1− x

S(0)= 1 +
1

2
0 +

1 · 3
2 · 4

02 +
1 · 3 · 5
2 · 4 · 6

03 + ... = 1 =
C√
1− 0

⇒ C = 1

S(x)=
1√
1− x

.



8.

S(x) =

∞∑
n=1

(−1)n+1n2xn = x− 4x2 + 9x3 − 16x4 + ...

S(x)

x
= 1− 4x+ 9x2 − 16x3 + ...∫

S(x)

x
dx = x− 2x2 + 3x3 − 4x4 + ...∫ S(x)

x dx

x
= 1− 2x+ 3x2 − 4x3 + ...∫ ∫ S(x)

x dx

x
dx = x− x2 + x3 − x4 + ... =

x

1 + x∫ S(x)
x dx

x
=

1

(1 + x)2∫
S(x)

x
dx =

x

(1 + x)2

S(x)

x
=

(1 + x)2 − 2(1 + x)x

(1 + x)4
=

1− x

(1 + x)3

S(x)=
x− x2

(1 + x)3
.

9.

S(x) =

∞∑
n=1

n(n+ 1)xn = 2x+ 2 · 3x2 + 3 · 4x3 + ..

S(x)

x
= 2 + 2 · 3x+ 3 · 4x2 + ...∫

S(x)

x
dx = 2x+ 3x2 + 4x3 + ...∫ ∫

S(x)

x
dxdx = x2 + x3 + x4 + ... =

x2

1− x∫
S(x)

x
dx =

(
x2

1− x

)′

=
2x(1− x) + x2

(1− x)2
=

2x− x2

(1− x)2

S(x)

x
=

(
2x− x2

(1− x)2

)′

=
2(1− x)3 + 2(1− x)(2x− x2)

(1− x)4
=

2(1− 2x+ x2) + 4x− 2x2

(1− x)3

S(x)=
2x

(1− x)3
.



10.

S(x) =
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n=2

n

n− 1
xn = 2x2 +

3

2
x3 +

4

3
x4 + ...

S(x)

x
= 2x+

3

2
x2 +

4

3
x3 + ...∫

S(x)

x
dx = x2 +

1

2
x3 +

1

3
x4 + ...∫ S(x)

x dx

x
= x+

1

2
x2 +

1

3
x3 + ...(∫ S(x)

x dx

x

)′

= 1 + x+ x2 + ... =
1

1− x∫ S(x)
x dx

x
=

∫
1

1− x
dx = − ln(1− x)∫

S(x)

x
dx = −x ln(1− x)

S(x)

x
= − ln(1− x) +

x

1− x

S(x)= −x ln(1− x) +
x2

1− x
.


