NMFP407 Mathematics of Life Insurance 1

Collection of solved examples

Version: December 13, 2023

1 Demography
Notation
e T, — random remaining lifetime of a person at age x,
e .q. = P(T, <t)— probability of dying,
e ;p, = 1 —;q, — probability of surviving,
e 1, — force of mortality.

Do not forget that many of calculations in this collection use the fundamental as-
sumption L(Tpys) = L(Tp — t|T, > t).

Example 1.1. Let g, = 0.05 under basic level of the force of mortality ji,y. Assume
that W, = pagt + ¢ and estimate c for which ¢, = 0.07.

Solution:

For fig44: )
1 — g, =exp (—/ fats ds)
0

For pi}, ,,:
1
L= qlw = eXp / :ux-i-s = exp (_/ Ha+s + CdS)
0 0

= exp ( fats ds) - exp (—¢) = (1 — ¢;) - exp (=)

o\

Therefore, we get
_ 1—¢ 1—¢ 1—-0.07
cC=— T sc=—In|—2)=—-In| ——— ] =0.021.
© T, ¢ n(l—qx 12005

Example 1.2. Let
100 —x — ¢
Do = ——T 70 <2 <100, 0<t < 100— 2.
100 — z

Compute fiy5.



Solution:

We can calculate py5; using the following equation

d
Hoyt = — % In (tp:v)a

evaluated at t = 45 — x.

The desired quantity pys is thus calculated as follows:

d 100 —z —1 d
[as o n( 00— ) [In (100 — 2 — t) — In (100 — z)]

dt

t=45—x t=45—x
d 1
= — —In(100 — 2 —t = — -(—1
dt n{ =) t=45—z 100 —z —t =1 t=45—z
1 1

T 100—x— (45—=x) 55

Example 1.3. Consider a non-smoker with the force of mortality p, and remaining
lifetime T, and a smoker with p, = c- i, ¢ > 0 and T, whose lives are independent.
Derive an explicit formula for the probability that the smoker will live longer than the

nonsmoker, i.e.
P(T, > T,).

Solution:

First of all, the joint distribution of (7, T.) must be found. According to the fact that
the lives are independent, the joint density is just the product of marginal densities

f(t) = tDz * Ha+t,
f’(S) = sp;c : M;-i,-s = sp/m cC hpqs = (spac)c *Cr Ugys,

where we used

sp;; = exXp <_/ C* Uptu du) = [exp (_/ Hz+u du):| = <5p$)c :
0 0

The joint density (s for smoker and ¢ for non-smoker) is then

f(t, S) = Mg+t " tPz " C* Ug+s - (spx)c .

The sought probability that the smoker will survive the non-smoker is obtained as



follows:

P(T;>Tx)://f(t,s)dsdt:/Ooo/toof(t,s)dsdt

s>t

[ [ 0 s dsa

- [Cao- ([ reas) a

_ / F(t) - (1— (1)) dt = / s - Dy 0,
0 0

— / Hz+t * tPx * (tpm)c dt - / Ha+t ° (tpm)c+1 dt
0 0

J/

-~

=1
Per &Lrtes |: U = (tpx)c v = tPzx * Mgt
u'=c- (tpac)cfl ) %tpw = —C- (1Pe)® " Patt V= —Pg

= [_ (tpx)CH};O _/ C: Mgt * (tp:p)CH dt .
—_—— Jo

J/

=0—(—1)=1 ~ ~~
0=(=1) =cl

We are in a situation where it should hold
PT.>T,)=I=1—c¢-1.
The last step is to calculate I:

1
c+

=l—c-I=1= 1:P(TQ’C>TI).

Example 1.4. Assume that pi,y = pg for all t € [0,1]. Let 1q. = g, = 0.16.
Estimate t for which it holds ¢p, = 0.95.

Solution:
Under the assumption of constant force of mortality, it holds ¢p, = (p,)*.

o= (ps)' = (1= o) = Inyp, =1t -In (1 —gq)

t = —
T T ml—q)  In(l—0.16)

=0.294

Example 1.5. Consider u € [0,1]. Show that under

1. the assumption of linearity, it holds

z+ulP0 = (1 - u) «Po + U z4+1Po,



2. the assumption of constant force of mortality, it holds

1—u u
z+uP0 = (zpo) ) (x+1p0) )
3. the assumption of linearity I (Balducci ass.), it holds

1 1—u U

z+uPo zPo z+1P0

Solution:
1)

a0 = 2P0 uPe = (1= 20) - (1 — uae) = (1= g0) - (1 — - q)
=1— 00— U G+ UG-G =2Po— U (1 —ps)-aPo

= 2P0 — U zPo + U zPo  Px = 2P0 — U 2P0 T U z+1P0

= (L —u) - 2po+ U - 2q1P0

2)

“ Ass. “ u
uPx = €XP <_/ Hazty dy> = ©Xp (_/ Moz dy> = &Xp (_/’Lx : u) = (pl")
0 0

z+uP0 = zP0 * uPzx = (xp0)1+u_u . (px)u = (xp0)17u : (:c—l—lpO)u

3)
1 —uPz+u 1— —ulqz+u Ass. 1—(1—u)- 4z
24100 = z4uP0 * 1—uPztu = - ! hs - . hs - ( )
z+uPo z+1P0 z+1P0 z+1P0
_1—(1—u)-(1—p$)_prru—u-px_(l—u)-pw_'_ U
z+1P0 z+1Po z+1P0 z+1P0

1—u)- U 1—u U
( )pa;Jr N

Pz zPo z+1P0 zPo z+1P0

Example 1.6. Consider the decomposition of T, to curtate K, and fractional S,

remaining lifetime. Under the Balducci assumption, derive an explicit formula for
the conditional probability

P(S, < ulK, = k), uelo,1].

Solution:

P(K, =k) Pk<T,<k+1)
_ EPz * uqx+k o - uPz+k

P(S, <u, K, = P T, < _
P(nguu(x:k): (Sx_u’ ad k)— (k< x—k+u)_k+uQI kqx

k+19z — kQx

EPz * Qu+k Qe+k



Taking into account the following relationship

o o Pz+k
Pz+k = uPz+k * 1—uPz+k+u = wPz+k = —
1—uPz+k+u
we can write
_ Px+k _ 1_QJc+k U Ge+k
—wPx w 1—(1—u)-qy 1—(1—u)-q,
P(S < ulK = k) = L—uPothtu _ (=) geir _ 1=(1=0)Goyp
qutk Qe+k Qz+k

u
[— (1= t) dorr

We can notice that the expression for the conditional distribution of S, depends on
k. For this reason, the random variables .S, and K, are not independent under the
Balducci assumption.



2 Financial Mathematics

Example 2.1. Mrs Y will need 150,000 CZK after 5 years to pay for a transfer of the
"flat rights”. The bank offers a term account with nominal interest rate 4.4 % credited
quarterly. How much money must Mrs Y save to cover the necessary amount for the
transfer?

Solution:

FV =150,000; n=5; m = 4; i™ = 4.4%; PV =?

1 mn 1 4.5

m

Example 2.2. Mr Z bought a house for 3,600,000 CZK using mortgage loan of
amount 2,500,000 CZK. He will repay 16,000 CZK monthly in arrear over 25 years.
What is the nominal annual interest rate which the bank offered to Mr Z?

Solution:

PV =2,500,000; P = 16,000; m = 12; n = 25; (™ =?

The formula for the calculation of the present value:

t
— 1 (m) 1—w
PV:P-Z(—HM) =P meag’ =Pm-—

v = — .
o

Therefore, we need to solve the equation

where

1—U25

2,500,000 = 16,000 - 12 - a7

The solution is then i(?) = 0.059 = 5.9%.

Be careful with the notation. The term a%n ) denotes an annuity in arrear payable
m-thly. However, the payments are of size 1/m. Thus, it was necessary to multiply

a%m ) by m in our case.

Example 2.3. Mrs Y makes deposits of 100 at time 0, and x at time 3. The fund

grows at a force of interest
2

t
O = — t>0.
"7 1007

Let the amount of interest earned from time 3 to 6 is also equal to x. Calculate x.

6



Solution:

Co=100; Cy=m; 6, = L5t >0

At time 3, after making a deposit, we have

FVy = Cy - Ui 2ty 1y — 100 - U6 fomdt) z,

where , ;
t? 1 3 1 27 9
—dt=—|=| =— - 27T-0)= — = —,
o 100 100 [3], 300 300 100
and therefore .
FVs =100 e10 + .
At time 6, there is ,
F% = F"/’3 . e{f; 6tdt}
in the fund, where
6 12 376
t 1 t 1 189 63
—dt=—-|=| ==—-(216-27) = — = —.
3 100 100 3], 300 300 100

The interest gained between times 3 and 6 should be equal to z and thus it ought to
hold . 63
FVe—FVi=x=FVy-e0 — FV3=0= FV;-(e10 — 1) =z

= (100eT0 + ) - (el — 1) = x.
After solving this equation, we obtain x = 784.59.

Example 2.4. Mr X wants to borrow 150,0008. He would like to repay this loan in
2 years by periodic semiannual payments. Bank offers the nominal interest rate
6.9%. Mr X has 45,0008 on his account where the interest is credited monthly under
nominal interest rate 2.5%. He can save 40,0008 every half a year from his salary.

a) What is the account balance after a half of year?

b) How much money should Mr X hold at the beginning to cover the loan
payments?

Solution:

PV =150,000; m = 2; i =6.9%; n =2
Ay = 45,000; p=12; j® =25%; S = 40,000

b)

t
PV=R-Y" ( —.(m>> == - = = 40,789
1+ r

m-n( 1 )t 22( 1 )
t=1 1+i(7":) t=1 1.:,_%



Ay = 45,000
FON? 0.025\°
Ayjpg=Ag- 1+ — — R4S =45,000(1+ 7 ) - 40,789 + 40,000 = 44,776

p
c)

j(p) p/2 j(p) p/2 j(p) p/2
Ay=0= {[A;;-(1+—) +S—R]-<1+—) +S—R}-(1+—>
p p p
j(p) p/2
+S—R -(1-0-7) +S—-R

Our aim is to express Aj. The previous equation can be adjusted to the following
equation

R _ S 1 6-t
Al = ; T — (40,789 — 40,000) Z (@) = 3,059.
= (1 + 7) t=1

Example 2.5. Mr X sold his car for 200,000 CZK. He paid this amount to his
account where the interest is credited monthly with nominal interest rate 2.8%. He
decided to buy a new car 9 months after. There was a necessary advance payment of
50,000 CZK taken from the account. Then, the debt was repaid by payments 9,000
CZK monthly. How long the money on the account can cover these payments?

Solution:

Co = 200,000; m = 12; it = 2.8%; Cy;12 = —50,000; P = 9,000; n =?

i ? )
Co<1+_) +Cg/12:P-m-am
m

Now we need to express the term a™

-
C 1 i) ’ C 28\ 9
m o( + m) + Co/12 L 200,000 (1 + 228)" — 50,000 143
R P-m = 9,000 - 12 -
Assuming
o 1
(m) 1—" 1 (1—%—1'(::))
a e =
K i(m) i(m) ’

We can express n as

1n<1—i(m)-a$lm)> In(l—0.028-14
" 7 :n( 0.028 '3):1.46.

m-In <1+3<m>> 121 (1

m

Since n is equal to 1.46 years, which is 17.5 months, the money can cover the
payments for 17 months.



Example 2.6. Calculate the net present value for a bond with the nominal value
1,000 $, annual coupon rate 6% and term to maturity 3 years. Consider a yield
curve with annual spot/forward interest rates 3, 4, 5 %.

Solution:

N =1,000; ¢ =6%; n=3; i1 = 3%; iy = 4%; i3 = 5%; PV =7

C'=N-c=1,000-0.06 =60

C n C . N+ C
1+i (T4+da)(1+i) (1T 4d)(1+d2)(1+i3)

60 60 1,000 + 60
1+0.03 * (14 0.03)(1 +0.04) * (1+0.03)(1 + 0.04)(1 + 0.05)
= 1,056.69

PV =




3 Capital Life Insurance

3.1 Capital life insurance with constant sum insured

Example 3.1. Consider a fund of 100 independent lives of age x with contracted
whole life insurance with sum insured SI. Derive the amount which is sufficient to
cover the future liabilities with 95 % probability. Consider

1. whole life insurance with SI payable at the end of the year of death (assume
that A, is known),

2. whole life insurance with SI=100,000 CZK payable at the moment of death
under constant force of interest 6 = 0.06 and constant force of mortality
w=0.04.

Solution:

a)

Let us denote:
H ... random variable corresponding to net present value of all future payments
h ... fund to cover liabilities

Our aim is to determine h. Since, it should hold P(H < h) = 0.95, with the use of
Central Limit Theorem we obtain

H—-EH < h—EH> nﬁoo\q)(h—]EH) —0.95
vVVarH = +/VarH vVarH o

where @ is the distribution function of the standard normal distribution.

P(th):P<

Solution of the last equation is then as follows:
h=EH + Uo.95 - \/VELI‘H,

where ug g5 represents the 0.95 quantile of the normal distribution which is equal to
1.64.

The random variable H has the following form:

100

H=SI" val_
=1

Therefore, the expected value of H is

100 100
EH =E (51 : va“) =51 - (Z E@Kz‘ﬂ)) =100 - ST -E(v" 1)
=1

=1

=100-S51- A,

10



and the variance is

100 100
VarH = Var (SI : val) = SI%. (Z Var(vKi“)) =100 - SI? - Var(v®+1).
i=1 =1

In the previous equations, the fact that K;s (representing the lifes) are independent
and identically distributed as a general random variable K, was used.

The only unknown quantity needed to calculate h is Var(vX+1). Since,
Var(vK-i-l) _ E(UK-H)Q - [E(,UK-H)}Q _ E(UK-H)Q _ (AI)Q’

we have to calculate E(v%+1)2, which is done as follows:

o0

K+1 E : 2k+2
qgc-i-k)

k=0

There exists also an approximative Way, how to obtain E(v%*1)2. The discount

factor v? can be rewrite as (liz)2 = m The quantity i? is very small and thus
V2R g +121. = ﬁ = v,. The consequence of this approximation is that
[e.9]
P12 Z L p e o) = Ap,
k=0

where A, . is A, calculated using i, = 2i.
The very last step would be inserting these things into h = EH + ug95 - vV VarH.
b)

Now, we will assume that the payment is paid immediately at the moment of death

(Z =").

The relationship for the fund A is the same as in the previous case. However, the
random variable H has the following form:

100
H=10"- Z s
i=1
We will continue with calculations of EH and VarH.
EH = 10°- 100 - E(v") = 107 - E(v7),

E(UT) = / vt tPz * M+t dt.
0

Now, we will use the assumption of constant force of mortality pu, = p.

Pz = e{ff()t Moty dy} — 6{7 fgudy} — eft-u

)

11



E(v7T) :/o (L+d)" et pdt = /0 et et udt = p /0 o~ tG+1) g

:M'[— 1 .et.(aw)] 20.04.( ;).(0_1):%:0.4.

o+ 1 0 0.06 + 0.04
Therefore, the expected value of H is
EH =10"-E(v") =107 - 0.4 = 4 - 10°.

Similarly with the variance:

VarH = (10°)* - 100 - Var(v") = 10" - (E(v")* — [E(v")]?) ,

E(v")? =E(@*") = / VD g dt = / (L4d) > e pdt
0 0

(e.) [o.¢] 1
— eiQ'J't . eit'y‘ . dt — / eit'(2'6+l") . dt — |- €
/0 1 O pdi = p | g5
1 1 0.04
- . —0.04 - = = 0.25.
s+ 2.0.06 +0.04  0.16

Therefore, the variance of H is

(0.9}
—t-(2-6+p)

0

VarH = 10" - (E(v")* — [E(v")]?) = 10" - (0.25 — 0.4*) = 10" 0.09 = 9 - 10"°.

If we substitute the calculated values into the equation for h, we get

h=EH+1.64-vVVarH = 4-10°+1.64- /(9 - 1010) = 4-10°+4.92-10° = 4, 492, 000.

Example 3.2. Prove the following recursive formula
Ay =vqe +vps Apir.

Solution:

0o 0o
Az - Z (Uk_H “kPz qw-i—k) =7V 0Pz " 4z + Z (Uk+1 * kPzx - Q:c+k)

k=0 k=1
o

I

S

S

_|_

<
W

k=1 k=0

(Ukﬂ *Pz kP41 Qx+k+1)

I

4

S

+

<
[M]¢

i
[e=)

[e.e]

:U'Qx+v'pm'Z(Uk+1'kpx+1'qgc+k+l) :U'Qx+v'px'Ax+1
k=0

12

(VF ko Qo) =V @+ v Y (T D Gogrs)



Example 3.3. Prove the following relations between commutation functions:

1. C:E = ’UDx — Dm—l—l;

2. M, = uN, — Ny,
3. Rx = USx - Sx+1,

5. R, = N, —dS,.
Solution:

1)

_ x+1 rx+1 x rx+1
Co=dy v =y —lpgq1) 0" =1 0" 0=l - 0" =v-Dp — Dppy

2)

M, = Z Cotr = Z (U Dyt — D:p+k+1) =U- Z Deyy — ZDerkJrl =0+ Ny — Ny
k=0 k=0 k=0 k=0

3)

R, = Z M,y = Z (U Nptk Nz+k+1) = ZNerk ZNx+k+1 =v-5 — S
k=0 k=0 k=0 k=0

4)

M,=v-N,— Ny =v-N, (Nx—Dx):Dx—(l—v)~Nx:Dx—d'Nm
5)

R,=v-S;—Sp1=v-8;,—(S; —N,)=N,—(1—0)-S, =N, —d- S,

Example 3.4. Using the commutation functions, derive explicit formulas for the
net single premiums of the following capital life insurances with sum insured equal
to one:

1. whole life insurance (net single premium is denoted by A, ),
term insurance with duration n years (Ag.z),

pure endowment with duration n years (Azm),

endowment with duration n years (Agym),

m-years deferred whole life insurance (| Ag),

S v e

m-years deferred term insurance with duration n years (i Axm),

13



7. m-years deferred pure endowment with duration n years (m‘Aﬂ%),

8. m-years deferred endowments with duration n years (mAzm)-

Solution:
1)
Z = ol Tt K=0,1,2,...
> 0 0 z+k+1
3 (e i k) | g oo
ACC_Z( “kPx - Qx-i-k Z(U : lirk) —Z lz"l}x
k=0 k=0 k=0
Yo Con _ M,
D, D,
2)

0, K=nn+1,...

{Mﬂa K=0,1,....n—1

T

n—1 n—1 n—1 C [e's) C 00 C

- kz_% (Uk+1 P - qx+k Z (Uk+1 a:+k:) _ Z la;:; _ kz_% l:c)+k _ kz_: la;:;
M.
D,

k=0 k=0
_ z Zzozo Cx+n+k o % . Mx+n o M Mx—i—n
D, D, D, D,
3)
0 K=01,....n—1
Z: 9 9 9 7”
v, K =n,n+1,
AL =qn. Py =0V" - la+n = VI = Dasn
w i L, v, D,
4)

g ot K =0,1,...,n—1
B v", K=nn+1,...

Ma: - Ma:—i—n + Dw-i—n o MJ: - Mac—‘rn + Dac—i—n

1
Am:ﬁ[ - Aalcm + Am:ﬁ[ -

14



5)

L [0 K=o m-1
)BT K=m,m+1,...

[e.9] o0

m|A:Jc = Z (Uk+1 *kPx Qerk) = Z (Uk+m+1 * k+mPz - qy:+m+k)

k=m k=0
oo
., m k+1 . .m
=V mPx E (U *kPz+m qae+m+k) = 0" P+ Agtm
k=0
vt la:+m A o Dx—‘rm Mx-i—m o Mx+m

— A = . —

vt 1, D, Dym D,

Remark: The relationship for the deferment Ay = 0™ - 1yps - Augm holds generally
even for other types of insurance.

Ly

+m

— ™. Ay =
Ly

6)
0, K=01,... m—1
Z=<vEt K=mm+1,.... m+n—1
0, K=m+4nm+n+1,...
:c+m'l
m|A:%ﬁ[ =" mPz A91U+m:m = - lCE-i-m : Aalﬁer:m
VT -y
_ Dm—l—m . Ma:—i—m - Mz+m+n _ Mm+m - Mm—l—m—l—n
Dx D:erm Dfﬂ
7)
g 0, K=01....m+n—-1
et K=m+nm+n+1,...
et g D
mAx% _ m+n'm - T+m-+n _ r+m+n
|Az:m) = U +np vt -l D,
8)
0, K=01,...m—1

Z=qvE* K=mm+1,.... m+n—1
vt K =m+4+n,m+n+1,...

Mac—i—m B M:L’+m+n D:c+m+n
D, D,
Mm—i-m B Mx+m+n + Dz+m+n
D,

1

Example 3.5. Consider TIR i = 3%, commutation functions D¢ = 400,
D77 = 360, and net single premium for the whole life insurance Az = 0.8. Derive
A77.

15



Solution:

We can use the recursive formula from the previous example:
A, —v-q
Ax:U'qx+U'px'Az+1 :>Aw+1 - u’
U Pz

where v = s
Next step would be to express p, and ¢, using the commutation functions:

1
lm—l—l o lac—l—l ' UJH_ o Dm+1

pz = = =
l, l, - vetl v-D,’
q_l_p_l_Dz-i-l_U'Da:_Dx-H
T — r — - .
v-D, v-Dy
Thus, A, can be calculated as
'U‘Dz*Dx+l Az‘Dz*’U‘Dz‘i’Daerl
A _Aw_ : v-Dy . Do _Ax'Dx_U'Dm+Dx+1
z+1 — D - D -
Dzt z41 D
v _v-D,T —Dx z+1

which corresponds numerically to

A :A76'D76—U'D76+D77:A76'D76_1+Z+D77
” Drr Dy

0.8 -400 — 29 4 360
= +0.03 = 0.8101.
360

3.2 Capital life insurance with variable sum insured

Example 3.6. Prove that the net single premium for the whole life insurance with
variable sum insured can be expressed as

NSP:cle—l—(CQ—01)1|Am—|—(03—cg)g‘Am—i—....

Solution:
7 = cgpq - 08T K=0,1,2,...
EZ = Z (Ck+1 SpRtL. kPz q:t+k) =1 [Z (vkﬂ qu Z kt+l qu)
k=0 k=0 k=1
+co- Z (Uk—H * kPzx - Q:c+k) - Z (Uk+1 * kP - %c—f—k) + ...
k=1 k=2

—Cl'<AI—1|Ax)—|—CQ'(”Am—g‘AI)—l—...:Cl'Am—i-(Cg—Cl)'”Ax"—....

16



Example 3.7. Prove that the net single premium for the term insurance with
variable sum insured, i.e. cpy1 =0 for k > n, can be expressed as

NSP = Cp A%m + (Cn,1 — Cn) A}vﬁ\ + -+ (Cl — CQ) Al -

Solution:
7 CK+1'UK+17 K_0717 ) —1
-0, K=nn+1
n—1 n—1 n—2
EZ = (Ck+1 . ’UIchl *kPx qu =Cp - [Z kL, qx+k) (Uk+1 *kPz - Qerk)
k=0 k=0 k=0
n—2 n—3
+ Cp—1 - [Z L Q:p+k (Uk+1 Qac+k)]
0 k=0
1 0 0
Fey- Z (Uk:-i-l e - qu _ Z Lan qﬁk) +e - Z (Uk:-‘rl e - qﬁk)
k=0 k=0 k=0

n e (A — Abmy) + Go1 - (Al — Abamg) +- -+ 2 (Alg — Alg) + a1 - Al
:cn~Ax:m—|—(cn,1—cn)-Ax*1’+ (a1 —e) - Al

Example 3.8. Consider a whole life insurance with variable sum insured, whose
value is given according to the following table:

>9
7

ko 1
o1 | 1010

34 5 6 7 8
9 9 8 8 8 8

O N

Find an explicit formula for the net single premium.

Solution:

We can use the alternative expression of net single premium from Example 3.7.

10 - Ma: - Mx+2 - Ma:+5 - Mx+9
D,

NSP=10-A, — 194, —1-54, —1-gA, =

Example 3.9. Using the commutation functions, derive explicit formulas for the
net single premiums of the following capital life insurances:

1. standard increasing whole life insurance (net single premium is denoted by

(1A)s),
2. standard increasing term insurance with duration n years (IA)Lm,

3. standard increasing endowments with duration n years (1A)gzm,

17



4. m-years deferred standard increasing whole life insurance , (1A),

5. standard decreasing term insurance with duration n years (DA)z.z.

Solution:
1)
Z = (K +1)- 0%t K=0,1,2,...
o0 o0 dz
(IA), = Z [(k: T 1) R, qu} = Z [(]g 1) -0t l:k
k=0 k=0
= doci -] S [(k 4 1) - G
= k+1)- = =0
D[y =42 5
_ $+2'C$+1+3‘C$+2+"':ZZOZOCCE+IC+ZZO:OCI+1+IC+“-
D, D,
M+ My +... R,
B D, D,
2)
K+1)- 08, K=01,...,n—1
7 —
B 0, K=nn+1,...
n—1
(TA)m =) [(k+1)- " ypy - o]
k=0
- Z [(k + 1) : Uk-H *kPz - Qr-‘rk] - Z [(k + 1) ' Uk+1 * kPzx - QI-Hf]
k=0 k=n
= (IA)QU - Z [(k +n+ 1) ' UkJrnJrl * k+nPx - qyc+k+n}
k=0
00 dz+k+n . Ux-i—k-i-n-i-l
=(IA), — k 1) -
(14) kzg{( +n+1) n
> o [(B+1n41) - Crpnii]
= (IA), — =k=0
(14) o
_ &_ (n+1) Cw+n+(n+2)Ox+n+1+<n+3)cx+n+2+
- D, D,
= & _ (n + 1) ) Mx-l-n + Mz-i-n-l-l + Ma:+n+2 +..
D, D,
:&_n'Mx+n+Rx+n _ Rx_n'Mx—i-n_Rx—i—n
D, D, D,

Remark: Alternatively, the following relationship could be used:

18



3)

n-o", K=nn+1,...

AZ_{MHJyvmﬁ K=0,1,...n—1

(IA) g = (IA) Lo + (TA) g = TA) g + 1+ Apmy
Rm_n'Mz+n_Rx+n+n.Dm+n_R:p_n'Mx+n_Rx+n+n'Dm+n

Dy D, D,
4)
40 K=0,1,....m—1
(K —m+1) o5t K=mom+1,...
m|([A)£L” = Z [(k —m+ 1) ’ vk+1 * kP Qerk] = Z [(k + 1) ’ Uk+m+1 * k+mDPzx - qr+k+m}
k=m k=0
o dgc+k+m . T tktm+l Zzo_o [(k + 1) . Cx+m+k]
k=0
Cx+m + 2. Cx+m+1 + 3 Cm+m+2 + ... _ Mm+m + Mx—l—m—l—l + Mx+m+2 + ...
D, D,
Rx—l—m
D,
5)
P (n—K)- o K=0,1,...,n—1
o, K=nn+1,...
n—1 - n—1 dac+k . Ux+k+l
DA =3[0 - gea] = 3 [0y
k=0 k=0 m
ng—kycHd:nwaﬁwn—n-gﬂ+.”+awwl
D, D,
_ n'Mm_Mm-i—l_"-_Mx—&-n _ n'Mm_Ra:+1+Rz+n+1
D, Dy

3.3 Capital life insurance payable at the moment of death
and at the end of m-th part of the year of death

Example 3.10. Consider a whole life insurance with variable SI when the sum

insured is incremented m times a year, by 1/m each time. We assume that the sum
insured 1s payable

1. at the end of the m-th part of the year in which death occurs (1™ A™),
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2. immediately at the moment of death (1™ A),.
Derive the net single premium under the assumption of linearity.

Solution:

Under the assumption of linearity it holds:
K 1 S, S~U(0,1),

where K = |T'], T = K+ S and U(0, 1) is the uniform distribution on (0, 1) and also

1
KA sm,  gm o yP— 0,

m m
where S = WLmHJ, -] is the floor function and UP (X, ... ™) is the discrete
uniform distribution.
1)
Assume

Z(m) _ (K + S(m)) i UK+S(W)‘

Then

(IAM), = EZ) = B |(K +0) - 055"
=E [((K + 1)+ (5™ —1))- U(K+1>+(S<m)—1)]

SB[+ ) o B[ B[00 - 1) R ]

N - ~,
(IA)z WAx
= (]A)x - E [U_(l—S(m))] o Aa: . |:<1 o S(m)) . U_(I_S(m))i|
e (_[A)x . E |:”U_(1—S(m)):| _Az . E |:U_(1_S<m>):| —}—Ax . ]E, [S(m) . U_(l_s(m))] .
%/_/ %’_/ — |

1) (1)

—~
N

)

We have to calculate the remaining terms (1) and (2) in the previous equation.

E [0 05 =B [0+ = (144) - [(1+0) 75"

= (1+1)- i |:(1 +i)_% . %:| = % . [(1 +Z‘)_i} ] 1 1[((11—:_1277:9
14 " 1-(1+i)" ! _ !

mo(1+)T - (14) T m (a+ipm—1]

For the calculation of the term (2) we will use the following relationship.

,i; (k-a"') = (kzm;a’f) — <a. 11__“;>/ _ 1= (m+3 -_aZ):-m.am—i-l

20



Using this relationship for a = v we obtain

m) o —a-smy] _ 1 [k x_q| 1 1 - 1)kt
E[s(),v( )]_E'Z{E'W }_w.vm Z{k@m)
k=1

E[sw). —(1—s<m>>] _ k. id™
[atm]?
Furthermore, it holds
v 1
dm) — im)
Therefore . )
(m) | y-(1-stmy] _ L= d™
E|S57-v im) . g

Now we are able to complete the required form for (1™ A(™)), as

(m) gy — _ b, A
2)
Assume
7 — (K+S(m)) ol
Then

(I™A), =EZ =E[(K +S™) v"| =E[((K +1)+S"™ —1) - "]
=E[(K+1)- 0] +E[S™ - 0T] —Eo”

= (_]Z)x +E [S(m) .U(K+1)—(1—S)} —A, = (_]Z)x +E [S(m) .U—(l—S)} N

Similarly as in the first part, where

. g(m)
=] = d
£ [S ! = ) o)
it can be shown that in this case it holds
. AJ(m)
(m) ,—(-9] _ L= d™
E [S v } R

21



Since it also holds

— 7
Ax = <" Ar7
)
and )
(IA), = %(m)x,
the final form for (1™ A), is
. . - d(m) i
ImAY, = 2(1A), + =% .4, — 1.4,

Example 3.11. Consider a whole life insurance with continuously increasing sum
insured, z'.e._c(t) =t, which is payable immediately on death. Derive the net single
premium (I A), under the assumption of linearity.

Solution:

Assume
Z=T-v".

Then under the assumption of linearity
=> {B["H 0% (K + 9)|K = k|- P(K = k)}
k=0
=> {o*E[(k+8) 05 P(K =k)}.
k=0

1 1 )
E[(k+5)'U51]:/ (k—i-S)-vSlds:k-/ y51d5_|_/ s-v¥ 7 ds,
0 B 0

where

and

1 1 /1*%z— L 1i_ 1
T () W) S, YT 8T s 5
Together, we get
1 i kei—1 i
E[(k R T A LA *
[(+8) =k 5-5+5 5§



Therefore

k=0
i 1 ?
:5 E(K_,UKJrl) g'E(UKJrl +§ E(UKJrl)
1 1 1
_% E[(K +1)- v 7] = < E (") = < E (") + 5 E (")
i i 1 o A () Ad

23



4 Life Annuities

Example 4.1. Using the commutation functions, derive explicit formulas for the
net single premiums of the following life annuities with sum insured equal to one:

1. whole life annuity in advance (net single premium is denoted by i, ),
whole life annuity in arrear a,,

temporary life annuity in advance with duration n years G,m,
temporary life annuity in arrear with duration n years a,m,

m-years deferred whole life annuity in advance Gy,

m-years deferred whole life annuity in arrear ., a,,

NS = e

m-years deferred temporary life annuity in advance with duration n years

m| Qa7
8. m-years temporary life annuity in arrear with duration n years p,|G.m.

Solution:

1)

=

8

I

=

~

I

8 >

~f I[M]e
]~

=

~

=

I

=

I

ol

= I[M¢
=

-

~

=

V

=

I
[]¢

=

ol

o

=

&

I
W
D

k=0 k=0
2)
Y =v+02 4.+ 0k, K=1,2,
T 1__ ]Vi 1 __]Vi'_'l)x ]VQ+1
Qe === == "D, D,
3)

l+v+--+0v Y K=nn+1,...

Y_{1+v+---+vK, K=0,1,...n—1

n—1 n—1
. l)x ]Vé _']Vé n
o = 3 () = 3 Dot N N
k=0 k=0 * z
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4)

0, K =
Y=¢v+---+v K=12..
v4+---+0", K=n+1n+2
n n n—1
D D Nyi1— N,
- k . +k z+14+k z+1 z+1+n
Qg = Z (U kpa:) - D - D - D
k=1 k=1 z k=0 r z
5)
v 0, K=01,....m—1
I +of, K =m,m+1,
m|am:Z(U kpx) = ( Lo ZD—I'ZDHk:D—I'ZDHmM
k=m k=m k=m k=0
Nx+m
=D,
6)
v _ 0, K=01,...,m
et 40K K=mA4+1,m+2,...
- - la: E-U
= 3 () = 3 (l—) Y D
k=m+1 k=m+1 z :c k=m+1
1 = Nac m—+1
= D, 2 Demerar = =5
7)
07 K:O,l,...,m—l
Y =< v 4. 0K, K=m,...m+n—1
VL K= mdn,mAdn+1,. ..
m—+n—1 m+n—1 l N UI-HC m—+n—1
. o k o x+k _
m| Q) = Z (v -kpx) = Z (—lmw‘” )— Z Dy
k=m k=m k=m
[z Do 3 D] _ [z ot Do
k=m+n k=0 k=0
_ Nz—i—m - Nx+m+n
D,
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8)

0, K=01,...,m
Y: Um+1+"'+UK7 K:m—l—l,,m-i-n
vt ™t K=m4n+1l,m+n+2,...

m+n i m-+n lm+k . Um+k 1 m—+n
k=m+1 k=m+1 z z k=m+1
1 (o) o0 1 o o
=D [ Z Dyyy — Z D:c+k] =D [Z Dymtrk — ZDx+m+n+l+k
T Lk=m+1 k=m-+n+1 T Lk=0 k=0
_ Nx-{—m—i—l - Na:+m+n+1
D,
Example 4.2. Prove the following recursive formula
Gy =1+ Vpg gy
Solution:
dm = Z (Uk : k:pz) =1+ Z (Uk : kp:p) =1+ Z (UkJrl : kJrlpz)
k=0 k=1 k=0

[e.e]

:1+U'Z(Uk'px'kpx+l) :1+U'px'2(vk'kpx+l) =1+v-py-dy1
k=0 k=0

Example 4.3. Consider e, = E[K]|. Show that
1. A, > vetl

2. G, < am

Solution:

1)
A, = E[pfH
If we denote f(z) = v*T! then

vt = fIE(K))

and

Ap = E[f(K)].

Since f(z) is a strictly convex function [ f(2) > O], due to Jensen inequality it holds

Therefore



2)
1-A, 1-A, 1-E[p*H]

=g T 1y 1—w
. . 1 — B+
Yeer 1 = BB+ — T 1 o,
If we denote g(z) = l_l’isz then

and
i, = E[g(K)]
For ¢g(z) we can calculate
(2) = L—o*t 1 v N
=y T 10
§(2) =~y 0" - In(v),
§'(z) = == v (ln(v))*.

The first term is negative since it is equal to —%. The remaining two terms are
positive and, hence, g"(2) < 0.

Since g(z) is a concave function [g”(z) < 0}, due to Jensen inequality it holds
Elg(K)] < g[E(K)].

Therefore

Qy < am
Remark: Relation arm = 11__“: 1s possible to use even when n is not an integer. Let’s
assume n = k + s where k is an integer and s 1s not. It can be shown that the
formula holds and it corresponds to the situation when the first k payments are paid

reqularly and are of amount one, and at time n there is an additional payment with
a different amount.

Example 4.4. Using the commutation functions, derive explicit formulas for the
net single premiums of:

1. standard increasing whole life annuity in advance (1a),,

2. standard increasing temporary life annuity in advance with duration n years
(18)zm,

3. m-years deferred standard increasing whole life annuity in advance ,(1a), .
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Solution:

1)
Y=1+2-v4 -+ (K+1)- 05 K=012,...
. e > Loy - v%HF 2 (k+1) - Dy
Id), = kE+1)-08p,] = E41). 28 7 | = W) etk
(1)~ [l st ] = 3 (k- B - S
:Dr+2Dx+1+3Dx+2+:N:p+Nx+1+Nm+2+:i
D, D, D,
2)
CJ1+2-04- 4 (K+1)-0%, K=0,1,...,n—1
B 1+2- v+ 4n-v" L K=nn+1,...
n—1 n—1 z4+k n—1
(I@)em = ) [(k+1) - 0" - 4ps :Z[’” *’“ - }: —
k=0 =0 lo - v k=0 Do
1 o o
L [m F D= 316D D)
T k=0 k=n
. 1 < . 1
= (la), — D, Z [(k+1) - Dyys] = (ld)s — - Z [(k+n+1) Dyppsl
T k=n T k=0
—(ICL) _<n+1 ‘Dx+n+(n+2)'Dx+n+1+"':&_n'Nz+n+Sx+n
* D, D, D,
_Sx_Sx+n_n’Nx+n
= D,
3)
v 0, K=01....m-—1
o Um++(K_m+1)UK7 K:m,m—i—l,
. = - Lysp - 07 TF
(= 3 = 1) o] = 3 [l ) B
JR—
:D_.Z[(k—m—f—l)- rii] = - Y [k +1) - Dysmss]
T k= T k=0
_ D +m +2- Dm+m+1 +3- D:I:+m+2 + - _ Nerm + Nx+m+1 + N:(:+m+2 + -
D, D,
_Sﬂc+m
= D,

Example 4.5. Prove the following relation between the net single premiums:

(IA), = iy — d (1d),.
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Solution:
There are two ways how to prove this relation.
1) Using commutation functions

Transforming the relation into the form using the commutation functions, we want
to prove that

D, D, D,’

This can be directly seen from the result from Example 3.3 (5.).

2) Trick
K K k K K K | _ K+
ot (k—i—l):kaZl:Zka:Z(v )
k=0 k=0  1=0 1=0 k=l 1=0 I—v
K K+l
222(01 UKH):é[llfU _<K+1).UK+1:|

and after applying the expectation on both sides of the last equation, we obtain

(Ia)z = 5 [az - (IA>:E] )

IS

which is after an adjustment the same as the desired form.

Example 4.6. Consider standard increasing whole life annuity payable m-times a
year in advance where the payments are incremented once a year, by 1/m each time.
Derive an explicit formula for the net single premium using the commutation
functions.

Solution:

In this case we assume the following payments

Time: 0 % % mT_l 111+ %
Payment | - | — | L =~ 2] 2
(@) =3 il =37 o ape -l
k=0 k=0
Now we can use the approximation from the lecture
-1
i Ry — o
2-m

29



Using this approximation we get

k=0

Alternatively, we can derive the formula without this approximation. In that case
we have

(Ta)m =" g™ = [Uk “kPx ainl)k] = " upe - (@(m) - gk — B(m))]
k=0 k=0 k=0
=a(m) - Z [Uk " kDx dx—&-k} — B(m) - Z [Uk : kpx]
k=0 k=0
=a(m) - (Id), — B(m) - d,
where -
d-i i—im
olm) = g e A = e
Therefore
d-i i—qm d-i S i—im N
(Ta);™ = dm) . 3(m) (Ia), qm) - m) e

Let’s compare results when using and not using the approximation. Assume that
i = 1%. Then ™ = 0.99545%, d = 0.99009% and d™ = 0.99462%.

Therefore,
d-i .
o ) 1.00001 which can be compared to 1,
m) ., 2 m
i—itm m— 1
———— = 0.45998 which can be compared to = (0.45833.
dm) . j(m) 2.m
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5 Annual Net Premium

Example 5.1. Using the actuarial symbols and commutation functions, derive
explicit formulas for the annual net premiums paid during the deferment period of
the following life insurances and annuities (with sum insured equal to one):

1. m-years deferred whole life insurance,
2. m-years deferred pure endowment with duration n years,
3. m-years deferred whole life annuity in advance,

4. m-years deferred temporary life annuity in arrear with duration n years,

Solution:
1)
K
I 0—P- > 0", K=0,1,....m—1
oEH P K =mom 1,
EL=0= A — P (o
\
p_’ff'ﬁ
amzm
\
P = T My
—Nz—Nz+m—Nz_Nm+m
2)
0—P- 35,0, K=0,1,...,m—1
L= O—P-Z;nzz)lvk, K=mm+1,....m+n—1
'z)’”*”—P-ZZ:Olvk, K=m+nm+n+1,...
1 .
\
A,
am:m
Y
Dzmn
P= B;L _ Dx+m+n
_szNr-&-m_Nm_Nz_‘rm
Dq
3)

Ym0 = PR K =mom 1,

L_{O—P-zfzouk, K=0,1,...,m—1
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%
m|Az
P =
az:W
I3
N&CT’L
P_ DJ; Nz+m
_Ndr N m Nz Nx+m
4)
0—P- z,ffovk K=0,1,...,m—1
Zk m+lv - P Zkov K=m+1,...,m+n
St P YR, K=mAn+lmtn+2,...

EL =0 = j0gm — P - g

p— m|Az:7
da::my
Netm41—Netmint1
pP— D, o Nx+m+1 - Nx+m+n+1
—N27Nw+m Na: - Na:—‘rm

Dy

Example 5.2. Consider pure endowment with duration n years where the annual
net premium s paid during the whole insurance duration. Moreover, the premium
refund agreement is active. i.e. in the case of death of the insured person the
premium paid until the death is paid to a beneficiary at the end of the year. Derive

the total loss and the annual net premium. Compare the premiums for the insurance
contracts with and without the premium refund.

Solution:

First, we have to calculate the premium for the insurance without the refund.

I 0— P1 Zk WV, K=0,1,...,n—-1
b P Y0k K=nmn+1,...

ELi =0= Ay — P, - Gury
\
A

xX:
b=
Qi

B

3

32



Now, when the premium refund is added, we obtain

L= P2 (K +1)- Kl—PQ-Efzovk, K=01,....n—1
— P> Ov K=nn+1,...

EL, =0=Apm+ Py (IA)sm — Py - iy
\
1
Az:ﬁ[
When comparing obtained premiums, it is obvious that when the premium refund is

included, the corresponding premium must be higher, which is achieved by
subtracting the term (/A)l. in the denominator.

P2:

Example 5.3. Consider m-years deferred whole life annuity in advance where the
annual net premium 1s paid during the deferment period. Moreover, the premium
refund agreement is active. i.e. in the case of death of the insured person during the
deferment period the premium paid until the death is paid to a beneficiary at the end
of the year. Derive the total loss and the annual net premium.

Consider also the case when the annual net premium is paid over m’ < m years, but
the premium refund is active over the whole deferment period.

Solution:

We can start with the case, when the annual premium is paid over m years.

;P (K1) o =Py SE Wb K=0,1,...,m—1
b Zszm - P - Zko“ K=mm+1,...

U

P =

When the premium is paid only over m’ years, the total loss has the following form:

Py-(K+1)-05t — P K WF K=0,1,...,m' —1
Lo=<{ Py-m/ -5+ — P, Zk_lk K=m'm+1...,m—1
Zi(:m P2 zk: " k K:m7m+17

ELy = 0= ity + P - (TA) Lo + Po-m' - AL = Po -y
\

m|Qx

P =
’ iy — (TA) L = - o AL
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6 Net Premium Reserve

Example 6.1. Derive the net premium reserve for the pure endowment contract for
n years when premium is paid

1. at once at the beginning as the net single premium,

2. at the beginning of each year over the whole insurance duration as the annual
net premium,

3. at the beginning of each year over first n' < n years as the annual net
premium.

Solution:

1)

NSP = A,z
0, k=0
KVe = 1
A$+k:m, ]6‘21,27...,71—1

Remark: Time 0 is assumed before the payment of the net single premium. After the
premium payment, it holds g+V, = NSP = Am:% for the reserve.

2)
A,

da::ﬁy

3~

pP—

Vo=Appin — P, k=01,..n—1

Remark: If we assume k = 0 then ¢V, = 0 (this corresponds to the principle of
equivalence). For k = n, the reserve would be ,,V, = 1 (the insurer must pay the sum
insured to the beneficiary).

3)

kV: AI+k:ﬁ‘_P'd$+k:M7 k‘:O,l,...,n’—l
' Ax—i—k:n‘ik‘? ki:nl,n/—i-l,...,n—l

Example 6.2. Derive the net premium reserve for whole life insurance with
variable sum insured:

01:50, 02:55,...7010:95, 611:100, 012:100,

Consider standard increasing premium paid yearly over the whole insurance
duration, i.e. P, 2P, 3P, ....
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Solution:

First of all, we should derive the total loss and the formula for the annual net
premium.

a5 fH 5 (K1) of T - P [+ 1) 0], K =0,1,...,10
C 100K — PSR (k1) 0] K=11,12,...

EL=O=45-A1+5-(IA);:m+55-11‘AI—P-(Id)I
Y
45 A+ 5 (TA) L + 55 - 1Ay
N (Id)a

Now, we can proceed to the derivation of the formula for the reserve.

45 Apik +5- (TA) g + 5 k- A Laiy

V +5511_k‘Ax+k—P(Ia)x_;'_k—Pka,m_;'_k, k:O,l,,lo
kVe —

100 - A — P+ (Id)grs — Pk - igyn, k=11,12,. ..

Remark: Be careful with the standard increasing term insurance and life annuity
because, when dealing with reserves, a special term must be added. For example,
when assuming the term insurance, (IA)xik:ﬂ’ starts again with payment 1, but at
time k we already need to begin with payment k + 1.

Example 6.3. Derive the net premium reserve for the insurance with premium

refund introduced in Example[5.3.

Solution:

1
—P'dm—‘rk:m’ k:()’l,.”’n_l

where the premium P was calculated in Example 5.2.

Example 6.4. Derive the net premium reserve for the insurance with premium

refund introduced in Example[5.3.

Solution:

We can assume again two cases. In the first case, the premium is paid during the
whole deferment period.

m—kllzrk + P+ (TA) gy + Pk Ay
WV = =Py Gy s k=0,1,....,m—1
Otk E=mm+1,...
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where the premium P; was calculated in Example 5.3.

Similarly, we can derive the reserve for the second case, in which the premium is
paid only over m’ years.

(—kjiiask + Py - (TA) i + Po k- AL
+P-m'- m’—k\Aerk:m — b dﬁk:m, E=0,1,....,m —1
KVe =
m_k|dx+k—|—P2-m’-Am}rk:m, k=m/m+1,...,m—1
Gtk E=mm+1,...

where also the premium P, was calculated in Example 5.3.

Example 6.5. Use the net premium reserve for conversion of an insurance and
reduction of the sum insured). Consider

1. endowment with duration n years with sum insured Cy and annual net
premium paid yearly over the whole contract duration. However, premium

payment ended after n' < n years, but the contract continues with reduced sum
insured Cy. Derive a formula for Cy.

2. m-years deferred standard increasing whole life annuity in advance with sum
insured Cy and annual net premium paid yearly over the deferment period.
However, premium payment ended after m’ < m years, but the contract
continues with reduced sum insured Cy. Derive a formula for Cs.

Solution:
1)

Premium calculated for sum insured C) has the following form

Cl : Amﬁ[

dx:m

P =

At time n’, when the premium payments were stopped, the value of the reserve is

”/‘/Z = Cl ’ Aaz+n’:n—n’ - P am—i—n’:n—n’ :

This reserve turns to the net single premium for an endowment with sum insured
Cy for the remaining n — n’ years.

n/‘/m = NSP = 02 * Ax+n/:m
\

CQ = Ol ) A$+n/1m - P d:l?Jrn/:m _ Cl . 1— Axm . dz+n’:m
Aern’:m axm Aern’:m

!The current value of the net premium reserve belongs to the insured person and can be used to
modify the insurance policy.
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2)

Premium calculated at the beginning of the contract is

p Cmli)
axzm

At time m’, when the premium payments were stopped, the value of the reserve is

m"/z = Cl : m—m’l(Id)z+m’ - P- dx-i-m’:m—m"

We can use this reserve as the net single premium for this annuity with sum insured

Cs.
m"/m =NSP = C'2 . m—m’|(]d)m—|—m’
\
Cl ’ m—m'\([d)aﬂrm/ - P dm+m’:m—m’ C (1 m|<[a)m dz—i—m’:m—m/ )
pu— 1 . —_— " .

Cy = .
m—m/| ([a)x-l—m’

dx:ﬁy m—m/| (Ia):c+m’
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