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◆❡❝❤➫ ZN ❥❡ ♠♥♦➸✐♥❛ N ✲-.❝❤ ♦❞♠♦❝♥✐♥ ❥❡❞♥✐↔❦② ✈ ♦❜♦5✉ ❦♦♠♣❧❡①♥:❝❤ ↔:;❡❧✱ -❡❞②

ZN = {1, e2πi/N , e2·2πi/N . . . , e(N−1)·2πi/N}.

=❛❦ ZN ; ♦❜✈②❦❧.♠ ♥>;♦❜❡♥:♠ ❦♦♠♣❧❡①♥:❝❤ ↔:;❡❧ ❥❡ ❆❜❡❧♦✈;❦> ✭-❡❞② ❦♦♠✉-❛-✐✈♥:✮ ❣5✉♣❛✳ ❉>❧❡

❥❡ ZN ✐;♦♠♦5❢♥: ; ♠♥♦➸✐♥♦✉ {0, 1, . . . , N − 1} ✈②❜❛✈❡♥♦✉ ;✉♠❛❝: ♠♦❞✉❧♦ N ✳ ❆ ❞>❧❡ ❥❡ ✐;♦♠♦5❢♥:
; Z/NZ✱ ♠♥♦➸✐♥➙ -➦:❞ ❡❦✈✐✈❛❧❡♥❝❡ ❝❡❧.❝❤ ↔:;❡❧ ❞❡✜♥♦✈❛♥.❝❤ ♣♦♠♦❝: ③❜②-❦✉ ♣➦✐ ❞➙❧❡♥: N ✳

❉❡✜♥✉❥❡♠❡ ✈❡❦-♦5② el ∈ C
N
; ❦♦♠♣♦♥❡♥-❛♠✐ el(k), k = 0, . . . , N − 1

el(k) = e2πilk/N ♣5♦ l = 0, 1, . . . , N − 1 ❛ k = 0, 1, . . . , N − 1.

❙-❡❥♥➙ -❛❦ ❥❡ ♠♦➸♥K ;❡ ♥❛ ❞:✈❛- ♥❛ el ❥❛❦♦ ♥❛ ❢✉♥❦❝❡ el : {0, 1, . . . , N−1} → C✳ ❑♦♥❡↔♥➙ ♦③♥❛↔:♠❡

V ✈❡❦-♦5♦✈. ♣5♦;-♦5 ❦♦♠♣❧❡①♥:❝❤ ❢✉♥❦❝: ♥❛ {0, 1, . . . , N − 1} ;❡ ;❦❛❧>5♥:♠ ;♦✉↔✐♥❡♠

〈F,G〉V =
N−1
∑

k=0

F (k)G(k),

❛ ♥♦5♠♦✉

‖F‖2V =

N−1
∑

k=0

|F (k)|2.

❏❡❞♥♦❞✉❝❤. ✈.♣♦↔❡- ❞>✈>

▲❡♠♠❛ ✶✳✶✳  !♦ 0 ≤ l,m ≤ N − 1 ♣❧❛&'

〈el, em〉V = N · δm,l =

{

N ♣!♦ l = m,

0 ❥✐♥❛❦.
.

❱❡❦-♦5② e∗l = el/
√
N, l = 0, 1, . . . , N − 1, -✈♦➦: -❡❞② ♦5-♦♥♦5♠>❧♥: ❜>③✐ V ✳

=5♦ ❦❛➸❞K F ∈ V -❡❞② ❞♦;-❛♥❡♠❡

F =
N−1
∑

n=0

〈F, e∗n〉V e∗n,

‖F‖2 =
N−1
∑

n=0

|〈F, e∗n〉V |2.

=5♦ n ∈ Z ❞❡✜♥✉❥❡♠❡ n✲-. ❋♦✉5✐❡5➲✈ ❦♦❡✜❝✐❡♥- F ❥❛❦♦

an = F̂ (n) =
1

N

N−1
∑

k=0

F (k)e−2πikn/N =
1√
N
〈F, e∗n〉.

❱➙(❛ ✶✳✷✳  !♦ F ∈ V ♠-♠❡

F (k) =
N−1
∑

n=0

〈F, e∗n〉V e∗n(k) =
N−1
∑

n=0

√
Nane

∗
n(k) =

N−1
∑

n=0

anen(k) =
N−1
∑

n=0

ane
2πink/N ,

N−1
∑

n=0

|an|2 =
1

N

N−1
∑

n=0

|〈F, e∗n〉V |2 =
1

N
‖F‖2 = 1

N

N−1
∑

k=0

|F (k)|2.
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◆❛✐✈♥% ③♣➲)♦❜ ✈,♣♦↔.✉ F̂ (0), . . . , F̂ (N − 1) ♣0♦ ❞❛♥2 F (0), . . . , F (N − 1) ❛ ωN = e−2πi/N ❥❡

aNk (F ) :=
1

N

N−1
∑

r=0

F (r)ωkr
N .

❩❛❤0♥✉❥❡ .❡❞② N−2 ♠✉❧.✐♣❧✐❦❛❝% ✈❡❞♦✉❝% ❦ ω2
N , . . . , ωN−1

N ❛ ❦❛➸❞2 aNk ✈②➸❛❞✉❥❡ N+1 ♠✉❧.✐♣❧✐❦❛❝%
❛ N − 1 )♦✉↔.➲✳ ❈❡❧❦❡♠ .❡❞② ♣♦.➦❡❜✉❥❡♠❡ 2N2 +N − 2 ≤ 2N2 +N ♦♣❡0❛❝%✳ ✳

❱➙"❛ ✶✳✸✳ ✭❋❛). ❋♦✉0✐❡0 ❚0❛♥)❢♦0♠✮  !♦ ❞❛♥& ωN = e−2πi/N ' N = 2n ♣♦)➦❡❜✉❥❡♠❡ ♥❡❥✈1➨❡

4 · 2n · n = 4N log2(N) = O(N logN)

♦♣❡!❛❝4 ❦ ✈1♣♦↔)✉ ✈➨❡❝❤ ❋♦✉!✐❡!♦✈1❝❤ ❦♦❡✜❝✐❡♥)➲ F ✳

❉➲❦❛③✳ ◆❡❝❤➫ #(M) ❥❡ ♠✐♥✐♠F❧♥% ♣♦↔❡. ♦♣❡0❛❝% ♣♦.➦❡❜♥,❝❤ ❦ ✈,♣♦↔.✉ ✈➨❡❝❤ ❋♦✉0✐❡0♦✈,❝❤ ❦♦❡✜✲
❝✐❡♥.➲ ♥❛ ZM ✳ ❚✈0❞%♠❡✱ ➸❡ ♣❧❛.%

#(2M) ≤ 2#(M) + 8M

♣♦❦✉❞ ω2M = e−2πi/(2M)
❥❡ ❞F♥♦✳

K♦✉➸✐.%♠ .♦❤♦.♦ .✈0③❡♥% ❧③❡ ❥✐➸ ✈➙.✉ )♥❛❞♥♦ ❞♦❦F③❛. ✐♥❞✉❦❝%✳ K0♦ N = 21 = 2 ♣♦.➦❡❜✉❥❡♠❡ ❥✐).➙
♠2♥➙ ♥❡➸ ✽ ♦♣❡0❛❝%✱ ❛❜②❝❤♦♠ ✈②♣♦↔❡.❧✐

aN0 (F ) = 1/2(F (1) + F (−1)), aN1 (F ) = 1/2(F (1)− F (−1)).

K♦❦✉❞ ✈➙.❛ ♣❧❛.% ♣0♦ N = 2n−1, ♣❛❦ ❞♦).❛♥❡♠❡

#(2N) ≤ 2 · 4 · 2n−1(n− 1) + 8 · 2n−1 = 8n2n−1 = 4n2n.

❉➲❦❛③ .✈0③❡♥%✿

K♦.➦❡❜✉❥❡♠❡ ♥❡❥✈,➨❡ 2M ♦♣❡0❛❝%✱ ❛❜②❝❤♦♠ ③%)❦❛❧✐ ω2
2M , . . . , ω2M−1

2M ✳ ❉F❧❡✱ ♣0♦ F ❞❡✜♥♦✈❛♥♦✉ ♥❛

Z2M ✱ ✉✈❛➸✉❥❡♠❡ F0 ❛ F1 ❞❡✜♥♦✈❛♥2 ♥❛ ZM ✱ ❦.❡02 ❥)♦✉ ③❛❞F♥② ♣♦♠♦❝% F0(r) = F (2r) ❛ F1(r) =
F (2r+1)✳ K➦❡❞♣♦❦❧F❞F♠❡ ❞F❧❡✱ ➸❡ ❥)♠❡ )❝❤♦♥♣♥✐ ❥❡❥✐❝❤ ✈②♣♦↔%). ❥❡❥✐❝❤ ❋♦✉0✐❡0♦✈② ❦♦❡✜❝✐❡♥.② ✭♥❛
ZM ✮ ✈ #(M) ♦♣❡0❛❝%❝❤✳

❚✈0③❡♥% ♣❛❦ ♣❧②♥❡ ③ ♥F)❧❡❞✉❥%❝%❤♦ ✈,♣♦↔.✉ ✭0 ≤ k ≤ 2M − 1✮✶

a2Mk (F ) =
1

2M

2M−1
∑

r=0

F (r)ωkr
2M =

1

2

(

1

M

M−1
∑

l=0

F (2l)ω
k(2l)
2M +

1

M

M−1
∑

m=0

F (2m+ 1)ω
k(2m+1)
2M

)

=
1

2

(

1

M

M−1
∑

l=0

F0(l)ω
kl
M +

1

M

M−1
∑

m=0

F1(m)ωkm
M ωk

2M

)

=
1

2

(

aMk (F0) + aMk (F1)ω
k
2M

)

.

✶

❱➨✐♠♥➙&❡ (✐✱ ➸❡ a
M

k (F0) = a
M

k−M (F0) ♣,♦ k ≥ M.

✼
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✶✳ ❏✐♥% ❢♦(♠❛ +,❤♦➸ ❞❡✜♥✉❥❡ ❉✐"❦$%&♥( ❋♦✉$✐❡$♦✈✉ ❚$❛♥"❢♦$♠❛❝✐ ✭❉❋❚✮ Fx 4✐❣♥%❧✉ x ∈ C
N

❥❛❦♦

Fx := FNx,

❦❞❡ FN ❥❡ N ✲❞✐♠❡♥③✐♦♥%❧♥: ❋♦✉$✐❡$♦✈❛ ♠❛&✐❝❡

FN =
(

e−2πikℓ/N
)

k,ℓ=0,...,N−1
.

✷✳ ❘♦③♠②4❧❡+❡ 4✐✱ ➸❡ ❥4♠❡ ❥✐➸ ✈❧❛4+♥➙ ❞♦❦%③❛❧✐✱ ➸❡

1√
N
· FN ❥❡ ✉♥✐+%(♥: ♠❛+✐❝❡✱ ❛ ➸❡ +❡❞②

F
−1
N =

1

N

(

e2πikℓ/N
)

k,ℓ=0,...,N−1
.

✸✳ ❈②❦❧✐❝❦8 ❦♦♥✈♦❧✉❝❡ x ∗ y ∈ C
N

4✐❣♥%❧➲ x, y ∈ C
N

♥❛❞ ZN ❥❡ ❞❡✜♥♦✈%♥❛ ❥❛❦♦

(x ∗ y)k :=
N−1
∑

ℓ=0

x(k−ℓ) mod Nyℓ, k ∈ ZN = {0, . . . , N − 1}.

✹✳ ❉♦❦❛➸+❡✱ ➸❡ ♣❧❛+:

F(x ∗ y) = (Fx) · (Fy),
❦❞❡ ✏·✑ ❥❡ ❜♦❞♦✈J 4♦✉↔✐♥ ❞✈♦✉ ✈❡❦+♦(➲✳

✺✳ ❖❞✈♦↕+❡ ✈③♦(❝❡ ♣(♦ ❉❋❚ 4❤✐❢+✉ ❛ ♠♦❞✉❧❛❝❡ ❞❛♥,❤♦ ✈❡❦+♦(✉✱ +❡❞② ♣(♦

F({xne2πi
nm

N }) ❛ F({xn−m}).

✻✳ ❉♦❦❛➸+❡✱ ➸❡

( 1√
N

FN

)4
= Id,

❛ ➸❡ +❡❞② ✈❧❛4+♥: ↔:4❧❛ ♠❛+✐❝❡

1√
N
FN ❧❡➸: ✈ ♠♥♦➸✐♥➙ {±1,±i}.

✼✳ ❈♦♦❧❡②✕❚✉❦❡② ❋❋❚ ❛❧❣♦(✐+❤♠✿ ❩❦✉4+❡ 4✐ (♦③♠②4❧❡+✱ ➸❡ ♣♦♣4❛♥J ❛❧❣♦(✐+♠✉4 ♣(♦ ❋❋❚ ❧③❡

♣♦✉➸:+ ✐ ♣(♦ ❧✐❜♦✈♦❧♥♦✉ ❢❛❦+♦(✐③❛❝✐ N = N1N2✱ ❦❞❡ ♥❡♥: ♥✉+♥,✱ ❛❜② N1 ♥❡❜♦ N2 ❜②❧♦ (♦✈♥♦

❞✈➙♠❛✳

✽


