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Precision for robotic surgery 

http://www.cts.usc.edu/rsi-article-robotputsuscatforefront.html 

                                                               

 









Perspec4ve	  camera	  model	  

T.	  Pajdla.	  Elements	  of	  Geometry	  for	  Computer	  Vision	  
hUp://cmp.felk.cvut.cz/~pajdla/gvg/GVG-‐2014-‐Lecture.pdf	  



Camera  

Digital cameras 

Image projection model 
 
1.  Light extends along straight rays 
2.  Projection center 
3.  Projection plane 



Image 



Image is a m x n x 3 matrix in Matlab  





Projec4on	  matrix:	  

Projec4on:	  



Homography	  



Camera	  observes	  a	  plane	    δ	  

 δ	  













Setup 

camera 

laser 

target 



Calibration tatget 



Laser spot 



Laser spot in the camera view 

30 mm ~ 400 pxls 

1 pxl ~  0.1 mm, i.e. resolution 0.1 pxl ~ 0.01 mm  
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abb-sq-02: 
    VAR speeddata speed:= [15,15,0,0];  

    CONST zonedata zn  := [FALSE, 3.0, 3.0, 3.0, 0.30, 3.0, 0.30]; 



abb-sq-03: 
    VAR speeddata speed:= [15,15,0,0];  

    CONST zonedata zn  := [FALSE, 0.1, 0.1, 0.1, 0.01, 0.1, 0.01]; 



abb-sq-03: 
    VAR speeddata speed:= [15,15,0,0];  

    CONST zonedata zn  := [FALSE, 0.1, 0.1, 0.1, 0.01, 0.1, 0.01]; 

Abs. accur. on 

Abs. accur. off 

off on 







I M A G E   N o.  1 



I M A G E   N o.  2 



S I M I L A R   F E A T U R E S   F O R M    M A T C H E S 

Some feature are similar but do not really match 



N O T   A L L   M A T C H E S   A R E   C O R R E C T 

B U T   S O M E   A R E 



F E A T U R E    C E N T E R S  –   P O I N T S 

C H E C K   T H E   N U M B E R S    J 



E P I P O L A R   C O N S T R A I N T 



E P I P O L A R   C O N S T R   →  algebraic equation 



 H O W   T O   G E T   O N E    F ? 

F can be computed from 5 good matches 



 H O W   T O   G E T    T H E   B E S T   F ? 

The best  F  is  consistent  with the highest number of matches 



 C O N S I S T E N C Y    W I T H    F 

good 

bad 



F I N D I N G   T H E   B E S T    F 

RANSAC (RANdom SAmpling Consensus) 
1.    Generate random 5-tuples of matches 

2.  Compute F by solving                            (not so trivial) 

3.  Count the number of good matches 

Return the largest set of good matches 







I N T E G R A T E  D   F R O M    M A N Y    C A M E R A S 







R E S U L T 

Dense 3D by fish scales of R. Sara et al. 



Dense 3D by fish scales of R. Sara et al. 



Algebraic	  equa4ons	  

solve	  

R E L A T I V E   C A M E R A   P O S E    P R O B L E M 



5	  matches	  are	  necessary	  and	  sufficient	  

1	   2	  

3	  

4	   5	  

1	   2	  

3	  

4	  
5	  

M I N I M A L   P R O B L E M S   &   R A N S A C 

RANSAC: find F to maximize the # of good matches 
 

select 5 matches   →   compute F   →  record the support 



F O R M U L A T I O N 

Algebraic equations 



U N K N O W N S 

9 unknowns but only 8 have to be found (F up to scale) 

 →  we need at least 8 independent equations 



1 equation,  degree 3 

9 equations, degree 3 

10 equations but only 3 “independent” 

8 = 3 + 5 

→  5 more equations needed 

E Q U A T I O N S 



5   E Q U A T I O N S   f r o m   i m a g e   p o i n t s 

5 linear equations: 



E L I M I N A T I N G   U N K N O W N S 

5 linear equations: 

can be written in a matrix form 



E L I M I N A T I N G   U N K N O W N S 

known 

new unknowns 



E L I M I N A T I N G   U N K N O W N S 

F is up to scale → choose a representative by setting w = 1 

3 unknowns  x, y, z 

10  3rd order equations in  
      3 unknowns 

... 4 unknowns 

substitute 



10  3rd order equations in  
      3 unknowns 

S O L V I N G   I T 

10 x 20 matrix 



S O L V I N G   I T 

Gauss-Jordan elimination 



S O L V I N G   I T 



S O L U T I O N S 

...  up to 10 solutions 

back-substitution 

R, T   ... camera relative motion 



A L G O R I T M 

1.   Construct matrix M 

2.  Build matrix At 

3.  Compute eigenvalues 

4.  Recover camera relative motion R, T  



A L G O R I T M 

1.   Not trivial to find     

2.  Simple & fast   



S O L V I N G    A L G E B R A I C    E Q U A T I O N S 

The previous procedure was a particular case of a general 
technique for solving systems of algebraic equations. 



1888  David Hilbert: Finitness theorem 
  Every ideal has a finite generating set 
   

H I S T O R Y 

1965  Bruno Burchberger: Groebner bases 
 Computational procedure for solving systems 
 of polynomial equations 

  (Extremely simple: 20 lines of Maple code!) 
   

1999  Jean-Charles Faugere: F4 algorithm 
  An efficient computational tool for cryptography 
   

1998  Hans Stetter: Multiplication matrix 
 A stable numerical procedure via eigenvectors 
  



S O L V I N G   A L G E B R A I C   E Q U A T I O N S 

It works when eig works, i.e. order 100 in Matlab is often OK. 

1 equation, 1 variable 

... a simple rule 

→  companion matrix  →  eigenvalues 



S O L V I N G   A L G E B R A I C   E Q U A T I O N S 

m equations, n variables   

→  Groebner basis   
 (a set of polynomials with the same solutions but easier to solve) 



S O L V I N G   A L G E B R A I C   E Q U A T I O N S 

m equations, n variables   

→  Groebner basis →  generalized 
 companion  
 matrix 



S O L V I N G   A L G E B R A I C   E Q U A T I O N S 

→  Groebner basis 

m equations, n variables   

→  generalized 
 companion  
 matrix 

→   eigenvectors 



S O L V I N G   A L G E B R A I C   E Q U A T I O N S 

→  Groebner basis 

m equations, n variables   

→  generalized 
 companion  
 matrix 

→   eigenvectors 



T H E   D I F F I C U L T   P A R T 

no simple rule: 

1.  NP-complete in m, n (~ 3-coloring of graphs) 
 (takes very long time to compute) 

2.  EXPSPACE-complete problem  
 (needs huge space to remember intermediate results) 

Equations      →     Groebner basis 



G B   C O M P U T A T I O N   A L G O R I T H M S 

Manipulation ... polynomial multiplication & pseudo-division 

? 

How to find coefficients? 



1.  “Standard” (Hironaka 1964) and  
  Groebner  (Burchberger 1965) bases 

G B   C O M P U T A T I O N   A L G O R I T H M S 

2.  1965: Buchberger’s algorithm  

 –  a generalization of the Gauss-Jordan elimination  
 –  extremely simple:  7 (+ 13 for the rem division)  
     lines of code 
 –  not efficient  
 –  not good for numerical approximations 

3.  1999 (2005): F4 (F5) algorithm (J.-C. Faugere)  
  
 –  more efficient, more robust, more complex 



C O M P U T I N G   G B    M A Y   B E   V E R Y   H A R D 

have extremely simple Groebner basis 

Example:  
 

4 polynomials,  3 variables,  degree ≤ 6,  small integer coeffs 



H O W E V E R 

when computed by the Buchberger’s algorithm over the  
rational numbers w.r.t. the grevlex ordering x > y > z, 
the following polynomial appears during the computation:  

    ~ 80,000 digits 



C O M P U T A T I O N 

will run very long. 
 
 
The problem is in remembering very long coefficients. 



C O M P U T A T I O N 

returns a very similar basis in the fraction of the second 



W H Y ? 

 C
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Input Groebner basis 

General algorithms can construct all GBs but 
often generate many complicated polynomials 

G e n e r a l 
a l g o r i t h m  

S p e c i f i c 
a l g o r i t h m  



S P E C I F I C    G B    C O N S T R U C T I O N   A L G’ S 

Find a short path towards the GB which is independent 
from the actual coefficients, implement it efficiently.  

Use floating-point arithmetics to do the manipulations 
to avoid huge coefficients. 

1.    

2.    



S H O R T   P A T H   T O   G B 

1.  Restructure & reformulate  the problem to reduce the  
 number of variables and the degree of monomials. 

try P = 1, 2, 3, 5, 7, ..., 30011, 30013, 30029, ... 
 
until the result stabilizes (always does) 

2.  Use a computer algebra system (Macaulay2) to compute 
 the Groebner basis in a finite field (fast!) for random 
 coefficients and remember the path:   

“lucky” prime number (always exists) 



F L O A T I N G    P O I N T   A R I T H M E T I C S 

Strictly speaking, polynomial manipulations must be done  
in exact arithmetics 

Double canceling               may fail when rounding occurs 
 
in floating point arithmetics 



F L O A T I N G    P O I N T   A R I T H M E T I C S 

For some computer vision problems rounding does not 
destroy the result. 
 
All manipulations have to be done with care and checked 
on typical data in randomized experiments. 





From Google Street View to 3D City Models 
Tomas	  Pajdla	  	  (pajdla@cmp.felk.cvut.cz)	  



Thank	  you.	  
	  

Ques4ons?	  
	  

pajdla@cmp.felk.cvut.cz	  


