APPROXIMATIONS OF MODULES

JAN TRLIFAJ

It is a well-known fact that the category of all modules, Mod—R, over a general
associative ring R is too complex to admit classification. Unless R is of finite
representation type we have to limit attempts at classification to some restricted
subcategories of modules.

In order to overcome this problem, the approximation theory of modules has
been developed over the past several decades. The idea is to select suitable sub-
categories C of Mod—R whose modules can be classified, and then approximate
arbitrary modules by the ones from C. These approximations are neither unique
nor functorial in general, but there is a rich supply available appropriate to the
requirements of various particular applications. Approximation theory has thus
become an indispensable part of the classification theory of modules.

In these notes, we use set-theoretic homological algebra to develop elements of
the approximation theory of modules. We introduce the basic notion of a filtration,
present a powerful tool for working with filtrations, the Hill Lemma, and some of
its recent applications. We also explain how cotorsion pairs provide for a variety
of approximations; in particular, we prove the Flat Cover Conjecture. Finally, we
show that all deconstructible classes of modules are precovering.

1. FILTRATIONS

We start by introducing the basic notion of a filtration of a module:

Definition 1.1. Let R be a ring, M a module, and C a class of modules.

A chain of submodules, M = (M,, | a < g), of M is called continuous, provided
that My = 0, M, C My for each a < o, and M, = Uﬁ<a Mg for each limit
ordinal o < o.

A continuous chain M is a C-filtration of M, provided that M = M,, and each
of the modules My11/M, (a < o) is isomorphic to some element of C.

If M is a C-filtered module, then M is also called a transfinite extension of the
modules in C. A class A is said to be closed under transfinite extensions provided
that A contains all A-filtered modules. Clearly, this implies that A is closed under
extensions and arbitrary direct sums.

M is called C-filtered, provided that M possesses at least one C-filtration M =
(M, | @ < o). If o can be taken finite, then M is called finitely C-filtered.

We will use the notation Filt(C) for the class of all C-filtered modules.

For example, if C = simp R is a representative set of all simple modules, then
the C-filtered modules coincide with the semiartinian modules, while the finitely
C-filtered modules are exactly the modules of finite length. The latter modules are
the subject of classic Jordan-Holder theory. In a sense, the Hill Lemma and its
applications presented below are extensions of this theory to the infinite setting
where no dimensions and direct sum decompositions are available in general.

Date: May 23, 2012.



2 JAN TRLIFAJ

For a class of modules C, we denote by +C the common kernel of all the con-
travariant Ext functors induced by the elements of C, that is,

1C = KerExtp(—,C) = {A € Mod-R | Exti(A,C) = 0 for all C € C}.

The classes of the form +C provide for a rich supply of the classes closed under
transfinite extensions, as shown by Eklof [6]:

Lemma 1.2. (Eklof Lemma) Let C be a class of modules. Then the class +C
is closed under transfinite extensions. That is, if M is a ~C-filtered module, then
Me*C.

Proof. 1t suffices to prove the claim for the case when C = {N} for a single
module N.

Let (M, | @ < k) be a - N-filtration of M. So Extg(My, N) = 0 and, for each
o < kK, Bxty(Muy1/My, N) = 0. We will prove Exty (M, N) = 0.

By induction on o < & we will prove that Ext(M,, N) = 0. This is clear for
a=0.

The exact sequence

0 = BExth(My41/My, N) — Exth(My 1, N) — Exth(M,, N) =0

proves the induction step.

Assume a < k is a limit ordinal. Let 0 — N — I = I/N — 0 be an exact
sequence with I an injective module. In order to prove that Ext}%(Ma,N) = 0,
we show that the abelian group homomorphism Hompg(M,, 7) : Homg(M,, ) —
Hompg(M,,I/N) is surjective.

Let ¢ € Hompr(M,,I/N). We now define by induction homomorphisms g €
Homp (Mg, I), B < a, so that ¢ [ Mg = mps and 5 | M, = ¢, for all v < 8 < a.

First define M_; = 0 and 9_; = 0. If 93 is already defined, the injectivity of I
yields the existence of n € Homp(Mga1,I), such that n | Mg = 1pg. Put § = ¢ |
Mgy — 7 € Hompg(Mgy1, I/N). Then § [ Mz = 0. Since Exth(Mpy1/Ms, N) =
0, there is € € Homp(Mgay1, I), such that € [ Mg = 0 and me = 6. Put ¢g11 = n+e.
Then g1 | Mg =g and g1 = 1+ = ¢ [ Mpg41. For a limit ordinal 8 < «,
put ¢3 = Uy<5 Py

Finally, put ¢, = Uﬁ<a 3. By the construction, mi), = .

The claim is just the case of a = k. []

2. TOOLS FOR DEALING WITH FILTRATIONS

When studying a particular C-filtered module, we often need to replace the orig-
inal C-filtration by another one that better fits the study in case. A remarkable
construction serving this purpose was discovered by Hill [12]. It expands a given
C-filtration, M, of a module M into a large family, F, consisting of C-filtered sub-
modules of M. Moreover, F inherits the key property of M: it forms a complete
distributive sublattice of the modular lattice of all submodules of M.

The key notion here is that of a closed subset of the length of a C-filtration:

Definition 2.1. Let R be a ring and M = (M, | a < 0) be a continuous chain of
modules. Counsider a family of modules (4, | @ < o), such that M,+1 = M, + A,
for each a < 0.

A subset S of the ordinal ¢ is closed, if every o € S satisfies

MonALC ) A
BeS,B<La
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The height hgt(z) of an element « € M, is defined as the least ordinal a < o, such
that x € M,41. For any subset S of o, we define

M(S) = Aa.
aes
For each ordinal a < o, we have My, =) 5 Ag,soa (= {f<o|[f<a})isa
closed subset of o.

Lemma 2.2. Let S be a closed subset of o and x € M(S). Let ' ={a€ S|a<
hgt(z)}. Then x € M(S").

Proof. Let z € M(S). Then x = x1 +- - -+ ay, where z; € A,, for some «; € S,
1<i: <k Wlo.g, a1 < - < ag, and oy is minimal.

If a, > hgt(x), then ap =2 — a1 — -+ —xp_1 € My, N Ay, C Zae&o&ak Ay,
since S is closed, in contradiction with the minimality of «y.

As an immediate corollary, we have
Corollary 2.3. Let S be a closed subset of o and x € M(S). Then hgt(z) € S.
Lemma 2.4. Let (S; | i € I) be a family of closed subsets of o. Then

M(()S:) = M(S:) and  M(JS) =D M(S).
i€l i€l i€l i€l

Proof.  For the first equality, let 7" = (,.; Si. Clearly, M(T) C [\;c; M(S:).
Suppose there is an x € ();c; M(S;), such that x ¢ M(T), and choose such an
2 of minimal height. Then x = y + z for some y € Ahgt(z) and z € tht(m)'
By Corollary 2.3, hgt(z) € S; for all i € I, so hgt(x) € T and y € M(T). Then
2 € (Nier M(Ss), 2 € M(T) and hgt(z) < hgt(z), in contradiction to minimality.

The second equality is immediate from Definition 2.1. ]

Remark 2.5. Let M = (M, | a < o) be a continuous chain of modules. If N
is a submodule of M = M,, then M induces the continuous chain of submodules
N=(NNM,|a<o)of N.

If, moreover, N = M(S) for a subset S C o, then another continuous chain of
submodules of N is given by N/ = (M(SNa) | a < o).

Notice that the set S is closed in o, if and only if the chains N and N” coincide.
The only-if part holds, because M (S) N M, = M(S) N M(a) = M(S N «) for each
a < o by Lemma 2.4. Conversely, if o € S, then M, N A, C M(a) N M(S) =
M(Sﬂ a) = ZﬁGS.ﬂ<aA5'

Next we prove that intersections and unions of closed subsets are again closed:

Proposition 2.6. Let (S; | i € I) be a family of closed subsets of o. Then both
the union and the intersection of this family are again closed in o.

Proof. As for the union, if 3 € S = {J,¢;

MgNAg C 3 hes;acpAa € 2aes,acs Aa-

For the intersection, let § € T' = (,c; Si. Then Mg N Ag € M(S; N 3) for each

i € I. Therefore Lemma 2.4 implies that
Mg Ag C (| M(SinB) = M(TNp),
il
which exactly says that T is closed. L]

S;, then g € S; for some i € I and

By Proposition 2.6, closed subsets form a complete sublattice C'(o) of the com-
plete Boolean lattice of all subsets of o.
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Assume that the chain M is strictly increasing, and S, S” € C(o). Then S C 5,
if and only if M (S) C M (S’). The only-if-part is trivial; to prove the if-part, assume
that M (S) C M(S’) and there is a least ordinal o in S\ S’. Then A, C M (SN (a+
1) =M(S)NM(a+1) S M(S)NM(a+1) = M(S'N(a+1)) = M(S'Na) C M,,
a contradiction.

Let M = M,, and let L(M) denote the lattice of all submodules of M. We can

summarize the above as

Corollary 2.7. Assume that the chain M is strictly increasing. Then the map
0:S+— M(S) is a complete lattice isomorphism of the complete distributive lattice
C(0o) onto a sublattice of the complete modular lattice L(M).

Even if M is not strictly increasing, being a homomorphic image of a distributive
lattice, the image of 6 is still a distributive sublattice of L(M). This image yields
the desired family of submodules F, extending the given continuous chain M. Basic
properties of F are the subject matter of the general version of the Hill Lemma
from [18]:

Theorem 2.8. (Hill Lemma) Let R be a ring, k an infinite regular cardinal,
and C a set of < k-presented modules. Let M be a module with a C-filtration
M= (M, | @« <0g). Then there is a family F consisting of submodules of M such
that

(H1) M CF.

(H2) F is closed under arbitrary sums and intersections. F is a complete dis-
tributive sublattice of the modular lattice of all submodules of M.

(H3) Let N, P € F be, such that N C P. Then the module P/N is C-filtered.

Moreover, there exist an ordinal T < o and a continuous chain (F, |

v < 1) of elements of F, such that Q = (Fy/N | v < 1) is a C-filtration
of P/N, and for each v < T there is a 8 < o with F,1/F, isomorphic to
Mp1/Mg.

(H4) Let N € F and X be a subset of M of cardinality < k. Then there is a
P e F, such that NUX C P and P/N is < k-presented.

Proof. Consider a family of < k-generated modules (4, | & < ), such that for
each a < o:

Ma—i—l = M, + Aou
as in Definition 2.1. We claim that
F={M(S)| S a closed subset of o}

has properties (H1)-(H4).

Property (H1) is clear, since each ordinal o < o is a closed subset of o.

The first claim in (H2) follows by Proposition 2.6 and Lemma 2.4, the second
by Corollary 2.7, because F is the image of 6.

Property (H3) is proved as follows: we have N = M (S) and P = M (T') for some
closed subsets S,T. Since SUT is closed, we can w.l.o.g. assume that S CT. For
each 8 < o, put

Fg=N+ Y  Aa=MSUTNP) and  Fz=Fs/N.
a€eT\S,a<p

Clearly (Fj | 8 < 0) is a filtration of P/N, such that Fjg1 = Fg+ (Ag+ N)/N for
BeT\ S and Fgy1 = Fj otherwise. Let 5 € T'\ S. Then

Fai1/Fp = Fgi1/Fp= Ag/(Fs N Ag),
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and
FﬁﬂAﬁQ( Z Aa)ﬂAﬁ:MgﬂAg.

acT,a<pf
However, if & € Fz N Ag, then hgt(z) < 3, so x € M(T") by Lemma 2.2, where
T'={a e SU(TNP) | a <} By Proposition 2.6, we get x € Mg, because 8 & S.
Hence Fz N Ag = Mg N Ag and Fﬁ+1/Fﬁ >~ Ag/(MgNAg) = Mgy1/Mg. The
desired C-filtration Q of P/N is obtained from (Fj | 8 < o) by removing possible
repetitions, and (H3) follows. Denote by 7/ the ordinal type of the well-ordered set
(T'\ S,<). Notice that the length 7 of the filtration can be taken as 1 + 7/ (the
ordinal sum, hence 7 = 7/ for 7/ infinite).

For property (H4) we first prove that every subset of o of cardinality < & is
contained in a closed subset of cardinality < . Because k is an infinite regular
cardinal, by Proposition 2.6, it is enough to prove this only for one-element subsets
of 0. So we prove that every [ < o is contained in a closed subset of cardinality
< K, by induction on 3. For 8 < k, we just take S = 3+ 1. Otherwise, the short
exact sequence

0—>M50A5 —>A5 —>Mﬁ+1/M5 — 0
shows that Mg N Ag is < k-generated. Thus MsN Ag C > g Aa for a subset
So € B of cardinality < x. Moreover, we can assume that Sy is closed in o by
inductive premise, and put S = Sy U {8}. To show that S is closed, it suffices to
check the definition only for 8. But MzN Ag C M(So) = >_,c5.acp Aa-

Finally, let N = M (S), where S is closed in o, and let X be a subset of M of
cardinality < x. Then X C )’ ., A, for a subset T' of o of cardinality < x. By
the preceding paragraph, we can assume that T is closed in . Let P = M(SUT).
Then P/N is C-filtered by property (H3), and the filtration can be chosen indexed
by 1+ the ordinal type of T'\ S, which is certainly less than . In particular, P/N
is < k-presented.

Remark 2.9. If we assume the stronger assumption that each module in C pos-
sesses a projective resolution consisting of < k-generated modules, then the same
is true of the module P/N in (H4).

3. APPROXIMATIONS

Throughout this section we assume that R is a ring, M is a (right R-) module
and C a class of modules closed under isomorphic images and direct summands.

Definition 3.1. A map f € Homg(M,C) with C € C is a C-preenvelope of M,
provided that the map Hompg(f,C’) : Homg(C, C") — Homp(M, C’) is surjective
for each C’ € C. That is, for each homomorphism f’ : M — C’ there is a homo-
morphism g : C' — C’, such that f' = gf:

M

|
g
I’

N
c'.
(Note that we require the existence, but not the uniqueness, of the map g.)
The C-preenvelope f is a C-envelope of M. provided that f is left minimal, that is,
provided f = gf implies ¢ is an automorphism for each g € Endg(C).

Example 3.2. The embedding M — FE(M) is easily seen to be the Zy-envelope of
a module M.
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Clearly a C-envelope of M is unique in the following sense: if f : M — C and
f'+ M — C" are C-envelopes of M, then there is an isomorphism g : C' — C’, such
that f/ =gf.

In general a module M may have many non-isomorphic C-preenvelopes, but no
C-envelope. Nevertheless, if the C-envelope exists, its minimality implies that it is
isomorphic to a direct summand in each C-preenvelope of M:

Lemma 3.3. Let [ : M — C be a C-envelope and ' : M — C' a C-preenvelope of
a module M. Then
(a) C’"=D@® D, where Im f' C D and f': M — D is a C-envelope of M ;
(b) f’ is a C-envelope of M, if and only if C' has no proper direct summands
containing Im f'.

Proof. (a) By definition there are homomorphisms g : C — C’ and ¢’ : ¢’ — C,
such that f/ = ¢gf and ¢’g is an automorphism of C. So D = Img = C is a direct
summand in C’ containing Im f’, and the assertion follows.

(b) by part (a). L]

Definition 3.4. A class C C Mod—R is a preenveloping class, (enveloping class)
provided that each module has a C-preenvelope (C-envelope).

For example, the class Zy of all injective modules from Example 3.2 is an en-
veloping class of modules.

Now we briefly discuss the dual concepts:

Definition 3.5. A map f € Homg(C, M) with C € C is a C-precover of M,
provided that the abelian group homomorphism Hompg(C’, f) : Homg(C’',C) —
Hompg(C’, M) is surjective for each C’ € C.

A C-precover f € Hompg(C, M) of M is called a C-cover of M, provided that f is
right minimal, that is, provided fg = f implies that g is an automorphism for each
g e EndR(C’)

C C Mod-R is a precovering class, (covering class) provided that each module has
a C-precover (C-cover).

Remark 3.6. C-preenvelopes and C-precovers are also called left and right approz-
1mations.

If Mod—R is replaced by its subcategory mod—R in the definitions above, then
preenveloping and precovering classes are called covariantly finite and contravari-
antly finite, respectively (cf. [3] and [4]).

Example 3.7. Each module M has a Py-precover (where Py denotes the class of
all projective modules), since each module is a homomorphic image of a projective
module. Moreover, M has a Py-cover, if and only if M has a projective cover in
the sense of Bass (that is, there is an epimorphism f: P — M with P projective
and Ker(f) a small submodule of P). So Py is always a precovering class, and it is
a covering class, if and only if R is a right perfect ring.

C-covers may not exist in general, but if they exist, they are unique up to isomor-
phism. As in Lemma 3.3, we get

Lemma 3.8. Let f : C — M be the C-cover of M. Let f' : C' — M be any
C-precover of M. Then
(a) ' =D& D', where D C Ker f' and f' | D' is a C-cover of M.
(b) f’ is a C-cover of M, if and only if C' has no non-zero direct summands
contained in Ker f.
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Proof. Dual to the proof of Lemma 3.3. ]

The following lemma is known as the Wakamatsu Lemma (see [19]). It shows
that under rather weak assumptions on the class C, C-envelopes and C-covers are
special in the sense of the following definition:

Definition 3.9. Let C € Mod—R. We define

C*t =KerExty(C,—) = {N € Mod-R | Extp(C,N) = 0for allC € C}.
For C = {C}, we write for short C*+ and +C in place of {C}+ and +{C}, respec-
tively.
Let M € Mod-R. A C-preenvelope f: M — C of M is called special, provided that
f is injective and Coker f € +C. So a special C-preenvelope may be viewed as an
exact sequence

o-MLcoc-D-o

with C € C and D € *C.
Dually, a C-precover f : C' — M of M is called special, if f is surjective and
Ker f € C*.
If C is a class of modules such that each module M has a special C-preenvelope
(special C-precover), then C is called special preenveloping (special precovering).

Lemma 3.10. (Wakamatsu Lemma) Let M € Mod-R and C C Mod-R be a class
closed under extensions.

(a) Let f: M — C be a monic C-envelope of M. Then f is special.
(b) Let f:C — M be a surjective C-cover of M. Then f is special.

Proof. (a) By assumption, there is an exact sequence

0—- M ER c%L Do
In order to prove that D € +C, we take an arbitrary extension

0-C' -XLD-o
with C’ € C. We will prove that h splits. First consider the pullback of g and h:

|

X 0

l
I
|

/
D 0
0.
Since C,C" € C, also P € C by assumption. Since f is a C-envelope of M, there
is a homomorphism ¢ : C — P with o = §f. Then f = ya = v f, so vd is an

automorphism of C.
Define i : D — X by i(g(c)) = 86(v5)~(c). This is well-defined, since

5(v0)~ f(m) = 8f(m) = a(m).
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Moreover, hig = h35(y86) ™! = gv§(76)~! = g, so hi = idp and h splits.
(b) is dual to (a). L]

Remark 3.11. The C-envelope f of a module M must be monic, provided that
Zo C C. This is because M — E(M) factors through f. Similarly, Py C C implies
that any C-cover of M is surjective.

Also notice that the Wakamatsu Lemma holds with Mod—R replaced by its
subcategory of all finitely presented modules mod—R.

4. COTORSION PAIRS

Besides the Wakamatsu Lemma, there is another reason for investigating special
preenvelopes and precovers, namely the existence of an explicit duality between
them arising from the notion of a cotorsion pair:

Definition 4.1. Let A, B C Mod—R. The pair (A, B) is called a cotorsion pair if
A="1Band B=A'.

Let C be a class of modules. Then C C +(C1) as well as C C (+C)*. Moreover,
Bc = (H(C1),C1) and € = (+C, (+C)*) are easily seen to be cotorsion pairs, called
the cotorsion pairs generated and cogenerated, respectively, by the class C.

For any ring R, the cotorsion pairs of right R-modules are partially ordered by
inclusion of their first components. In fact, they form a complete lattice Lgxs.

The largest element of Lgyy is S\ od R= (Mod—R,Zy), while the least is
Mod_r = (Po,Mod-R). These are the trivial cotorsion pairs.

Note that (), <, Aas (Nacy Aa)®) is the infimum of a sequence of cotorsion pairs
{(Aa,Ba) | @ < &} in Lgye, while (£((Uy<p Aa)™)s Nacys Ba) is its supremum.

Cotorsion pairs are analogues of the classical (non-hereditary) torsion pairs,
where Hom (= Ext? ) is replaced by Ext!. Similarly, one can define F-pairs for any
additive bifunctor F' on Mod—R.

Now we present several important examples of cotorsion pairs:

Example 4.2. For any ring R and any n > 0, there are cotorsion pairs (P, P;-),
(Fn, FiH), and (+Z,,,Z,) where P,, F,, and Z,, denotes the class of all modules of
projective (flat, injective) dimension < n, respectively.

If R is an integral domain, then there is a cotorsion pair (7F,7 F~*) where TF
is the class of all torsionfree modules.

We now record an immediate corollary of Lemma 3.10:

Corollary 4.3. Let R be a ring and (A, B) be a cotorsion pair. If A is covering,
then A is special precovering, and if B is enveloping, then B is special preenveloping.

The key property of cotorsion pairs is their relation to module approximations.
This fact — discovered by Salce [16] — says that the mutually dual categorical notions
of a special precover and a special preenvelope are tied up by the homological tie of
a cotorsion pair. In a sense, this fact is a remedy for the non-existence of a duality
involving the category of all modules over a ring.

Lemma 4.4. (Salce Lemma) Let R be a ring and € = (A, B) be a cotorsion pair
of modules. Then the following are equivalent:

(a) Each module has a special A-precover.
(b) Each module has a special B-preenvelope.

In this case, the cotorsion pair € is called complete.
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Proof. (a) implies (b): let M € Mod—R. There is an exact sequence
0-M-—-I5LF-o0,
where [ is injective. By assumption, there is a special A-precover p of F'

0—-B—ALF 0.
Consider the pullback of 7 and p:

0 0
M:M
0 B P I 0
I "
0 B A—L 5 F 0
0 0.

Since B,I € B, also P € B. So the left-hand vertical exact sequence is a special
B-preenvelope of M.
(b) implies (a): by a dual argument. ]

5. THE ABUNDANCE OF COMPLETE COTORSION PAIRS

The following theorem, showing that complete cotorsion pairs are abundant,
was originally proved in [7]. Similar arguments have been used in homotopy theory
since Quillen’s fundamental work [15] under the name of small object argument. The
proof presented here is a more categorical modification of the one in [7], coming
from [1]:

Theorem 5.1. (Completeness of cotorsion pairs generated by sets) Let S be a set
of modules.

(a) Let M be a module. Then there is a short exact sequence
0—-M—P—N—D0,

where P € S+ and N is S-filtered.
In particular, M — P is a special S*-preenvelope of M.
(b) The cotorsion pair (+(S1),St) is complete.

Proof. (a) Put X = @gcgS. Then X+ =8+, So w.lo.g., we assume that S
consists of a single module S.

Let 0 » K & F — S — 0 be a short exact sequence with F a free module. Let
A be an infinite regular cardinal, such that K is < A-generated.

By induction we define an increasing chain (P, | o < A) as follows:
First let Py = M. For o < A, choose the index set I, = Hompg(K, P,). We define
o as the direct sum of |I,,| copies of the homomorphism g, i.e.

o = pte) € HomR(K(I"‘),F(I‘*)).

Then p, is a monomorphism, and Coker u,, is isomorphic to a direct sum of
copies of S. Let ¢, € HomR(K(IW),Pa) be the canonical morphism. Note that
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for each n € I, there are canonical embeddings v, € Hompg (K, K=)) and v, €
Homp(F, FU=)), such that 1 = p,v, and Upht = flaVp.
Now P, is defined via the pushout of u, and ¢,:

K(Ia) L) (Ia)

ol

C
Py —=— Poir.

If & < A is a limit ordinal, we put P, = B<a Pg3, so the chain is continuous.
Put P =, Pa-

We will prove that v : M < P is a special S+-preenvelope of M.

First we prove that P € S+. Since F is projective, we are left to show that any
¢ € Hompg(K, P) factors through p:

Since K is < A-generated, there are an index a < A and n € I,,, such that ¢(k) =
n(k) for all k € K. The pushout square gives ¥, o = 0a@a, where o, denotes the
inclusion of P, into P,1. Altogether we have 1/%1%# = YaflaVy = OaPalVy = 0a 1.
It follows that ¢ = ', where ¥ € Hompg(F, P) is defined by ¢'(f) = a1y, (f) for
all f € F. This proves that P € S*.

It remains to prove that N = P/M € +(S1). By construction, N is the union
of the continuous chain (N, | @ < A), where N, = P, /M.

Since P,y1/P, is isomorphic to a direct sum of copies of S by the pushout
construction, 50 is Nyt1/No = Pay1/Ps. Since S € £(S1), Lemma 1.2 shows that
N € +(S1).

(b) follows by part (a) (cf. Lemma 4.4). L]

Any cotorsion pair generated by a set of modules S is also generated by the
single module M = @ g5 5. So the following corollary of Theorem 5.1 provides a
characterization of the (complete) cotorsion pairs generated by sets of modules:

Corollary 5.2. Let M be a module. Denote by Cas the class of all modules C, such
that there is an exact sequence 0 — F — C — G — 0, where F is free and G is
{M }-filtered. Let € = (A, B) be a cotorsion pair. The following are equivalent

(a) € is generated by M (that is, B= M%1).
(b) A consists of all direct summands of elements of Cps (and for each A € A,
there are C € Cpr and B € K¢, such that A@ B = C).

Proof. (a) implies (b): by assumption, B = M*. Take A € A, and let 0 —
N & F — A — 0 be a short exact sequence with F free. By Theorem 5.1 (a), there
is a special B-preenvelope, v : N < B of N, such that G = B/N is {M }-filtered.
Let (G4 | @ < A) be an {M }-filtration of G. Consider the pushout of p and v:
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C

0 N ‘t . F A 0

ST S
G 7TG

The second column gives C' € Cps. The second row splits since B € B and A € A,
so A@® B = (. Finally, since I,G € A, we have C € A, so B € K¢.
(b) implies (a): by Lemma 1.2, M+ = A+ = B. L]

Corollary 5.3. Let S be a set of modules containing R. Then the class +(S+)
consists of all direct summands of S-filtered modules.

Proof. By Corollary 5.2 and Lemma 1.2. L]

In general, we cannot omit the term “direct summands” in Corollary 5.3. For
example, if S = {R}, then +(S+) = Py is the class of all projective modules, while
S-filtered modules coincide with the free modules. There is, however, a way of
getting rid of the direct summands, as we will see in the following section.

6. KAPLANSKY THEOREM FOR COTORSION PAIRS

By Corollary 5.3, if € = (A, B) is a cotorsion pair generated by a set C containing
R, then A coincides with the class of all direct summands of C-filtered modules.
Our next goal is to remove the term “direct summands” from this characterization
of A on the account of replacing the set C by a suitable small subset of A.

We will make use of the following application of Theorem 2.8:

Lemma 6.1. Let £ be an uncountable reqular cardinal and C be a class of < k-
presented modules. Denote by A the class of all direct summands of C-filtered
modules, and by A" the subclass of all < k-presented modules from A.

Then every module in A is A<"-filtered.

Proof. Let K € A, so there is a C-filtered module M, such that M = K & L
for some L C M. Denote by 7 : M — K and 7y, : M — L the corresponding
projections. Let F be the family of submodules of M, as in Theorem 2.8. We
proceed in two steps:

Step I: By induction, we construct a continuous chain, (N, | @ < 1), of submodules
of M, such that N, = M and

(a) No € F,
(b) Ny =7k (Ny) + 7L(Ng), and
() Nat1/Ny € (Mod-R)<",
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for each o < 7.

First No = 0, and Ng = U5
have N, ; M, and we wish to construct Ny41. Take z € M \ N,; by property
(H4), there is Qo € F, such that N, U{z} C Qo and Q¢/N, € (Mod-R)<*. Let
Xo be a subset of Qg of cardinality < &, such that the set {z + N, | * € Xo}
generates Qo/Ny. Put Zy = mx(Qo) ® 7(Qo). Clearly Qo/No C Zy/N,. Since
Tk (Na), 7L (No) C Ny, the module Zy/N, is generated by the set

{z+ Ny |z € mrg(Xo) Umr(Xo)}.
Thus we can find Q; € F, such that Zy C @1 and Q1/N, € (Mod-R)<". Similarly,
we infer that Z; /N, is < k-generated for Z; = mx(Q1) ® 7(Q1) and find Q2 € F
with Z; C Q2 and Q2/N,, € (Mod-R)<*. In this way we obtain a chain Qy C Q1 C

..., such that for all i < w: Q; € F, Q;/Ny € (Mod-R)<* and 7 (Q;) + 7(Q;) C
Qit1. It is easy to see that Nyy1 = ;. Qi satisfies the properties (a)-(c).

N, for all limit ordinals 8 < 7. Suppose we

Step II: by condition (b), we have
7"'K(NoHrl) + Ny = 7"'K(NoHrl) D WL(NOL)
and similarly for L. Hence
(WK(Na-i-l) + Na) N (WL(Na-‘rl) + Na)
— (m (Na1) @ 71, (No)) ) (71 (N 1) & 7 (No)
= 7k (Na+1) N (12 (Na+1) @ 7k (Na))) @ 72 (Na)
=g (Ng) ® 7L (No) = No
and
Not1/No = (g (Nat1) + No)/No @ (7L (Nag1) + No)/Na.
By condition (a), Nyt1/Ny is C-filtered. Since

(WK(NQH) + Na)/Na = 7TK(Noﬂrl)/WK(Na)v

Tk (Na+1)/7i (Ng) is isomorphic to a direct summand of a C-filtered module, we
infer that mx (Na+1)/7mx (Na) € A. Since the class of all < k-presented modules is
closed under direct summands, (c) yields that 7x (No41)/7x (No) is < k-presented.
So (mk (Ny) | @ < 7) is the desired A<*-filtration of K = 7 (N;).

We can now state the main result of this section:

Theorem 6.2. (Kaplansky theorem for cotorsion pairs) Let R be a ring, k an
uncountable regular cardinal and € = (A, B) a cotorsion pair of R-modules. Then
the following conditions are equivalent:

(a) € is generated by a class C, such that C consists of < k-presented modules.
(b) Every module in A is D-filtered, where D is the class of all < rk-presented
modules in A.

Proof. (a) = (b). W.lo.g., C is a set and R € C. By Corollary 5.3, A
consists of all direct summands of C-filtered modules. So statement (b) follows by
Lemma 6.1.

(b) = (a). By the Eklof Lemma 1.2, every A-filtered module is again in A.
Thus (b) implies that € is generated by the class D. L]

The name of Theorem 6.2 above comes from the fact that its application to the
cotorsion pair (Py, Mod-R) generated by R yields (for £ = X;) the following classic
theorem on the structure of projective modules due to Kaplansky [13]:

Corollary 6.3. FEvery projective module over an arbitrary ring is a direct sum of
countably generated projective modules.
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Remark 6.4. The latter application also shows that in general it is not possible to
extend Theorem 6.2 to the case of kK = Xy. Namely, there exist rings R which admit
countably generated projective modules that are not direct sums of finitely gener-
ated projective ones. (For example, following Kaplansky, consider the commutative
ring R of all continuous real-valued functions on [0,1] and its ideal P consisting
of all functions f € R vanishing on some interval [0,e(f)], where e(f) € (0,1).
Then P is countably generated and projective, but it is not a direct sum of finitely
generated projective modules, see [14, §2B]).

7. MINIMAL APPROXIMATIONS

In Section 5, we have proved that almost all cotorsion pairs are complete, so they
provide for approximations. In some cases minimal approximations exist, that is,
the cotorsion pairs are perfect in the sense of the following definition:

Definition 7.1. Let R be a ring and € = (A, B) be a cotorsion pair.

(i) Cis called perfect, provided that A is a covering class and B is an enveloping
class.

(ii) € is called closed, provided that A4 = lim A, that is, the class A is closed
under forming direct limits in Mod-R.

The term “perfect” comes from the classical result of Bass characterizing right
perfect rings by the property that the cotorsion pair Pog = (Py, Mod—R) is perfect
(ctf. [2]).

Clearly, any perfect cotorsion pair is complete. The converse fails in general: for
example, By is complete for any ring.

In order to prove the existence of minimal approximations, we will often use the
following version of a result due to Enochs and Xu [20, §2.2]:

Theorem 7.2. Let R be a ring and M be a module. Let C be a class of mod-
ules closed under extensions and direct limits. Assume that M has a special C*-
preenvelope v with Cokerv € C. Then M has a C-envelope.

Proof. By an ad hoc notation, we will call an exact sequence 0 — M —
F — C — 0 with C € C an Ext-generator, provided that for each exact se-
quence 0 - M — F' — C'" — 0 with C" € C there exist f € Hompg(F', F)
and g € Homp(C’, C), such that the diagram

0 M P c’ 0
|
0 M F C 0

is commutative. By assumption, there exists an Ext-generator with the middle
term F' € C*. The proof is divided into three steps:

Lemma 7.3. Assume 0 — M — F — C — 0 is an Ext-generator. Then there
exist an Ert-generator 0 — M — F' — C' — 0 and a commutative diagram

0 M F C 0
I
0 M F c’ 0,

such that Ker(f) = Ker(f'f) in any commutative diagram whose rows are Ext-
generators:
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0 M F cC——0
]

0 M F ¢ —— 0
I

0 M P o/ gu——)

Proof.  Assume that the assertion does not hold. By induction, we will construct
a direct system of Ext-generators indexed by ordinals as follows:
First let the second row be the same as the first one, that is, put F/ = Fy = F,
C'=Cy=0C, f=idFr and g = id¢. Then there exist F; = F", C; = C”, fi1o = f'
and g19 = ¢’, such that the diagram above commutes, its rows are Ext-generators
and Ker fi10 2 Ker f = 0.

Assume that the Ext-generator 0 - M — F, — C, — 0 is defined together
with fo3 € Hompg(F3s, Fy) and gop € Hompg(Cs,Cy) for all 3 < «. Then there
exist Fot1, Cat1 €C, fat+1,a and Gat1,q, such that the diagram

0 M F, c, —— 0
H fa+1,o¢J{ ga+1,aJ(
0 M Fa+1 Ca+1 — 0

commutes, its rows are Ext-generators and Ker fo11,0 2 Ker foo, where foy13 =
faJrl,afaﬁ and 9a+1,8 = Ja+1,a9as for all 6 < a.

If o is a limit ordinal, put F,, = lim, Fj and C, = lim, Cpg. Consider

—f<a —f<a

the direct limit 0 — M — F, — C, — 0 of the Ext-generators 0 — M —
Fg — Cs — 0, (8 < ). Since C is closed under direct limits, we have C, € C.
Since 0 - M — Fg — Cg — 0 is an Ext-generator for (some) 8 < «, also
0— M — F, — C, — 0is an Ext-generator.

Put fog = h—n>15Sﬁ/<Ol farg and gag = h—n>16§ﬁ/<a gpp for all B < a. Then
Ker(fa0) 2 Ker(f30), and hence Ker(fo0) 2 Ker(fao), for each 5 < a.

By induction, for each ordinal o we obtain a strictly increasing chain (Ker fgo |
08 < «), consisting of submodules of F, a contradiction.

Lemma 7.4. Assume 0 — M — F — C — 0 is an Ezt-generator. Then there
exist an Ext-generator 0 — M — F' — C’ — 0 and a commutative diagram

0 M F C 0
I
0 M F’ o 0,
such that Ker(f') = 0 in any commutative diagram whose rows are Ext-generators:
0 M F’ ¢ —— 0
S
0 M F" C’" —— 0.

Proof. By induction on n < w, we infer from Lemma 7.3 that there is a count-
able direct system D of Ext-generators 0 — M — F,, — C,, — 0 with homomor-
phisms fn41,, € Homg(F,, Frt1), gnt+1,n € Homp(C,, Cpt1), such that the 0-th
term of D is the given Ext-generator 0 — M — F — C — 0,
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0 M F, c, ——0
H fn+l,nl 9n+1,nl
0 M Fn_;,_l Cn_;,_l — 0
is commutative, and for each commutative diagram whose rows are Ext-generators
0 M Fn_;,_l Cn_;,_l — 0
[ d
0 M F cC ——0

we have Ker(f,11.1) = Ker(f fotr1.n)-
Consider the direct limit 0 — M — F/ — C' — 0 of D, so F' = h_n)1n<w F,

and C' = h_n>1n<w Cp. Since C is closed under direct limits, we have C’' € C, and

0— M — F'— C" — 0 is an Ext-generator. It is easy to check that this generator
has the required injectivity property. ]

Lemma 7.5. Let 0 — M 2% F' 55 C" — 0 be the Ext-generator constructed in

Lemma 7.4. Thenv: M — F' is a C*+-envelope of M.

Proof. First we prove that in each commutative diagram

0 M F c’ 0
|l
0 M F c’ 0

f is an automorphism.

Assume this is not true. By induction, we construct a direct system of Ext-
generators, 0 - M — F, — C, — 0, indexed by ordinals, with injective, but not
surjective, homomorphisms fo3 € Hompg(F3, Fo) (8 < «). In view of Lemma 7.4,
we take

0—-M—F,—C,—0=0->M=>F 50 -0
in case @ = 0 or « non-limit and F, = li_n}Fg and C, = li_n)lOg, if v is a limit
ordinal. Then for each non-limit ordinal o (Im fag | B non-limit, 5 < «) is a
strictly increasing sequence of submodules of F”’, a contradiction.

It remains to prove that F’ € C1. Consider an exact sequence 0 — F' £ X —
C — 0, where C € C. We will prove that this sequence splits.

Consider the pushout of 7w and u:

0 0
|

0 M Y- F X5 0
I |

0 M X P 0
|
c c
|
0 0.
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Since C is closed under extensions, we have P € C. Since 0 = M = F' 5 C' — 0
is an Ext-generator, we also have a commutative diagram

0 M X P 0
[
0 M ——F = 0.
By the first part of the proof, p/i is an automorphism of F’. It follows that
0— F' % X — C — 0 splits. ]

Theorem 7.6. Let R be a ring, M be a module and C be a class of modules closed
under direct limits. Assume that M has a C-precover. Then M has a C-cover.

Proof. The proof is by a construction of precovers with additional injectivity
properties. The three steps are analogous to Lemmas 7.3 - 7.5. ]

Corollary 7.7. Let € = (A, B) be a complete and closed cotorsion pair. Then € is
perfect.

Proof. By Theorems 7.2 and 7.6. L]

The case of n = 0 in the following Corollary is the Flat Cover Conjecture proved
in [5]:

Corollary 7.8. Let R be a ring and n > 0. Then there is a perfect cotorsion pair
€ = (Fn,Gn) where F,, denotes the class of all modules of flat dimension < n.
In particular, the class Fo of all flat modules is covering.

Proof. Let k = |R|+g and let C,, denote the class of all < k-presented modules
from F,,. Using purification, we see that F,, = Filt(C,), so (F,,)t = (Cn)* by the
Eklof Lemma. By Theorem 5.1, &, is complete. Since F,, is closed under direct
limits, Corollary 7.7 applies. ]

8. C-SOCLE SEQUENCES AND Filt(C)-PRECOVERS

It is well-known that if R is a right semiartinian ring, then all modules are
semiartinian, and each module has a socle sequence. There is obviously no bound
on the lengths of transfinite composition series of modules, but the length of the
socle sequence of any module M (called the Loewy length of M) is bounded, the
bound being the Loewy length of R.

Semiartinian modules coincide with the C-filtered modules for C = simp R. Thus
a question arises of whether these well-known facts can be extended to arbitrary
C-filtered modules. We are going to present a positive answer: if each module in C
is < k-presented, then each C-filtered module has a C-socle sequence of length < k.
As a consequence, we will prove that the class Filt(C) is precovering. These two
remarkable results are due to Enochs [8] and Stovicek [17].

We start with the definition of a C-socle sequence of a module.

Definition 8.1. Let R be a ring, M be a module, and C be a class of modules.
A continuous chain N' = (Ng | < 7) of submodules of M is called a C-socle
sequence of M, provided that N. = M, and Ng41/Ngs is isomorphic to a direct
sum of elements of C for each 8 < 7. The ordinal 7 is called the length of the
C-socle sequence N.
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It is easy to see that a module M possesses a C-socle sequence, if and only if M is
C-filtered. In fact, each C-filtration of M is also its C-socle sequence. So unlike socle
sequences, the C-socle sequences are not unique in general. But the key property is
the same: C-socle sequences are shorter than C-filtrations in general; moreover, if C
consists of modules of bounded presentation, then each C-filtered module possesses
a C-socle sequence of bounded length. Such C-socle sequence can be extracted from
the family F constructed in the Hill Lemma:

Theorem 8.2. (C-socle sequence length bound) Let R be a ring, « be an infinite
reqular cardinal, and C be a class of < k-presented modules. Let M be C-filtered
module. Then M has a C-socle sequence of length < k.

Proof. Let M = (M, | @ < o) be a C-filtration of M, and (4, | @ < o) a
family of < k-generated submodules of M, such that M1 = M, + A, for each
a < o. Let F = {M(S) | S a closed subset of ¢} be the family of submodules of
M from Theorem 2.8.

Let o < 0. By Proposition 2.6, and by (the proof of) property (H4) in Theorem
2.8, there is a least closed subset S, of o, such that S, has cardinality < k, and
a €S, Ca+1 (that is, a is the greatest element of S,).

Putting sup(f)) = 0, we define the C-socle level function £ : ¢ — & by induction
on a < o by the formula (o) = sup{l(y)+ 1| a# v € Sa}.

Notice that ¢(a) = 0 is equivalent to S, = {a} and hence to M1 = M, ® A,.

For each B < k, let Tg = {y < o | £(y) < B} and Ng = M(T3). We will prove
that V' = (Ng | 8 < k) is a C-socle sequence of M.

First, we claim that T is closed, hence Ng € F, for each # < s. This will follow
once we prove that Tz = U7<07e(7)<ﬁ S.,. However, if v € Ty then ¢(y) < 3, and
clearly v € S,. Conversely, assume that a € S, for some v < ,4(y) < 3. If a = 7,
then a € Ts. Otherwise a < 7, so £(a) +1 < {(y) < f and a € T, and the claim
is proved.

Clearly N is a continuous chain of submodules of N, and N = N,. It remains
to show that for each 8 < x, Ng11/Ng = ®7€T5+1\T5 ]\7[7, where ]\7[7 is isomorphic
to some element of C for each v € Ty \ T.

We define M, = (M (Tg) + A,)/M(Tgs). Then

My = M(Tp U Sy)/M(Tp) = M(S5)/(M(Sy) N M(Tp)) = M(S,)/M (S, N Ts) =

= M(Sv)/M(SV Ny) = Av/(Av N M(Sv Ny)) = Av/(Av N Mv) = Mv+1/M7=
because v € S, and S, is closed. However, M., 4,/M, is isomorphic to an element
of C as M is a C-filtration of M.

Clearly, Ng+1/Ng = E’YETﬁ+£\Tg M,. )

So it remains to prove that M, N ZV#5GTB+1\T5 Ms = 0, or equivalently,

(M(Tg) + A) N (M(Tg)+ >, As) = M(Tp).
Y#0€Tp4+1\ T
We have M (Ts) + Ay = M(Tg U S,), and M(T3) + >

U, ser,,, S5)- Moreover,

Y#0E€T3 41\ T3 As = M(Tp U

M(TzUS) N MTzu ) So)=MTzu(S,n |J So)=M7Tp),
¥#6€Tp 41 Y#6€Tp 41

because by the definition of the function ¢, S, N Ss C T for all v # 6 € Tpq. [

In order to prove that Filt(C) is a precovering class for each set of modules C,
we will need some preparation.
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We start with two lemmas of independent interest. The first one deals with
extensions of big direct sums by small modules.

Lemma 8.3. Let k and X be infinite cardinals, and R be a A-noetherian ring. Let C
be a class of < k-presented modules, M be a < A-generated module, and T = Kk + .

Then for each short exact sequence 0 — EBieI C;C NI M—0withC; eC
for all i € I, there exists a subset J C I of cardinality < A, and a < T-generated
submodule P of N, such that @;c;C; € P and N =P ® @B,y ; Ci-

Proof. By assumption, there is a subset {n, | @ < A} of N, such that 7(N’) =
M, where N' =37 _\naR.

Since R is A-noetherian, the module N’ NP, ; C; is < A-generated. So there is
a subset J C I of cardinality < A, such that N’ N ®i61 C; C @jEJ C;.

Let P = N'+ @,c;C;j. Then P is < 7-generated, and P N P,y ;Ci = 0,
because N' N €D,c; Ci € B¢, Cj. Finally, P+ P,y ; Ci = N, because m(N') =

Put in other terms, Lemma 8.3 says that the extension

0-EPccNEM—0
iel
decomposes into the direct sum of the extensions 0 — @ C; CP e M — 0
and 0 = @;cp s Ci = Djen s Ci — 0—0.
In the next lemma, the roles of M and @, ; C; are swapped, so we are concerned
with extensions of small modules by big direct sums.

jeJ

Lemma 8.4. Let R be a ring, and k and X\ be infinite cardinals > |R|. Let C be
a class of < k-presented modules, M be a module with |M| < X\, and 7 = \* + p,
where p = SUPcec e ‘Ext}%(c, M’)‘

Then, for each short exact sequence 0 — M C N 5 D, Ci — 0 with C; €
C for all i € I, there exists a subset J C I of cardinality < T, such that P =
wfl(@je‘, C;) is a direct summand of N containing M, with a complement P’

isomorphic to @,cp\ ; Ci-

Proof. By the assumption, C has a representative set of elements S of cardinal-
ity < 2”7,

For each i € I and ¢ € C;, we fix n.; € N, such that 7(n.;) = ¢. Let N; =
ZCECZ' neiR. Then M + N; = 7 1(C;). Let ~ be the equivalence relation on
I defined by i ~ j, whenever N; N M = N; N M and there is an isomorphism
Pij : Nj — Nl', such that Pij ng NM =id.

Let J C I be a set of representatives for ~ and let j € J. Then there is a unique
C € S, such that there exists an isomorphism C} % .

Let ¢ ~ j. Then there is a commutative diagram with exact rows

0 —— N;NM N;
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where @;; is an isomorphism. Let ¢; = 1;(;;)~*. Then also the following diagram
is commutative and has exact rows

O _— NJQM Nj O O
| dl |
0 —— N;AM N; LN o 0,

that is, the upper and lower rows of the diagram are equivalent extensions of N;NM
by C.

We claim that |J| < 7. Indeed, for i € I, let t(i) = (N;NM, C,&;), where C is the
unique element of S satisfying C = C; = (N; + M)/M, and & € Extp(C, N; N M)
is the equivalence class of the extension 0 — N; " M — N; vl o, By
the above, if ¢ € I and j € J, then i ~ j, if and only if ¢(i) = ¢(j). Moreover,
IN; N M| < & for all ¢ € I, and the claim follows by the definition of 7.

Let P = M + ZJG] Nj, and P’ = ZjGJ Ziwj,i;éj Zcecj(ide — cpij)(ncyj)R.
Then P = 771 (@,c;Cj), and P+ P O N; for each i € I\ J, because p;; is
surjective, so P+ P’ = N.

It remains to prove that PN P’ = 0. If x € P’, then z has the form

p=30 > D (idy, = 9y)(negres)
J€J irvjiFtj ceCy
and w(x) = 3 505D it 2ucec, (€ — Pij(c))re,iy- If, moreover, x € P, then
m(z) € D;c; Cj, and hence

Z Z Z@ij(c)rc,z‘,g Z Z Pij ZCTcw

JEJ invj,i#j c€C; JEJ irvj, i)
Since @;; is an isomorphism, we infer that m(3_ cc, Ne,jTe,ii) = e, ¢-Teiy =0,
and ) .o NejTeij € M N Nj for all i ~ j and i # j. We conclude that
5 TegTed,

=" > (idn, = i)Y neyresg) =0

JEJ i i) ceCy
because @ [ (N; N M) =idy, for all i ~ j and i # j. ]

Lemma 8.4 just says that the extension 0 — M C N 5 @;c; Ci — 0 decomposes

into the direct sum of the extensions 0 — M C P = EBJGJ C;i—0and0—0—
P — @ieI\J Ci — 0.

The following lemma builds Filt(C)-approximations gradually, by induction on
the length of a C-socle sequence.

Lemma 8.5. Let k be an infinite cardinal and C a class of < k-presented modules.
Then for each module T there is a sequence ((Sa, fo) | @ < £T) with the following
properties:
(a) (Sg| B <~) is aC-socle sequence of S for each v < k™.
(b) fy € Hompg(S,T) for each v < k™. The morphisms fy (v < k") are
compatible, that is, f | Sg = fa for all B <~y < k™.
(c) Let v < kT, X be a module possessing a C-socle sequence (Xg | B < ),
and hy € Hompg(X,T). Then there exists g, € Hompg(X,S,) such that
~ | Xg € Hompg(Xg, Sg) for each B8 <y, and hy = f,g,.
Moreover, if v < kT is a non-limit ordinal and there exists a homomor-
phism g € Homp(X,_1,5,-1) such that g [ Xg € Hompg(Xpg,Sg) for all
B <7, and hy [ Xy—1 = fy—1(9 | Sy—1), then the map g, above can be
chosen so that gy [ Xy_1 = g.
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Proof. Let T be an arbitrary module. By induction on a < s, we will con-
struct a sequence ((S3, fg) | B < «) so that conditions (a)-(c) hold for each v < a.
For a =0 we let Sy =0 and fy = 0.

Assume a > 0 and the sequence ((Sg, f3) | 8 < a) has been constructed. We
have to define the pair (Sa+t1, fa+1) so that Sy C Sat1, Sa+1/S4 is a direct sum
of copies of elements of C, fo+1 € Homp(Sa+1,T), fat1 [ Sa = fa, and condition
(c) holds for v = o + 1.

Let S be a representative set of elements of C, E = ®u€HomR(Cu,T),CuES Cy, and
v € Hompg(F,T) be the canonical map (i.e., v | C,, = ). Then each homomorphism
from a direct sum of copies of elements of C to T factors through v.

Let 7 = A"+ p, where A = No + [So| + R, and p = supges arcs, |Ext}%(C, M.
Also, let &, : 0 — So € P, — D, — 0 (v < p) be a representative set of all
equivalence classes of extensions of S, by direct sums of < 7 elements of S. For
each v < p, we define H, = {f € Homg(P,,T) | f | Sa = fa}. Consider the
pushout

H c H H
0 ®’y<p S((x ) @'y<p PV( ~) @'y<p Dg ) 0
°| '] H
C H,
0 — Sa — S, — @'Kng [}
: (H~) ~ ~ . (H~)
where ® : €D, _, Sa " — Sa is the summation map. Let c: P, , Py — T be

the canonical map. Then c | @,Y <p S((IH”) = fo®, so the pushout property yields
f! € Homp(S!,,T) such that f. | S = fo and fin=c.

We define So11 = SLOE, and foy1 = f,®v. Clearly, Sa41/Sa = @, ., D@
E,and foq1 [ Sa = f& [ Sa = fa-

Now, let X be an arbitrary module possessing a C-socle sequence (Xg | 5 < a+1),
and haJrl S HomR(X, T)

There is a short exact sequence 0 — X, € X — D — 0, where D is a
direct sum of modules from S. By the inductive premise for (c), there exists
9o € Homp(X,,S,) such that g, | Xg € Hompg(Xg,Ss) for each § < «, and
hot1 | Xo = faga. Moreover, if g is given as in the second paragraph of (c) for
v = a+ 1, then we can choose g, = g. Consider the pushout

c

0 X, X D 0
ool
0 Sy —S N D 0.

By the pushout property, there is y, € Hompg(N,T) such that y, [ Sa = fo and
haJrl = YarRa-

We can apply Lemma 8.4 to the bottom short exact sequence (so M = S,, and
A and 7 are as above), and obtain a decomposition N = P & P’, where S, C P,
|P| < 7, and both P/S, and P’ are isomorphic to direct sums of elements of S.

It remains to construct go4+1 € Homp(X, Sat1) so that got1 [ Xo = go and
haJrl = faJrlgaJrl-

Since v is the canonical map, y, | P’ factors through it, that is, there exists
w € Hompg(P', E) such that y, | P’ = vw.

In order to factor y, [ P, we note that y, [ So = fa, and let § be the index
corresponding to the extension 0 — S, — P — P/S, — 0 and to y, | P €
Homp(P,T). Let ps: P — D, ., P be the corresponding split embedding.
We define Ja+1 = (77”6 2] w)za € HOIHR(X, Sa-l—l)'
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Then go+1 | Xo = Pusgo = go. Moreover,
fat19a+1 = (f(/y S v)(Wa D w)za = (C,Ué D Yo | P/)Za = YaZa = hat1-

Finally, if o is a limit ordinal, we define S, = s, S and fo = Ug,, 3. Then
(a) and (b) clearly hold also for v = a.

Assume X and h,, are given as in (¢) (for v = «). Using the second paragraph
of (c) by induction on v < «, we can define a compatible system of morphisms gg
(8 < @) such that gg € Homp(Xg,Ss) and h, | X3 = fagp for each § < a. Let
9o = Upcn 98- Then hy = faga, so (c) holds also for v = a. L]

Theorem 8.6. (Filt(C) is a precovering class) Let R be a ring, k be an infinite
cardinal, and C be a class of < k-presented modules. Let o < kT, and let Soc,,(C)
denote the class of all modules possessing a C-socle sequence of length < a.

Then Socy(C) is a precovering class, and so are the classes Filt(C) and D =
Add(Filt(C)).

Proof. Let T be a module, and S, and f, be as in Lemma 8.5. Consider
X € Socy(C) and h € Homp(X,T). Let (X3 | 8 < a) be a C-socle sequence of X.
By Lemma 8.5(c), there exists g, € Hompg(X, S,) such that b = fogs. So fo is a
Soc (C)-precover of T

In particular, for &« = kT we infer from Theorem 8.2 that the class Filt(C) =
Soc,+(C) is precovering. The final claim follows from the easy observation that
each Filt(C)-precover is also a D-precover. L]

Remark 8.7. If, moreover, R € C, then the class D is even special precovering
by Theorem 5.1 and Corollary 5.3. Also, by Theorem 6.2, if  is a regular infinite
cardinal, C consists of < k-presented modules, and (A, B) is the cotorsion pair
generated by C, then Filt(A<") = A is a special precovering class.

Assume that C is a precovering class such that each C-precover is surjective (e.g.,
C contains all free modules). Then by an iteration of precovers, of a module M,
of the kernel of a C-precover of M, etc., we obtain a C-resolution of M. In the
classic particular case when C is the class of all projective modules, this is just the
projective resolution of M.

As in the classic case, the general C-resolutions are not unique, but one can use
them to define uniquely the relative cohomology groups, and derive the long exact
sequence for them as in the classic case (see e.g. [9]).

In fact, most classes used to define relative cohomology groups are even decon-
structible:

Definition 8.8. A class of modules C is deconstructible provided there exists a
cardinal x such that C = Filt(D), where D is the class of all < k-presented modules
from C.

Corollary 8.9. Fach deconstructible class of modules is precovering.

Remark 8.10. For example, for each n > 0, the class P,, of all modules of projec-
tive dimension < n, as well as the class F,, of all modules of flat dimension < n,
are deconstructible (in fact, all these classes are special precovering, cf. Corollary
7.8 and [10, §8.1]). However, the class of all ®;-projective modules is not decon-
structible for any non-right perfect ring, [11].
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problem. Let R be a ring and C be a covering class of modules. Is C

closed under direct limits? In particular, is every perfect cotorsion pair closed?
(Cf. Corollary 7.7.)
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