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Reynolds experiment

Obrazek: Reynolds experiment.

Osborne Reynolds. An experimental investigation of the circumstances which determine whether the motion of water shall be

direct or sinuous, and of the law of resistance in parallel channels. Proc. R. Soc. Lond., 25:84-99, 1883
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Reynolds experiment — zakladni pozorovani

(a) Reynolds experiment.

(b) Lamin&rni proudéni. (c) Turbulentni proudni.

[. .. ] the internal motion of water assumes one or other of two broadly distinguishable forms—either the
elements of the fluid follow one another along lines of motion which lead in the most direct manner to their
destination, or the eddy about in sinous paths the most indirect possible.
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Pro¢ je to zajimavé?

Parabolicky rychlostni profil

AsR? 2
V-5 (1= (7)) e
4pv R
je feSenim rovnic pro proudéni. Do vzorce Ize dosadit pro jakékoliv As. Jak

je mozné, ze parabolicky rychlostni profil v experimentu nevidime pro
jakékoliv Ag?

Gotthilf Heinrich Ludwig Hagen. Uber die Bewegung des Wassers in Einen Cylindrischen Rohren. Poggendorf’s Annalen der
Physik und Chemie, pages 423-442, 1839
Jean Léonard Marie Poiseuille. Sur le mouvement des liquides de nature différente dans les tubes de trés petits diamétres.

Annales de Chimie et Physique, XXI:76-110, 1847
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Turbulentni a laminarni proudéni — kvantitativni popis

Friction factor:
pressure drop

volumetric flow rate

Reynolds ¢islo:
_ UnaxR

v

Re

Pro lamindrni proud&ni (parabolicky rychlostni profil):

64
A= —
Re
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Moody diagram
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Lewis F. Moody. Friction factors for pipe flow. Transactions of ASME, 66:671-684, November 1944
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Rayleigh—Bénard

https://www.youtube.com /watch?v=5ApSJe4Fall
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https://www.youtube.com/watch?v=5ApSJe4FaLI

Reynolds experiment — matematicky popis

Navier-Stokes rovnice, okrajové podminky ul|,q = 0:

Ju 1
- - _ A
T + [Vu]u Vp—l—Re u
divu=0
Tlakovy gradient ve sméru es: % = —A,
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Reynolds experiment — evoluéni rovnice pro poruchu

Rychlostni pole rozlozime na zdkladni rychlostni pole V a poruchu v:
u=V+v

Evoluéni rovnice pro poruchu v:

g: +[VV]v + [VVv]V + [Vv]v = -Vp + éAv
divv =20
ven|,,=0
vetfyg=0
V];—o = Vo

Vit Priga (Univerzita Karlova) Stabilita proud&ni 7. kvétna 2015



Rayleigh—Bénard — evoluéni rovnice pro poruchu

Rychlostni a teplotni pole rozloZime na zakladni rychlostni pole (bez
proud&ni) a zdkladni teplotni pole (linedrni teplotni profil):

u=V+v
v=T+6
Evoluéni rovnice pro poruchu:
0
a: +[Vv]v=—Vp+ Av + Roes
divv=0
Pr (89+vov9> =Rv? + Af
ot
V[po =0
Olag =0
Vlt:O = Vo
Hlt:O = o
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Linearizace |

Upln}'l systém:

ov
ot

V]i—t, = Vo-

= Av + N(v),

Linearizace:

Ov
ot

V’tzto = Vo.
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Linearizace |l

Struktura rovnic po linearizaci:

% = A(Re, V)v

Hledame FeSeni ve tvaru:
v(x,y,z,t) = v(x,y,z)e = ¥(x,y, z)e_m(“’)teg(‘*’)t
Problém pro vlastni &isla:
iwr = A(Re, V)
Rekneme, ¥e zakladni rychlostni pole V je pro dané Reynolds &islo Re

stabilni vdi infinitesimalnim porucham, pravé kdyZ vsechna vlastni &isla w
operdtoru A plati
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Orr—Sommerfeld rovnice (proudéni v rovinném kanalu)

Hleddme ¥eSeni ve tvaru:
V(y, z, t) _ V(y)ei(az—wt)

=0:
y=%1

2\ [ @2 ;L AAvE o1 (@2 2

Struktura:

i oy iové 1 oy —0 4
Rovnice pro ¥, okrajové podminky v |y:i1 =0, dy

—iwB? = C¥
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Lagrange interpolace

Lagrange interpolace:

PO =S FH0)  hx) =g ks~ )

= HZ:O,k;&j(XJ — Xk)

Zfejmé:

1, j=k,
0, v ostatnich pfipadech

Lloyd N. Trefethen. Spectral methods in MATLAB, volume 10 of Software, Environments, and Tools. Society for Industrial and
Applied Mathematics (SIAM), Philadelphia, PA, 2000
Lloyd N. Trefethen. Approximation theory and approximation practice. Society for Industrial and Applied Mathematics (SIAM),

Philadelphia, PA, 2013
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Barycentricka interpolace |

Barycentric weight:

1
HZ:O,k;éj(XJ' — Xk)

Wj =def

Polynom:

I(x) =det H(X — Xk) li(x) = I(x) Wj

k=0
Lagrange interpolace:
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Barycentricka interpolace I

Ztejmé:

j=0 j=0
Lagrange interpolace (barycentric formula):

n wj
ijo fJ'x—ij

W
Zj,]:() X —ij

p(x) =
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Derivovani |

Mdme n
{ f(x)|X:Xf}i:0
Chceme ,
df
Umime:

Aproximace derivace:
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Derivovani Il

Derivace interpola¢niho polynomu:
_ dp ~_d
Z ) = L= 67K

Derivace ,bazové" funkce v interpolaénich bodech:

n

Goow 1A
dxf,_w,-x,-—xj dx|. . 4= dx|.__
X=X X=X; i=0,ij X=X;
Celkem:
n n
df dp — £ 1 — DM .£
dx dx|, _ Twi X — x; v
X=Xj j=0 Jj=0
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Derivovani Il

Chebyshev body, interval [—1,1], x; = cos ((I;V__I%W) i=1,...,N:

df

dx Ix=x f‘x:xl
x| fl
dxlx=x | _ D X=x2
df | '
& X=XN f’X:XN
PoloZci=cy=2, c0=---=cp_1 =1:
2(N—-1)2+1 2(N—-1)2+1
DW= ( ) D, = — ( )
6 6
D@ _ (—1ytk pw __ 1 %
G (ke — %) VAN Y
G k=% (1=x7)

Vit Priga (Univerzita Karlova) Stabilita proud&ni 7. kvétna 2015



Derivovani IV

Pozor na konvenci &islovani uzlovychh bodi.

N? —1) 1
M 2( ) _(,1)"1
6 11—
(—1)i+i
T — T
1 (-1) 1 (—1)N+
Dy = 21— 2 14w
(—1)iti
T — T
1 ; —1)N+i 2N? +1
— (=N ,ZL _2NT 41
2 1+ z; 6

Lloyd N. Trefethen. Spectral methods in MATLAB, volume 10 of Software, Environments, and Tools. Society for Industrial and
Applied Mathematics (SIAM), Philadelphia, PA, 2000

J. A. Weideman and S. C. Reddy. A MATLAB differentiation matrix suite. ACM Trans. Math. Softw., 26(4):465-519, 2000
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Orr—Sommerfeld nice — diskretizace

Rovnice pro ¥, okrajové podminky V}A’|y:ﬂ =0, % i1 =0:
e (2 o d2vE o 1 (a2 2 .
(—lw + /Oévz) (dy2 — O[2> ‘7}’ — ladiy2\7y = ﬁ <dy2 — O[2> ‘7)/

Plan:

@ Rovnici vynutime ve vnit¥nich interpolagnich bodech i =2,... N — 1.

(V krajnich bodech intervalu mame okrajovou podminku Vf/‘ £1 = 0. Podminka (21;;/

= 0 se vynucuje lehce
y=%1
komplikovang&j$im zpiisobem.)

o Derivace nahradime maticovym nasobenim & — D).
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Zkuste si sami

J. A. Weideman and S. C. Reddy. A MATLAB differentiation matrix suite. ACM Trans. Math. Softw., 26(4):465-519, 2000

Lloyd N. Trefethen. Spectral methods in MATLAB, volume 10 of Software, Environments, and Tools. Society for Industrial and

Applied Mathematics (SIAM), Philadelphia, PA, 2000
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Ptechodny rist |

Rovnice:

Operator:
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Ptechodny rist |

Rovnice:

Operator:

Operator A je nenormalni.

ATA £ AAT
Vlastni ¢&isla: 1
A2 = “Re
BizevRZL, vi=[1 1], voa=1[0 1]":
(A=X)vi=vy

(A=X)2vi=(A=A)vy=0
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P¥echodny rast Il

Rovnice: d
—ag=A
dt 9
Pozorovani:
q(t) = Mgy = M(arvy + apva) = - - - = areMvy + (a2 + art)evs

Nabizi se otdzka jak odhadnout polatedni riist YeSeni. (Aneb pokusit se
kvantifikovat nakolik je pf¥islusny operdtor nenormalni.)
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Pseudospektrum operdtoru A, A.(A), |- je 2-norma:

{zec (zI—A)_l‘ zg}
def {z € C: existuje E, |E| < ¢, tak, Ze z € A(A+E)}
def {z € C: existuje v, |v| =1, tak, ze |(A—zl)v| <e}
def {Z € C:omin [zl —A] < ¢}

A(A)
A-(A)
A-(A)
A(A)

J. L. M. van Dorsselaer, J. F. B. M. Kraaijevanger, and M. N. Spijker. Linear stability analysis in the numerical solution of initial

value problems. In Acta numerica, 1993, Acta Numer., pages 199-237. Cambridge Univ. Press, Cambridge, 1993
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Spodni odhad na riist

Rovnice:
dq
7 _ A
a9
q|t:0 = qO
Velikost:
LIGTR—
Odhad:
—iAt 1
sup [e | > sup ~0-(A)
t>0 e>0 €
GE(A) —def SUP %(Z)
ZEAE(A)

Lloyd N. Trefethen, Anne E. Trefethen, Satish C. Reddy, and Tobin A. Driscoll. Hydrodynamic stability without eigenvalues.

Science, 261(5121):578-584, July 1993
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DileZitou vlastnosti feSeni je jeho stabilita.

Derivovani _je také ,,matice“ . (S timto tvrzenim zachézejte opatrnéA)

Spektrélni metoda je vhodny nastroj pro diskretizaci.

Nenormdlni matice (operatory) jsou ,03klivé".
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