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1. AFFINE VARIETIES

The basic objects which we will be concerned with in this chapter are the
solution sets of systems of polynomial equations over a field.

In what follows, K will be a field and K will denote its algebraic closure.
Algebraically closed fields are important because they are often best behaved
from the viewpoint of solving polynomial equations. Typical examples of
fields which we may consider are R, C, Q, Q, finite fields F, and their
algebraic closures IFTZ.

The set of all polynomials over K in variables x1, ..., x, will be denoted
by K[z1,z2,...,2,). The polynomials with the natural operations form a
commutative K-algebra. Recall that a commutative K -algebra is, by defini-
tion, a set R together with structures of

(1) a commutative ring (R, +,—,0,%,1) and
(2) a vector space (R,+,—,0,k-— (k € K)),

such that the operations +, —,0 are common to both the structures and,
moreover, for each k € K and f,g € R we have the equality (k- f) xg =
k- (f*g).

We will encounter several others K-algebras further in the text. In prac-
tice one usually denotes the multiplication in R and the scalar multiplication
by elements of K by the same symbol. This does not cause any confusion
since if R has at least two elements, the field K can be identified with a
subfield of R via the embedding

K—R, ke—k-1l

We will also need the notion of homomorphism of K-algebras, which is
by definition simply a map ¢: R — S between K-algebras which is simul-
taneously a homomorphism of rings and vector spaces.
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Another basic notion is one of affine space of dimension n > 1 over the
field K. It is defined simply as the Cartesian product
k=K xKx---xK

n times

Given a point P = (a,...,ay) of the affine space A’ and a polynomial
f € Klzy,xa,...,zy], the value of f at P is

f(P)= f(a,...,an) € K.
It is useful to note that that if P is fixed, the map
Klz1,m9,...,20) > K, f f(P)

is a homomorphisms of K-algebras which is called evaluation homomor-
phism.

We say that Pisa zero of f if f(P) = 0. Givenaset S C K[x1,z2,. .., Ty,
the set of all common zeros of all the polynomials in S will be denoted by
V(S). That is,

V(S) ={P € Ak | f(P)=0(Vf € 95)}

If S ={fi,...,[fr} is finite, we will often write V(f1,..., fr) in place of
V(9).
This brings us to a key definition.

Definition. An affine algebraic set over a field K is a subset of an affine
space A of the form V(S), where n > 1 and S C Kz, x2,...,2,] is a set
of polynomials.

Thus, an affine algebraic set is none other than the solution set of a
(possibly infinite) system of polynomial equations over K. We will often
leave out the adjective ‘affine’ where there is no danger of confusion, e.g.
before we start to discuss projective geometry and projective algebraic sets.

Some elementary properties of algebraic sets are summarized in the fol-
lowing lemma.

Lemma 1. Let K be a field and n > 1. Then:

(1) @ and A% are algebraic sets.

(2) Arbitrary intersections of algebraic subsets of A are again algebraic
sets.

(3) Finite unions of algebraic subsets of A%}, are again algebraic sets.

Proof. We have @ = V(1) a A} = V(0).
Use that (),c; V(S:) = V(Uier Si)-
(3) One checks that given sets Si,..., S, of polynomials, we have
V(Sl) U V(SQ) U---u V(ST) = V(Slsg s ST),

where

S152"'S7‘:{f1f2"'fr|fi€si (Vi:1727"'7r)}' U

Lemma [l] is on one hand completely constructive, but on the other hand
especially part (3) may lead to inconveniently large systems of equations in
direct computations.
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The main point of the latter lemma is that algebraic sets fit well with the
definition of the collection of closed sets in a topological space. To that end,
let us recall the definition of a topological space, which is meant to be an
abstraction of the properties of open and closed subsets of Euclidean spaces,
so that one can abstractly argue about notions like continuous maps, dense
subsets or closures of sets.

Definition. A topological space is a pair (X, 7), where X is a set and 7 is
a set of subsets of X such that:

(1) @ and X belong to 7.

(2) Arbitrary unions | J;c; U; of elements U; € 7 are again in 7.

(3) Finite intersections Uy NUz N ---NU, of elements Uy,Us, ..., U, € T
are elements of 7.

The subsets of X which belong to 7 are called open subsets of X and their
complements are called closed subsets of X.

As was already mentioned, algebraic subsets of A% then form closed sub-
sets of a topology by Lemma [T}

Definition. The topology on A% whose closed subsets are the algebraic
sets is called the Zariski topology.

In order to exhibit one of the crucial properties of the Zariski topology,
we need the following

Observation. Consider a set S C K[r1,x2,...,x,] of polynomials and let I
be the ideal generated by S. In details,

r
I:{Zaifilrzovflv"‘vaEsagl)"wg’r‘EK[J:laJ;Qv"’vxn]}v
=1

i.e. I consists of all linear combinations of elements of S with coefficients
from the ring K[z1,zo,...,xy).

Then we have V(S) = V(I). Indeed, on one hand V(S) O V(I) since
S C I. On the other hand, any point P € V(S) is a zero of each polynomial
from I by the above description of I.

Therefore, it one can expect that properties of algebraic sets will depend
on those of ideals of polynomial rings. One fundamental feature of these
rings is that they are noetherian.

Definition. A commutative ring R is called noetherian if it satisfies either
of the equivalent conditions (the equivalence is not proved here, we refer
to standard courses or textbooks in commutative algebra, e.g. to [AM69,
Chapter 6)):
(1) Each ideal I C R is finitely generated, i.e. there is » > 0 and poly-
nomials f1, fo, ..., fr € I such that

.
I={) aifilai,...,a; € K[z1,2s,... 2]},
i=1

(2) Each non-decreasing chain of ideals I; C Iy C I3 C --- of R stabi-
lizes. That is, there exists N > 1such that Iy = Iny11 = Inj2 =---.
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Proposition 2 (Hilbert Basis Theorem). If R is a noetherian ring, so is

the ring R[z]. In particular, K[z1, 22, ..., xy,] is noetherian for each field K
and natural number n > 1.
Proof. See for instance [AM69, Theorem 7.5]. O

We obtain as immediate consequences chain conditions of algebraic sets
and their complements, as well as the fact that each algebraic set is deter-
mined by a finite collection of equations.

Corollary 3. For each algebraic set X C A there exist v > 0 and polyno-
mials f1, fo,..., fr € K[z1,22,...,2y] so that X =V (f1, fo,..., fr).

Proof. Let I C K[x1,22,...,%,] be an ideal such that X = V(I) (we are
using the previous observation) and choose a set of generators fi, fa, ..., fr
O

of I. Then X =V(f1, fo,..., fr)-

Corollary 4. Let K be a field and n > 1.
(1) Each non-increasing chain Xo 2 X1 2 Xo 2 -+ of algebraic (equiv-
alently: Zariski closed) subsets of A stabilizes.
(2) Each non-decreasing chain Uy C Uy C Uy C --- of Zariski open
subsets of A% stabilizes.

Proof. In view of De Morgan laws, it suffices to prove the first statement.
To that end, consider a chain Xg D X; D Xg D --- of algebraic subsets of
A% and for each X an ideal I; C Kz, 29, ...,y such that X; = V(I;).

We may without loss of generality assume that I; C Io C I3 C ---. In-
deed, note that V(I2) = V(I1 + I2), V(I3) = V(I1 + Iz + I3), and in general
V(1) = V(327_1 Ir). We can therefore replace each I; by the sum >} _; Iy
and the sums are ordered by the inclusion as required.

However, the chain I1y C Iy C I3 C --- must stabilize by Proposition
That is, there is N > 1 such that Iy = Iy+1 = In42 = -+, and hence
XN:XN+1:XN+2:--~. O

The latter corollary inspires the coming definition.

Definition. A topological space (X, T) is noetherian if each non-decreasing
chain Uy C Uy C Uy C -- - stabilizes.

Ezxample. Consider the natural Euclidean topology on the set of complex
numbers. It is not noetherian since we for instance have the strictly increas-
ing chain of open discs Uy C Uy C Uz C --- as in Figure

Uj={zeClllz]] <J}.

Ezample. Since a non-zero polynomial in C[z] has only finitely many zeros,
algebraic subsets of A(lc are precisely the finite subsets of A}c and all of A}C.
It is now easy to verify condition from Corollary |4 for A(%: directly.

By now we know that A’ is a noetherian topological space. More gen-
erally, given any algebraic subset X C A7, the algebraic subsets of X form
a topology on X, which is again called the Zariski topology and which is
obviously again noetherian.

Although the following definition in principle makes sense for arbitrary
topological spaces, it is mainly useful for the noetherian ones.
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FIGURE 1. The reason why the Euclidean topology on C is
not noetherian.

X =V(2? —y?)

FIGURE 2. An example of a reducible algebraic set — X is
the union of X1 = V(z — y) and X9 = V(z + y).

Definition. A non-empty topological space (X, 7) is called reducible if it
can be expressed as X = X; U Xy where X;, Xo ; X are proper closed
subsets. Otherwise it is called irreducible.

A simple example of a reducible algebraic set can be seen in Figure
Note also that if we work over an infinite field, both the lines in Figure
are already irreducible. This is because an algebraic proper subset of a line
is finite.

There is a special terminology for algebraic sets which are irreducible.

Definition. An irreducible affine algebraic set is called an affine variety.

Remark. The terminology is unfortunately not completely unified in the
literature. Some authors use the term ‘variety’ for all algebraic sets and
then they speak of ‘irreducible varieties’” when necessary.

The main result about irreducibility is the following theorem, which in
particular implies that each algebraic set X can be expressed in a unique
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FIGURE 3. A tree of closed subsets of X in the proof of Theorem

way as an irredundant union of varieties. The varieties in such an expression
are called the irreducible components of X.

Theorem 5. Let (X, 7) be a non-empty noetherian topological space. Then
there exists an expression X = Z1UZoU- - -UZ,. wherer > 1 and Z1, Zo, ..., Z,
are irreducible closed subsets of X such that Z; £ Z; whenever i # j. Such
an expression of X is unique up to reordering the terms in the union.

Proof. We first claim that X can be expressed as a finite union of irreducible
closed subsets (see also the remark below for another and perhaps more
standard argument). If X itself is irreducible, we are done. Otherwise we
can express X as a union X = X U X» of closed subsets properly contained
in X. If both X; and X5 are irreducible, we are done. If not, say if X; is
reducible, we write X7 = X731 U X129, and similarly for Xs. If we continue
like that by induction, we can construct a tree as in Figure 3] It is at most
countable, it has X as the root and each vertex has at most two children, all
the arrows stand for proper inclusions of closed subsets of X, and its leaves
are labeled by irreducible subsets.

If the tree is finite, we are done as X is the union of the irreducible
closed subsets at the leaves by the construction. Thus, let us assume for the
moment that the tree is infinite. Since all the vertices have finitely many
children, we can use a combinatorial result, so-called Kénig’s Lemma, which
says that the tree must have an infinite branch

L\

B) ) )
= = =

X Xi Xiyiy Xiyigis

However, the existence of such a branch contradicts the assumption on
(X, 1), so the tree must have been finite and the claim is proved.

Let now consider an expression X = Z1 U Zs U --- U Z, with all the Z;
irreducible and r > 1 smallest possible. Then clearly Z; ¢ Z; whenever
i # i, or else we would have X = Z; U---UZ; 1 UZ; U---UZ,

To prove the uniqueness, suppose that X = Y; U.-- U Y, is another
expression with the Yj irreducible and Y; € Y}» whenever j # j'. Note that
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for each 1 < ¢ < r we have
S S
Zi=zinX=zinJY; = JZnY)).
Jj=1 Jj=1
Since Z; is irreducible, we must have Z; = Z; MY}, or in other words Z; C Y}
for some 1 < j < s. Similarly, for any Y; there exists Z; such that Y; C Zj.
By combining the two observations, for each 7 there are indices j and 7’ such
that
Z; CY; C Zy.

However, in such a situation the assumptions enforce i = i’ and X; = Yj.
Moreover, given any ¢, the index j such that X; = Y; must be unique.
Similarly, for each j there exists unique ¢ with Y; = X;. It follows that r = s
and there is a permutation ¢ such that X; = Y(,(i) for each 1 <7 <. U

Remark. The existence part of the latter theorem is often proved without
Ko6nig’s Lemma using the following observation about noetherian topological
spaces:

Given any non-empty collection S of closed subsets of a noetherian topo-
logical space (X,7), there exists an element of S which is minimal with
respect to inclusion. To see that, suppose that the converse is true. Since
S is non-empty, we can pick a closed set Z; € §. Since Z; is not minimal,
there exists Zy € S with Z; 2 Zs. Since Zo is not minimal in S either,
we find Z3 € S such that Z» 2 Zs3, and so on. By induction, we can thus
construct a chain

212222232242”'
in S, which again contradicts the assumption that (X, ) is noetherian.

In fact, the latter observation characterizes noetherian topological spaces.

Suppose now that (X, 7) is a noetherian topological space. At this point
we can easily prove that each closed subset Z C X is a finite union of
irreducible ones, which implies the existence part of Theorem 5] Indeed, if
this is not the case, there must be a closed subset Z C X which is not a finite
union of irreducible ones and is minimal such with respect to inclusion. In
particular Z is not irreducible itself, so that Z = Z1UZs for some Z1, Z> ; Z.
By the minimality, both Z; and Z5 are finite unions of irreducible closed
subsets, and so must be Z — a contradiction.

We conclude the section by an algebraic characterization of irreducibility.
Given a set of polynomials S, we defined the set V(S) = {P € A} | f(P) =
0 (Vf € S)} of their common zeros. We can also reverse the process, start
with a subset X of an affine space A’ and consider the set of all polynomials
which vanish everywhere on X.

Definition. The ideal of a set X C A" is defined as
I(X)={f € K[z1,22,...,2,] | f(P) =0 (VP € X)}.

One readily checks that I(X) C K[z1,x2,...,zy] is indeed an ideal of the
polynomial ring, so the terminology is consistent. Basic properties of the two
assignments S — V(S) and X +— I(X) and their relation are summarized in
the following lemma.
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Lemma 6. Let K be a field, n > 1, X, X1,Xo C A% and 5,51,5 C
Klzy,z2,...,2y).
(1) If X1 C Xy, then I(X1) D I(X3).
(2) If S1 C Sa, then V(S1) D V(S2).
(3) I(@) = K[x1,22,...,x,] and, if the field K is infinite, we also have
1(A%) = {0}. N
(4) I(V(S)) 2 S and V(I(X)) 2 X. Moreover, X := V(I(X)) is the
smallest algebraic subset of A% containing X. In other words, X is

the closure of X with respect to the Zariski topology.
(5) I(VI(X))) = I(X) and V(I(V(S))) = V(S).

Proof. Parts , , and are completely straightforward once one
unravels the definitions. The single exception is the equality I(A%) = {0}
for K infinite, where we refer to Exercise

To prove ([5), note that I(V(I(X))) 2 I(X) and V(I(X)) 2 X by (4)), and
hence also I(V(I(X))) € I(X) by (I). It follows that I(V(I(X))) = I(X) and
the proof of the other equality is analogous. O

Now one easily obtains the following important result.

Theorem 7. Let K be a field and X C A’ a non-empty algebraic set. Then
X is irreducible if and only if I(X) is a prime ideal of K|zx1,x2,...,zy].

Proof. We prove an equivalence between the negations. Note that non-
emptiness of X implies that [(X) G Klx1,z2,. .., 2]

Suppose first that 7(X) is not a prime ideal, so that there exist polynomi-
als f1, fo &€ I(X) such that fy - fo € K[z, x9,...,2,]. Consider for i = 1,2
the algebraic sets

Xi = VI(X)U{fi}).
Since f; does not vanish everywhere on X, we have X1, Xo ; X. On the
other hand, each P € X is a zero of fj or fy because f1 - fo € I(X), so we
have X = X7 U X,. It follows that X is reducible.

The other implication is similar. Suppose that X = X;UX5 and X1, Xo ;
X. Then I(X;),I(X2) 2 I(X) (indeed, if we had I(X;) = I(X), then X; =
V(I(X;)) = VI(X)) = X by Lemma [6]{4]), which is a contradiction). It
follows that we can choose f; € I(X;)\I(X) and fo € I(X2) \I(X), and that
f1 - fo vanishes everywhere on X. Hence f; - fo € I(X) and I(X) is not a
prime ideal. O

Exercises.

(1) Describe the algebraically closed fields Q and E where ¢ is a power
of a prime number.
(2) Let K be an algebraically closed field and f, g € K[z,y]. Show that
(a) the algebraic set V(f) is infinite and
(b) if f, g are coprime in K[z, y|, then the algebraic set V(f,g) is
finite.
(3) Show that if K is algebraically closed, the subvarieties of the affine
plane A%( are precisely
(a) singletons {P}, P € A%,
(b) subsets of the form V(f) with f € K|xz,y] irreducible (these are
called irreducible plane curves), and
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(c) A% itself.

(4) Show that if K is algebraically closed and f € K[z,y] is irreducible
(or more generally square-free, i.e. not divisible by a square of an
irreducible polynomial), then I(V(f)) = (f). Hint: Use Exercise

(5) Show that I(A%) = {0} if K is an infinite field.

Hint: Use induction on n. Write f € K[z, z2,...,2,] as f =
Zle fixl, with fo,...,fq € Klx1,22,...,2,_1]. Then note that
if P = (a1,...,an—1) € A%" and f;(P) # 0 for some i, then
f(ai,...,an—1,x) € K[x] has only finitely many zeros.

(6) Show that a non-empty topological space (X, 7) is irreducible if and
only if each non-empty subset of X is dense.

(7) Proving irreducibility of an algebraic set is in general a difficult task.
The following criterion is sometimes useful (see e.g. Exercise |3| in
Section .

Let f: X — Y by a continuous map between non-empty topolog-
ical spaces.

(a) Prove that if X is irreducible and f is surjective, than Y is
irreducible.

(b) Prove more generally that if X is irreducible and f has dense
image in Y, then Y is irreducible.

2. POLYNOMIAL AND RATIONAL MAPS

So far we have studied algebraic sets alone, as isolated objects. Now we
are going to discuss possible choices of classes of maps connecting them.
Since algebraic sets are defined in terms of vanishing of polynomials, the
most natural choice is to consider maps which are on coordinates given by
evaluating polynomials.

Definition. Let K be a field and X C A% and ¥ C Aﬁ( be algebraic
sets. A map f: X — Y is a polynomial map if there exist polynomials
fi, fa, ..., fe € K[z1,29,...,zy,] such that for each P = (a1,a9,...,a,) € X
we have

f(P) = (fl(P)7f2(P)7 .- 7f€(P))
Lemma 8. Let X,Y,Z be an algebraic sets over K. Then:

(1) If f: X =Y and g: Y — Z are polynomial maps, so is the compo-
sition go f: X — Z. Moreover, the identity map idx: X — X is a
polynomial map.

(2) Polynomial maps f: X — Y are continuous with respect to the
Zariski topologies on X and Y .

Proof. Suppose that X C A% Y C A% and ZCAR. If f: X - Y isa
polynomial map given by fi, fa,..., fr € K[z1,22,...,2,) and g: Y — Z is
given by g1, 92, ..., 9m € Kly1,y2, ..., ye], then the composition gof: X — Z

is given by hy, ha, ..., hy € K[z1,29,...,2,], where
(1) hi(x1,...,2p) = gi(fl(ajl, ces @)y ey folT, . ,xn))
The identity map idx is given by the monomials x1, x9, ..., z,.

Suppose that f: X — Y is a polynomial map given by polynomials
fi,foy- oy fr € K1, @2, ..., 2] (le. X CA% and Y C A%.. We must show
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that f~1(Z) is Zariski closed in X for each Zariski closed subset Z C Y. Fix
such a subset Z C Y and some polynomials g1, g2, ..., 9m € K[y1,v2, ...,y
such that Z = V(g1,92,...,9m). Then the g; define a polynomial map

f:Y = A%
P (g1(P),g2(P),...gm(P)).
Clearly, f~1(Z) is the preimage of the origin (0,0,...,0) € A% under the
composition go f: X — A In particular,
FHZ2) =V (b, hi),
where the polynomials h; are as in . O

Remark. The proof of Lemma in fact shows that Zariski topology is
defined precisely in such a way that

(1) polynomial maps are continuous, and

(2) singletons are Zariski closed.

An important special case of polynomial maps are those where the target
algebraic set is the affine line.

Definition. The set {f: X — A}( | fis a polynomial map} is called the
coordinate ring of X and denoted by K[X].

The terminology may need some comments. Since A}( = K and K is
naturally a K-algebra, the set of maps polynomial f: X — A}( has a natural
K-algebra structure too, with the operations defined pointwise. To be more
specific, if fi, fo: X — A}( are polynomial maps and k € K, we can define
f1+ fo, f1- fo and kf1 in such a way that for each P € X we put

(fr+ f2)(P) = f1(P) + fa(P),
(fi- f2)(P) = fi(P) - fo(P), and
(kf1)(P) = k(f1(P)).
We leave it for the reader to check that these new maps are again polynomial
maps. The zero and the unit in the algebra of polynomial maps X — A}( are
just the constant maps with the corresponding value in K. We will always
consider K[X] with this K-algebra structure.

We defined the coordinate ring of X as a ring of certain functions on X,
but there is also a different, more algebraic point of view.

Lemma 9. Let X C A% be an algebraic set. Then there is an isomorphism
of K-algebras

Klzy, 2g,..., 20/ I(X) = K[X]
f+1IX) = (P f(P)).
Proof. Any polynomial f € Klz1,z2,...,x,] tautologically defines a poly-

nomial map X — AL which sends each P € X to f(P). One readily checks
that this assignment defines a homomorphism of K-algebras

o: K[z, 29,...,2,]) = K[X].

Since any polynomial map X — Al has to be given by some polynomial f
by the very definition, this homomorphism of algebras is surjective. However
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X Y

FIGURE 4. An illustration how the map f*: K[Y] — K[X]
acts. It is defined via f*: c— co f.

 may not be injective. In fact, the polynomials in the kernel are precisely
those which vanish on all of X, or in other words, the kernel of ¢ is precisely
I(X). The conclusion follows from the isomorphism theorem. O

This observation is rather important for it allows us to deduce algebraic
properties of K[X]. For instance, K[X] is always a noetherian ring since
K[xyi,x2,...,x,)] is such. Another consequence of the lemma, which follows
together with Theorem [7] and which we will use later in the section, is the
following.

Corollary 10. An algebraic set X over K is irreducible if and only if its
coordinate ring K[X] is a domain.

Let us now explain the word ‘coodrinate’ in the term coordinate ring.
This is related to so-called coordinate functions. If X C A% and 1 <1i < n,
the i-th coordinate function is the function given by

CﬁX—)A}(,
P = (al,ag,...,an) = a;.

This is a polynomial function which, under the isomorphism of Lemma [9]
corresponds to the coset x; + I(X). Since the ring K|z1,x2,...,z,]/1(X) is
generated as a K-algebra by the cosets z1 + (X)), o + (X)), ..., z, + I(X),
so is K[X] generated as a K-algebra by ¢, ¢, ..., cp.

Next we will focus on how coordinate rings interact with polynomial maps
between algebraic sets. To this end, let f: X — Y be a polynomial map
and c: Y — AL an element of K[Y]. Then the composition co f: X — AL
is again a polynomial map, hence an element of K[X]. If we fix f and vary
¢, we obtain a map

[T KY] = K[X],
c—co f.

The situation is illustrated in Figure [4

It is straightforward to check directly from the definitions that the just
defined map f* is a homomorphism of K-algebras. To summarize, we have
a procedure which produces from every polynomial map f: X — Y a ho-
momorphism of K-algebras f*: K[Y]| — K[X]. We again collect some ele-
mentary properties of this procedure.

Lemma 11. If f: X — Y and g: Y — Z are polynomial maps, that (g o
)" = f"og". Moreover, idy = idgx.
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Proof. The first part essentially just a reformulation of the associativity of
the composition co (go f) = (cog)o f for each polynomial map c: Z — Al
The second part is trivial. O

Remark. The latter lemma together with Lemma has a natural inter-
pretation from the point of view of the theory of categories. On one hand,
we have a category of algebraic sets over K and polynomial maps among
them. On the other hand we have the category of commutative K-algebras
and homomorphisms among them. The latter lemma says that there is a
contravariant functor between the two which sends an algebraic set X to its
coordinate ring K[X] and a polynomial map f to the homomorphism f*.

One of the main results presented in this section is that the assignment
f — f*in fact provides us with a bijection between the sets of polynomial
maps and homomorphisms. In the terminology used in the last remark, this
can be rephrased to that the functor from the category of algebraic sets to
that of commutative algebras is fully faithful.

Theorem 12. Let K be a field and X,Y be algebraic sets over K. Then
the assignments f — f* yields a bijection between the sets of

(1) polynomial maps X =Y, and
(2) homomorphisms of K-algebras K[Y] — K[X].

Proof. We start with showing that the assignment f — f* is injective. That
is, given two polynomial maps f,g: X — Y such that f* = g*, we must
prove that f = g. Suppose that Y C Af;( and c1,c9,...,¢0: Y — A}( are the
coordinate functions for Y. Then the equality between f* and ¢g* implies
that for each 1 <7 < ¢ we have

ciof=f"(c)=g"(ci)=ciog.
In particular, for any point P € X we have

ci(f(P)) = ci(g(P)),
or in other words, f(P) and g(P) have the same coordinates in Y C A%..
This clearly means that f(P) = g(P) for each P € X, which is further
equivalent to the fact that f = g.
Next we prove that f — f* is surjective. To this end, fix a homomorphism
a: K[Y] — K[X]. Our taskis to find f: X — Y such that a = f*. However,
if such f* exists, it is unique by the previous part and it must satisfy

ale) = f*(¢) =cio f.
Thus, the only possible way to define f is using the formula

(2) f(P) = (a(c1)(P), alc2)(P),..., alce)(P))
for each P € X. Note here that a(c¢;) € K[X], so in particular a(c;) are
polynomial maps X — A}(. Therefore, the formula yields a polynomial
map
fr X =A%

Our next task is to prove that the image of f is contained in Y, so that f
actually is a polynomial map f: X — Y. To see that, fix some polynomials
91,92, ---,9r € K[y1,y2,...,y¢] such that Y = V(g1,92,...,9¢). We must
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show that g;(f(P)) = 0 for each 1 < j < r and P € X. Using (2), this
translates to the requirement that

gi(a(c1)(P), a(c2)(P), ..., ale)(P)) = 0.
To obtain the latter identity, it suffices to prove that

gi(aler),alea), ... aler)) =0
in the coordinate ring K[X]. Since a: K[Y] — K[X] is a homomorphism of
K-algebras, we have
gj (Oé(Cl), 06(02)7 s ,Oé(Cg)) = a(gj(cla €2y .. 765))5

so it suffices to prove the identity

gj(ci,ca,...,¢c0) =0

in the coordinate ring K[Y]. Since the K-algebra operations on K[Y] are
defined pointwise, it suffices to check the identity

9;(c1(Q),c2(Q), ..., ce(Q)) = 0

for each point @ = (b1,be,...,by) € Y. However, we have ¢;(Q) = b; by the
definition of the coordinate functions, and hence

gj (CI(Q)a CQ(Q)a SRR CK(Q)) = gj(bb b, ... 7bf) = gj(Q)'

Now g¢;(Q) vanishes for each 1 < j <r and @ € Y because we started with
Y = V(91,92,---,9¢). The conclusion is that, indeed, f(P) € Y for each
P € X and the recipe defines a polynomial map f: X — Y.

Finally, we verify that @ = f* as homomorphisms K[Y] — K[Y]. We
see immediately from that a(c;) = f*(¢;) holds for the coordinate func-

tions c¢1,¢2,...,¢0 € K[Y]. As the coordinate functions generate K[Y] as
a K-algebra, this implies that the homomorphisms « and f* are equal, as
required. O

We call two algebraic sets X and Y over K isomorphic if there exist
polynomial maps f: X — Y and ¢g: Y — X such that go f = idx and
fog=1idy. An isomorphism of algebraic sets is a bijection and, moreover,
the coordinates of Y polynomial depend on those of X and vice versa.

A typical class of isomorphism are so-called affine coordinate changes.
These are isomorphism

fr Ay — A,
(a17a27"'7a7’l)HM‘(a17a27""an)t+a

where M is an invertible n X n matrix over K, ¢ € K" is a column vector,
and we use the natural vector space structure on A%-. The inverse f ~1 sends
(b1,bay ... bp) to ML (by,ba, ..., by)t —M~1-C More generally, is Y C A7
is an algebraic set, so is the image f(Y) C A% and f induces an isomorphism
between Y and f(Y'). This is often used to simplify the form of a collection
of polynomial equations defining Y.

An immediate consequence of Theorem [12|is an algebraic characterization
of when algebraic sets are isomorphic.

Corollary 13. Two algebraic sets X and Y are isomorphic if and only if
their coordinate rings K[X] and K[Y] are isomorphic K-algebras.
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Y

X =V —z(z—-1)(z+1))

FIGURE 5. The zero set of the polynomial y? —z(z—1)(x+1)
over the field of real numbers.

There is another class of maps between algebraic sets (or more precisely
certain subsets of them) which is very useful in practice — rational maps. For
simplicity we will restrict our attention only to varieties over infinite fields.
The coordinate ring K[X] of a variety X is a domain, so we can form the
quotient field which we denote by K (X) and call the function field of X.

Ezample. If X = AK then K[X] = K|x1,22,...,2,] and
_ _yf
K(X)=K(z1,22,...,2,) = g | f,9 € K[z1,22,...,25],9 #0¢.

Ezample. Let K = C (in fact, the example would work for any algebraically
closed field K of characteristic different from 2) and let X be the variety
X =V(y?—z(x—1)(z+1)) € A%. The real part X N A2 is depicted in
Figure

The coordinate ring of X is isomorphic to K[z, y]/(y?—x(x—1)(z+1)) and
the coset of z in K[X] is transcendental over K since no non-zero polynomial
g € K|x] is contained in (y? —z(z — 1)(z + 1)) (use Exercise |4/ in Section .
Thus, K (X) has a subfield isomorphic to K (x) and the coset of y is algebraic
over K (x) since it satisfies the equation y? — z(z — 1)(z +1) = 0. It follows
that K (X) is a quadratic extension of K (x),

K(X) = K(m)[\/x(x —1)(z+1)].

If X is a variety, the elements g € K(X) are called rational functions

on X. In fact, the fraction g only defines a function

U — Ak,
(3) f(P)
PHﬁ

on the Zariski open subset U = X \ V(g), which is non-empty, so dense since
X is irreducible.
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A word of warning is due here. Although the polynomial rings over a field
K[z, x2,...,x,] are well known to be unique factorization domains (UFDs
for short), coordinate rings K[X] of varieties other than affine spaces very
often do not possess the unique factorization property. In particular, there is

often nothing like a unique reduced fraction expressing an element of K (X).

L _ b
g1 92
the same element of K(X), which may a priori define different functions as

in . However, if both gigg and ZE];; are defined for P € X, then the

values in K are equal since the equality of fractions in K (X) means that
f192 = fa2g1 in K[X] and hence also f1(P) - g2(P) = fo(P) - g1(P) in K.

Ezample. Let K be a field and X = V(z124 — 2273) C A%, We can identify

X with the set of all singular 2 x 2 matrices (zi z2) over K. Then we

have &£ = 23 ¢ K(X). The functions defined by the fractions using the

X x
rule retur4n for a given 2 x 2 matrix in the domain of definition a scalar
k € K which is the ratio of the first and the second column. However, the
first fraction defines a function on U; = X \ V(z2) while the second one on
Us = X \ V(zg).
Since the two functions give the same values on U; N Uy, we can ‘glue’
them together to a function 7: U — Al where U = U1NUs = X \ V(z2, 24).

It can be shown that there is no single expression g = 1+ in K(X) which

would define r via on all of U. We cannot do better in the sense that we
need at least two different ways to express the fraction to define 7.

We simply have to consider different different fractions expressing

The above considerations motivate the following definition.

Definition. Let X be a variety, P € X and r € K(X). We say that r is
reqular at P if there exist f,g € K[X], g # 0 such that r = g € K(X) and

% is defined. Otherwise, P is called a pole of r.

Lemma 14. Let X be a variety and r € K(X). The set of poles of r is an
algebraic subset of X and the set of points at which r is reqular is non-empty
and Zariski open in X.

Proof. The set of poles of r can be obtained as

which is obviously an algebraic set by Lemma , so Zariski closed in X.
The set of points at which r is regular is then Zariski open in X. (]

Similarly to the definition of polynomial maps between algebraic sets, we
can define rational maps between varieties as those which are coordinatewise
computed by rational functions.

Definition. Let X C A% and Y C Af( be varieties over K. A rational
function from X to Y is a function r: U — Y where U is a non-empty
Zariski open subset of X and there exist r1,rs,...,ry € K(X) such that

r(P) = (T‘l(P),T2<P), . ,rn(P))
for each P € U.
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In the spirit of the discussion above, the symbol r;(P) for the evaluation
of r; € K(X) at P means that we pick a fraction ; = £ with f,g € K[X]

g
and g(P) # 0 and we put r;(P) = %.

Lemma 15. Let X, Y be varieties over K, let @ # U C X be Zariski open
and let r: U —'Y be a rational map. Then r is continuous.

Proof. We first treat the special case where Y = A}{, i.e. where r is com-
puted by a single element r; = 5 € K(X). Given any point P € U, we can

choose f, g so that g(P) # 0. It follows that r(P’) = g((llj,/g on a Zariski open

neighborhood Up of P in U. Indeed, we can simply take
Up={P e€U]|g(P)+#0}.

Now note that if V' C Al is Zariski open, then »=*(V) N Up is Zariski
open in X. This is clear if V = @. If, on the other hand, V is non-empty,
V must be of the form V = AL\ {b1,...,b,}, where by,...,b, € K = AL
are finitely many elements of K. Then, however,

r I V)NUp=Un{P e X | f(P)—b;-g(P)#0(Vie{l,....r}D}.

If we let P vary, the open subsets Up, P € U, cover U. Since r~(V)NUp
is open for each P, so is

') = r (V)N Us.
PcU

Hence r: U — Y is continuous if Y = A}(.

In the general case, we can use a similar trick as for Lemma . IfYy C
A and Z = V(g1,92,...,9m) C Y is Zariski closed (here g1,92,...,9m €
Kly1,y2,...,y4), then the compositions

gioT:U%A}(

are easily seen to be rational maps. Moreover, Z = (", g;° 1(0) and, thus,
r=4(Z) = NZy(gi o7)7(0). Since all (g; or)~1(0) C U are closed by the
first part, so is r~1(2). O

Literally, the definition of a rational r: U — Y function includes the
choice of its domain, the non-empty Zariski open set U. However, we know
already that we can extend the domain of definition of r to the (in general
bigger) open set U’ consisting of all points P € X at which all the rational
functions r1, 79, ..., e are regular. We will call such points the regular points
of r. Indeed, we can simply define r': U’ — Y again via

r'(P) = (rl(P), ro(P),. .. ,rn(P)).

Then 7’ is uniquely determined by r, the image of 7’ is still contained in
Y C A% (see Exercise [5) and /|y = 7.

In the sequel, we will use the following terminology and notation which
precisely capture the situations where the above extensions of two rations
maps r: U = Y and s: V — Y are equal (recall Exercise |§| in Section .
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Definition. Let X and Y be varieties over K andlet r: U -+ Y ands: V —
Y be two rational functions from X to Y (where @ # U,V C X are Zariski
open). Then r and s are equivalent if there exists a non-empty Zariski open
subset W C U NV such that 7|y = s|w.

We will denote an equivalence class of r by the symbol r: X --» Y (the
dashed arrow is to indicate that r is defined only on a subset of X).

The composition of a pair of polynomial maps or the composition of a
rational map followed by a polynomial map (cf. the proof of Lemma
are always well defined rational maps. The question of when a pair of
rational maps r: X --» Y and s: Y --» Z can be composed is, however,
more delicate. At the very least, the image of » must contain at least one
point P € Y at which s is regular. If this condition is satisfied, then the
composition sor: X --» Z can be defined and is a rational map (or, more
rigorously, an equivalence class of rational maps) again.

Indeed, suppose that we have rational maps r: U — Y and s: V — Z,
where U C X and V C Y are non-empty Zariski open. If the intersection
r(U) NV is nonempty, so is the preimage »~!(V) C U. Hence we have a
well defined composition

sor:UNr Y(V) = Z,
P s(r(P)),

which is defined on the non-empty open subset U N7~ 1(V) C X. The fact
that s or is rational, i.e. that the coordinates of s(r(P)) are computed by
evaluating elements of K(X) at P, is proved in way completely analogous
to Lemma .

An important situation in which the composition sor is always defined is
when the image r(U) is Zariski dense in X (equivalently, when the preimage
r~1(V) of any non-empty open subset V C Y is again non-empty). Note
that this is in fact a property of the equivalence class of 7, i.e. it does not
depend on the particular choice of the domain of definition of r. For such
rational maps r: X --» Y we have an analogue of Theorem [I2] Given any
s € K(X), the composition sor: X --» A}( is represented by a unique
element of K(Y'), and we again have a K-algebra homomorphism

P K(Y) — K(X),
s sor,

which operates as in Figure [4] Note that since the field K(Y') has no non-
trivial ideals, r* has to be injective.

Theorem 16. Let K be a field and X,Y be varieties over K. Then the
assignments r — 1r* yields a bijection between the sets of

(1) equivalence classes of rational maps X --» Y whose image is dense
mY, and
(2) homomorphisms of K -algebras K(Y') — K(X).

Proof. The proof is completely analogous to that of Theorem [12] with minor
modifications only.

To prove the injectivity, suppose that Y C Aﬁ( and that we have rational
maps r,s: X --» Y such that r* = s*. Since all the coordinate functions
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c1,Cy ... ¢ Y — Al are actually elements of K (Y'), we deduce that c;or =
7*(c;) and ¢; o s = s*(¢;) are equivalent rational functions X --» AL In
particular ¢;(r(P)) = ¢;(s(P)) for each i = 1,2,...,¢ whenever both r and
s are regular at P. This just says that r(P) = s(P) whenever both r and s
are regular at P or, in other words, that r is equivalent to s.

To prove surjectivity, suppose that we have a homomorphism «: K(Y) —
K(X). If we evaluate o at the coordinate functions ¢; =: Y — Ak, i =
1,2,...,¢, we obtain rational function r; = a(¢;) € K(X). As in the proof
of Theorem we define our candidate preimage of « as

r: U — A%
P (ri(P),r2(P),...,re(P))

where U is the set of all points P € X at which all the r; € K(X) are
regular. Using exactly the same argument as in the proof of Theorem
we observe that in fact #(U) C Y, so r defines a map

r:U =Y.

Clearly 7 is a rational map and, since r*(¢;) = ¢; or = a(c;) for each
i=1,2,...,0 and cy,ca,...,c; generate K(Y) as a field extension of K, we
have r* = a.

The last thing to observe is that the image of r is dense in Y. To this end,
recall that r*: K(Y) — K(X) is injective. Given any polynomial function
g: Y — A, which vanishes on 7(X) C Y, we have r*(g) = gor = 0 in K(X)
and, hence, g = 0. Now the Zariski closure of 7(X) in Y is precisely the set
of common zeros in Y of all such polynomial maps ¢ (recall Lemma ),
which is clearly of Y. (Compare the argument to Exercise ) U

Analogous to the notion of a polynomial isomorphism, one can study
the situation where there are two mutually inverse rational maps between
varieties. This is of course a much coarser way to compare two varieties, but
nevertheless it is a very useful notion.

Definition. Let K be a field and X, Y be varieties over K. A rational map
r: X --» Y is called a birational equivalence if there exist a rational map
s:Y --» X such that both compositions s o r and r o s are defined and
equivalent to the identity maps on X and Y, respectively.

The varieties X and Y are birationally equivalent if there exists a bira-
tional equivalence r: X --» Y.

The birational equivalence is indeed an equivalence relation on varieties
over K. Whereas the reflexivity and symmetry is trivial, the transitivity
follows from the fact that a birational equivalence always has a dense image,
which in turn follows from the coming lemma.

Lemma 17. Suppose that r: X --» Y is a birational equivalence with a
rational inverse s: Y --» X as above. Then there exist non-empty (hence
dense) open sets U C X and V CY such that r and s are defined on U and
V', respectively, and r|y: U — V and s|y: V — U are inverse bijections.
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slv

Proof. Denote by U’ C X the domain of definition of 7 and by V/ C Y the
domain of definition of X. That is, we have actual maps r: U’ — Y and
s: V= X.

We define U = U'Nr= (V') and V = V'Ns~1(U’). Then clearly r(U) C V'
and, since s(r(P)) = P for each point P € X where the composition is
defined, it follows that 7(U) C s~1(U’). In particular, we have proved that
r(U) € V and, by symmetry, s(V) C U. It follows that r and s restrict
to mutually inverse bijections between U and V since we assumed that
s(r(P)) = P and r(s(Q)) = @ whenever defined. O

Remark. Suppose that K = K is algebraically closed and that X,Y C A%{
are irreducible plane curves. That is, X = V(f) and Y = V(g) for some
irreducible polynomials f, g € k[x, y].

In view of Exercise [3|in Section |1} non-empty open sets in X are precisely
complements of finite subsets of X and the same is true for Y. In particular,
ifr: X --»Y and s: Y --» X are mutually inverse birational equivalences,
they restrict to bijections

X\{P17P2a'-'7pk}ZY\{QlaQQw"va}

for finite collections of points P, Ps,..., P, € X and @1,Q2,...,Qm € Y.
We refer to Exercises [§ and [J] for explicit examples.

As a straightforward corollary of Theorem we also get an algebraic
characterization of birational equivalence.

Corollary 18. Two varieties X,Y over K are birationally equivalent if and
only if the function fields K(X) and K(Y') are isomorphic as K -algebras (i.e.
as field extensions of K ).

An especially nice situation arises when a variety is birationally equivalent
to an affine space.

Definition. A variety X over an infinite field K is rational if it is bira-
tionally equivalent to A% for some n > 1.

The assumption that K is infinite is imposed because then A’ indeed
is a variety (Lemma |§|) It is also clear that X can birationally equiv-
alent to A”% only for one natural number n. Indeed, the birational equiv-
alence implies that K(X) = K(xy,x9,...,2,) and n can be recovered as
the transcendence degree of K(X). That is, n is the maximum number
of elements r1,r2,...,7, € K(X) which satisfy no polynomial equation
g(ri,re,...,rp) =0 with 0 # g € K[z, z9,...,2,).

Ezample. Suppose that K = K is algebraically closed and that X = V(f) C
A%( is and irreducible plane curve.
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It is well-known that the transcendence degree of K(X) over K is equal
to one one. To see that, assume without loss of generality that f € Kz, y]
contains a non-zero term with a positive power of y and suppose that p €
K|[x] is a non-zero polynomial. Since f cannot divide p in K[z, y], the coset
of p is non-zero in K[X] as well as in K(X). It follows that x € K(X) is
transcendental over K. Now x and y generate K (X) as a field extension of
K and y € K(X) is algebraic over K (x) because of the equality f(z,y) = 0.

It follows that if X is rational, it must be birationally equivalent to Al.

We conclude the section by illustrating how the results in this section
can be combined with a fact from abstract algebra to obtain a criterion for
rationality of irreducible plane curves. It in particular says that the mere
existence of maps like in Exercise [1| ensures that the curves are birational.

Proposition 19. Let K be an algebraically closed field and X = V(f) C A%(
be an irreducible plane curve. Then the following are equivalent:

(1) X is rational.
(2) There is a non-constant rational map r: Al --» X.

Proof. :> We already know that if X is rational, it must be birationally
equivalent to A}( and any birational equivalence r: A}( --+ X is certainly
non-constant by Lemma

é Suppose that r: A}( --» X is a non-constant rational map. We
will first show that the image r(U) is dense in X, where U C Al is the
domain of definition of r. Suppose for the moment that it is not, i.e. that
the Zariski closure 7(U) is a proper subset of X. However, then r(U) must
be finite (Exercise [3|in Section [1)), and therefore so is r(U) itself. As X is
irreducible, so is 7(U) by Exercis in Section[1] Being finite and irreducible,
r(U) must consist of a single point of X, or in other words, r: U — X is a
constant map, which contradicts our assumption.

Since r has a dense image, it induces a field embedding r*: K(X) —
K(AL) = K(t) by Theorem Now we invoke a result in algebra which
is known as Liiroth’s theorem (see for instance [vdW49, Ch. VIII, §63]): If
L is a subfield of K (t) such that K & L C K(t), then L = K (g) for some
g € K(t). In particular, we have a K-algebra isomorphism «: K(t') = L
given by «a(t') = ¢ in this case:

If apply the result to L = r*(K(X)) C K(t), we can express 7 as a
composition of two K-algebra homomorphisms

(4) K(X)—=K(l')—K(t),

where the first one is an isomorphism and the second one sends t’ to g € K (¢).
Now X and A}( are birationally equivalent thanks to the first isomorphism
and Corollary O

Remark. A rational map r: A}{ --+ X as in Proposition need not be a
birational equivalence itself. For instance the polynomial map r: ¢ + (t*,¢°
is a non-constant map A{ — V(y? — 23), but contrary to what Lemma
says about birational equivalences, there is no Zariski open subset U C Ax
for which the restriction r|y is injective.
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The proof of Propositionsays instead that given non-constant r: A}( -->
X, we can express r as a composition of two rational maps

such that s: A}( --+ X is a birational equivalence. To see this, apply Theo-
rem m to the composition in (4)).

Exercises.

(1) In each of the following cases, find a surjective polynomial map
f: Af — X, describe the homomorphism of C-algebras f*: C[X] —
C[A}] = C[t] and explain why f* is injective:

(8) X = V(y? —a?(z+1)) C A2,
(b) X = V(y2 — %) C AZ,
(c) X =V(a® —yz,y? xzzz—my)CAS

(2) Show that in the polynomial maps f: AL — X in Exerc1sesmand.
can be chosen to be bijective (even homeomorphisms with respect
to Zariski topologies). Show that these maps are nevertheless not
polynomial isomorphisms (in fact, C[X] % CJt] as C-algebras since
the latter one is integrally closed while the former one is not).

(3) Use either Exercise [7]in Section (1| or Corollary |10 to show that the
algebraic set X from Exercise [Lc| is irreducible.

(4) Find the pole set of h € C(X) in the following cases:

(a) X = V(x1x4 — zox3) C Al and h =4 = I3,

2 x4
(b) X =V(y? —2*(z+ 1)) CAZ and h = %2.
() X =V(y?—a2*(x+1)) CAZ and h = %;.
(5) (a) Show that if X is an algebraic set, D C X is a dense subset (in

the Zariski topology) and f, g € K[X] such that the restrictions
flp = g|p are equal, then f = g in K[X].

(b) Show that is X is a variety, D C X is a dense subset and
r,s € K(X) are such that r(P) = s(P) for each P € D at
which both 7 and s are regular, then r = s in K(X).

Hint: Two elements f,g € K[X] (or in K (X)) are equal if and
only their difference f — g vanishes.

Beware that [5a] and [5b] above are not purely topological state-
ments! There is indeed a standard result from topology which says
that if f,¢g: X — Y is a continuous map between topological spaces,
if f and g agree on a dense subset of X, and if Y is a Hausdorff
space, then f = g. However, Zariski topology is rarely Hausdorff
(consider even just Al for an infinite field K).

Here is an illustration what may go wrong in general. Let Y =
{0,1} x R/ ~, a disjoint union of two real lines with the usual Eu-
clidean topology where we identify (0,¢) ~ (1,¢) for each t € R\ {0}.
Then Y looks like a real line, but with the origin doubled, and
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any open neighborhoods of [(0,0)]~ and [(1,0)]. € Y intersect non-
trivially. The two maps

t = [(0 )]~

where ¢ = 0,1, are continuous and agree on the dense subset D =
R\ {0} CR, but f #g.

(6) We have seen that a coordinate ring K[X] of an algebraic set X is
generated as a K-algebra by the coordinate functions. The point of
this exercise to show a converse statement, namely that any finite set
of K-algebra generators of K[X]| can become the set of coordinate
functions up to isomorphism.

Let K be an infinite field, X be an algebraic set over K and
suppose that fi, fa,..., fn € K[X] generate the coordinate ring as a
K-algebra.

(a) Show that there is a surjective K-algebra homomorphism

Q: K[ylay27"'ayn] - K[X]
given by «a(y;) = fi, and that there is also a polynomial map
f: X — Ak

given by f(P) = (fl(P)’fQ(P)’ - 7fn(P))

(b) Show that a = f*. Hint: use Exercise |5 from Section (1| to
identify K[A%] with Ky1,92,...,Yn).

(©) Let J = {g € Klys, .- - ryn] | U1 for- - fu) = 0 in K[X]}.
Show that J is the kernel of @ and also that J = I(f(X)), the
ideal of the image of f in A%.

(d) Let Y = f(X) be the Zariski closure of the image of f in A%.
Show that Y = V(J) and J =I(Y').

(e) Show that the polynomial maps

x Ty Sopn

correspond up to isomorphism of K-algebras to the K-algebra
homomorphisms

K[X}&K[ylay% s 7yn]/I«;K[ylay27 s )yn]v

where @ maps y; + I to f;.

(f) Show that @ is an isomorphism of K-algebras and, hence, the
map f: X — Y is an isomorphism of algebraic sets. Finally,
show that the compositions

fiof o a0 fT Y 5 AR
coincide with the coordinate functions c¢1,¢o,...,¢y: Y — A}(.
(7) Let f: X — Y be a polynomial map between algebraic sets over
a field K and denote by f*: K[Y]| — K[X] the induced homomor-
phism of the coordinate rings.
(a) Show that the Zariski closure f(X) C Y of the image of f
has a coordinate ring isomorphic to the image of the K-algebra
homomorphism f*. Hint: Use ideas from Exercise [6]
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(b) Show in particular that f* is injective if and only if the im-
age of f is Zariski dense in Y (this also follows directly from
Exercise [5)).

(c) Show also that f* is surjective if and only if f is a closed im-
mersion of algebraic sets, i.e. the image f(X) is Zariski closed
in Y and f induces a polynomial isomorphism to its image.

(8) Let K be an algebraically closed field of characteristic different from

2 and let f € K[z,y| be an irreducible polynomial of total degree 2.

(a) Show that X = V(f) is a rational variety.

(b) Find explicit birational equivalences A} --» X and X --» A}
for f =224 y?—1and f = 22 —y? — 1. Hint: the stereographic
projection with the projection point on the curve.

(c) Describe the solutions over Q of each of the equations 22 +y? = 1
and z? — 32 = 1. Hint: Specialize the above to K = C.

(9) Find explicit birational equivalences between the affine line Al and
the varieties X = V(y?2 —23) and X = V(y?> —2%(z +1)) C AZ.

Describe the solutions over Q of the equation y? — z%(z + 1) = 0.

3. HILBERT’S NULLSTELLENSATZ AND CONSEQUENCES

Hilbert’s Nullstellensatz is a cornerstone result which establishes a very
tight connection between the geometry of an algebraic set and the algebraic
properties of its coordinate ring. It allows to completely answer natural
questions like which ideals of K[z1, z2,...,x,] are of the form I(X) or what
precise conditions a K-algebra R must satisfy to be a coordinate ring of
some algebraic set.

The price to pay for this is that now we will assume almost everywhere
from now on that our base field is algebraically closed. In the previous sec-
tions, we needed such an assumption only when we appealed to Lemma |§|
(i.e. we needed A’ to be irreducible) or to Exercise |3|in Section (1| (i.e. we
wanted to use the classification of subvarieties of the affine plane A%.).

To start with, we briefly discuss basic fact about localization of commu-
tative rings. Algebraically this means making certain elements of a ring
formally invertible, in a way analogous to the construction of the field of
rational numbers from the ring of integers (or to constructing quotient fields
of commutative integral domains in general). The terminology comes from
the relation to algebraic geometry, where localization allows to inspect alge-
braic sets more locally in the Zariski topology. Some details on that aspect
will be included in the coming discussion too.

It has certain formal advantages to use the following abstract definition
of a localization via a universal property.

Definition. Let R be a commutative ring an S C R a set of elements. A
localization of R with respect to S is a ring homomorphism a: R — S™'R
from R with the following properties:

(1) the element a(s) is an invertible in S™!R for each s € 9,
(2) whenever 3: R — T is another ring homomorphism with 3(s) invert-
ible for each s € S, then there exists a unique ring homomorphism
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B: S™'R — T such that 8 = B o a:
R—2%s§-1R

318
k\v 5

T.

The advantage of using this as a definition is that it determines S™!'R
uniquely up to isomorphism. To see that, observe first that if § = « in
the definition, then necessarily 3 = idg-1p. Now if a: R — S™'R and
B: R — S™'R’ are two localizations in the sense of the definition, then
there exists ring homomorphism 3: S™'R — S™'R’ and a: S™'R' — S™'R
such that 8 = Boa and a = @o B

R
SN
SR - .>S'R .. >~S71R
B (e
Then, however, o = @o foa, so @o 3 = idg-1. For the same reason also
Bo@=idg-1p. Thus, @ and 3 are mutually inverse ring isomorphisms.

To summarize, the only issue is to prove the existence of a localization.
We may use various constructions in various situations to do so (two of them
are shown below) or we may even guess what S™!R is in a particular case.
As long as the result satisfies the two conditions in the definition, it is as
good as any other ring homomorphism with the same properties.

A well known construction of the ring S™'R and the homomorphism
a: R — S7'R is via fractions. To that end, note that we can assume
without loss of generality that S is closed under multiplication, i.e. s1, 92 € S
implies that s1s5 € S. This is because a product of two invertible elements is
invertible in any ring. For a similar reason, we can without loss of generality
assume that 1 € S.

If S is closed under multiplication and contains 1 € R, we can construct
S7IR as the set of fractions <, where r € R and s € S. Formally, ¢ is a
block [(r, s)]~ of the equivalence relation on R x S given by

(5) (r1,81) ~ (re,s2) if (s € S)(r1s28 = ros1s in R).

If R is an integral domain and 0 ¢ .S, or more generally when S contains no
zero divisors (i.e. no elements s € S such that st = 0 for non-zero t € R),
the equivalence simplifies to a more familiar condition

(r1,81) ~ (ro,s2) if 7189 =79s1 in R.

However, in the presence of zero divisors we need the more complicated
condition even to make sure that ~ is an equivalence. One reason is the
general fact that whenever st = 0 and s invertible in a ring, then ¢ must
vanish in that ring. In the more complicated condition, we do none other
than apply this principle to ¢ = r1s2 — r2s1 in what is going to be the ring
of fractions S~'R.

The following facts can be found in any textbook for commutative algebra,
e.g. in [AMG9, Chapter 3]. The relation ~ on R x S is indeed an equivalence
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relation and we can define ring operations the set S™!R := R x S/ ~ in the
intuitive way:

1 79 182 + 1281 0
—t =, OS*lefa
S1 S92 51852 1
rL T2 172 1
= 2= Ls-1r = 7,
S1  S2 5152 1

r —-T

S S

This yields a well defined commutative ring structure on S™'R and the
assignment

a:R— SR,

r
re -
1
is a well-defined ring homomorphism. If R was a K-algebra, so is S'R,
with the scalar multiplication k- £ for & € K defined as % Ifr,s €S, then

the multiplicative inverse of % exists in S ~IR and is equal to 2.

Proposition 20. [AM69, Proposition 3.1] The homomorphism a: R —
STIR constructed above is a localization of R with respect to S. If B: R — T
is a ring homomorphism which makes all the elements of S invertible, then
the uniquely defined homomorphism B acts as

B:ST'R—T,
r B
s pB(s)
One can also quickly see from the above construction when exactly S~!'R
degenerated to a one-element ring, i.e. when % = % in S~'R. According

to , this happens if and only if 0 € S. As one often wants to exclude this
degenerate option, this leads to a standard definition describing the sets of
elements of R with respect to which one wants to localize (i.e. the reasonable
sets of denominators):

Definition. A set of elements S of a commutative ring R is called a multi-
plicative set provided that

(1) 1 € S and S is closed under multiplication (s1,s2 € S implies
s1s2 € 5), and
(2) 0¢S.

If we localize with respect to a single element f € R, there is a more direct
way to construct {f}~! R which reveals another aspect of the localization. In
this case we will also use the customary shorter notation Ry for the localized
ring and call it the localization of R at f.

Lemma 21. Let R be a commutative ring and f € R. Then the homomor-
phism

a: R— Rlz]/(xf — 1),
r—=r+(xf —1)
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is a localization of R at f. In particular, if R is a finitely generated com-
mutative algebra over a field K, so is Ry.

Proof. Given g € R[X], we will denote by § = g + (zf — 1) the coset of g.
We will prove that « is a localization directly from the definition. First of
all, we have - f — 1 = 0 in R[X]/(xf — 1), so a(f) = f is invertible in
R/(xf — 1) with inverse Z. Secondly, any ring homomorphism g: R — T
such that 3(f) is invertible in T' can be extended to a ring homomorphism

Bi: R[z] = T,
g(x) = g(BU) ).
Since we have B1(zf — 1) = B(x)B(f) — 1 = B(f)~'B(f) — 1 = 0, the map

(1 induces a unique ring homomorphism
B: Rla)/(af —1) = T,
g 9(B(H)7).

One readily checks that o« = 3 and that 3 is uniquely determined by this

property.
If R is a finitely generated algebra over a field K, then we have

RgK[ylay27'"ayn}/(glag%"'vgf)

for some n,¢ > 0 and ¢1,92,...,9¢ € K[y1,92,...,yn]. Suppose that f € R
corresponds to the coset of a polynomial f1 € K[y1,¥2,...,yn|. Then

Ry = Rz]/(xf = 1) = Kly1, 92, -, yn, 2]/ (91,92, - - - s g, 2 f1 — 1),

which again is a finitely generated commutative algebra over a field. U

If R = K[X] is a coordinate ring and f € K[X], then the localization
homomorphism K[X]| — K[X]; has a clear geometric interpretation, which
we are going to explain now. This result still works for an arbitrary (not

necessarily algebraically closed or even infinite) field and an easy instance
for K =R, X = A}, and f = 2 € R[A}] = R[] is depicted in Figure @

Proposition 22. Let K be a field, X = V(g1,92,...,9¢) € A} and algebraic
set and f € K[x1,22,...,xy,]. If we define an algebraic subset' Y C A?(H by
Y =V(g1,92,...,90,Tnt1f — 1) and we consider the map

u:Y — X,
(CLl,CLQ, cee ,an,(ln+1) — (a17a27 o 7a’n)a
then:

(1) u is an injective polynomial map and its image is the Zariski open
subset Xy :={P € X | f(P) # 0} of X.

(2) u induces a homeomorphismY — Xy (with respect to Zariski topolo-
gies).

(3) u*: K[X] — KI[Y] is a localization of K[X] at f (so that K[Y] =
K[X]y)-
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T T

X =V(zy—1)

FIGURE 6. The easiest instance of Proposition The
polynomial map wu: (z,y) — =z induces a homeomorphism
between the red hyperbola and the Zariski open subset
AL\ {0} of the line on the right. The algebra homomorphism
u*: R[z] — R[z,y]/(xy — 1) is a localization of R[A%] 2 Rx]
at the element x.

Proof. Given @ = (a1, a2, ...,an,an+1) € Y, the last polynomial defining

Y says that a,y1 - f(a1,a9,...,a,) = 1. This can be equivalently expressed
as the condition that f(a1,as,...,a,) # 0 and
1
6 Apt1 = .
( ) nt f(al,ag,...,an)

This shows that u is injective and its image is precisely Xy C X.

(2) The map wu is clearly polynomial and hence continuous by Lemma .
To show that u: Y — X is a homeomorphism, it remains to convince oneself
that given any Zariski open subset U C Y, the image w(U) is Zariski open
in X. By Corollary [3] U is of the form

U=Y\V(hi,ha,..., hw)

for some polynomials hi, ho, ..., hy € K[z1,29,...,2+1]. Note that for a
point (a1, a2,...,an,ant1) € Y we have hi(ai,as,...,an,an41) = 0 if and
only if h(a1,as,...,a,) =0, where
- _ 1
hi:fel-hi(l‘l,.fz,...,l‘n, > GK[ZE1,$2,...,CL‘n+1]
f(xl,xg,...,xn)

and e; > 0 is the highest exponent with which x,,1 occurs in h;. Therefore,
U={(a1,a2,...,an,an+1) | ﬁi(al,ag,...,an) #0(Mi=1,...,m)}
and
w(U) = Xp N {(a1,az2,...,a,) | hi(ar,a2,...,a,) #0 (Vi=1,...,m)},

which is clearly Zariski open in X.
Let a: K[X] — K[X]s be a localization of K[X] at f. Since the
polynomial function f € K[X] has an invertible image under u*: K[X] —
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K[Y] (the multiplicative inverse of f: Y — AL is the (n + 1)-st coordi-
nate function cp41: Y — A}(, which is given by the polynomial z,.; €
Klxy,x9,...,Tn41]), the universal property of a yields the K-algebra ho-
momorphism

v: K[X]p = K[Y],
k
F —> k . xf‘b—l—l'
We must prove that v is a bijection. The surjectivity follows by a similar
trick as in the proof of part . If h ee K[z1,22,...,2n4+1], € > 0 is the
highest power of x,11 occuring in h and
1

f(ZL‘l,:L‘Q, . ,:En)

h:xfl+1-h(1:1,x2,...,:vn, )GK[z1,$2,...,xn],

then h and ’y(%) define the same polynomial function on Y. Regarding the
injectivity, suppose that 'y(%) = k - x5, vanishes everywhere on Y. Since
each point @ = (a1,as,...,a,,a,+1) has non-zero last coordinate (thanks
to (6)), the polynomial k € K[z1,z2,...,x,) must vanish everywhere on Y
and, thus, k vanishes everywhere on Xy C A’ as well. The product kf
vanishes even everywhere on X. Hence, kf = 0 in K[X] by definition and
+ =0in K[X]; by (B). O

After the preparation, we can focus on the weak version of Nullstellensatz.
The algebraic core is contained in the following proposition whose proof we
omit (it is taught in the introduction to commutative algebra and it can be
found for instance in [AM69] Corollary 5.24]).

Proposition 23. Let K be a field and L be a finitely generated commutative
K-algebra. If L is a field too, then L is a finite field extension of K.

Now we can state and proof a weak version of Nullstellensatz. It guaran-
tees the existence a solution for a system of polynomial equations f; = 0,

1 € I in variables x1, xo, ..., T, over an algebraically closed field unless an ob-
vious obstruction appears—there can be no solutions if there are polynomials
1,2, ...,y and indices i1, 79, . .., 9y such that c1 fi, +cafi, +---+cn fi, = 1.

The algebraic closedness is essential here—the equation 22 +1 = 0 has no so-
lution over the reals, but neither there exists ¢ € R[] such that c(z*+1) = 1.

Theorem 24 (Weak Nullstellensatz). Let K be an algebraically closed field,
n>1and I G K(xy,x2,...,2,] be a proper ideal. Then V(I) is non-empty
(i.e. there exists a common zero P € A' to all the polynomials in I).

Proof. The ideal I embeds into a maximal ideal M C K[x1,z2,...,2,| and
it suffices to prove that V(M) # @. However, L = K|x1,x9,...,2,]/M is a
field, so it is a finite field extension of K by Proposition Since all finite
extensions are algebraic and, K being algebraically closed, it has no algebraic
extension except for L = K, we obtain an isomorphism of K-algebras

o K[a:l,xg,...,:cn}/MiK.
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Put a; = a(z; + M) and P = (a1, a2, ...,a,) € A. Then we have for each
feM:

f(P) = f(a(z1 + M),a(ze+ M),...,a(z,+ M) =a(f+M)=0. O

Before we state the usual version of Hilbert’s Nullstellensatz, we briefly
recall the concept of a radical ideal.

Definition. If R is a commutative ring and I C R is an ideal, then the
radical of I is defined as

VI={feR|@@s>1)(f e}

An ideal is a radical ideal if I = \/I. The ring R is reduced if the zero ideal is
a radical ideal, i.e. that for each f € Rand s > 1 we have f* =0 — f =0.

The following easy lemma summarizes what we need to know about rad-
ical ideals.

Lemma 25. Let I be an ideal in a commutative ring R.

(1) The radical VT is a radical ideal and I C /1.
(2) The ideal I is radical if and only if the quotient R/I is reduced.
(3) The following implications hold:

I mazimal ideal = I prime ideal = I radical ideal.

Proof. If f € T and ¢¢ € I, then (f + ¢)4t¢, (fg)™*(4¢) and (—f)? € 1.
Hence /T is an ideal and clearly it contains I and its radical is VI again.
Furthermore, f? € I in R if and only if (f + I)? = 0 in R/I, which proves
the second statement. Finally, it is well-known that I is a maximal ideal
if and only if R/I is a field and I is prime if and only if R/ is a domain.
Hence the last part follows from the obvious implications

R/I field = R/I domain = R/I reduced. O

Note that if X C A% is any subset, the ideal I(X) C K[z1,2z2,...,2,) is
a radical ideal (since P € A’ is a zero of f% d > 1, if and only if P is a
zero of f). Hilbert’s Nullstellensats says that the converse is true as well
for algebraically closed fields—any radical ideal is the ideal of a subset of
X CA%L.

Theorem 26 (Hilbert’s Nullstellensatz). Let K be an algebraically closed
field, n > 1 and J C K[x1, 3, ...,2,] be an ideal. Then I(V(J)) = v/J.

Proof. We only need to prove the inclusion I(V(J)) € v/J. Let us first
choose some generators g1, 92, ...,9¢ € Klx1,22,...,2,] of the ideal J and
denote X = V(J) = V(g1,92,...,9¢/) C A'k. Suppose that f € I(X), then
we clearly have
XN AR\ V() =2

Now we apply Proposition [22| to obtain a homeomorphism

u:Y =V(rpf—1) — A,
whose image is precisely A% \ V(f). By our assumption, we have

V(g1,92:- 96,1 f — 1) =u (X)) =@
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Hence, by Theorem 24] the polynomials g1, g2, .. ., g¢ and 11 f —1 generate
the unit ideal in K[x1,za,...,Tp11]. If we identify K[X] with the localiza-
tion K[x1,x9, ...,z via Proposition [22((3)), this translates to the fact that

the fractions 4, %2, ..., % generate the unit ideal in K[xy,xa,..., 2]y, ie.
there exist %, %, cey % € Klxy,2,...,2,]f such that

1 g1  C2 g2 Ce e

2 AN T A

[ T A T T

If we multiply this expression by f¢, we obtain an equality

c1g1 + cago + -+ coge = f4
in K[z1,22,...,,], which says none other than f € v/.J. O

Exercises.

(1) Let K be a field. Describe explicitly the localization of R at an
element f in the following situations:
(a) R=K x K and f = (1,0).
(b) R=Kl[z,y]/(zy) and [ = =.
(¢) R=Klz,y,2]/(zz,yz) and f =y — z.
(2) An element e of a commutative ring R is called idempotent if e? = e.
(a) Show that if e € R is an idempotent, then the ideal eR has a
natural structure of a commutative ring. The operations are
simply the restrictions of the operations on R, with the excep-
tion of the unity, which is e for eR.
(b) Show that if e € R is an idempotent, then sois f = 1 —e
and that e - f = 0. Show that there is a ring isomorphism
a: R — eR x fR given by a(r) = (er, fr). Find the images
of e and f under o and describe how the inverse isomorphism
a"l':eR x fR — R acts.
(c) With the same notation as before, show that the localization of
R at e is isomorphic to the factor ring R/(f) (this generalizes

Exercise .
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