
Cvičení 05 NMTM101 - Matematická analýza I.

Důležité limity:
• limx→0

sin x
x = 1

• limx→0
ex−1
x = 1.

Zadání
1. Vypočtěte limity:

a) limx→1
x2−1

2x2−x−1

b) limx→∞

(
x3

x2+1 − x
)

c) limx→8

√
9+2x−5
3
√
x−2

d) limx→2

(
1

x2−2x −
x

x2−4

)
e) limx→1

x100−2x+1
x50−2x+1

f) limx→1
x+x2+x3+...+xn−n

x−1 .

2. Vypočtěte limity:

a) limx→0
(1+x)(1+2x)...(1+nx)−1

x

b) limx→0
(1+mx)n−(1+nx)m

x2

c) limx→2
(x2−x−2)20

(x3−12x+16)10 .

3. Vypočtěte limity:

a) limx→∞ x
4
3

(
3
√
x2 + 1− 3

√
x2 − 1

)
b) limx→16

4
√
x−2√
x−4

c) limx→∞
√
x3
(√

x+ 1 +
√
x− 1− 2

√
x
)

d) limx→a+

√
x−
√
a+
√
x−a√

x2−a2
.
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Řešení
1. a) limx→1

x2−1
2x2−x−1 = limx→1

(x−1)(x+1)
(x−1)(2x+1) = limx→1

x+1
2x+1 = 2

3 .

b) limx→∞

(
x3

x2+1 − x
)
= limx→∞

x3−x(x2+1)
x2+1 = limx→∞

−1
x+ 1

x

= 0.

c)

lim
x→8

√
9 + 2x− 5

3
√
x− 2

= lim
x→8

√
9 + 2x− 5

3
√
x− 2

·
√
9 + 2x+ 5√
9 + 2x+ 5

·
3
√
x
2
+ 2 3
√
x+ 4

3
√
x
2
+ 2 3
√
x+ 4

= lim
x→8

9 + 2x− 25

x− 8
·

3
√
x
2
+ 2 3
√
x+ 4√

9 + 2x+ 5

= lim
x→8

2 ·
3
√
x
2
+ 2 3
√
x+ 4√

9 + 2x+ 5
=

12

5
.

d) limx→2

(
1

x2−2x −
x

x2−4

)
= limx→2

(x+2)−x2

x(x−2)(x+2) = limx→2
−(x−2)(x+1)
x(x−2)(x+2) = limx→2

−(x+1)
x(x+2) = −3

8 .

e) limx→1
x100−2x+1
x50−2x+1 = limx→1

(x−1)(x99+x98+x97+...+x−1
x49+x48+...+x−1) = 98

48 = 49
24 .

f)

lim
x→1

x+ x2 + x3 + ...+ xn − n

x− 1
= lim

x→1

x− 1 + x2 − 1 + x3 − 1 + ...+ xn − 1

x− 1

= lim
x→1

(x− 1) + (x− 1)(x+ 1) + ..+ (x− 1)(xn−1 + xn−2 + ...+ 1)

x− 1

= lim
x→1

(
1 + (x+ 1) + (x2 + x+ 1) + ...+ (xn−1 + xn−2 + ...+ 1)

)
= lim

x→1

n−1∑
i=0

(n− i)xi =

n−1∑
i=0

(n− i) =
n(n+ 1)

2
.

2. a) limx→0
(1+x)(1+2x)...(1+nx)−1

x = limx→0
1+(x+2x+...+nx)+o(x)−1

x = 1 + 2 + ...+ n = n(n+1)
2 .

b)

lim
x→0

(1 +mx)n − (1 + nx)m

x2
= lim

x→0

1 +
(
n
1

)
mx+

(
n
2

)
m2x2 + ...+mnxn −

(
1 +

(
m
1

)
nx+

(
m
2

)
n2x2 + ...+ nmxn

)
x2

= lim
x→0

(
n
2

)
m2x2 −

(
m
2

)
n2x2 + o(x2)

x2
=

(
n

2

)
m2 −

(
m

2

)
n2 =

mn

2
(n−m).

c)

lim
x→2

(x2 − x− 2)20

(x3 − 12x+ 16)10
= lim

x→2

((x− 2)(x+ 1))20

((x− 2)(x2 + 2x− 8))10
= lim

x→2

((x− 2)(x+ 1))20

((x− 2)(x− 2)(x+ 4))10
= lim

x→2

(x+ 1)20

(x+ 4)10

=
320

610
=

310

210
.

3. a)

lim
x→∞

x
4
3

(
3
√

x2 + 1− 3
√
x2 − 1

)
= lim

x→∞
x

4
3

(
3
√
x2 + 1− 3

√
x2 − 1

)
·

3
√
x2 + 1

2
+ 3
√
x2 + 1 · 3

√
x2 − 1 + 3

√
x2 − 1

2

3
√
x2 + 1

2
+ 3
√
x2 + 1 · 3

√
x2 − 1 + 3

√
x2 − 1

2

= lim
x→∞

x
4
3

x
4
3

·
(
x2 + 1− (x2 − 1)

)
3

√
1 + 1

x2

2

+ 3

√
1 + 1

x2 · 3

√
1− 1

x2 + 3

√
1− 1

x2

2

= lim
x→∞

2

3

√
1 + 1

x2

2

+ 3

√
1 + 1

x2 · 3

√
1− 1

x2 + 3

√
1− 1

x2

2 =
2

3
.
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b)

lim
x→16

4
√
x− 2√
x− 4

= lim
x→16

4
√
x− 2√
x− 4

·
4
√
x
3
+ 2 4
√
x
2
+ 22 4

√
x+ 23

4
√
x
3
+ 2 4
√
x
2
+ 22 4

√
x+ 23

·
√
x+ 4√
x+ 4

= lim
x→16

x− 16

x− 16
·

√
x+ 4

4
√
x
3
+ 2 4
√
x
2
+ 22 4

√
x+ 23

=
4 + 4

8 + 8 + 8 + 8
=

1

4
.

c)

lim
x→∞

√
x3
(√

x+ 1 +
√
x− 1− 2

√
x
)
= lim

x→∞

√
x3
(√

x+ 1 +
√
x− 1− 2

√
x
)
·
√
x+ 1 +

√
x− 1 + 2

√
x√

x+ 1 +
√
x− 1 + 2

√
x

= lim
x→∞

√
x3 · (

√
x+ 1 +

√
x− 1)2 − 4x√

x+ 1 +
√
x− 1 + 2

√
x

= lim
x→∞

√
x3 · x+ 1 + 2

√
x+ 1

√
x− 1 + x− 1− 4x√

x+ 1 +
√
x− 1 + 2

√
x

= lim
x→∞

√
x3 · 2

√
x+ 1

√
x− 1− 2x√

x+ 1 +
√
x− 1 + 2

√
x
· 2
√
x+ 1

√
x− 1 + 2x

2
√
x+ 1

√
x− 1 + 2x

= lim
x→∞

√
x3 · 4(x+ 1)(x− 1)− 4x2

√
x+ 1 +

√
x− 1 + 2

√
x
· 1

2
√
x+ 1

√
x− 1 + 2x

= lim
x→∞

−4√
1 + 1

x +
√
1− 1

x + 2
· 1

2
√
1 + 1

x

√
1− 1

x + 2
= −1

4
.

d)

lim
x→a+

√
x−
√
a+
√
x− a√

x2 − a2
= lim

x→a+

√
x−
√
a+
√
x− a√

x2 − a2
·
√
x+
√
a+
√
x− a√

x+
√
a+
√
x− a

= lim
x→a+

(
√
x+
√
x− a)2 − a√

x2 − a2(
√
x+
√
a+
√
x− a)

= lim
x→a+

(x+ 2
√
x
√
x− a+ x− a)− a√

x2 − a2(
√
x+
√
a+
√
x− a)

= lim
x→a+

2((x− a) +
√
x
√
x− a)√

x2 − a2(
√
x+
√
a+
√
x− a)

= lim
x→a+

2(
√
x− a

√
x− a+

√
x
√
x− a)√

(x− a)(x+ a)(
√
x+
√
a+
√
x− a)

= lim
x→a+

2(
√
x− a+

√
x)√

(x+ a)(
√
x+
√
a+
√
x− a)

=
2
√
a√

2a2
√
a
=

1√
2a

.


