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Motivation

Mayo Clinic PBC Data (1974 – 1984)
Flemming and Harrington (1991)

Subset PBC910 (see mixAK in )

Patient ID Month Gender Drug Log bilirubin Spiders Edema · · ·

3

0.00 male D-penicillamine 0.34 0 0.5 · · ·
5.78 male D-penicillamine 0.10 1 0 · · ·

11.96 male D-penicillamine 0.41 0 0.5 · · ·
24.41 male D-penicillamine 0.59 1 0.5 · · ·

5

0.00 female placebo 1.22 1 0 · · ·
6.54 female placebo 0.64 0 0 · · ·

12.85 female placebo 0.92 0 0.5 · · ·
25.26 female placebo 1.74 1 1 · · ·

...
...

...
...

...
...

...
. . .
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Motivation

Mayo Clinic PBC Data - longitudinal profiles
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Motivation

Mayo Clinic PBC Data - after classification
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Motivation

Mayo Clinic PBC Data - usage of classification
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Model based clustering

Model based clustering

Origins: Banfield and Raftery (1993)

Outcomes: Yi , i = 1, . . . ,n

K models: fk
(
yi ;xi ,ψ,ψ

(k)
)
, k ∈ {1, . . . ,K}

Latent group indicators: Ui ∈ {1, . . . ,K}, Yi |Ui = k ∼ fk

Group probabilities: 0 < wk = P [Ui = k ]

Parameters of interest: θ =
{

w ,ψ,ψ(1), . . . ,ψ(K )
}

Mixture likelihood:

L(θ) =
n∏

i=1

(
K∑

k=1

wk fk
(

yi ;xi ,ψ,ψ
(k)
))
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Model based clustering

Model based clustering - classification rule

By Bayes Theorem:

pi,k (θ) = P [Ui = k |Yi = yi ;xi ,θ] =
wk fk

(
yi ;xi ,ψ,ψ

(k)
)

K∑̀
=1

w`f`
(
yi ;xi ,ψ,ψ(`)

)
Classification rule:

Ûi := k ⇐⇒ k = argmax
`∈{1,...,K}

p̂i,`

Estimation: Bayesian approach and MCMC methods (Gibbs sampling)

Software: implemented in using the C programming language
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Modelling the mixed type longitudinal data

Numeric outcome

Logarithm of serum bilirubin [mg/dl]

Used model:
Random effects models (LMM)

Laird and Ware (1983)

N
(
X>ij β + Z>ij bi , σ

2)
bi ∼ N (µ,Σ)

For example:
Fixed: β0 + β1 ·Month + · · ·

· · ·+ other regressors
Random: b0 + b1 ·Month
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Modelling the mixed type longitudinal data

Binary + Ordinal outcome

Presence and status of edema

L = 3 ordered categories:
1 = Edema despite diuretic therapy,

0.5 = Untreated
/

Succesfully treated,

0 = No edema.

Used model
Latent variable modelling: Y |Y ?

Y ? latent numeric outcome

Thresholding by

−∞ = γ0 < γ1 < · · · < γL−1 < γL =∞
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Modelling the mixed type longitudinal data

Binary + Ordinal outcome - latent variable modelling
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Y ?
ij |Xij ,Zij ;bi ∼ N

(
X>ij β + Z>ij bi ,1

)
Yij = 0 ⇐⇒ Y ?

ij ≤ γ1
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ij ≤ γ2

Yij = 1 ⇐⇒ γ2 < Y ?
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Modelling the mixed type longitudinal data

Joint modelling
Models for individual outcomes

Numeric: YN
ij

∣∣∣XN
ij ,Z

N
ij ;b

N
i ∼ N

((
XN

ij

)>
βN +

(
ZN

ij

)>
bN

i ,
(
τN
)−1
)

Binary
/

Ordinal: YO,?
ij

∣∣∣XO
ij ,Z

O
ij ;b

O
i ∼ N

((
XO

ij

)>
βO +

(
ZO

ij

)>
bO

i ,1
)

YO,?
ij

thresholding−→ YO
ij

Joining individual models through joint distribution of random effects:

bi =

(
bN

i

bO
i

)
∼ N

(
µ =

(
µN

µO

)
,Σ =

(
ΣNN ΣNO

ΣON ΣOO

))
leading to

var

[(
YN

i,j

YO,?
i,j

) ∣∣∣∣∣ Ci,j

]
=

(τN)−1
+
(

ZN
i,j

)>
ΣNNZN

i,j

(
ZN

i,j

)>
ΣNOZO

i,j(
ZO

i,j

)>
ΣONZN

i,j 1 +
(

ZO
i,j

)>
ΣOOZO

i,j
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Modelling the mixed type longitudinal data

Final model

Yi =

(
YN

i

YO
i

)
, Y ?

i =

(
YN

i

YO,?
i

)
, Ci =

{
XN

i1 · · · XN
ini

ZN
i1 · · · ZN

ini

XO
i1 · · · XO

ini
ZO

i1 · · · ZO
ini

}

Choose class-specific parameters: ψ(k) =
{
β(k),µ(k),Σ(k)

}
PDF of k -th model:

fk
(

yi

∣∣∣Ci ;γ, τ ,β
(k),µ(k),Σ(k)

)
=

∫ ∫
p
(

yO
i

∣∣∣yO,?
i ;γ

)
·

· p
(

y?
i

∣∣∣Ci ,bi ;β
(k), τ

)
· p
(

bi

∣∣∣µ(k),Σ(k)
)
dbidyO,?

i

MLE complicated −→ MCMC estimation
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Classification

Classification probability

pi,k (θ) = P [Ui = k |Yi = yi ;xi ,θ] =
wk fk

(
yi ;xi ,ψ,ψ

(k)
)∑K

`=1 w`f`
(
yi ;xi ,ψ,ψ(`)

)
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Classification

Classification rule of new patient

New patient: Ynew,Xnew,Znew and unobserved Unew,bnew,YO,?
new

Bayesian estimator: p̂new,k = E [pnew,k (θ) | data Y, C]
Calculation: use generated sample θ1, . . . ,θM from p(θ| data Y, C)

Gradual classification:

ynew,1 −→ p1
new,k

ynew,1 ynew,2 −→ p2
new,k

...
...

. . .
...

ynew,1 ynew,2 · · · ynew,nnew −→ pnnew
new,k
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Further development

Further development

GLMM as an alternative to latent variable modelling.

Add general categorical variables.

Perfecting MCMC algorithm.

Robustness to violation of normality assumption.

Selection of important regressors.

Any interesting suggestions?

Thank you for your attention.
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Further development
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