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I. Baer Criterion, and testing for (generalized) injectivity J
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Testing for injectivity

Baer's Criterion '1940
Injectivity coincides with R-injectivity for any ring R and any module M.

M is R-injective, if for each right ideal /, all h € Homg(/, M) extend to R:

M
.
|
fi I
0 / R R/ 0
Equivalently: Extk(R/I, M) = 0 for each right ideal / of R. J

So {f; | | € 3} is a test set for Zy consisting of monomorphisms:
M is injective, iff Homg(f;, M) is surjective for each | € J.
One morphism suffices: M is injective, iff Homg(ED,c; fi, M) is surjective.
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Testing for generalized injectivity

Right-hand classes of cotorsion pairs

Let (A, B) be a cotorsion pair in Mod—R generated by a set S, i.e.,
B=3S8"t foraset SC A.

For each A€ S, let 0 — Ky & Pa — A — 0 be a projective presentation
of A.

Then M € B, iff Homgr( sc 5 fa, M) is surjective. That is, {f4 | A€ S} is
a test set for B consisting of monomorphisms.

Corollary
There are test sets of monomorphisms for the properties of being
@ a module of injective dimension < n (for each fixed n < w),
@ a cotorsion module (in the sense of Enochs, Matlis, and Warfield).

There is a test set of pure monomorphisms for the property of being a
pure-injective module.
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R-projectivity

M is R-projective, if for each right ideal /, all h € Homg(M, R/I) factorize

through ;:
X

i

M

c

|
|
v
0 / R

R/1 0

If Exth(M, 1) = 0 for each right ideal / of R, then M is R-projective.
The converse holds when R is right self-injective, but not in general.

The Dual Baer Criterion (DBC for short) holds for a ring R, in case
projectivity coincides with R-projectivity for any module M.

Faith’ Problem '1976
For what kind of rings R does DBC hold?
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Partial positive answers

e For any ring R, projectivity = R-projectivity for any finitely generated
module M, i.e., DBC holds for all finitely generated modules
over any ring.

@ Sandomierski'1964, Ketkar-Vanaja'1981:

DBC holds for all modules over any right perfect ring.

@ Let K be a skew-field, x an infinite cardinal, and R the
endomorphism ring of a x-dimensional left vector space over K.
Then DBC holds for all < k-generated modules.

In particular, if R is right perfect, then there is always a test set of
epimorphisms for Py {gj | j € J}: M is projective, iff Homg(M, gj) is
surjective for each j € J.

Again, one morphism suffices: M is projective, iff HomR(I\/I,Hjngj) is
surjective.
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The dual setting: testing for generalized projectivity

Left-hand classes of cotorsion pairs

Let (A, B) be a cotorsion pair in Mod—R cogenerated by a set S, i.e.,
A=-1Sforaset S CB.

Foreach B€ S, let 0 — B — Ig %8 Fg — 0 be an injective copresentation
of B.

Then M € A, iff Homg(M, [ gcs 8B) is surjective. That is, {gg | B € S}
is a test set for A consisting of epimorphisms.

Corollary

There is a test set of epimorphisms for the property of being a module of
weak dimension < n (for each fixed n < w).
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Example: Dedekind domains

Let R be a Dedekind domain and € = (A, B) be a cotorsion pair in
Mod—-R.

@ Assume Fg C A. Then A is a cotilting class, and there is a test set of
epimorphisms for A.

o Eklof-Shelah-T.'2004: Assume Fo € A, Assume moreover that R has
countable spectrum, and € is generated by a set. Then it is consistent
with ZFC + GCH that there is no test set of epimorphisms for A of
the form above. That is, € is not cogenerated by a set.
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Partial negative solutions to Faith’s Problem in ZFC

@ Hamsher'1967: If R is a commutative noetherian, but not artinian,
ring then there exists a countably generated R-projective module
which is not projective.

So DBC fails for countably generated modules.

@ Puninski et al.’2017: If R is a semilocal right noetherian ring. Then
DBC holds, iff R is right artinian.
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1. Existence/non-existence of sets of epimorphisms testing for
projectivity
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A set-theoretic barrier

Assume Shelah’s Uniformization Principle.
Let x be an uncountable cardinal of cofinality w. Then for each non-right
perfect ring R of cardinality < k there exists a x™-generated module M of

projective dimension 1 such that Extrp(M, N) = 0 for each module N of
cardinality < k.

Corollary
o It is consistent with ZFC + GCH that there is no test set of
epimorphisms for Py over any non-right perfect ring R.

@ In particular, it is consistent with ZFC 4+ GCH that DBC fails
for each non-right perfect ring R.
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Refinements of Faith’s Problem

@ Are the consistency results above actually provable in ZFC?

@ If not, what is the border line between those non-right perfect rings,
for which there is no test set of epimophisms for Py in ZFC, and
those, for which the existence of such set is independent of ZFC?

@ What is the border line between those non-right perfect rings, for
which DBC fails in ZFC, and those, for which it is independent of
ZFC?
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A positive consistency result

Assume the Axiom of Constructibility.
Let R be a non-right perfect ring, Kk = 2card(R)y F be the free module of
rank k, and M be a module of finite projective dimension.

Then M is projective, iff Extk(M, F) = 0 for all i > 0. J

Corollary

o It is consistent with ZFC + GCH that there is a test set of
epimorphisms for P, over any ring of finite global dimension.

@ The assertion ‘For each non-right perfect ring of finite global
dimension, there exists a test set of epimorphisms for Py’ is
independent of ZFC + GCH.
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Further positive consistency results

Flatness can always be expressed by vanishing of Ext, in ZFC. So we have

Corollary

Let R be a ring such that each flat module has finite projective dimension.

Then the existence of test set of epimorphisms for Py is consistent with
ZFC + GCH.

Corollary

The existence of test set of epimorphisms for Py is independent of ZFC
GCH whenever R is a ring which is either

@ n-lwanaga-Gorenstein, for n > 0, or
e commutative noetherian with 0 < Kdim(R) < oo, or

@ almost perfect, but not perfect.

+
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Back to Faith’s Problem ...

Recall: By Hamsher'1967, DBC fails in ZFC already for all hereditary (=
Dedekind) domains. Let's explore other hereditary rings ...
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I1l. Transfinite extensions of simple artinian rings )
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Semiartinian rings

@ A ring R is right semiartinian, if R is the last term of the right Loewy
sequence of R, i.e., there are an ordinal ¢ and a strictly increasing
sequence (S, | @« < o+ 1), such that Sp = 0, Sq+1/Sa = Soc(R/S,)
foralla <o, S, = Uﬁ<a Sp for all limit ordinals o < o, and
Se+1 = R.

e R is von Neumann regular, if all (right R-) modules are flat.

@ R has right primitive factors artinian (has right pfa for short) in case
R/P is right artinian for each right primitive ideal P of R.

Let R be a regular ring.

@ R is right semiartinian, iff it is left semiartinian, and the right and left
Loewy sequences of R coincide.

@ R has right pfa, iff it has left pfa, iff all homogenous completely
reducible (left or right) modules are injective.
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Structure of semiartinian regular rings with pfa

Let R be a right semiartinian ring and (S, | @ < o + 1) be the right Loewy
sequence of R with o > 1. The following conditions are equivalent:

@ R is regular with pfa. )

o for each a < o there are a cardinal \,, positive integers n.3 (8 < Ao) and
skew-fields K5 (8 < Aq) such that S,1/5, = @ﬁda M, . (Kap), as
rings without unit. Moreover, A\, is infinite iff @ < o.

The pre-image of M,,_,(Kqap) in this isomorphism coincides with the 3th
homogenous component of Soc(R/S,), and it is finitely generated as right
R/Sa-module for all 5 < A,.

P, := a representative of simple modules in the Sth homogenous
component of Sq41/Sqa. Zg(R) :=={Pag | a < 0,8 < Ay} is a set of
representatives of all simple modules, and also the Ziegler spectrum of R.
The Cantor-Bendixson rank of Zg(R) is o.
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Transfinite extensions of simple artinian rings

R/SU M"UO(K(TO)69 @Mna,)\g—l(Ko'a)‘a_l)

Sa+1/Sa Mnao(KaO)@ @Mnag(Kaﬁ)@ 0 < Ao
B <A
B < Ao

0 + 1 = Loewy length of R (at least 2).

Ao = number of homogenous components of the ath layer of R
(a < o). Infinite except for a = o.

nap = (finite) dimension of Sth homogenous component in ath layer.

K. = endomorphism skew-field of a simple module in Sth homogenous
component of the ath layer (a <o, < Ay).

v
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The hereditary setting

Lemma

If R has countable Loewy length and the ath layer of the socle sequence
of R is countably generated for each 0 < o < o, then R is hereditary. In
particular, R is always hereditary in case it has Loewy length 2.

The simplest example

The K-algebra of all eventually constant sequences in K“ over a field K.

R/S; = K K
S; = K@ Ko .. oKo
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Further hereditary examples

Sn/Sn_lzK!w! Ko ... Ko ..

R is a hereditary K-subalgebra of K* of Loewy length n+ 1.
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The simplest non-hereditary example

R/S; = K K
S,/S; = K@) Ke ... oKao
Soc(R) = KW Ke .. oKa

R is a K-subalgebra in K“ of Loewy length 3.
(The second socle Sy is not projective.)
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IV. Dual Baer Criterion for small transfinite extensions )
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A weaker version of R-projectivity
R = semiartinian regular ring with pfa of Loewy length o+ 1, M a module.

Consider the following conditions:
@ M is R-projective.
@ For each 0 < a < o, each homomorphism f : M — S,11/Sa
factorizes through the projection 7, : Sa+1 — Sa+1/Sa-
@ M is weakly R-projective, i.e., each homomorphism f : M — S,41/S4
with a finitely generated image factorizes through the projection 7.
Then 1 =— 2 — 3. If o is finite, then 1 < 2.

o If o is finite, then all countably generated weakly R-projective
modules are projective.
o Weakly R-projective modules are closed under submodules.

@ 5, from the simplest non-hereditary example above
is weakly R-projective, but not R-projective.
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The hereditary case revisited

Let R be a semiartinian regular ring with pfa. Then R is small, if R is of
finite Loewy length, has countably generated consecutive Loewy factors,
and card(R) < 2“. Note: A small ring is hereditary.

A consistency result

Assume the Axiom of Constructibility. Let R be small. Then the
notions of a projective, R-projective, and weakly R-projective
module coincide.

In particular, DBC holds for all modules.

An independence result

Let R be small. Then the validity of DBC is independent of ZFC +
GCH.
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Riccardo, thanks for all, and happy birthday to you!
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