
VI. Derivace funkćı

Shrnut́ı teorie.

Definice. (Derivace funkce) Bud’ f reálná funkce a a ∈ R. Jestliže existuje

lim
h→0

f(a + h) − f(a)
h

,

pak tuto limitu nazýváme derivaćı funkce f v bodě a a znač́ıme ji f ′(a). Pomoćı př́ıslušné
jednostranné limity zavád́ıme jednostranné derivace v bodě a a znač́ıme je f ′

+(a) resp. f ′
−(a).

Př́ıklad: Vezměme f(x) = x, pak máme, v libovolném a ∈ R,

f ′(a) = lim
h→0

f(a + h) − f(a)
h

= lim
h→0

a + h − a

h
= lim

h→0

h

h
= 1.

Tvrzeńı. (Aritmetika derivaćı) Necht’ reálné funkce f a g maj́ı vlastńı derivaci v bodě a ∈ R.
Potom plat́ı

(a) (f + g)′(a) = f ′(a) + g′(a).

(b) (f · g)′(a) = f ′(a) · g(a) + f(a) · g′(a).

(c)
(

f
g

)′
(a) = f ′(a)·g(a)−f(a)·g′(a)

g2(a) , jestliže g(a) ̸= 0.

Tvrzeńı. (Derivace složené funkce) Necht’ reálné funkce f , resp. g maj́ı vlastńı derivaci v bodě
y0 ∈ R, resp. x0 ∈ R a y0 = g(x0). Potom plat́ı

(f ◦ g)′(x0) = f ′(y0) · g′(x0).

Př́ıklad: Vezměme f(x) = sin x a g(x) = x2 +e3x, tyto funkce maj́ı vlastńı derivaci na celém
svém definičńım oboru, j́ımž je celá reálná osa. Bud’ tedy x ∈ R libovolný a y := x2 + e3x. Dle
tvrzeńı plat́ı vztah

(sin(x2 + e3x))′ = (f(g(x0)))′ = f ′(y0)  
=cos y

· g′(x0)  
=2x+3e3x

= (2x + 3e3x) cos(x2 + e3x).

Tvrzeńı. (Derivace inverzńı funkce) Necht’ reálná funkce f je na intervalu (a, b) spojitá a ryze
monotónńı. Předpokládejme, že v bodě x0 ∈ (a, b) existuje jej́ı vlastńı a nenulová derivace.
Potom má funkce f−1 derivaci v bodě y0 = f(x0) a plat́ı

(f−1)′(y0) = 1
f ′(x0) = 1

f ′(f−1(y0)) .

Př́ıklad: Uvažujme funkci f(x) = sin x na intervalu (− π
2 , π

2 ), zde je tedy f spojitá a rostoućı.
Bud’ x ∈ (− π

2 , π
2 ) libovolný, pak f ′(x) = cos x ̸= 0. Označme y := sin x, dle tvrzeńı dostáváme

(arcsin y)′ = (f−1)′(y0) = 1
f ′(x0) = 1

cos x
= 1

cos(arcsin y) = 1√
1 − y2

.

Tvrzeńı. (Výpočet jednostranné derivace) Necht’ reálná funkce f je spojitá zprava v bodě
a ∈ R a existuje limx→a+ f ′(x). Potom existuje f ′

+(a) a plat́ı rovnost

f ′
+(a) = lim

x→a+
f ′(x).

Levostranná varianta je analogická.

Př́ıklad: Vezměme funkci f(x) =
√

x, jej́ı definičńı obor je ⟨0, +∞), je spojitá na (0, ∞) a
spojitá zprava v 0. Na (otevřeném) intervalu (0, ∞) je jej́ı derivace dána vztahem f ′(x) = 1

2
√

x
.

Dle tvrzeńı můžeme spoč́ıtat, že f ′
+(0) = limx→0+

1
2

√
x

= +∞.
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Př́ıklad 1. [Pochopeńı pojmu] Z definice určete derivace zadané funkce f , určete definičńı obory f, f ′:

(a) f(x) = 8.
(b) f(x) = x2.
(c) f(x) = xn, n ∈ N.
(d) f(x) = sin x.

(e) f(x) = ex.
(f) f(x) = 2x.
(g) f(x) =

√
5x − 8.

(h) f(x) = |x|.

Př́ıklad 2. [Elementárńı př́ıklady] Najděte derivaci funkce f , určete definičńı obory f, f ′:

(a) f(x) = 3x5 − 17x3 +
√

3x − 8.
(b) f(x) = (x2 − 2x + 3)ex.
(c) f(x) = x + 2

√
x + 4

√
x.

(d) f(x) = x
3
4 − 4√

x
.

(e) f(x) = x log x + x log3 x.
(f) f(x) =

( 3
2
)x.

(g) f(x) =
{

x, x ∈ (−∞, 0⟩
log(1 + x), x ∈ (0, ∞)

.

(h) f(x) =

⎧⎪⎨⎪⎩
1 − x, x ∈ (−∞, 1)
(1 − x)(2 − x), x ∈ ⟨1, 2⟩
−(2 − x), x ∈ (2, ∞)

.

Př́ıklad 3. [Složené funkce] Najděte derivaci funkce f , určete definičńı obory f, f ′:

(a) f(x) = (x2 + 51x + 119)87.
(b) f(x) = x3(x + 2)8(x − 7)11.
(c) f(x) = log(x2 + x + 2).
(d) f(x) = cos(x3 − x + 2)9.
(e) f(x) = x|x| + 1.
(f) f(x) = 2 log x2−1

x2+1 .
(g) f(x) = sin2 x − sin(x2).
(h) f(x) = log(log2(log3 x)).
(i) f(x) = sin(sin(sin x)).
(j) f(x) = x√

9−x2 .

(k) f(x) = x2(1−x)3

1+x .

(l) f(x) = e− 1
x2 .

(m) f(x) = xx.

(n) f(x) =
( 1

x

) 1
x .

(o) f(x) = (sin x)cos x.

(p) f(x) = arcsin(cos x).

(q) f(x) = log(arccos x).

(r) f(x) = log(arctan x).

(s) f(x) = 1√
2 arccot

√
2

x .

(t) f(x) = x arcsin
√

x
x+1 + arctan 3

√
x.

(u) f(x) = ex2−1 − log
√

e2x

e2x+1 .

(v) f(x) = arctan
√

x2 − 1 − log x√
x2−1 .

(w) f(x) = (arctan x)arcsin x.

(x) f(x) = x(arcsin(x3))2.

(y) f(x) = e
1

log |x| .

(z) f(x) = | log |x||.

Př́ıklad 4. [Zkouškové př́ıklady] Vyšetřete spojitost (i jednostrannou) a spočtěte derivaci zadané
funkce v každém bodě, v němž existuje (i pouze jednostranná):

(a) f(x) = cos(max{x, x2}).
(b) f(x) = sign (x3 − 4x) · sin(x3 − 2x2).
(c) f(x) = 3

√
3|x2−1| − 3.

(d) f(x) = (cos x)min{2,x3+x2−2x+2} =: (cos x)g(x).
(e) f(x) = x2 ·

⌊ 4
π arctan x

⌋
.

(f) f(x) = max{x, 1 − x2, (x − 1)2}.

(g) f(x) = arctan(x − 1) ·
⏐⏐⏐arctan2 x − π2

16

⏐⏐⏐.
(h) f(x) = (x3 − 2x2 + x) ·

⌊ 4
π arctan x

⌋
.

(i) f(x) =
(
arccot x − π

4
)

3
√

sin2 (
πx
4

)
− 1

2 .

(j) f(x) = arccos(min{2x2, x + 1}).
(k) f(x) =

√
1 − (x2 − 1)4.
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Výsledky - VI. Derivace funkćı

Př́ıklad 1. [Pochopeńı pojmu]

(a) f ′(x) = 0, x ∈ R.
(b) f ′(x) = 2x, x ∈ R.
(c) f ′(x) = nxn−1, n ∈ N, x ∈ R.
(d) f ′(x) = cos x, x ∈ R.
(e) f ′(x) = ex, x ∈ R.
(f) f ′(x) = 2x log 2, x ∈ R.

(g) f ′(x) =
{

5
2

√
5x−8 , x ∈ ( 8

5 , +∞)
+∞, x = 0+

.

(h) f ′(x) =
{

x
|x| = sgn x, x ∈ R \ {0}
Neexistuje, x = 0

.

Př́ıklad 2. [Elementárńı př́ıklady]

(a) f ′(x) = 15x4 − 51x2 +
√

3, x ∈ R.
(b) f ′(x) = (x2 + 1)ex, x ∈ R.

(c) f ′(x) =
{

1 + 1√
x

+ 1
4 4√

x3 , x > 0
+∞, x = 0+

.

(d) f ′(x) = 3
x 4√x

+ 2√
x3 , x > 0.

(e) f ′(x) = (1 + log x)(1 + 1
log 3 ), x > 0.

(f) f ′(x) =
( 3

2
)x log 3

2 , x ∈ R.

(g) f ′(x) =
{

1, x ≤ 0
1

1+x , x > 0
.

(h) f ′(x) =

⎧⎪⎨⎪⎩
−1, x < 1
2x − 3, x ∈ ⟨1, 2⟩
1, x > 2

.

Př́ıklad 3. [Složené funkce]

(a) f ′(x) = 87(2x + 51)(x2 + 51x + 119)86, x ∈ R.
(b) f ′(x) = (22x2 − 49x − 42)x2(x + 2)7(x − 7)10, x ∈ R.
(c) f ′(x) = 2x+1

x2+x+2 , x ∈ R.

(d) f ′(x) = 9(1 − 3x2)(x3 − x + 2)8 sin(x3 − x + 2)9, x ∈ R.
(e) f ′(x) = 2x · sgn x, x ∈ R.

(f) f ′(x) =

⎧⎪⎨⎪⎩
8x

x4−1 , x ∈ (−∞, −1) ∪ (1, +∞)
−∞, x = −1−

+∞, x = 1+

.

(g) f ′(x) = 2 sin x cos x − 2x cos(x2), x ∈ R.
(h) f ′(x) = 6

x·log x·log(log3 x) , x ∈ (1, e) ∪ (e, +∞).

(i) f ′(x) = cos[sin(sin x)] · cos(sin x) · cos x, x ∈ R.
(j) f ′(x) = 9

(9−x2)
3
2

, x ∈ (−3, 3).

(k) f ′(x) = −2x(2x2+2x−1)(1−x)2

(1+x)2 , x ∈ R \ {−1}.
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(l) f ′(x) = 2
x3 e− 1

x2 , x ∈ R \ {0}.
(m) f ′(x) = (1 + log x)xx, x > 0.

(n) f ′(x) = − 1
x2 (1 + log 1

x )
( 1

x

) 1
x , x > 0.

(o) f ′(x) = (− sin x · log(sin x) + cos2 x
sin x )(sin x)cos x, x ∈

⋃
k∈Z(2kπ, (2k + 1)π).

(p) f ′(x) =

⎧⎪⎨⎪⎩
−sgn (sin x), x ∈ R \ {kπ, k ∈ Z}
−1, x ∈ {2kπ+, (2k + 1)π−}, k ∈ Z
1, x ∈ {2kπ−, (2k + 1)π+}, k ∈ Z

.

(q) f ′(x) =
{

− 1
arccos x · 1√

1−x2 , x ∈ (−1, 1)
−∞, x = −1+

.

(r) f ′(x) = 1
arctan x · 1

1+x2 , x > 0.
(s) f ′(x) = 1

2+x2 , x ∈ R \ {0}.

(t) f ′(x) =
{

arcsin
√

x
x+1 +

√
x

2(x+1) + 1
3x

2
3

· 1
1+x

2
3

, x > 0

+∞, x = 0+
.

(u) f ′(x) = 2xex2−1 − 1
e2x−1 , x ∈ R.

(v) f ′(x) = x log x

(x2−1)
3
2

, x > 1.

(w) f ′(x) =
{

(arctan x)arcsin x
(

log(arctan x)√
1−x2 + arcsin x

arctan x · 1
1+x2

)
, x ∈ (0, 1)

−∞, x = 1−
.

(x) f ′(x) =

⎧⎪⎨⎪⎩
(arcsin(x3))2 + 6x3·arcsin(x3)√

1−x6 , x ∈ (−1, 1)
+∞, x = −1+

+∞, x = 1−

.

(y) f ′(x) = − 1
x log2 |x| e

1
log |x| , x ∈ R \ {0, ±1}.

(z) f ′(x) = log |x|
x| log |x|| , x ∈ R \ {0}.

Př́ıklad 4. [Zkouškové př́ıklady]

(a) f ′(x) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

− sin x, x ∈ (0, 1)
−2x sin(x2), x ∈ (−∞, 0) ∪ (1, +∞)
0, x = 0
− sin 1, x = 1−

−2 sin 1, x = 1+

.

(b) f ′(x) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(3x2 − 4x) · sgn (x3 − 4x) · cos(x3 − 2x2), x ∈ R \ {0, ±2}
0, x = 0
−4, x = 2−

4, x = 2+

∞, x = −2

.

(c) f ′(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

log 3·3|x2−1|·2x·sgn (x2−1)
3(3|x2−1|−3)

2
3

, x ∈ R \ {0, ±1, ±
√

2}

−∞, x ∈ {−
√

2, 0+}
+∞, x ∈ {

√
2, 0−}

−
3√2
3 log 3, x ∈ {1−, −1+}

3√2
3 log 3, x ∈ {1+, −1−}

.

(d) f ′(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
eg(x) log(cos x) · (g′(x) · log(sin x) − g(x) · tan x), x ∈

⋃
k∈Z(− π

2 + 2kπ, π
2 + 2kπ) \ {0, 1}

0, x = 0
−2 cos2 1 · tan 1, x = 1+

− cos2 1 · (2 tan 1 − 3 log(cos 1)), x = 1−

.
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(e) f ′(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−4x, x ∈ (−∞, −1)
−2x, x ∈ (−1, 0)
0, x ∈ (0, 1)
2x, x ∈ (1, ∞)
0, x = 0
+∞, x ∈ {−1−, 1−}
0, x ∈ {−1+, 1+}

.

(f) f ′(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1, x ∈ ( −1+
√

5
2 , 3+

√
5

2 )
−2x, x ∈ (0, −1+

√
5

2 )
2(x − 1), x ∈ (−∞, 0) ∪ ( 3+

√
5

2 , +∞)
2 − 2

√
5, x = ( −1+

√
5

2 )−
−1+

√
5

2 , x = ( −1+
√

5
2 )+

1, x = ( 3+
√

5
2 ))−

1 +
√

5, x = ( 3+
√

5
2 ))+

−2, x = 0−

0, x = 0+

.

(g) f ′(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
| arctan2 x− π2

16 |
1+(1−x)2 + arctan(x − 1) · sgn (arctan2 x − π2

16 ) · 2 arctan x
1+x2 , x ∈ R \ {±1}

0, x = 1
− π

4 arctan 2, x = −1+
π
4 arctan 2, x = −1−

.

(h) f ′(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−2 · (3x2 − 4x + 1), x ∈ (−∞, −1)
−(3x2 − 4x + 1), x ∈ (−1, 0)
0, x ∈ (0, 1)
3x2 − 4x + 1, x ∈ (1, ∞)
0, x = 1
−1, x = 0−

0, x = 0+

−∞, x = −1−

−8, x = −1+

.

(i) f ′(x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
−

3
√

sin2 πx
4 − 1

2
1+x2 + (arccot x− π

4 )
3 ·

π
2 sin πx

4 ·cos πx
4

(sin2 πx
4 − 1

2 )
2
3

, x ∈ R \ {2k + 1; k ∈ Z}

0, x = 1
+∞, x = 2k + 1 pro k > 0 liché nebo k < 0 sudé
−∞, x = 2k + 1 pro k < 0 liché nebo k > 0 sudé

.

(j) f ′(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−1√
1−(x+1)2

, x ∈ (−2, − 1
2 )

−4x√
1−4x4 , x ∈ (− 1

2 ,
√

2
2 )

−∞, x = −2+

−∞, x = (
√

2
2 )−

4√
3 , x = ( −1

2 )+

− 2√
3 , x = ( −1

2 )−

.

(k) f ′(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

− 4x(x2−1)3√
1−(x2−1)4

, x ∈ (−
√

2, 0) ∪ (0,
√

2)

−2, x = 0−

2, x = 0+

+∞, x = −
√

2+
−∞, x =

√
2−

.
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